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1 Introduction and Preliminaries

In [K1] M.G.Krein studied positive definite extensions to the whole real axis
of a continuous positive definite function defined on the intervall [—2a,2a]. He
generalized some of his results to continuous hermitian functions with a finite
number of negative squares in [K2]. His study has been continued e.g. in [GL],
[KL2], [KL4], [KL5] and, more recently, in [BM], [KW1], [S].

In order to formulate the considered problems properly, we have to introduce
some notation. Denote by C[—2a,2a] and C(R) the set of continuous complex
valued functions defined on the intervall [—2a, 2a] and R, respectively.

Definition 1.1. Let 0 < a < co. We write f € P,, if f is a continuous
hermitian function, i.e. if f € C[—2a, 2a] (C(R)) and f(—t) = f(t) for t € [~2a, 2d]
(t € R), and if the kernel f(t — s) has k negative squares.

Explicitly this means that for all choices of n € Nand t; € (—a,a),i=1,...,n

the quadratic form

n
Q. &) = D flt; — )&
ij=1
has at most x negative squares, and that for some choice of n and tq,...,t, it
has exactly x negative squares. For abbreviation we write P, instead of Py, .
It turns out (see [GL]) that a function f € P, , admits at least one extension
to the whole real axis which is contained in P,,. In fact, in P,,, there exists



either exactly one or infinitely many extensions of f. However, it is not clear if
there exist extensions of f in P, with k > ky.

If f € Py, has infinitely many extensions in P,,,, it was shown by M.G.Krein,
H.Langer and others (see [BM], [GL], [KL2], [KL4]) that the extensions of f in P,
correspond to certain selfadjoint operators acting in Pontryagin spaces. Under
some additional conditions besides the fact that f has infinitely many extensions
in P,,, e.g. if f has a so called accelerant (see [KL4]) or if k = kg (see [GL]) the
extensions of f in P, are parametrized by a formula of the type

N R ~wi(2)7(2) + wiz(2)
Z/O e fie) it = TSI > (1.1)

where h > 0 and where w;;(2), 4,j = 1,2 are entire functions, with a parameter
function 7(z) (see also [KL5]). The set of parameter functions depends on .

In this paper we show that there exists a number A(f) € NU {0, 00}, such
that:

(i) A(f) =0 if and only if f has infinitely many extensions in P,,.

(i1) If 0 < A(f) < oo then f has exactly one extension in P, no extensions
in P, for kg < kK < Ko + A(f) and infinitely many extensions in P, for

K > Ko + A(f).

(i1i) A(f) = oo if and only if f has exactly one extension in P,,, and no exten-
sions in any set P, with k > kg.

Using some results of [KW2], we give a parametrization of the extensions feP,,
K > Ko, of f € Py, .q by a formula similar to (1.1). The set of parameter functions
7(z) depends on A(f) and k. The classical case (i.e. A(f) = 0) is also covered,
some of our results are new even for A(f) = 0. .

In Section 2 we assume that the function f € P,, , has an extension f € P, for
some Kk > Kg. A certain inner product space L(f, f ) and a symmetric operator S 7

is associated to each extension f € P, of f with k > ko. It is shown that L(f, f)
and S 7 are unique up to isometric isomorphisms. In Section 3 we introduce the
notion of a defining set for a function f € P,,,. With a defining set a model,
consisting of a space H and an operator S, is associated. Also some properties of
H and S are investigated. It turns out in Section 4 that f admits an extension
f € P, for some k > kg if and only if there exists a defining set. The number
A(f) then is the number of elements of a minimal defining set. The model, H
and S, can be identified with £(f, f) and S 7. It is shown that the extensions of
f correspond to selfadjoint extensions of S and are parametrized by (1.1).



Throughout this paper we use the notion of linear relations in Pontryagin
spaces, in particular some results concerning symmetric relations provided in
[DS]. For general notation and elementary facts concerning Pontryagin spaces
and their linear operators see [IKL], concerning functions in P, , see [S].

In the remaining part of this section we will fix some notations and recall
some results which are often used in the sequel.

For an inner product space £ denote by Ind_L the maximal dimension of a
negative subspace of £, and let IndgL = dim L°, where L£° denotes the isotropic
part of £: £L°=LNLE.

Definition 1.2. Let 0 < a < oo, f € Pyyq and let f,, z € (—a,a), be formal
elements. Denote by £(f) the inner product space

a; € C,z; € (—a,a)},

£(H = (3 it

endowed with the inner product given by

[fxafy]f = .f(y - ZL’)

The completion of the quotient space L(f)/L(f)° will be denoted by H(f).
Note that by definition the elements f, € L(f) are linearly independent.
Moreover, we have

Ind_H(f) = Ind_L(f) = ko.
Via the embedding g — g(z) = [g, f] we may regard H(f) as a subspace of

C[—a,a]. By this embedding the element f, corresponds to the right shift of f
by z: fo(t) = f(t — ).

In the remaining part of this section let f € P, , be fixed. Choose a maximal
negative subspace £_ of L(f). A fundamental symmetry J of L£(f) is associated

with £_ by
_ _gagec—
Jg—{ g,q9 L L_

Then
lglly = [Jg. g]f for g € L(f) (1.2)

is a seminorm on L£(f). We will drop the indices at inner products and norms
whenever no confusion can occur.
The mapping

VAP Do ity = D aifusa (1.3)



on L(f) defined for those elements such that y;,y; + = € (—a,a), i = 1,...,n,
induces a partial isometry on H(f), denoted by V,(f), with domain

D (Va(f) = (fuly + 2 € (=a,a)).

The operators V,(f) are continuous with respect to ||.||s (see [GL]), they are
unitary if and only if @ = co. Moreover, we have (V,(f)g)(y) = [Va(f)g, f,] =
9(y — ).

Clearly the operators V,(f) satisfy the semigroup property, i.e. V,(f)V,(f) =
Vity(f). The infinitesimal generator of this semigroup is the closure A(f) of the
operator A'(f) defined by

APy =itim I e pagpy), (1.4
where
DA = o € P a(P) < 0N DI iy

>0

If we consider H(f) as a subspace of C(—a, a) we have, due to [BM] and [DS]:

Lemma 1.3.  A(f) is a symmetric operator with equal defect numbers. Its
adjoint is given by
(A(f) g)(x) = —ig'(x),
o (e57) if e € H()
. - 6ZZZE Z eZZfE E
e (a0 =) ={ oy e S
and A(f) has defect numbers (0,0) (i.e. is selfadjoint) or (1,1). The operator
A(f) is not selfadjoint if and only if ker (A(f)* — z) # {0} for at least ko + 1
points of Ct. In this case we have

ker (A(f) —z) =0 for z € C\ R.

If a = 0o, A(f) is selfadjoint.
Note that A(f) is real with respect to the involution g*(x) = g(—=x), i.e.
A(f)g™ = (A(f)g)"

Definition 1.4. The function f € P,,, is called extendable, if it has an
extension in some set P, with Kk > kg, and it is called determining, if it has a
unique extension in Py, .




Remark 1.5. It follows from the considerations in [BM] together with Lemma
2.1 below that f € P,,. admits extensions f e P, with k > ko if f is not
determining. This shows that f is extendable if and only if f admits more than
one extension in |J, .., Pk

Denote by N, the set of all functions 7 meromorphic in C \ R, such that
7(Z) = 7(z) and that the Nevanlinna kernel

o) = =TT
2 —W
has k negative squares. As usual the set N is augmented by {oo}. The following
result is proved in [GL]:

Proposition 1.6. The function f € Py, is determining if and only if A(f) is
selfadjoint. If f is not determining the extensions f € Py, of f are parametrized
by the formula

7,/0 zztf( ) wll(Z)T(Z) + wlg(z)

 wor (2)7(2) + waa(2)

where the parameter 7(z) runs through the Nevanlinna class Ny. Here the matrix
W(z) is a resolvent matriz of A(f), and hay > 0 is such that the spectrum
of any selfadjoint extension of A(f), acting in a Pontryagin space with negative
index ko, is contained in the strip {z||Imz| < hacp}.

