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CONFERENCE PROGRAM AT A GLANCE

Mon 9 Sep Tue 10 Sep Wed 11 Sep Thu 12 Sep Fri 13 Sep
09:00–09:30 Perugia Stevenson Bespalov Stephan
09:30–10:00 Dong Karkulik Innerberger Gutleb
10:00–10:30 Visinoni Zank Aretaki Jetta
10:30–11:15 Coffee Coffee Coffee Coffee
11:15–11:45 Harbrecht Picasso Repin Kreuzer
11:45–12:15 Pfeiler Banas Sebastian Storn
12:15–12:45 Mulita Rieder Bohn Bernkopf

12:45–14:30
Registration
(from 13:30)
& Opening

Lunch break
(individual)

Lunch break
(individual)

Lunch break
(individual)

Closing &
Coffee

14:30–15:00 Bartels Carstensen Führer Heuer
15:00–15:30 Egger Gedicke Van Venetië Erath
15:30–16:00 Heid He Stocek Yu
16:00–16:45 Coffee & Cake Coffee & Cake Coffee & Cake Coffee & Cake
16:45–17:15 Vorhalík Malkovich Schöberl Toulopoulos
17:15–17:45 Geevers Cranny Zhang Vasiliyev

17:45–18:15 Endtmayer Hang Kalluci
Yousefikhosh-

bakht
Get together
(from 18:15)

Social dinner
(from 19:30)
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DETAILED CONFERENCE PROGRAM

Monday, September 9, 2019
13:30–14:30 Registration & Opening

14:30–15:00
Sören Bartels (University of Freiburg, Germany)
Simulation of twisted rods (page 9)

15:00–15:30
Herbert Egger (TU Darmstadt, Germany)
Systematic discretization of some nonlinear evolution problems (page 10)

15:30–16:00
Pascal Heid (University of Bern, Switzerland)
Adaptive iterative linearization Galerkin methods for nonlinear PDE (page 11)

16:00–16:45 Coffee & Cake

16:45–17:15
Martin Vohralík (Inria Paris, France)
A posteriori error estimates and adaptivity taking into account algebraic errors (page 12)

17:15–17:45
Sjoerd Geevers (University of Vienna, Austria)
An a posteriori error estimator for arbitrary-order Nédélec elements (page 13)

17:45–18:15
Bernhard Endtmayer (RICAM Austrian Academy of Sciences, Austria)
Efficiency and reliability for the DWR method (page 14)

from 18:15 Get together
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Tuesday, September 10, 2019

09:00–09:30
Ilaria Perugia (University of Vienna, Austria)
Adaptive hp discontinuous Galerkin methods for the Helmholtz equation (page 15)

09:30–10:00
Zhaonan Dong (FORTH, Greece)
A posteriori error estimates for hp-version discontinuous Galerkin methods on polygonal
and polyhedral meshes (page 16)

10:00–10:30
Michele Visinoni (University of Milano-Bicocca, Italy)
A virtual element method for 3D elasticity problem based on the Hellinger–Reissner
principle (page 17)

10:30–11:15 Coffee

11:15–11:45
Helmut Harbrecht (University of Basel, Switzerland)
Modelling and simulation of partial differential equations on random domains (page 18)

12:15–12:45
Carl-Martin Pfeiler (TU Wien, Austria)
Dörfler marking with minimal cardinality is a linear complexity problem (page 19)

11:45–12:15
Ornela Mulita (SISSA, Italy)
Smoothed adaptive finite element method (page 20)

12:45–14:30 Lunch break (individual)

14:30–15:00
Carsten Carstensen (Humboldt-Universität zu Berlin, Germany)
Skeletal schemes for eigenvalue localisation? (page 21)

15:00–15:30
Joscha Gedicke (University of Vienna, Austria)
Benchmark computation of eigenvalues with large defect for non-selfadjoint elliptic
differential operators (page 22)

15:30–16:00
Xing-Shi He (Xi’an Polytechnic University, China)
Parameter estimation by forward modelling and optimization (page 23)

16:00–16:45 Coffee & Cake

16:45–17:15
Evgeny Malkovich (Sobolev Institute of Mathematics, Russia)
Particles sintering in dense sphere packings (page 24)

17:15–17:45
Ronan Cranny (ONERA Toulouse, France)
Accurate method for calculating currents in wires in the vicinity of curved geometries
(page 25)

17:45–18:15
Xudeng Hang (Institute of Applied Physics and Computational Mathematics, China)
A spherically-symmetric Lagrangian scheme for three dimensional hydrodynamics
(page 26)
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Wednesday, September 11, 2019

09:00–09:30
Rob Stevenson (University of Amsterdam, Netherlands)
Stability of Galerkin discretizations of mixed space-time variational formulations of
parabolic evolution equations (page 27)

09:30–10:00
Michael Karkulik (Universidad Técnica Federico Santa María, Chile)
Space-time least squares finite elements for parabolic equations and applications
(page 28)

