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Definition

Let H,H1 be unbounded selfadjoint operators in Hilbert space
H;
D,D1 are the domains and R(z), R1(z), Imz 6= 0, are resolvents
of H,H1, respectively.

Singular perturbation
H1 is called singular perturbation of H if

D ∩D1 is dense in H; H1 = H on D ∩D1.

Close perturbation
A singular perturbation H1 is close to H if
R1(z)−R(z), Imz 6= 0, is a trace class operator.
Motivation: Boundary problems of mathematical physics,
Solvable models in quantum mechanics
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Resolvents of close singular perturbations
Let K be another Hilbert space and G(z) is a related to the H
bounded holomorphic in the open upper and lower half-planes
operator function from K to H satisfying the conditions

I for any non-real z, z0

G(z) = G(z0) + (z − z0)R(z)G(z0), (1)

I at least for one and hence for all non-real z zero is not an
eigenvalue of the operator G(z)∗G(z)

I the intersection of the subspace N = G(z0)K ⊂ H and the
domain D(H) of H is only of the zero-vector.

Q(z) is a dounded and holomorphic in the open upper and
lower half-planes operator function in K such that

I Q(z)∗ = Q(z̄), z 6= 0;
I for any non-real z, z0

Q(z)−Q(z0) = (z − z0)G(z̄0)∗G(z). (2)



Resolvents of close singular perturbations. Krein
formula

Then for any selfadjoint operator L in K such that the operator
function Q(z) + L, Imz 6= 0, has bounded inverse there is the
singular perturbation HL of H and for the resolvent RL(z) of HL

the following M.G. Krein formula

RL(z) = R(z)−G(z) [Q(z) + L]−1G(z̄)∗ (3)

is valid.
If, in addition, G(z), Imz 6= 0, is a Hilbert-Schmidt mapping or L
is an invertible operator and L−1 is of trace class, or
Q(z), Imz 6= 0, is a trace class operator and L has bounded
inverse, then the difference RL(z)−R(z), Imz 6= 0, is a trace
class operator, that is, HL is a close singular perturbation of H.
Sometimes (though not always) to make Krein formula more
user-friendly, it is worthwhile to exclude from it the auxiliary
Hilbert space K.
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MG Krein’s formula

Let G(z) be the defined as above holomorphic mapping K into
H, e1, ..., en, ... is a basis in K, {gn(z) = G(z)en}∞1 . By our
assumptions

I

gn(z) = gn(z0) + (z − z0)R(z)gn(z0), n = 1, 2, ...; (4)

I {gn(z)}∞1 are linearly independant.
Q(z) is a holomorphic in the open upper and lower half-planes
infinite matrix function defining at each non-real z a bounded
operator in the space l2 such that

I Q(z)∗ = Q(z̄), z 6= 0;
I for any non-real z, z0

Q(z)−Q(z0) = (z − z0) ((gm(z), gn(z̄0)))T1≤m,n≤N . (5)
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Theorem.
If vectors {gn(z)∞1 , Imz 6= 0, form a Risz basis in N , then for
any infinite Hermitian matrix L̂ = (lmn)∞1 that defines a
selfadjoint operator in l2 the operator Q(z) + L̂, Imz 6= 0, has
bounded inverse in l2 and the operator function

RL(z) = R(z)−
∞∑

m,n=1

([
Q(z) + L̂

]−1
)
mn

(·, gn(z̄)) gm(z) (6)

is the resolvent of some selfadjoint operator HL. If {gn(z)∞1 is
not a Riesz basis in N , but for the given L̂ operators
Q(z) + L̂, Imz 6= 0, in l2 are boundedly invertible, then RL(z) is
the resolvent of selfadjoint operator HL.Herewith HL is a close

singular perturbation of H at least if
[
Q(z) + L̂

]−1
is a trace

class operator in l2 or if

∞∑
m,n=1

|(gm(z), gn(z))|2 <∞, Imz 6= 0.
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Wave operators
From now on we assume that the spectrum of selfadjoint
operator H is absolutely continuous and as long as no mention
of another that dimK =∞.
By virtue of these assumptions the wave operators W± (A1, A)
defined as strong limits

W± (HL, H) = s− lim
t→±∞

eiHLte−iHt (7)

exist and are isometric mappings of H onto the absolutely
continuous subspace of HL.
Let Eλ be the spectal function of H. The existence of strong
limits in (7) ensures the validity of relations

W± (HL, H) = s− lim
ε↓0

ε
∞∫
0
e−εte±iHLte∓iHt

= s− lim
ε↓0
± iε

∞∫
−∞

RL(λ± iε)dEλ.
(8)
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Scattering operator and scattering matrix
The scattering operator, which is defined as the product of
wave operators