For the notion of a resolvent matrix see [KL3], the existence of a number h 4y
with the above properties is proved in [KL1].

, Imz > hA(f)

2 Extensions of Functions in P[{,O,a,

Throughout this section let f € Py, ., be fixed and assume that an extension
feEP k> Ko, of f is given. Moreover, let A = A(f) be as in (1.4).

We call f a generating element of A (or, equivalently, call A an f-minimal
operator) if

H(f) = (f, (A= 2)71f]2 € o(A)).

Lemma 2.1. Let (T})er be a strongly continuous group of operators in a Hilbert
space H, and let B be its infinitesimal generator. Assume that o(B) N CT and
o(B)NC~ is connected. Let U C o(B) have an accumulation point in Ct and in
C~. Then for any element x € H

(Tiz|t € R) = (z, (B — 2)"lz|z € U).



Proof : Let £ = (x,(B — z)~ x|z € o(B)). We first show that

L= {(x,(B—2z)"lz|z €U).

Let (.,.) be the scalar product of H and assume that ¢ L x and g L (B —2)" 'z
for z € U, then
(B—2)'2,9)=0, z€ U. (2.1)
The function ((B —z) "'z, g) is holomorphic in go(B). Since o(B)NC™ and o(B)N
C~ is connected and U has an accumulation point in both components, (2.1)
implies that g L (B — z)~'z for all 2 € o(B). Hence g 1 L.
The relation (y > 0)

(B—2)"'2z= z/ e Txdt, Imz > 7,
0

and the analogous relation for Im z < —v show that

(Tiz|t e R) D (x, (B — z)~lz|z € o(B), |Im z| > ) = L.
To prove the converse inclusion consider the Yoshida approximation
B.=2(B—-2)""'~2z z¢€0(B),
of B. It follows that (B,)"z € L for all n € N. Thus

00
€tBZSL’ = E

n=0

n

~

(B)"we L

S

and the properties of the Yoshida approximation (see e.g. [Y]) imply that for

t>0

tB,

Vie = lim ez x € L.

z—+100

The same considerations with —B instead of B show that Vi € £ for t < 0.

Corollary 2.2.  Whenever U C o(A) has an accumulation point in CT and in
C~ we have

H(f) = (f,(A=2)"1flz € U).

In particular the element f is generating for A.



Lemma 2.3. If L(f) is degenerated, f is determining. If f € P, > Ko, is
an extension of f we have L(f) C H(f). )
Proof : Let f be an extension of f. Clearly L(f) C L(f) by the embedding
o fr )

Assume that h = Y a;f,, € L(f)°NL(f), h # 0, then f satisfies the equation

j=1
> aif(y— ;) =[h, f,) = 0fory € R. (2.2)

Hence f is, as the solution of the difference equation (2.2) with the initial condi-
tion f(z) = f(z), z € (—a,a), uniquely determined.

Assume that £(f) is degenerated and let f € P, be an extension of f. Since
L(f) and L(f) has the same negative index we must have £(f)° C £(f)°, thus the
previous part of the proof applies and we find that f admits only one extension
in P,.

Note that, as f has at least one extension to P,,, the solution of (2.2) is an
element of P,.

Now let f € P, be an extension of f with k > kg, then the previous consid-

erations show that £(f)" N L(f) = {0}, hence L(f) C H(f).
O

Definition 2.4. Let f € P,, k > ko be an extension of f. Denote by L(f, f)
the closure of £(f) as a subspace of H(f).

The topology of L(f, f ) is in general strictly finer than the topology induced
by [, .7 as L(f, f) is in general not a regular subspace of H(f).

The inner product [.,.|; as well as a definite norm ||| of £L(f) are continuous
with respect to the norm ||.|| 7 of H(f). Therefore we may extend both to L(f, f).

Lemma 2.5. Ifgec L(f,f) and z € o(A) \ R, the relation

[([1 —2)"1g, fm] =CO(z,9)e"", v € (—a,a)

holds with C(z,9) = [(A — 2)"'g, f].

If one of the functions C(z,g) and (A= 2)"'g, g] vanishes on a set U which
has an accumulation point in o(A) \ R, then g = 0.
Proof : Let g € £(f, f)°, then

g(x) =lg, fz] =0 for z € (—a,a).



Let U; = V;(f) be as in (1.3). As (see [KL2], [Ka]) there exists a number h; > 0,
such that for Im z > h; the relation

(A—2)tg(z) = z/ U g(x) dt = Z/ eFg(x —t)dt = z/ =@ g(t) dt,
0 0

—00

holds, we find for x € (—a, a)

(A—2)"g(x) = ie™® /_—a e #g(t)dt = C(z,g)e"™" (2.3)

[e.9]

with C(z,9) = zf__; e " g(t) dt. Substituting x = 0 shows that

C(z,9) = [(A=2)""g, f]. (2.4)

The relations (2.3) and (2.4) extend to o(A)NC* by analyticity. For Imz < —h;
we apply the formulas of [Ka] to —A and (U]) = (U_;) and find

(A=) tgle) = —ie [ eg(0)de = Oz, g)e™,

where again C(z,g) = [(A — 2)~'g, f]. These relations extend to o(A) NC~.

Assume now that C(z,g) = 0 for z € U, where U has an accumulation point
in o(A)\ R. Without loss of generality assume that there exists an accumulation
point in C*. Then

and a holomorphy argument
L (F (A - 2711z € na(A) nC).

It is proved in [KL2] that the negative index of <f (A—2)"'flz € C N o(A))
equals the negative index of (f, (A — 2)~'f|z € o(A) \ R). By Corollary 2.2 it is
therefore equal to k. Let £_ be a x-dimensional negative subspace contained in
(f,(A=2)""f]z € C- N o(A)), then ¢ L £_, and g is neutral, by assumption.
This implies g = 0.

To prove the remaining assertion assume on the contrary that

compare the proof of Lemma 2.1) shows that

L{f,(A=2)"flzeUnCY),
(c
(A

[(A—2)"tg,g] =0for z € U.

If U has an accumulation point, say, in C* we find by analyticity that [(fl —
z)'g,g9] =0 for z € o(A)NCT. As [(A—z)"'g, g] is a real function, this implies
[(A—2)"'g,g] =0 for all z € g(A). By the resolvent identity, the subspace

(A= 2)""gl2 € o(A))



is neutral. As the functions (A — 2)7'g|(_aa) = C(2,9)€**|(_aa are linearly in-
dependent or equal to 0, this subspace has infinite dimension, a contradiction,
unless C(z,g) = 0 for all but finitely many values of z. The previous part of the
proof shows that then g = 0.

O

Lemma 2.6. Let f € P,., k> ko, be an extension of f. Then
H(F) = LU DL

via the isomorphism fy — fo + L(f, f)o
Proof : The mapping f, — fo» + L(f, f)o induces an isometric relation between
the Pontryagin spaces H(f) and L(f, f)/L(f, f )O. Its domain and range are dense
in the respective space. Hence it extends to an isomorphism (see [B]).

l

The following proposition generalizes Lemma 2.3 and gives a necessary and suf-
ficient condition for f to be determining.

Proposition 2.7. Let f € P,, k > ko be an extension of f. The space L(f, f)
s degenerated if and only if f is determining.

