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2Introduction

There are several points of view on quantummechanical resonances.

⋆ Main of them is that a resonance is the complex energy point on unphysical
energy sheet where the scattering matrix, after analytical continuation, has
a pole (goes back to G.Gamow).

† If a Hamiltonian admits complex scaling/rotation, a resonance is a complex
eigenvalue of the complexly scaled/rotated Hamiltonian.

• Other definitions and interpretations: poles of the continued resolvent ker
nel, poles of the continued bilinear form of the resolvent, LaxPhillips defi
nition. . .

The question1: Are the resonances in (⋆) and (†) the same?

Common belief: YES! But scattering matrix may not exist although the scaling

is possible or, vice versa, scattering matrix exists but scaling is impossible...

We answer this question in the case of the FriedrichsFaddeev model.

1See, e.g., [G. A. Hagedorn, A link between scattering resonances and dilation analytic res
onances in few–body quantum mechanics, Commun. Math. Phys. 65 (1979), 181–188].
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The FF model. Assume that h is a Hilbert space and

∆ = (a,b)⊂ R, −∞ ≤ a < b ≤ ∞.

Hamiltonian of the FriedrichsFaddeev model is given by

H = H0+V (1)

where H0 is the multiplication by the independent variable in L2(∆,h),

(H0 f )(λ ) = λ f (λ ), λ ∈ ∆, f ∈ L2(∆,h), (2)

and V is an integral operator,

(V f )(λ ) =
∫ b

a
V (λ ,µ) f (µ)dµ. (3)

It is supposed that for every λ ,µ ∈ ∆ the quantity V (λ ,µ) is a bounded lin
ear operator on h such that V (λ ,µ) = V (µ,λ )∗, and V is a Hölder continuous
operatorfunction of λ ,µ ∈ ∆ (with the Hölder index α > 1/2). One also requires

V (a,µ) =V (b,µ) =V (λ ,a) =V (λ ,b) = 0 in case of finite a or/and b (4)

or imposes appropriate constraints on the behavior of V (λ ,µ) at |λ |, |µ| → ∞,
in case of infinite a or/and b.
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Kurt Otto Friedrichs (1901–1982)

A starting version of the model has been intro
duced by K.Friedrichsa in 1938:

Hε = H0+ εV , ε > 0,

for the onedimensional h= C and ∆ = (−1,1).

The selfadjoint operator H0 has (absolutely)
continuous spectrum filling the segment [−1,1].
Friedrichs studied what happens to this spec
trum under the perturbation εV . He succeeded
to prove that if ε is sufficiently small then Hε and
H0 are similar, which means that the spectrum of
Hε is also absolutely continuous and fills [−1,1].

aK.Friedrichs, Math. Ann. 115 (1938), 249–272.

In 1948, Friedrichs2 has extended this result to arbitrary Hilbert spaces h and

intervals ∆. He proved that if ε is small enough then Hε is unitarily equivalent

to H0 and, hence, the spectrum of Hε is absolutely continuous and fills ∆.

2K.O.Friedrichs, Comm. Pure Appl. Math. 1 (1948), 361406.
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Olga Aleksandrovna
Ladyzhenskaya
(1922–2004)

In 1958, O.A. Ladyzhenskaya, and
L.D. Faddeeva have completely
dropped the smallness requirement on
V and considered the model operator

H = H0+V (5)

with NO small ε in front of V . Instead,

they require compactness of the value

of V (λ ,µ) as an operator in h for any

λ ,µ ∈ ∆.
aO.A. Ladyzhenskaya, L.D. Faddeev, Dokl.

Akad. Nauk SSSR 120 (1958), 1187–1190.

Ludwig Dmitrievich
Faddeev
(1934–2017)

They claim that H −Hp is unitary equivalent to H0 (here, Hp is the part of H
associated with its point spectrum).

Proofs (and an extension) are given in a Faddeev’s 1964 work3: Com
plete version of the scattering theory for the model under consideration.

3L.D.Faddeev, Trudy Mat. Inst. Steklov. 73 (1964), 292–313.
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Many researchers used or worked on the Friedrichs/FriedrichsFaddeev
models and their generalizations (Albeverio, Lakaev, Gadella, Pavlov, Pronko,
Isozaki, Richard,...). Source of explicitly solvable examples.

Notice that the typical twobody Schrödingrer operator may be viewed
as a particular case of the FriedrichsFaddeev model with a = 0 and b =+∞.
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First, we study the analytical properties and structure of the T  and Smatrices
on uphysical sheets of the energy plane. To this end, we adopt the ideas and
approach from a couple of the speaker’s works4,5.

