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Corresponding to the classical relativistic Hamitonian symbol
√

(ξ −A(x))2 +m2

with magnetic vector potential A(x), there are in the literature three kinds of
relativistic Schrödinger operators on L2(Rd), depending on how to quantize
this symbol. One, HA,m, is defined as the operator-theoretical square root of
the nonnegative selfadjoint operator, the magnetic nonrelativistic Schrödinger
operator (−i∇+A(x))2 +m2:

HA,m :=
√

(−i∇+A(x))2 +m2. (1)

The other two are pseudo-differential operators defined by oscillatory integrals
as (with f ∈ C∞0 (Rd))

(H
(1)
A,mf)(x) := 1

(2π)d

∫ ∫
Rd×Rd

ei(x−y)·(ξ+A(
x+y
2 ))

√
ξ2 +m2f(y)dydξ , (2)

(H
(2)
A,mf)(x) := 1

(2π)d

∫ ∫
Rd×Rd

ei(x−y)·(ξ+
∫ 1
0
A((1−θ)x+θy)dθ)

√
ξ2 +m2f(y)dydξ.

(3)

(1) is through Weyl quantization with mid-point prescription and (2) a modifi-
cation of (1) by Iftimie, Măntoiu and Purice. All these three operators differ in
general, though they coincide for uniform magnetic field, and in particular for

A ≡ 0, H0,m = H
(1)
0,m = H

(2)
0,m =

√
−∆ +m2.

In this talk, we would like to handle Kato’s inequality in distributional form
for these relativistic Schrödinger operators, however here mainly for HA,m in
(0), from joint work [HIL17] with Hiroshima and Lőrinczi.

Theorem (Kato’s inequality). Let m ≥ 0 and A ∈ [L2
loc(Rd)]d. If u ∈ L2(Rd)

with HA,mu ∈ L1
loc(Rd), then the distributional inequality holds:

Re[(sgnu)HA,mu] ≥ H0,m|u|, or Re[(sgnu)[HA,m−m]u] ≥ [H0,m−m]|u|. (4)

Here sgn is a bounded function in Rd: (sgnu)(x) =

{
u(x)/|u(x)|, if u(x) 6= 0,
0, if u(x) = 0.

For the other two H
(1)
A,m in (1) and H

(2)
A,m and (2), there exist also Kato’s

inequalities [I 13].
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1