Proof : Assume first that f is not determining. Let h € L(f, f)o and A = A(f),
then . . '
[(A—2)"'h, f.] = O(z,h)e™™, x € (—a,a).

As f is not determining eizf € H(f) for z € C\ R by Lemma 1.3, thus there
exists elements g(z) € L(f, f), such that

[9(2), fm] = C(z,h)e™ for z € Q(A) \R, z € (—a,a).

We find that (A — z)~'h — g(z) is orthogonal to £(f), hence also to £(f, f). In
particular,

[(A—2)"th,h] = [(A—2)"'h —g(2),h] = 0. (2.5)

This relation holds for z € o(A) \ R whenever C(z,h) # 0. Lemma 2.5 shows
that h = 0, hence L(f, f)° = {0}.

Assume now on the contrary that L(f, f) is nondegenerated and that f is
determining. Then L(f, f) is a regular subspace of H(f) and we find, due to
Lemma 2.6

H(f) = L(f. ) S H(S),



10

and clearly A(f) C A. Since A(f) is selfadjoint

(A—=2)"'f = (A(f) = =)' f € H(f) for z € o(A) N o(A(f))

and it follows from Corollary 2.2 that H(f) = H(f), a contradiction as k > K.
d

Definition 2.8. For z € C\ R denote by F, the functional defined on L(f) by
FZ(Z O‘jfmj) = Z O‘jeizmj‘
j=1 j=1

Proposition 2.9. Let dim L(f, f)o = 0. The functionals F, are continuous on

L(f) with respect to ||.|| 7 for all z € —o(A) with possible exception of an isolated
set. Moreover, the norm |.||; on L(f) is equivalent to the norm ||.||s defined by

gl = llgll* + [Fes (@) + .. + [Py (9)? (2.6)

for a suitable choice of (mutually different) numbers z, ..., zs. In fact z1,. .., zs
can be chosen within any open set U of C.

For any &' < dim L(f, f)" the norm ||.|ls on L(f) (defined by a formula similar
to (2.6)) is strictly weaker than ||.| ;.

Proof : Consider first the case that 6 = 0. As in this case L(f, f)is regular, the
topology of L(f, f) is given by the inner product restricted to L(f, f), which is
the same as [.,.]. Moreover, Proposition 2.7 shows that f is not determining, i.e.
e** ¢ H(f) for z € C\R. By Lemma 2.6 H(f) = L(f, f), thus the functionals
F, are continuous on L(f) with respect to ||.| 7.

Before we proceed recall that o(A) is symmetric with respect to the real axis.
Assume now that § > 0 and let & € £(f, f)°. Then the functionals F, for z € O,
where

0 = {z € —0(A)|C(z,h) # 0},

are given by
1

C(—=z,h)

hence are continuous. The extension (by continuity) of F, to L£(f, f) is again
denoted by F,. We find that the norm (2.6) is continuous with respect to |||,
if 21,...,25 € O. Note that the complement of O has no accumulation point in
0(A) \ R by Lemma 2.5.

F.(9) =g, (A+2z)7'h], g€ L(f),
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Let U be an open set, then U N (0(A)\ R) # (). We will construct sequences
hi,... hs € L(f, f)" and z,...,25 € U, such that (hy, ..., hs) = L(f, f)’,

[hi, (A+7) " h] # 0 and C(=7;, h;) # 0,
[hj, (A +Z_Z)_1hl] =0 for J > .

Choose h; € L(f, f)o, then Lemma 2.5 shows that there exists a number z; €
UN—p(A)\ R, such that

[h1, (A+721)""ha] # 0 and C(—71, hy) # 0.

The kernel Dy of the functional [., (A + z1)"'hy] on £(f, f)" has codimension 1.
Choose hs in this kernel, then another application of Lemma 2.5 shows that there

exists zo € U N —p(A), such that
[ha, (A +73)Yhe] # 0 and C(—73, hy) # 0.

Now consider Dy = ker ([, (A + z_l)_lh1]> N ker ([, (A+ 2_2)_1h2]> and proceed
inductively.

The space 3 )
L=L(ff)+{(A+z) " hli=1,...,6)

is a closed subspace of H(f). It is also nondegenerated: Assume on the contrary
that, for some element g € L(f, f) and numbers Ay, ..., s

5
n=9+> NA+7)h
i=1
is isotropic in £. Multiplication of g; with h; for j = 9,6 —1,...,1 shows that
A; = 0 for all j. It follows that g; = g, i.e. g1 € L(, f)o. Due to the construction
of hy,..., hs we may write
5
g1 =Y tihi.
i=1

Multiplication with (A + %)~ 'h,; for i = 1,2, ..., shows that u; = 0 for all 7, i.e.
g1 = 0. Hence the subspace L is regular, and thus its topology, and also that of
L(f, f), is induced by the inner product [.,.]; restricted to L.

For the definition of the norm ||.[[s choose the points 21, ..., z;5 constructed in

the previous paragraph. Let (z,) € L(f, f) converge to some element x in the
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norm (2.6). As the inner product of H(f) coincides with [.,.] on L(f, f) it follows
that for y € L(f, f)

[xrw y]f - [ZIZ’, y]f>
and that
[T, 2n] f — [, 2]

Furthermore we have
[IM(A“’ZZ) h] Zz($n) - Fzz(I) = [Iv (A‘l'z_i)_lhi]'

These facts imply that z, — z in the norm of £ (see [IKL]), hence also in H(f).
Thus |[|.||7 is continuous with respect to [|.|[s and the induced topologies coincide.
If 9" < § choose

heL(f, f) mﬂker . h 0.

Then [|h]ls = 0, but ||h]|; # 0 as h # 0. If (x,) is a sequence of elements of L(f)
with @, — h, we find ||z, | ; — [[h]l; > 0, but [z,[[s — 0, hence |[|.[|s is strictly
weaker than [|.|[7 on L(f).

O

Let S; be the restriction of Ato L(f, f). As relations we may write
~ =2
S;= AnL(f, )’

The following theorem asserts that L(f, f ) does not depend on f. It will turn
out later, that S; also does not depend on f.

Theorem 2.10. Let f € Py, and let feP. e P, be extensions of f with
K, K1 > Ko. Then the mapping

2 fx = fl,xa YIS (_a’a)

induces a bicontinuous linear mapping of L(f, f) onto L(f, fi) which is isometric
with respect to the inner products [., ]z and [, ]
Proof : Since [.,.]f and [., ] coincide on £(f), the mapping ¢ is isometric.

Let z1,..., 25 be as in Proposition 2.9, then the functionals F, are continuous
for z in some open subset O of C \ R. Again due to Proposition 2.9 we may
choose points wy, ..., ws € O, such that the norm of L(f, f1) is equivalent to

lgll3 = Nlgll* + [Fu (@) + ... + [Fuy (9)
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As each functional F,, is continuous with respect to ||.||s on £(f) we find

lglle < Kllglls, g € L(f)

hence ¢ can be extended to L(f, f) by continuity.
The same argument applies to 30‘1 ¢ fiz — fz, and therefore ¢ extends to an
isomorphism of L(f, f) onto L(f, f1).

O

Since ¢ is isometric, it maps the isotropic part of L(f, f ) onto the isotropic part
of L(f, f1). In particular we have:

Corollary 2.11. The dimension of L(f, f)o is independent of f.
The next proposition shows that an extendable function is in some sense a

limit of not determining functions. For 0 < b < a denote by f() the restriction
of f to [—2b,2b)].