Then we perform a complex deformation (a generalization of the complex scal
ing) of the FriedrichsFaddeev Hamiltonian. Discrete spectrum of the complexly
deformed Hamiltonian contains the “complex deformation resonances”.

Central point in our proof of the resonance equivalence: Observation
that the kernels T (λ ,µ,z) of the T matrices for the original and complexly de
formed/scaled FF Hamiltonians represent the same (operatorvalued) function
of the complex variables λ , µ, and z.

Poles of the T matrix in z (on an unphysical sheet) are simultaneously the poles
of the scattering matrix and the eigenvalues of the deformed Hamiltonian.
=⇒ Rotation/scaling resonances coincide with the scattering matrix resonances!

4A. K. Motovilov, Analytic continuation of S matrix in multichannel problems, Theor. Math.
Phys. 95 (1993), 692–699.

5A. K. Motovilov, Representations for the three–body T–matrix, scattering matrices and resol
vent in unphysical energy sheets, Math. Nachr. 187 (1997), 147–210.
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This present result has been recently published in

A.K. Motovilov, Unphysical energy sheets and resonances in the Friedrichs
Faddeev model, FewBody Syst. 60:21 (2019).

https://doi.org/10.1007/s00601-019-1491-2
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Structure of the T and Smatrices for the FF model
on unphysical energy sheets
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We assume that V (λ ,µ) admits analytic
continuation both in λ and µ into some
domain Ω ⊂ C containing ∆ (that is, we
assume

V (λ ,µ) is holomorphic

in both λ ,µ ∈ Ω.

(In view of V (λ ,µ)∗ = V (µ,λ ) for λ ,µ ∈ ∆
we have the mirror symmetry of Ω w.r.t. R
and V (λ ,µ)∗ =V (µ∗,λ ∗) for any λ ,µ ∈ Ω.)

Just for simplicity, we restrict ourselves to
the case of finite ∆ = (a,b),

−∞ < a < b <+∞.
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Notation: for z outside the corresponding spectrum,

R0(z) = (H0− z)−1 R(z) = (H − z)−1 T (z) =V −V R(z)V.

(The kernel T (λ ,µ,z) of the transition operator T (z) is a B(h)valued function
of λ ,µ,z.)

Recall that (for admissible z, in particular for z ̸∈ spec(H0)∪ spec(H))

R(z) = R0(z)−R0(z)T (z)R0(z).

Thus, the spectral problem for H is reduced to the study of the “T matrix” T (z).

From Faddeev (1964): T (λ ,µ,z) is wellbehaved function of λ ,µ ∈ ∆ and
z on the complex plane C punctured at σp(H) and cut along [a,b]. T (λ ,µ,z)
has limits

T (λ ,µ,E ± i0), E ∈ ∆\σp(H)

that are (in our case) smooth in λ ,µ ∈ ∆. The scattering matrix for the pair
(H0,H) is given by

S+(E) = Ih−2πiT (E,E,E + i0), E ∈ (a,b)\σp(H).

Notice that the eigenvalue set σp(H) of H is finite.
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In the following C+ = {z ∈ C | Imz > 0} (C− = {z ∈ C | Imz < 0}) stands
for the upper (lower) halfplane of C.

• Π0 denotes the complex plane C cut along ∆ = (a,b).

• By Π−1 we understand another copy of C cut along ∆ and glued to Π0 in
such a way that the lower rim of the cut along ∆ on Π−1 is identified with the
upper rim of the cut ∆ on Π0.

• Π+1 will stand for one more copy of C cut along ∆. Π+1 adjoins Π0 in such
a way that the upper rim of the cut along ∆ on Π+1 is identified with the lower
rim of the cut ∆ on Π0.

The copy Π0 is called the physical energy sheet. The copies Πℓ, ℓ=±1
are said to be the unphysical energy sheets (neighboring the physical one).



12

Our first principal result is as follows.

