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1. Introduction

The spectral theory of non-selfadjoint boundary value problems on a �nite
interval for nth order ordinary di�erential equation

y(n) + p1(x)y(n−1) + . . .+ pn(x)y = λy

was begun by Birkho� in his two papers [2, 3] of 1908 where he introduced regular
boundary conditions for the �rst time. It was continued by Tamarkin [30, 31] and
Stone [28, 29]. Investigation of boundary value problems for �rst order systems of
ordinary di�erential equations of the form

1

i
B
dy

dx
+Q(x)y = λy, y = col(y1, . . . , yn) (1),

where B is a nonsingular diagonal n× n matrix,

B = diag(b−11 In1, . . . , b
−1
r Inr) ∈ Cn×n, n = n1 + . . . nr,

with complex entries bj 6= bk, and Q(x) is a potential matrix takes its origin in the
paper by Birkho� and Langer [4]. Afterwards their investigations were developed
in many directions. Malamud and Oridoroga in [20] established �rst general
results on completeness of root function systems of boundary value problems for
di�erential systems (1). A little bit later Lunyov and Malamud in [17] obtained
�rst general results on Riesz basis property (Riesz basis property with parentheses)
for mentioned boundary value problems with a potential matrix Q(x) ∈ L∞.
There is an enormous literature related to the spectral theory outlined above,

and we refer to [6, 7, 16, 22, 25] and their extensive reference lists for this activity.
In the present paper, we study the Dirac system

By′ + V y = λy, (2)

where y = col(y1(x), y2(x)),

B =

(
−i 0
0 i

)
, V =

(
0 P (x)

Q(x) 0

)
,
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the functions P (x), Q(x) ∈ L1(0, π), with two-point boundary conditions

U(y) = Cy(0) +Dy(π) = 0, (3)

where

C =

(
a11 a12
a21 a22

)
, D =

(
a13 a14
a23 a24

)
,

the coe�cients aij are arbitrary complex numbers, and rows of the matrix

A =

(
a11 a12 a13 a14
a21 a22 a23 a24

)
are linearly independent. We consider the operator Ly = By′ + V y as a linear
operator on the space H = L2(0, π) ⊕ L2(0, π), with the domain D(L) = {y ∈
W 1

1 [0, π] : Ly ∈ H, Uj(y) = 0 (j = 1, 2)}.
Spectral problems for the operator L with boundary conditions (3) were investigated

in a lot of papers. It follows from [22] that the root function system of problem (2),
(3) with regular boundary conditions is complete in H. Trooshin and Yamamoto
[32, 33] proved the Riesz basis property for the operator L in the case of separated
boundary conditions and V ∈ L2(0, π). Dirac operators with nonsmooth potentials
were considered by Burlutskaya, Kornev and Khromov [5, 15]. Regular Dirac
problems with potentials V ∈ L2(0, π) were studied by Djakov and Mityagin [8-
14], and also by Arslan [1]. It was established by Lunyov and Malamud in [18, 19]
and independently by Savchuk, Sadovnichaya and Shkalikov in [26, 27] that the
root function system of problem (2), (3) with strongly regular boundary conditions
forms a Riesz basis in H and a Riesz basis with parentheses in H in the case of
regular but not strongly regular boundary conditions. Note that in [18, 19, 26,
27] the potential V (x) ∈ L1(0, π). However, for regular but not strongly regular
boundary conditions (except the special case of periodic and antiperiodic ones
which was investigated in [1, 8-14, 23, 24] if the functions P (x), Q(x) ∈ L2(0, π))
all the mentioned papers remain open the question whether the root function
system forms a usual Riesz basis rather than a Riesz basis with parentheses. The
main purpose of the present article is to study this problem.
2. The characteristic determinant and the spectrum
Denote by

E(x, λ) =

(
e11(x, λ) e12(x, λ)
e21(x, λ) e22(x, λ)

)
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the matrix of the fundamental solution system to equation (1) with boundary
condition E(0, λ) = I, where I is the unit matrix. Denote also by Aij the
determinant composed of the ith and jth columns of the matrix A.
It was shown in [19] by the method of transformation operators that the

characteristic determinant ∆(λ) of problem (2), (3) can be reduced to the form

∆(λ) = A12 + A34 + A32e11(π, λ) + A14e22(π, λ) + A13e12(π, λ) + A42e21(π, λ) =
= ∆0(λ) +