Lemma 2.12. Leta >0 and f € Py, q- Then there ezists a number b(f) < a,
such that fuy € Prop for b e (b(f),al.
Proof : A maximal negative subspace of L(f) is spanned by elements

ng
Yi = E )\ivjfl'i,j72 =1,...,k0
J=1

with z; ; € (—a,a). The assertion follows with b(f) = max; ; |z; ;|

Proposition 2.13. Let f € P, be extendable. Then for each b € (b(f),a) the
function f) is not determining.

Proof : Let f € P, with k > kg be an extension of f and assume on the contrary
that fe) is in the class Py, ; and is determining for some value b(f) < b < a. Set
c=b+ “T_b, then we have the following inclusions

L(fw), ) € L(fe), F) € LI, ) € H(F).

If U, = Vy( f ) denotes the family of unitary operators associated with f, we have
a—b

Witha‘:Tfor—a<:c<5

UL (fays ) € L(fe), f) and U.L(fe), ) € L(f. f)-
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As f) is determining Proposition 2.7 shows that £( fe), £)° # {0}. Since

Ind_L(f, f) = Ind_L(f@), f),

an element h € L(f), f)° is also isotropic in L(f, f). Hence for g € L(fe), )
and —e < x < ¢ we have

[Uzh, g] = [h,U_.g] =0,

i.e. Upsh € L(f), f)°.

For —a <z < a set

o(Uzh) = sup{y < 0|(U,h)(y) # 0}.

Note that for g € H(f) we have o(g) > —oc if and only if there exists y < 0,
such that [g, f,] # 0. If 0(g) = —oo consider

o'(g) = inf{y > 0|g(y) # 0}

instead. The fact that (f,|z € R) is dense in H(f) shows that at least one of
the numbers o(h) and o’(h) is finite. Assume that o(h) > —oo, then o(U,h) =
o(h) + z, as U, is the right shift and h(y) =0 for —a < y < a.

Consider a linear combination

S NUnh, Ay #0,21 <23 < ... < 1

i=1
with z; € (—¢,¢). Let y be such that
oh)+x,1 <y<olh)+x, =0(U,,h)and (U, h)(y) #0,

then

Hence > \;U,,h # 0, and we find that the elements U,h for z € (—¢,¢) span an
i=1

infinite dimensional space. As U,h € L(f(), f)° this space is neutral, a contra-

diction.

d
Proposition 2.13 together with Lemma 2.3 has the following corollary:

Corollary 2.14. If L(f) is degenerated, f is not extendable.
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3 The Model Space

In Theorem 2.10 we have associated to an extendable function a model, i.e. an
inner product space and a symmetric operator. This section is concerned with
the construction and investigation of a certain inner product space (symmetric
operator) which will turn out in Section 4 to coincide with the above mentioned
model.

Let ||.|| be a definite seminorm on L£(f) as in (1.2), and denote by (.,.) the
corresponding inner product.

Definition 3.1. The finite set
{z1,...,z2,} CTC\R

is called defining, if there exists an open set O with ONC™* # ) and ONC~ # 0,
such that for z € O the functionals F, are continuous on L(f) with respect to
the seminorm

lglls = gl + [Fx ()" + - + [ FL, (9)P, g € L(f)- (3.1)

Remark 3.2. The seminorm ||.||,, is induced by the inner product

(91, 92)n = (91, 92) + Fo, (91) F, (92) + - .- + F, (1) F2, (92)

Lemma 1.3 together with the first part of Proposition 1.6 has the following
corollary:

Corollary 3.3. The empty set is defining if and only if f is not determining.
Proof : If the empty set is defining there exist elements h(z) € H(f), such that

F.(g) = [g.h(2)], g € H(J).
We have in particular .
[fe, h(2)] = €,

hence A(f) has defect numbers (1,1) by Lemma 1.3. The converse conclusion
also follows from Lemma 1.3.

l
The defining set {z1, . .., 25} is called minimal if no proper subset of {21, ..., 25} is
defining. For a minimal defining set {z,..., 25} no functional F}; is continuous

with respect to the norm (3.1) constructed with {z1,..., 25} \ {2;} instead of

{z1,..., 25}
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Remark 3.4. If f is extendable Proposition 2.9 shows that there exists a defining
set.

Assume throughout the following that there exists a defining set {z1, ..., zs}.
Without loss of generality we can assume that it is chosen minimal.

Lemma 3.5. Ifg € L(f) and F,(g) =0 for z in some open set, we have g = 0.
In particular the seminorm ||.||s is in fact a norm.

Proof : Let g = > vufe,, then F.(g9) = > v,e**", which is as a function of
n=1

= n=1
z the Fourier transform of a discret measure with points of increase x1, ..., 2.

Thus F,(g) = 0 for all z implies g = 0.
Assume that g € L(f) and ||g|ls = 0. As the functionals F, are continuous
with respect to ||.||s we find that F.(g) = 0. Hence g = 0.

O

Denote by ‘H the completion of £(f) with respect to the norm ||.||s. As, for

g,h e L(f),
g, M| < llgll - IRl < llgllslIPls

holds, the inner product [.,.] of L(f) can be extended to H by continuity.
Definition 3.6. The Hilbert space H with the norm ||.||s additionally endowed
with the inner product [.,.] is called the model space associated to f.

Note that the topology of H is in general strictly finer than the topology
induced by the inner product.

Remark 3.7. We will see (Corollary 4.4 below) that H does not depend on the
particular choice of a minimal defining set.

Proposition 3.8. Consider the inner product space (H, |[.,.]). We have
Ind_(H,[.,.]) = ko,

and

Indo(H, [.,]) = 6.

Proof : Consider the identity mapping ¢ : (L(f), ||.]ls) — (L(f),].]]) and the
canonical projection m : (L(f),||.|) — H(f). Both mappings are continuous,
hence 7 o ¢ can be extended to a mapping

v (K[| llsy — HF).
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As 7o is an isometry with respect to [.,.], and [.,.] is continuous with respect to
|.]ls (the inner product of H(f) is of course continuous with respect to the norm
of H(f)), ¢ is also isometric with respect to [.,.]. Thus

Ind_(H,[.,.]) <Ind_H(f) = ko,

and in fact equality holds as L(f) C H.
For 0 <n < let
v, = dim {g € H||g[|» = 0}.
Note that vy = Indo(H, [.,.]) and vs = 0. If 6 = 0 the assertion already follows. If

d > 0 we have v, < v, <wv,+1. Forif g, h € H such that ||g|/,—1 = ||h||n-1 =0,
but ||g|n, |||/ # 0, we have

gl = [F=. (), IRl = [Fn (R
and thus for appropriate numbers A\, u € C
IAg = phll7 = [Ag — phlls_y + | ., (Ag — ph)[* = 0,

which shows that v,_1 < v, + 1. The inequality v,, < v,,_; follows from ||.||,,—1 <
Il

By the choice of z5 there exists a sequence xs € L(f) with ||zs]|s-1 — 0 and
F.,(xzs) — 1. It follows that

los = @ell5 = los — 2|5y + [Foy (@ — )| — 0,

i.e. (zs) is a Cauchy sequence in the norm ||.||s. Let hy = limzs. As |.|[s—1 and
F,; are continuous with respect to |[|.||s we find ||h;|[s—; = 0 and F, (h;) = 1, in
particular hy # 0. Therefore vs_; = 1.

We proceed inductively: Let n > 2 and note that F.,_ . |p,, where D, =
L(f) ﬁﬂil:(;_nw ker (F,,) is not bounded with respect to [|.||5—n, as F; ., is not
bounded with respect to this seminorm and D,, has finite codimension. Choose
a sequence xs € D, with ||xs||s—, — 0 and F. (rs) — 1. We find

Z5—n+1
los — el = los — @ell_n + [Fas_y (@ — 20)[* = 0,
hence the limit h, = limz, exists in H and we have |h,|s—n = 0, but

1Anll3onir = [Fo(ha)|> = 1. Thus vs_p, = vs_py1 + 1. After 6 steps we
find that vy = 9.