S(HL, H) = W+ (HL, H)∗W− (HL, H)

is an isometric operator in H and

EλS(HL, H) = S(HL, H)Eλ, −∞ < λ <∞,

whereEλ is the spectral function of H.
For the representation of H in H as the multiplication operator
by λ in the direct integral of Hilbert spaces h(λ),

H =
∞∫
−∞

⊕h(λ)dλ,

the scattering operator S(HL, H) acts as the multiplication
operator by a contractive operator (matrix) function S(λ), which
is called the scattering matrix.
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Scattering operator and scattering matrix
By (8) the quadratic form of S(HL, H) for any f, h ∈ H can be
written as follows

(S(HL, H)f, h) = (W− (A1, A) f,W+ (HL, H)h)
= s− lim

ε,η↓0
− ηε

∞∫∫
−∞

(R1(λ+ iε)dEλf,RL(µ− iη)dEµh)

= s− lim
ε,η↓0

−
∞∫∫
−∞

(
ηε

λ−µ+i(ε−η) [RL(λ+ iε)−RL(µ+ iη)] dEλf, dEµh
)
.

(9)

Let L (H) denotes for fixed non-real z0 the dense in H subset{
g ∈ H :

∫
σ(A)

∣∣∣∣ ddλ (Eλg, gn(z0))
∣∣∣∣2 dλ <∞, n = 1, ..., N,

}
.

Then the quadratic form of scattering operator S(HL, H) for
any f, h ∈ L (H) is reduced to the expression

(S(A1, A)f, h) = (f, h)− 2πi
∫
σ(A) |λ− z0|2

×
N∑
1

(
[Q(λ+ i0) +W ]−1

)
mn

d
dλ (Eλf, gn(z0)) d

dλ (Eλgm(z0), h) dλ.
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Local scattering matrix

Corollary.
Let Λ be some interval of real axis and the part HΛ of A on
E(Λ)H has the Lebesgue spectrum of multiplicity N(≤ ∞).
Then for a spectral representation of HΛ as the multiplication
operator by independent variable λ in L2(Λ; RN ) the scattering
operator S(HL, H) as the multiplication operator by unitary
N ×N - matrix function

SΛ(H1, H)(λ) = I − 2πi
N∑
1
|λ− z0|2(

[Q(λ+ i0) + L]−1
)
mn

(·,gn(λ))RN
gm(λ),

where gn(λ) are corresponding representations of vectors
E(Λ)gn(z0) in L2(Λ; RN ).



Trace formula
By M.G. Krein for the pair of the selfadjoint H and its close
singular perturbation HL a real spectral shift function ξ(λ),

∞∫
−∞

1
1 + λ2 |ξ(λ)| dλ <∞,

such that for certain class of functions ψ(λ)

Tr [ψ(HL)− ψ(H)] =
∞∫
−∞

ξ(λ)ψ′(λ)dλ.

Proposition.
If for the selfadjoint H and its close singular perturbation HL

the "parameter" L in the Krein formula is continuosly invertible
and the values of L−1Q(z), z 6= 0, a trace class operators, then
for the pair H,HL up to constant the spectral shift function

ξ(λ) = 1
π

ln det
[
I + L−1Q(λ+ i0)

]
.
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0D supported singular perturbations
Let H be the selfadjoint Laplace operator −∆ in L2(R3) defined
on the Sobolev subspaces W 2

2 (R3); R(z) is the resolvent of A,

(R(z)f) (x) = 1
4π

∫
R3

ei
√
z|x−x′|

|x− x′| f
(
x′
)
dx′, Im

√
z > 0;

gn(z; x) = 1
4π

ei
√

z|x−xn|

|x−xn| , x1, ...,xn, ... ⊂ R3;

Q(z) = (qmn(z))∞m,n=1 =
{
qmn(z) = gn(z; xm), ,m 6= n,

qmm(z) = i
√
z

4π
,

Q(z)−Q(z0) = (z − z0) ((gm(z), gn(z̄0)))T1≤m,n≤∞ .

Proposition.
If

inf
m,n
|xm − xn| = d > 0

and Im z 6= 0, then Q(z) is the matrix of bounded operator in
the natural basis of l2 and the sequence of L2(R3)-vectors
{gn(z; ·)}∞1 is the Riesz basis in its closed linear span.