Proposition 1. The transition operator T (z) admits meromorphic continuation
(as an operatorvalued function of the energy z) through the cut along the in
terval (a,b) both from the upper, C+, and lower, C−, halfplanes of the complex
plane C to the respective parts Ω− := Ω∩C− and Ω+ := Ω∩C+ of the unphysi
cal sheets Π−1 and Π+1 adjoining the physical sheet along the upper and lower
rims of the above cut. The kernel of the continued operator T (z)

∣∣
Πℓ∩Ωℓ

, ℓ=±1,
is given by the equality

T (λ ,µ,z)
∣∣
z ∈ Πℓ∩Ωℓ

=
(
T (λ ,µ,z)+2πiℓ T (λ ,z,z)Sℓ(z)−1T (z,µ,z)

)∣∣
z ∈ Ωℓ

,

z ∈ Ωℓ \σ ℓ
res,

with all the entries on the r.h.s. part, including the scattering matrix

Sℓ(z) = Ih−2πiℓT (z,z,z),

being taken for the same z on the physical sheet Π0. Notation σ ℓ
res is used

for the (discrete) set of all those points ζ ∈ Ω∩Cℓ where Sℓ(ζ ) has eigenvalue
zero.

Representations for the scattering matrix on unphysical sheets are noth
ing but a simple corollary to Proposition 1.
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Corollary 2. Analytic continuation of the scattering matrix S−ℓ(z), ℓ=±1, to the
unphysical sheet Πℓ is given by

S−ℓ(z)
∣∣
z∈Πℓ∩Ωℓ

= Sℓ(z)−1
∣∣
z∈Ωℓ

, z ̸∈ σ ℓ
res,

where the r.h.s. part is taken for z on the physical sheet.

Thus, the resonances, e.g., on the unphysical sheet Πℓ are nothing but
zeros of the operatorfunction Sℓ(z) = Ih− 2πℓi T (z,z,z) on the physical sheet.
That is, the points z ∈ C−∩Ω on the physical sheet where

Sℓ(z)A = 0 for a nonzero vector A ∈ h;

σ ℓ
res is just the set of resonances on Πℓ∩Ω.
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Idea of the proof

Take a look of the LippmannSchwinger equations

T (z) =V −V R0(z)T (z) and T (z) =V −T (z)R0(z)V

for the T matrix T (z):

T (λ ,µ,z) =V (λ ,µ)−
∫ b

a
dν

V (λ ,ν)T (ν ,µ,z)
ν − z

,

T (λ ,µ,z) =V (λ ,µ)−
∫ b

a
dν

T (λ ,ν ,z)V (ν ,µ)
ν − z

,

z ̸∈ (a,b), λ ,µ ∈ (a,b)

Clearly, these equations imply analyticity of T (λ ,µ,z) in λ ⊂ Ω and in µ ⊂ Ω,
respectively.

Observation: One can replace (a,b) in the above equations by arbitrary
piecewise smooth Jordan contour γ ⊂ Ω obtained by continuous deformation
from (a,b) provided that the end points (a and b) are fixed and the point z
during the transformation is avoided.
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This implies that for γ ⊂ Ω∩C± one can
equivalently rewrite, say, the first equation
as

T (λ ,µ,z) =V (λ ,µ)

−
∫

γ
dν

V (λ ,ν)T (ν ,µ,z)
ν − z

,

λ ,µ ∈ Ω, z ∈ C\Ωγ,

where the set Ωγ in C confined by (and
containing) the interval [a,b] and the curve
γ.

One may then allow z to enter Ωγ from above and then solve (or at least prove
the solvability of) this equation. However, if one tries to reestablish the original
integration over the interval (a,b), it will be necessary to take the residue at the
pole z. That is, the above LippmannSchwinger equation changes its form and,
hence, for z ∈ Ω∪C− the solution T ′(λ ,µ,z) is taken, in fact, on the unphysical
sheet of the Riemann energy surface of T .

But, in fact, we solve the continued equation explicitly!
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FriedrichsFaddeev model and complex scaling
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In the coordinate space, the stan
dard complex scaling1,2 means the
replacement of the original c.m.
twobody Hamiltonian∗

H =−∆r+V̂ (r)

by the nonHermitian operator

H(θ) =−e−2iθ∆r+V̂ (eiθr),
for

0 < θ < π/2,

provided the local potential V̂ (r) admits analytic continuation to the respective
domain of complex C3arguments r.

1C. Lovelace, Phys. Rev. 135:5B (1964), 12251249.
2E. Balslev, J. M. Combes, Commun. Math. Phys. 22 (1971), 280–294.
∗This time, ∆r is the Laplacian in the variable r ∈ R3; Hilbert space is H= L2(R3).
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Having performed the Fourier transform and then making the change |k|2 → λ
one arrives at the complex version of the FriedrichsFaddeev model

(H(θ) f )(λ ) = e−2iθλ f (λ )+ e−2iθ
∫ ∞

0
V (e−2iθλ ,e−2iθ µ) f (µ)dµ, (6)

f ∈ L2
(
R+,L2(S2)

)
.