O
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Remark 3.9. If § =0, i.e. f is not determining, the space H is nondegenerated,
and therefore H = H(f). In this case most of the following statements are well
known (see [GL]). Thus we will not consider the case § = 0 seperately in the
proofs.

The space ‘H can be embedded canonically into a Pontryagin space P.: Let

H = H,[+]H°
be a decomposition of H with a closed nondegenerated space H,,, and put
P. = Hu[+](H°+H,)

where H; is a neutral space and skewly linked to H°. Clearly, P. is a Pontryagin
space and
Ind_P. = kg + 0.

By definition the inner product of P, restricted to H is equal to [.,.]. In fact,
the norm of P, restricted to H is equivalent to ||.|s.
In the sequel we will need another lemma.

Lemma 3.10. Let{z,..., 25} be a minimal defining set, let h € H® and assume
that h € ker (F.,) whenever F, is continuous, with possible exception of one point
zo. Then h =0.

Proof : If zy # z; fort=1,...,6 we find

RIS = 1R l* + [Fey ()P + ..+ [ Foy (W) = 0,

thus A = 0.

Assume now that h ¢ ker (F,,), say for zp = 25. Consider the space £ = (h)*,
where the orthogonal complement has to be understood within H and with respect
to the inner product (.,.)s. Let z be such that F, is continuous and let F, be
represented by

F.(g9) = (9,1(z))s for g € H,

then [(2) € L for z # z5. We show that the norms ||.||s_; and ||.||s are equivalent
on L. This fact will follow once we have proved that ||.||s is equivalent on H to
the norm induced by

(91,92)0 = (91, 92)+ (90, 10))o (1), 92)s+ %@ B)o(h 92)s, 91,92 € H.

i=1

If P, and Py, denotes the orthogonal projection onto (h) and (l(zs)), respec-
tively, we find

(91792)0 = (([ - f)l(z(g) + Ph)glag2)6-
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It is proved in [AG], p.96, that

1Ph = Pyzs)lls = max sup (I = Pu)glls,  sup [[(1 = Fyzp)glls | -
g€ (l(zs))lglls=1 ge(h).llglls=1

As h is not orthogonal to I(z;) this implies that ||P, — Pjlls < 1, hence
I — Py;) + Py is boundedly invertible and we find that the norms ||.||s and ||.||o
are equivalent. Denote by P the orthogonal projection of H onto £. Lemma
3.5 shows that h & L(f), hence the restriction P|z(y) is injective. Therefore we
can consider £ as the completion of £(f) with respect to the norm ||.|[s—1. Since
[(z) € L for z in some open set which contains points of the upper and lower
half plane, we find that the set {z1,...,2s_1} is defining, a contradiction. Thus
h = 0.

|

Consider the semigroup V) : L(f) — L(f) of partially defined isometries,
given by (1.3). In the following lemmata we investigate some properties of the
operators V.

Lemma 3.11.  The operators V), x € (—a,a), are continuous on L(f) with
respect to ||.||s. In fact for some constant B > 0

V2|2 < emaxi(B2ziDa for |2 < a. (3.2)
If g € L(f) is in the domain of V, for some y € (—a,a), then the mapping
r— Vg

is continuous on [0,y], vy >0 ([y,0], y <0).
Proof : It is proved in [GL] that the operators V considered in the space H(f)
satisfy |V/]| < ePl#l for some B > 0. If g = 3, oy f,, we compute

F.(Vog) = ZalFZ(fyﬁm) = Z e wte) —
! !

=€ e’ = " F.(g). (3.3)
l
We find

IViglls = 1V2glP + D 15, (Vag) P < e llgl + Y e P E, (9 <

J J
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< e g|[* + max |72 37| (9)F < ma(e, e ) g}
J
This shows that

||Vx/||(2$ S 6man(B,2\Zj\)|:c| S 6man(B,2\Zj\)a for |ZI§'| < a.

To prove that x +— Vg is continuous, it suffices to show that f, depends contin-
uously on z in the norm of £(f). Since f is continuous, we have for x — zg

[fx_fxoa.fy] :f(y_l')_f(y_l'o) _)Oa
[fx - fxoafx - fxo] - 2f(0) - f(l’ — IL’Q) — f(!li'o — ZL’) — 0.

The assertion follows from [IKL].

O

Due to Lemma 3.11 we can extend V to H. This extension, also denoted by V,,
has the domain

D (Vo) = (fyly € (—a,a —x)).
It follows from (3.2) that the mapping = — Vg is continuous, even for g € H.

Lemma 3.12. Let 0 <z < a, g € D(V,), z € C and assume that F, is
continuous. Then '
F.(Vog) = e F.(g). (3.4)

If g € ker (V, — ), we have g € ker (F.) for all z such that F, is continuous and
672296 ?é .

Proof : Since D (V,) = (f,|ly € (—a,a—x)) there exists a sequence g, =
> i Aifar € (fyly € (—a,a — 7)), such that g, — g. The relation (3.3) shows
that

Fz(‘/;gn) = eiszZ(9n>’

Since F, is continuous, this implies (3.4).
If V.g = A\g we have

hence either A\ = €*** or F,(g) = 0.
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Definition 3.13. Denote by %S the infinitesimal generator of the semigroup V

in H, i.e. let S be the closure of the operator

Vig —

S'g = ilim -7
N0

(3.5)

with domain

D(S) ={g€ |JD W) C H|lim Y9 79 oists).
N0 No

It is proved in [BM] that S is densely defined.

Proposition 3.14. Let b(f) be as in Lemma 2.12. For b € (b(f),a) the spaces
H(fw)) are reqular subspaces of P.. Ifb(f) < b < ¢ < a we have, with the obvious
identifications,

H(fw)) € H(f) SHC P

Moreover,

U H(fe) =H

b(f)<b<a

The corresponding symmetries Sy, = A(fw)) satisfy
Sb g Sc g S.

Moreover,

H/H® = H(f) and S/H® C A(f). (3.6)
Proof : We clearly have

L(fw) € L(fe)) CH,

where the closure has to be understood with respect to the norm ||.||s of H.
To prove that L(f) is nondegenerated assume on the contrary that h €

L( f(b))o and h # 0, here the isotropic subspace is understood with respect to the
inner product [.,.]. If £_ denotes a maximal negative subspace of L(f)), we
have h L L£_ and of course h 1. H°. Since Ind_P. = kg + §, dim L_ = k¢ and
dim H® = ¢ it follows that h € H°, i.e. we have

L(fu) € H°,

hence also £( f(b))O C L( f(b/))o for b < ¥'. Consider the linear space

= |J Zifw) cn
be(b(f),a)
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Note that £ # {0} and let £ = (hy,...,hy), here n < < co. If h; € [,(f(bi))o
we have h; € D (Vi> and for |z| < %k
2

V,h; € L(f(m))c’ C L,

as h; € H°, Va—o, L(f,)) € E(f(ﬂ)) and Va;bi[,(f(m)) C H. Let b = max; b;

and let € = “T_b, then
LCD(V,) and V,LC Lfor —e <z <e.

Let © € (—e,¢e), x # 0. As L is finite dimensional there exists an eigenvalue A
of V, with corresponding eigenvector h € £, h # 0. Lemma 3.12 implies that
h € ker (F.,) if F, is continuous and €"** # \. Since {z1,..., 25} is minimal the
values z; are distinct. If x is sufficiently small, hence also the values e”** are
distinct. Together with £ C H° this shows that Lemma 3.10 can be applied,
which yields h = 0, a contradiction. Hence L(f() is a regular subspace of P..
This shows that the relation f, — f, + H° yields an isometry between the

Pontryagin spaces L£(fe)) and H(fw)). As its domain and range are dense, it
extends to an isomorphism and we find

L(fw) = H(fw))-

As H(fw)) € H(f)) € H as regular subspaces we find S, € S, C S.