Resolvent of 0D supported singular perturbations
Theorem. (A. Grossmann, R. Høegh-Krohn, M.
Mebkhout)
If inf
m,n
|xm − xn| = d > 0, then for an invertible selfadjoint

operator in l2 defined by the infinite matrix L = (wmn)∞m,n=1 and
having the trace class inverse

RL(z) = R(z)−
∞∑

m,n=1

(
[Q(z) + L]−1

)
mn

(·, gn(z̄; ·)) gm(z; ·)

is the resolvent of selfadjoint operator −∆L in L2(R3), which is
the Laplace operator on

DL :=
{
f : f ∈ H2

2 (R3) ,

lim
ρm→0

[
d

dρm
(ρmf(x))

]
+
∞∑
n=1

wmn lim
ρn→0

[ρn f(x)] = 0,

ρn = |x− xn|, 1 ≤ n <∞.



1D supported singular perturbations

Let K be the Hilbert space of square integrable functions
L2([0, l]) on the interval [0, l] with l <∞, which is identified with
the subset l = {0 ≤ x1 ≤ l, x2 = 0, x3 = 0} ⊂ R3; the
holomorphic operator function G(z), Im(z) 6= 0 from L2([0, l]) to
L2(R3) is defined as

(G(z)u) (x) =
l∫

0
g (z|x1, x2, x3;x′1, 0, 0)u(x′1)dx′1, u(·) ∈ L2([0, l]),

g (z|x1, x2, x3;x′1, x′2, x′3) = g(z|x,x′) = 1
4π

ei
√

z|x−x′|

|x−x′| , Im
√
z > 0.

G(z) is a Hilbert-Schmidt class mapping and G(z)u(·) = 0 in
L2(R3) if and only if u(·) = 0 in L2([0, l]).



Q-functions for 1D supported singular perturbations

For the mapping G(z) , the bounded holomorphic operator
function Q(z) in L2([0, l]) satisfying the condition

Q(z)−Q(z0) = (z − z0)G(z̄)∗G(z0), Imz0, Imz 6= 0,

may be determined by setting

(Q(z)u) (x) =
l∫

0
q(z|x, x′)u(x′)dx′

≡ 1
4π

l∫
0

ei
√

z|x−x′|−1
|x−x′| u(x′)dx′, u ∈ L2([0, l]), Im

√
z > 0.



Domain of HL for 1D supported singular perturbations

Theorem.
For any boundedly invertible selfadjoint operator L in L2([0, l])
the operator Q(z) + L, Imz 6= 0, is invertible and

RL(z) = R(z)−G(z) [Q(z) + L]−1G(z̄)∗ (10)

is the resolvent of a close singular perturbation HL of H.

Proposition.
Any smooth compact function φ(r), which is equal to zero at
some neighborhood of the subset l belongs to D(HL) and

(HLφ) (r) = (Hφ) (r) = −∆φ(r).



Domain of HL for 1D supported singular perturbations.
Special cases

Let L in RL(z) be the selfadjoint Sturm-Liouville operator

L = − d2

dx2 + v(x)

with a continuous "potential" v(x) and the domain
D(L) ⊂ H2

2 ([0, l]) .
Let f(x1, x2, x3) from the domain of HL and

uf (x) = −lim
ρ→0

1
ln (ρ2)f(x, x2, x3), ρ =

√
x2

2 + x2
3, x ∈ [0, l].

Then uf ∈ D(L) and

(Luf ) (x) + 4π · lim
ρ→0

[
f(x, x2, x3) + ln

(
1
ρ2

)
· uf (x)

+ ln
(
l
x − 1

)
· uf (x) +

l∫
0

1
|s−x| [uf (s)− uf (x)] ds

]
= 0.



2D supported singular perturbations. Special cases

Let Ω ⊂ R3 be a bounded clout of a plane or a smooth surface
and K = L2(Ω). Substituting into the Krein formula the mapping

(G(z)u) (x) =
∫

Ω
g(z|x,x′)u(x′)dx′, u(·) ∈ L2(Ω), x ∈ R3,

the integral operator in L2(Ω) with the continuous kernel
g(z|x,x′)− g(0|x,x′) as Q(z) and the multiplication operator in
L2(Ω) by real constant l 6= 0 or a continuous real function
l(x) 6= 0 as L yields a close singular perturbation −∆L of −∆.
−∆L = −∆ on the subset of smooth compact functions, which
= 0 in some vicinity of Ω. The functions f from the domain of
−∆L satisfy on Ω the boundary condition

f(x) = l(x) [(∂+f) (x)− (∂−f) (x)]
− 1

4π
∫

Ω |x− x′|−1 [(∂+f) (x′)− (∂−f) (x′)] dx′
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