∫ π
0 r1(t)e

−iλtdt+
∫ π
0 r2(t)e

iλtdt,

where the function

∆0(λ) = A12 + A34 − A23e
iπλ + A14e

−iπλ

is the characteristic determinant of problem

By′ = λy, U(y) = 0, (4)

and the functions rj(t) ∈ L1(0, π), j = 1, 2.
De�nition 1. The boundary conditions (3) are called regular if

A14A23 6= 0, (5)

and strongly regular if additionally

(A12 + A34)
2 + 4A14A23 6= 0. (6)

De�nition 2. The boundary conditions (3) are called regular but not strongly
regular if (5) holds but (6) fails, i.e.,

(A12 + A34)
2 + 4A14A23 = 0. (7)

It is well known that the eigenvalues λ0k of operator L0y = By′ with regular
boundary conditions form two series λ0k = λ0n,1 = − i

π ln z1 + 2n if k = 2n, and
λ0k = λ0n,2 = − i

π ln z2 + 2n if k = 2n+ 1, n ∈ Z, where z1 and z2 are the roots of
the quadratic equation

A23z
2 − (A12 + A34)z − A14 = 0

and a branch of the logarithm with values in the strip −π < Imz ≤ π is �xed.
Also, it was shown in [18,19, 26,27] that the eigenvalues λk of problem (1), (2)
with regular boundary conditions satisfy the asymptotic relation

λk = λ0k + o(1),
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where λ0k are the eigenvalues of corresponding nonperturbed operator.
Further, we consider problem (1), (2) only with regular but not strongly regular

boundary conditions. One can readily see that in this case

z1 = z2 =
A12 + A34

2A23
= z,

and the spectrum consists of pairwise close eigenvalues λk = λn,1 = − i
π ln z+2n+

εn,1 if k = 2n, and λk = λn,2 = − i
π ln z+ 2n+ εn,2 if k = 2n+ 1, k ∈ Z, εn,j → 0

if k → ±∞. If for all n such that |n| > n0, λn,1 = λn,2, then the spectrum is
called asymptotically multiple. If for all n such that |n| > n0, λn,1 6= λn,2, then
the spectrum is called asymptotically simple.
To analyze this class of problems, it is reasonable to divide boundary conditions

(3) satisfying (5) and (7) into two types:
(a) A13 = A24 = 0;
(b) |A13|+ |A24| > 0.
These two cases should be considered separately.
3. Main results
Case (a). The boundary conditions (a) are called periodic-type conditions [14].

Periodic-type boundary conditions are equivalent to the conditions given by the
matrix (

1 0 a 0
0 a 0 1

)
, (8)

where a 6= 0. If a = −1, then boundary conditions (8) are periodic, and if a = 1,
ones are antiperiodic. It was shown in [14] that for problem (4) with periodic-type
conditions all the eigenvalues are double and all corresponding root subspaces
consist of two eigenfunctions.
Rewrite problem (1), (2) with periodic-type boundary conditions in more visual

form

−iy′1 + P (x)y2 = λy1,
iy′2 +Q(x)y1 = λy2,

y1(0) + ay1(π) = 0, ay2(0) + y2(π) = 0.
(9)

Let a = reiϕ,−π < ϕ ≤ π. Denote τ0 = ϕ+π
π + i ln r

π . Then problem (9) has two
series of the eigenvalues

λn,j = τ0 + 2n+ εn,j,
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where n ∈ Z, εn,j → 0 as |n| → ∞, j = 1, 2. The conjugate problem has the form

−iz′1 + Q̄(x)z2 = λz1,
iz′2 + P̄ (x)z1 = λz2,

āz1(0) + z1(π) = 0, z2(0) + āz2(π) = 0.

Theorem 1. Suppose P (x), Q(x) ∈ W 1
2 (0, π). The system of eigen- and associated

functions of problem (9) forms a Riesz basis in H if

P (0) 6= a2P (π), Q(π) 6= a2Q(0). (10)

Remark 1. If condition (10) holds, then the spectrum of problem (9) is
asymptotically simple.
Denote by Ψ the set of pair of functions (P (x), Q(x)) ∈ L1(0, π) ⊕ L1(0, π)

such that the root function system of problem (9) forms a Riesz basis in H,
Ψ = (L1(0, π)⊕ L1(0, π)) \Ψ.
Theorem 2. The sets Ψ and Ψ are everywhere dense in L1(0, π)⊕ L1(0, π).
Case (b). This case contains a lot of boundary conditions, for example, the

conditions determined by the matrixes(
1 b a 0
0 a 0 1

)
or

(
1 0 a 0
0 a b 1

)
,

where a 6= 0, b 6= 0.
It was shown in [14] that for problem (4) with nonperiodic-type conditions all

the eigenvalues are double and all corresponding root subspaces consist of one
eigenfunction and one associated function.
Theorem 3. If the boundary conditions are not periodic-type conditions, then

the system of eigen- and associated functions of problem (1), (2) forms a Riesz
basis in H if and only if the spectrum is asymptotically multiple.
Theorem 4. If P (x), Q(x) ∈ W 1