The mapping ¢ : f, + H° +— f, yields an isometry between the Pontryagin
spaces H/H° and H(f), hence extends to an isomorphism. Since the isometry
fe +H° — f, is continuous and intertwines the respective shift operators, we
have S/H° C A(f).

O
This result has a number of corollaries.

Corollary 3.15. Letb < (b(f),a), then fu) is not determining.
Proof : There exists an open set O, such that for z € O the functionals F,
are continuous on H, hence also on the regular subspace H(f). It follows that
€im|(_b,b) € H(f(b)), thus f(b) is not determining.

O
Similar as in Corollary 2.14 we obtain:

Corollary 3.16. The space L(f) is nondegenerated.
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Corollary 3.17. The relation S is symmetric. Hence R (S — z) is closed for
all z € C\ R.
Proof : The fact that S is symmetric follows from S/H® C A(f), as H° is
isotropic.

The remaining assertion follows from [DS], as we can regard S as a symmetric
relation in P..

O

Corollary 3.18. Let z € o(A(f)). Then, for h € R(S — 2) N'H°, we have
ke e, if (hik) € (S—2)7",
and for h € D (S) NH® we have
ke H°, if (h;k) € S.

Proof : Consider the canonical projection 7 of H onto H(f). Then (h;k) €
(S — 2)7th implies that mk = (A(f) — 2)"'nh = 0, hence k € H°. Similar
(h; k) € S implies 7k = A(f)wh = 0, hence k € H°.

O

Proposition 3.19. We have

5=U&

whenever I C (b(f),a) has the right endpoint a as accummulation point. In
particular
R(S—2) = JR (S —2),
bel
if z is such that R (S — z) is closed.
Proof : Clearly S D UbE ;1 Sp. To show the reverse inclusion consider the operator
S’ as given in (3.5) and let g € D(S)', g € D (V;) for t < to. Then, by definition,

Vg —
—iS'g = lim 99
7—0 T

For t < %) put
1 t
gt:?/ Vigds,
0



24

then g, € D (V;) for 7 < &, and
lim g, = g.

If 7 <t we have

a i 1 T+t t 1 T T
Vg gt:_</ V;gds—/ngdS):—(/ ngds—/ ngds):
T tT T 0 tr t 0
1 i L[
:_<Vt /ngds——/ ngdé’)a
t 0 T Jo

I Vigi—a9e  Vig—g
1m = .

7—0 T t
It follows that for ¢ < % the relation g, € D (S)" and

hence

Vig—yg
t

—iS'g, =

holds, and we find
Pr% S'gr=9g.

Since (fz|x € (—a,a — ty)) is dense in D (V,,) there exists a sequence g, €
(folr € (—a,a —ty)), such that
lim g, = g.

n—oo

As each g, is a finite linear combination of elements f, there exists a number
by, € (a—%2,a), b, € I, such that g,, € H(f(s,)). Define

1 t
gnt = _/ V:sgn d57
t 0

then, as t < 2, we have g,, € H(f@,)), and for 7 < 2 we have g,, € D (V;).
Moreover, for some number K > 0

1 t
lona = ails =17 | Vilon =) dsls <
0

< max ||[Vills - [[9n — glls < Kllgn — glls,
s€[0,t]
where the last inequality follows from Lemma 3.11. Hence

lim 9nt = G-
n—oo
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A similar computation as above shows that

1. ngn,t - gn,t - V;fgn — Un
1m =
T—0 T t

holds. As, for t < %0 we have Vig, € H(fp,)), and for 7 < %0 — t we have

gnt € D(V;) and V;g,: € H(fp,), we find that g,,; € D (S,,) and

Vign — 9n

_iSbngn,t = P

It follows that for each ¢ < &
Tim Sy, e = S'g
Let € > 0 be given and choose t > 0, such that
lg: — glls < e and ||S"g, — S'glls < e.
Now choose n € N, such that
g = gells < & and || Sy, gne — S'gells <&,
which implies that
19 — gnills < 2e and ||.S"g — Sy, gntlls < 2e.
These facts show that

S C U Sb,
bel
and we find S = (J,¢; Sb-

Since R (S — z) is closed and ¢ : (g,h) — h — zg is a continuous mapping of
S onto R (S — z) we find

R(S—z2)=JR(S, - 2).

bel

O

Recall that, although the inner product of ‘H is in general degenerated, the defect
numbers of an operator in H can be defined as usual (see [KW1]).

Theorem 3.20. The relation S is an operator and has defect numbers (1,1).
Moreover, each eigenvalue of S is also an eigenvalue of A(f).
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We have

R (S —Zz) = ker (F)) (3.7)
if F, is continuous and R (S — Z) is closed. Moreover, for h € H°

S0 ({h) x (h)) = {0}, (3.8)
and for z € C

dimker (S — z) < dimker (A(f) — 2). (3.9)

If H° # {0}, we have for each z € o(A(f))

R(S—2z2)+H =MH, (3.10)

and, for each h € H®, h # 0, the relation
R(S—2)+(h)=H (3.11)

holds for all z € o(A(f)) with possible exception of finitely many points.

The relation S N (H°)? is in fact an operator, its domain has codimension 1
in 'H°, and it has no eigenvalues.
Proof : First we are concerned with the proof of (3.7). If F, is continuous (and
continuously extended to P.) there exists an element k(z) € P,, such that

F.(g9) = [g,k(z)] for g € P..

Let b € (b(f),a) and denote by P, the orthogonal projection of P. onto the
regular subspace H(f;)). We have for x € (—b,b)

[fo, Pk (2)] = [fo, k()] = €7,
hence Pyk(z) is a defect element of Sy at z, i.e.
R (Sy — 2) = (Bk(2))" = ker (F,) N H(fw))- (3.12)
From (3.12) and the fact that ker (F.) is closed it follows that
R (S, —2) Cker(F).
bel

To show the reverse inclusion let g € ker (F}). Let (b,) be a sequence of numbers
b(f) < b, <a,b, €I, increasing to a, and let g, € L(fp,) be such that g, — ¢
as n — 00. Then, due to (3.12)

g [ ank(z) ank(z)
n — 9n, =
1Py, k(2)lls™ ([ P, e (2) |l
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ank:(z) 1
1B, k(2) 5 1P, k(=) |5

= n — [Gn, k(2)] eR(S,, —7). (3.13)

As g, — g we have
gn, k(2)] = [g9,k(2)] = 0.
Assume that B, k(z) — 0 as n — oo. Then we would have [f, P, k(z)] — 0, but

[ Py k(2)] = [f, k(2)] = 1.
Hence, at least for some subsequence of (b,), the values of m remain
bounded. This shows that the second term on the left hand side of (3.13) tends
to 0, and we find
(S U R (Sb - 5).
bel

Thus Proposition 3.19 shows that (3.7) holds.

To prove (3.8) assume on the contrary that (Ah, ph) € S for some h € H® and
A, it not both zero. Then

(u—ZNh € R(S —7%),

hence h € R (S —Z) = ker (F;,) with possible exception of one point zy = (%).
Lemma 3.10 shows that h = 0, thus (3.8) is proved.