The operatorvalued function V (λ ,µ) is explicitly expressed through the Fourier
transform of V̂ . For every admissible λ ,µ ∈C the value of V (λ ,µ) is an operator
(typically, compact) in h= L2(S2).

The Hamiltonian (6) may be immediately rewritten as the FriedrichsFad
deev model on a contour in the complex plane,

(Hγ f )(λ ) = λ f (λ )+
∫

γ
V (λ ,µ) f (µ)dµ, λ ∈ γ,

where
γ = e−2iθR+ := {z ∈ C | z = e−2iθx, 0 ≤ x < ∞}

and f ∈ L2
(
γ,L2(S2)

)
.
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In the twobody problem case, we assume that V (λ ,µ) is analytic in both λ and
µ on some domain Ω ⊂ C containing the positive semiaxis R+ and symmetric
with respect to R+. In addition, ∥V (λ ,µ)∥ should decrease sufficiently rapidly
as |λ | → ∞ and/or |µ| → ∞ (in order to ensure compactness of the arising
integral operators).

γ γ



19

Equivalence of the complex deformation resonances and
scattering resonances in the FriedrichsFaddeev model

We consider a family of the FriedrichsFaddeev Hamiltonians

Hγ= H0,γ +Vγ

associated with Jordan curves γ ⊂ Ω originating in (a,b). As before, Ω denotes
the holomorphy domain of V (λ ,µ) in λ and µ; Ω may not include a and/or b;(

H0,γ f
)
(λ )= λ f (λ ) and

(
Vγ f

)
(λ ) =

∫
γ
V (λ ,µ) f (µ)dµ, λ ∈ γ,

where f ∈ L2(γ,h),

L2(γ,h) =
{

f : γ → h

∣∣∣∣ ∫γ
|dλ |∥ f (λ )∥2

h < ∞
}
.(

⟨ f ,g⟩L2(γ,h) =
∫

γ
|dλ |⟨ f (λ ),g(λ )⟩h

)
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For simplicity, we again assume that both
a and b are finite. Furthermore, V (λ ,µ)
is the same as in the first part (the one
where we discussed the explicit represen
tation for T (z)|Πℓ

and S(z)|Πℓ
).

Complex discrete eigenvalues of Hγ are
called deformation resonances.

Our second principal results is the propo
sition below.

Proposition 3. The following equality holds: σ(Hγ) \Ωγ = σp(H) \∆, which
means that the spectrum of Hγ outside Ωγ is purely real and coincides with
the corresponding eigenvalue set of H. Furthermore, σp(Hγ)∩∆ = σp(H)∩∆,
i.e. the eigenvalues of Hγ lying on ∆ do not depend on the (smooth) Jordan
contour γ. Finally, the spectrum of Hγ inside Ωγ consists of the scatteringmatrix
resonances.
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Proposition 3 says that the transformation resonances are simultane
ously resonances in the sense of the scattering theory. Recall that, in general,
to prove the equivalence of deformation and scattering resonances is rather a
hard job6. In contrast, in the case of the FriedrichsFaddeev model the proof
of such an equivalence is quite easy and illustrative.

Idea of the proof

Introduce the T matrices for the pairs (H0,γ,Hγ),

Tγ(z) =Vγ −Vγ(Hγ − z)−1Vγ, z ̸∈ σ(Hγ)

and compare Tγ(z) with the original T (z) and its analytic continuation.

6cf. [G. A. Hagedorn, A link between scattering resonances and dilation analytic resonances
in few–body quantum mechanics, Commun. Math. Phys. 65 (1979), 181–188].



22

Conclusion

• For the (analytic) FriedrichsFaddeev model, we have derived representa
tions that explicitly express the Tmatrix and scattering matrix on unphysical
energy sheets in terms of these same operators considered exclusively on
the physical sheet.

• A resonance on a sheet Πl corresponds to a point z on the physical sheet
where the corresponding scattering matrix Sl(z) has eigenvalue zero, that is

Sl(z)A = 0

for some nonzero A ∈ h.

• We have shown that, for the FriedrichsFaddeev model under considera
tion, the scaling/rotation resonances are exactly the scattering matrix reso
nances.

• Our consideration admits a straightforward extension to the multichannel
FriedrichsFaddeev model.