2 (0, π) and

A13Q(π) + A24P (0)

A23
6= A13Q(0) + A24P (π)

A14
,

then the spectrum is asymptotically simple.
Corollary 1.Under the conditions of Theorem 4 the corresponding root function

system is not a basis in L2(0, π).
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Denote by Υ the set of pair of functions (P (x), Q(x)) ∈ L1(0, π) ⊕ L1(0, π)
such that the root function system of problem (1), (2) forms a Riesz basis in H,
Υ = (L1(0, π)⊕ L1(0, π)) \Υ,
Theorem 5. The set Υ is everywhere dense in L1(0, π)⊕ L1(0, π).
Remark 2. The construction of potentials providing the asymptotic multiplicity

of the spectrum is associated with the solution of the corresponding inverse
problems, the study of which is carried out by other methods.
Remark 3. In the case of regular but not strongly regular boundary conditions

depending on the particular form of the boundary conditions and the potential
V (x) the system of root functions may have or may not have the basis property,
and even for �xed boundary conditions, this property may appear or disappear
under arbitrary small variations of the coe�cient V (x) in the corresponding
metric.
3. Non-regular case
Boundary conditions (2) are called irregular if

A14A23 = 0, (A12 + A34)(|A23|+ |A14|) 6= 0 (11)

and ones are called degenerate if

A14A23 = 0, (A12 + A34)(|A23|+ |A14|) = 0. (12)

It is easy to see that in the case of degenerate boundary conditions the characteristic
equation ∆0(λ) = 0 either has no roots or ∆0(λ) ≡ 0.
If conditions (2) are not regular the completeness property essentially depends

on the potential V (x). In this case the root function system of nonperturbed
operator (4) (P (x) = Q(x) = 0) is not complete in H [22], however, it can be
complete if V (x) 6≡ 0. Recently, Lunyov and Malamud proved in [17] the following
assertion:
Theorem 6. Let the functions P (x), Q(x) be continuous at the endpoints 0 and

π. Then the root function system of problem (2), (3) is complete and minimal in
H whenever

|A32|+ | − A13P (0) + A42Q(π)| 6= 0

and
|A14|+ | − A13P (π) + A42Q(0)| 6= 0.
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If the functions P (x), Q(x) are di�erentiable su�cient conditions of completeness
and minimality were established in [21]. Malamud and Oridoroga also obtained
necessary conditions of completeness, in particular, they established [20] the following
statement.
Theorem 7. If A14 = A32 = 0 but A13A42 6= 0 and 0 /∈ suppR1(x) ∪ R2(x),

where R1(x) = A13P (x)− A42Q(x− π), R2(x) = A13P (π − x)− A42Q(x), then
the root function system is not complete in H.
Notice, that Malamud and his coauthors Agibalova, Lunyov, Oridoroga have

received a lot of results on the completeness (incompleteness) of root vectors for
much more general �rst-order systems.
5. Conclusion.
In this section we present a table summarizing the spectral properties, outlined

in the Introduction for operator (2), (3). The second column indicates classi�cation
for the case depending on the type of boundary conditions (SR=strengthened
regular, WR=weakly regular=regular but not strengthened regular, IR=irregular,
DEG=degenerate). YES/NO means that the indicated property may appear or
disappear under variation of the coe�cient q(x); ?/NO means that it has been
proved that for a subset of potentials q(x) ∈ L1(0, π) the property does not take
place, and an example when the property holds is unknown, thus, the de�nitive
solution has not been received.

Case Class Conditions on the Aij Completeness Basis property

1. SR A14A23 6= 0, (A12 + A34)
2 +

4A14A23 6= 0
YES YES

2.a. WR A14A23 6= 0, (A12 + A34)
2 +

4A14A23 = 0, A13 = A24 = 0
YES YES/NO

2.b. WR A14A23 6= 0, (A12 + A34)
2 +

4A14A23 = 0, |A13|+ |A24| >
0

YES YES/NO

3. IR A14A23 = 0, (A12 +
A34)(|A23|+ |A14|) 6= 0

YES/NO ?/NO

4. DEG A14A23 = 0, (A12 +
A34)(|A23|+ |A14|) = 0

YES/NO ?/NO
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