Let ¢ be the isometry of H onto H(f) as given in Proposition 3.14. Then ¢
maps ker (S — z) into ker (A(f) — z). Asker (¢) = H° and, by (3.8), ker (S — z)N
H° = {0} the restriction @|yey(s—») is injective. Hence z being an eigenvalue of S
implies z € 0,(A(f)) and the relation (3.9) holds. A similar argument shows that
S is an operator: Let (0,h) € S, then (0, ph) € A(f). As A(f) is an operator we
obtain ph = 0, i.e. h € H°. The relation (3.8) shows that h = 0.

Let O be as in Definition 3.1. To show that S has defect numbers (1,1) it
suffices to observe that for z € o(A(f))NC*NO

codim(R (S — z)) =1 and ker (S — z) = {0}.

To prove (3.10) assume the contrary. This yields that H® C R (S — z), as S
has defect numbers (1,1). Since z € o(A(f)) we find that (S —z)~! is an operator
and satisfies, due to Corollary 3.18, (S—z)~'H° C H°. Therefore it has a nonzero
eigenvector, which contradicts (3.8).

Finally, to prove (3.11), assume on the contrary that some h € H°, h # 0 is
element of R (S — z) for infinitely many z; € o(A(f)), i € N. Let h; = (S—2z;)7'h,
then h; € H°. Thus the elements h; are linearly dependend, say

> Aihi =0 (3.14)
i=1
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is a nontrivial vanishing linear combination of minimal lenght. As h; # 0 we have
n > 2. Since S is an operator, and h; € D (S), we obtain

(zn: Ai)h + Zn: Aizihi = 0. (3.15)
i=1 i=1

If > A\; = 0 we can eliminate from (3.14) and (3.15) the term, say, ¢ = n, and
i=1
obtain a shorter nontrivial vanishing linear combination of the elements h;, a
contradiction. Hence > A; # 0, and we obtain h € D (S). Repeated application
i=1
of S to the relation (3.15) shows that S7h € D(S) for each j € Ny. Clearly
S7h € H°, hence the space (S7h) is a finite dimensional invariant subspace of S
and is contained in D (S). Thus the operator S has a nonzero eigenvector within
(S7h), a contradiction to (3.8).

|
Since (3.10) implies that for z € o(A(f)) the relation R (S/H° —2) = H/H°
holds, we have

Corollary 3.21.  In the second relation of (3.6) in Proposition 3.14 in fact
equality holds:
S/H® = A(f).

Remark 3.22. In the definition of a defining set (Definition 3.1) we could use
the condition

There exist points 2% € o(A(f))NC*, 22 & {z1,..., 25} U{Z1,..., %5}, such
that F,+ is continuous with respect to ||.|s.

instead of the condition ”There exists an open set ...”. Then, except of Corollary
3.3, the results of this section remain in principle valid. We choose the weaker
definition to include the case that f is not determining.

4 Parametrization of Extensions

We start this section by showing that extensions of f correspond to extensions
of S.

First let us introduce the notion of the minimal part of a relation. Let
A be a selfadjoint relation in a Pontryagin space P, and let M be a, not
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necessarily closed, subspace of P. Denote by L, the subspace Ly =
(M, (A= 2)""M|z € p(A)), and put

P = L/ Lo
The M-minimal part of A is the relation
Apg = (AN L)/ Lo

The relation Ay, is again selfadjoint and o(Ar) 2 0(A). These facts follow from
some results of [DS].

Lemma 4.1. Assume that there exists a minimal defining set and let H and S
be as in the previous section.

Let A be a selfadjoint relation in a Pontryagin space P with o(A) # 0, let
@ H — P be an isometric mapping, and assume that

©S = {(pa; pb) € P?|(a;b) € S} C A.

If there exists a nontrivial subspace L C H°, such that oL is invariant under each
resolvent (A — 2)™', then oH itself is invariant under each resolvent (A — z)~'.

In this case we have

[(A=2)""f 1= [(A(f) —2) 7, f].

Proof : First note that if H is nondegenerated, i.e. 6 = 0, the assumptions of
the lemma cannot be satisfied, hence there is nothing to prove.

Choose an element h € L, h # 0. Theorem 3.20 shows that for all z € C\ R,
with possible exception of a finite set M, the relation

R(S—2z)+(h)=H

holds. Since a resolvent (A — z)™! maps @R (S — 2) into ¢H and {(ph) into
L C oH, we find that

(A=2)"'9H C pH, z € o(A) \ M.

As ¢H is a closed subspace of P the invariance of pH follows for all z € p(A).

Consider the ¢pH-minimal part of A. Clearly L,y = ¢H, and we obtain
from Proposition 3.14 that Py = H(f). Since pS/pH® C Ay, it follows from
Proposition 3.14 and Theorem 3.20 that A,y = A(f). Thus

[(A=2)""f, [l = [(Apr — 2) 7 f, 1 = [(A(f) = 2) 7 £ f].
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O

Note that, since H may be degenerated, ¢ may have a nontrivial kernel.
For a selfadjoint operator A let h ; be such that the spectrum of A is contained

in the strip {z||Im z| < h;}. The existence of such a number h ; is proved e.g. in
IKL].

Proposition 4.2. Assume that {21, ..., 25} is a minimal defining set. Let A be
a selfadjoint relation in a Pontryagin space P with o(A) # 0, and assume that
H C P and S C A. Then there exists a (unique) function f: R — C, such that

z/ooo et f(t)dt = [(A—2)\f, f],Imz > h; (4.1)

holds. The function f extends f and is contained in a set P, with kK = kg or
ko+0 <k <Ind_7P.

If A is f-minimal, the relation A is in fact an operator and we have r =
Ind_P. Moreover, P = H(f) and A = A(f).
Proof : First note that, due to the fact that S is densely defined in the norm
|.Ils of H, we have

H=D(5) cD(A) (4.2)

in the norm of P, hence f € D ([1)

Consider now the case that A is f-minimal. This implies that

D(4) 21 (A—2) 'l € o) = P,

i.e. A is densely defined and hence an operator.
It is shown in [KL2] (Satz 1.5 and Satz 5.3) that there exists a unique function
f defined by (4.1), and that it is an element of P, where x = Ind_P. Moreover,

f@) = [f.U.f], z €R,
when U, is the group of unitary operators generated by A. Since A D S we have
(with a similar proof as in [GL]) U, 2 V,.. Hence, for x € (—a,a),

f(@) =1f, Unf] = [, Vaf] = f(),

i.e.j is an extension of f. Since the mapping ¢ : f, — U, [ is an isometry of
L(f) into P, and A being f-minimal is equivalent to the fact that

P = (Usflz € R),
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we find that H(f) = P. Then clearly A(f) = A.
In the following let A be an arbitrary relation. Put M = D (A) and consider
the M-minimal part of A. Note that

Ly =D (A) and L5, = A(0)°.
If £5,NH # {0} Lemma 4.1 applies with
L=LYNH,

and shows that f exists and is in fact the unique extension of f in Py It
L5y NH = {0} we can regard H as a subspace of Py We have Ind_Pr =
Ind_P — dim A(0)°, and clearly [(A — 2)~'f, f] = [(Am — 2)7'f, f]. Also clearly
S C A

Iterate the process described in the above paragraph. Since the negative index
of the considered Pontryagin space decreases this process must terminate with
either f € P,, or with a relation A; such that 4;(0)° = {0} and [(A—2)"'f, f] =
[(Ay — 2)7'f, f]. Decompose A; as

Ay = Ay [HA

with a selfadjoint operator A, , acting in D (1211> Since A; D S and D (S) =H

we have D (%~11> D 'H, therefore the operator 21178 extends S.

Due to the above considerations we may restrict our attention to the case
of an operator A. There exists (see [BM]) a group (U,);er of unitary operators
which has A as its infinitesimal generator, and satisfies U; D V.

Put M = (f) and consider the M-minimal part of A. Lemma 2.1 shows that

H = (Viflt € (—a,a)) S (Uiflt € R) C L.
If £, NH # {0}, Lemma 4.1 applies with
L=LYNH,

and shows that f € P, when i is the function determined by A via (4.1) (see
[KL2]). Otherwise the relation Ay extends S and is f-minimal. Then the first
part of this proof applies.

O

In order to apply Proposition 4.2 we have to show that S admits minimal selfad-
joint extension.
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Proposition 4.3. Let S be as above, and assume that 6 > 0. Then there exists
a selfadjoint extension of S, which acts in a Pontryagin space with negative index
ko + 0 and is f-minimal.

Proof : Consider the space P, (as constructed in the previous section) and
let z € o(A(f)) be fixed. The mapping V = (S —2z)(S — z)~! is an isometry of
R (S — z) onto R (S — z). Theorem 3.20 shows that R (S — 2)° = R (S — 2)NH",
hence dim R (S — 2)° = 6 — 1, and similar for R (S — Z). Since the dimensions of
the isotropic parts of range and domain of V' are equal, V' is injective. Let

R(S—2)NH® = (hi,...,hs_1),
and put k; = Vh; fori=1,...,6 — 1. Then

R(S—2Z)NH = (ki,... ks_1).
Choose hs and ks such that

(hi,..., hs) = (k1,..., ks) =H".

Fix complements H, , and H, z of H° in H, such that H,, C R (S — 2) and
H,z C R (S —Z) and choose elements h; L H, ,, ki L H,fori=1,...,6, such
that

Pc == Hn,ZH_]((hlv ey h5>+<h’/17 R hg>)7

and also
Pe=Hnz[+((kr, ... ks)+(K, ... E5)).

Moreover, let the bases {h;} and {h;} (and similar for the k’s) be skewly linked,
ie. let

[hi, hy] = [Ki, ky] = [, hG] = (ki k5] = 0, [ha, 5] = [ks, K] = 0.

1'% J
Define an extension U of V' by
Uhs = ks, Uhl = ks,

UR =k, i=1,...,6 — 1.

It is easily checked that U is unitary. .
Let A be the inverse Cayley transform of U, then A is a selfadjoint relation
extending S. Due to (4.2) we have

A(0) CHT =R,
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If A(0) # {0}, Lemma 4.1 applied with £ = A(0) shows that  is invariant under
each resolvent of A. Since U = I + (2 — Z)(A — 2)~! this yields a contradiction
to the definition of U. Hence A is an operator.

Put M = (f) and consider the M-minimal part of A. The same argument as
in the last paragraph of the proof of Proposition 4.2 shows that £, O H, hence
L5 € H°. If L is degenerated, Lemma 4.1 applies with £ = L},. Similar
as in the previous paragraph this leads to a contradiction to the definition of U,
thus L is nondegenerated. Together with the fact 'H C L this shows that

Ly = P,.. Hence A is an f-minimal extension of S in the space P..
O
These results have a number of corollaries.

Corollary 4.4.  Let {z,...,z25} be a minimal defining set and let feP.,
Kk > Kg, be an extension of f. Then

H=L(ff) and S = S;.

Each minimal defining set contains the same number of points.

Proof : If § = 0 the assertion is clear, since then L(f, f) is a regular subspace.
So consider the case § > 0. By Proposition 4.3 there exists an extension AcC P?
of S which holds the properties assumed in Proposition 4.2. If f; is the associated
extension of f, we have P, = H(f;). Hence H = L(f, fi). Theorem 2.10 shows
that H = L(f, f). Clearly S C Sj. We show that R (S;—z) = R(S — z) for
all z € C\ R with possible exception of an isolated set. This clearly implies that
Sp= 5. Assume on the contrary that R (Sf — z) = H for z in a set M which
has an accumulation point in C \ R. For such z we have

(A—2)""H CH,
in particular (A — 2)~'f € H. Let h € H°, h # 0, then
[(A=2)""h, f] =0

for Z € M. Lemma 2.5 yields h = 0, a contradiction.
To prove the remaining assertion note that for any minimal defining set
{z1,..., 25} we can make the above constructions, hence obtain that

§ = IndoH = IndoL(f, f)

for a certain extension f of f. The assertion now follows from Corollary 2.11.

O

Denote the number of points contained in some minimal defining set by A(f). If
there does not exist any defining set put A(f) = oc.
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Corollary 4.5. The function f is extendable if and only if A(f) < oo, and f is
determining if and only if A(f) > 0. If 0 < A(f) < oo, f admits no extensions
in a set P, with ko < k < Ko + A(f), but has extensions in P.ora(s)-
Proof : The first assertion follows from the considerations in Corollary 4.4 and
Remark 3.4. The second assertion is a restatement of Corollary 3.3.

Let 0 < A(f) < 0o and assume that f € P, is an extension of f with x > k.
Then, by Corollary 4.4,

k=Ind_H(f) > Ind_H + IndoH = ko + A(f).

The remaining assertion follows from Proposition 4.2 and Proposition 4.3.
d

Now we are in position to show that extensions of f and extensions of S corre-
spond bijectively.

Proposition 4.6. Let f € Py, be extendable, i.e. assume A(f) < oo, and let
k> ko + A(f). The relation

i/ooo () dt = [(A—2)7'f, f],Imz > h; (4.3)

establishes a one-to-one correspondence between the extensions f € P, of f and
the selfadjoint operator extensions A of S which act in some Pontryagin space
P O H with Ind_P = Kk and which are f-minimal.
Proof : We have already proved in Proposition 4.2 that an extension of S leads
to an extension of f. .

Assume first that A(f) > 0. Let an extension f € P, of f be given, then

H = L(f,f) CH(f) and S C A(f).

The operators U, (f) form a group of unitary operators and satisfy
[, Usf1 =1, fa] = f ().
The relation (4.3) follows from [Ka]. Moreover, Ind_H(f) = x and A(f) is f-

minimal.

If A(f) = 0 Proposition 2.7 shows that £(f, f) = H(f) and S C A(f). Hence,
also in this case the assertion follows. Moreover, it follows from [KL2| that the
correspondence given by (4.3) is one-to-one.

O
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In the following we use the results of [KW2] on the parametrization of gen-
eralized resolvents in order to obtain a parametrization of the extensions of f.
Proposition 3.8 and Theorem 3.20 show that these results can be applied to the
model space ‘H and the operator S constructed in the previous section.

Definition 4.7. For v, A € Ny, denote by ICf the set of all complex valued
functions 7(z), meromorphic in C\ R, which satisfy 7(Z) = 7(2) for z in their
domain of holomorphy o(7), and are such that the maximal number of negative
squares of quadratic forms (m € Ny, 21,..., 2, € 0(7))

>
—

ZéR Z gznk

0 =1

Q(flj--wfm;%,---,?m—l) - Z (Z’l)Z] 625] +
ij=1

B
Il

is v.

Note that K2 = A/,. Let us recall that ICf contains infinitely many elements
if v > A and is empty if v < A.

Now we obtain from Proposition 4.2 and [KW2] the following theorem:

Theorem 4.8. Let f € Py, be given and assume that A(f) < co. The relation

, Imz > hj,

Z-/OO e 1) di = w11 (2)7(2) + wia(2)

wa (2)7(2) + wae(2)

establishes a bijective correspondence between the extensions f € Pu, K > Ko+
A(f), of f and the parameter functions

7(2) € K1

K—KQ"

If A(f) > 0 the unique extension of f in Py, corresponds to the parameter func-
tion T(z) = 00.
The matrix

Wa1 (Z) Wo2 (Z)

W(z) = < wiy(z) wia(z) )

s a resolvent matrixz associated with the model operator S.
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