10:00–10:30
Marco Zank (University of Vienna, Austria)
Realisation of a space-time continuous Galerkin finite element method for the heat
equation in anisotropic Sobolev spaces (page 29)

10:30–11:15 Coffee

11:15–11:45
Marco Picasso (EPFL, Switzerland)
An adaptive space-time algorithm for a two-phase incompressible immiscible flow
(page 30)

11:45–12:15
Lubomir Banas (Bielefeld University, Germany)
Robust space-time a posteriori estimates for the non-smooth Cahn–Hilliard equation
(page 31)

12:15–12:45
Alexander Rieder (TU Wien, Austria)
hp-FEM for fractional parabolic problems (page 32)

12:45–14:30 Lunch break (individual)

14:30–15:00
Thomas Führer (Pontificia Universidad Católica de Chile, Chile)
Optimal quasi-diagonal preconditioners for pseudodifferential operators of order minus
two (page 33)

15:00–15:30
Raymond van Venetië(University of Amsterdam, Netherlands)
Optimal Calderón preconditioning without a dual mesh construction (page 34)

15:30–16:00
Jakub Stocek (Heriot–Watt University, UK)
Optimal operator preconditioning for pseudodifferential boundary problems on adaptive
meshes (page 35)

16:00–16:45 Coffee & Cake

16:45–17:15
Joachim Schöberl (TU Wien, Austria)
Pressure robust a posteriori error estimates for pressure robust methods (page 36)

17:15–17:45
Shuo Zhang (Chinese Academy of Sciences, China)
Some nonstandard high-efficiency finite element schemes (page 37)

17:45–18:15
Eglantina Kalluci (University of Tirana, Albania)
Parallel implementation of finite element methods (page 38)
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Thursday, September 12, 2019

09:00–09:30
Alex Bespalov (University of Birmingham, UK)
Convergence analysis of adaptive stochastic Galerkin FEM (page 39)

09:30–10:00
Michael Innerberger (TU Wien, Austria)
Instance-optimal goal-oriented adaptivity (page 40)

10:00–10:30
Aikaterini Aretaki (National Technical University of Athens, Greece)
Preconditioning techniques applied on optimal control problems and discretized by a
fictitious domain FEM with cut elements (page 41)

10:30–11:15 Coffee

11:15–11:45
Sergey Repin (Steklov Mathematical Institute, Russia)
Error analysis of free boundary problems (page 42)

11:45–12:15
Daniel Sebastian (TU Wien, Austria)
Functional a posteriori error estimates for boundary element methods (page 43)

12:15–12:45
Jan Bohn (Karlsruhe Institute of Technology, Germany)
A convergent finite element boundary element scheme for Maxwell–Landau–Lifshitz–
Gilbert equations (page 44)

12:45–14:30 Lunch break (individual)

14:30–15:00
Norbert Heuer (Pontifical Catholic University of Chile, Chile)
DPG theory and techniques for plate bending problems (page 45)

15:00–15:30
Christoph Erath (TU Darmstadt, Germany)
On the nonsymmetric coupling method for parabolic-elliptic interface problems
(page 46)

15:30–16:00
Yunlong Yu (Institute of Applied Physics and Computational Mathematics, China)
A finite volume scheme preserving maximum principle for the system of radiation diffu-
sion equations with three-temperature (page 47)

16:00–16:45 Coffee & Cake

16:45–17:15
Ioannis Toulopoulos (AC2T research GmbH & JKU Linz, Austria)
Numerical methods for viscoplastic models in metal forming processes (page 48)

17:15–17:45
Sergey Vasilyev (RUDN University, Russia)
Layer-adapted piecewise uniform Shishkin-type meshes for solving boundary problems
of the singular perturbated fourth-order differential equation (page 49)

17:45–18:15
Majid Yousefikhoshbakht (Bu-Ali Sina University, Iran)
A meta-heuristic crow search algorithm for solving the open vehicle routing problem
with time windows (page 50)

from 19:30 Social dinner (page 8)
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Friday, September 13, 2019

09:00–09:30
Ernst P. Stephan (Leibniz University Hannover, Germany)
hp-FEM for variational inequalities of the second kind involving the p-Laplacian
(page 51)

09:30–10:00
Timon S. Gutleb (Imperial College London, UK & University of Vienna, Austria)
A sparse spectral method for Volterra integral equations using orthogonal polynomials
on the triangle (page 52)

10:00–10:30
Mahipal Jetta (Mahindra École Centrale, India)
An efficient explicit scheme for a fourth order nonlinear diffusion filter (page 53)

10:30–11:15 Coffee

11:15–11:45
Christian Kreuzer (TU Dortmund, Germany)
Recovery of conformity: quasi-optimal and pressure robust discretisations of the Stokes
equations (page 54)

11:45–12:15
Johannes Storn (Bielefeld University, Germany)
Computation of the LBB constant with a least-squares finite element method (page 55)

12:15–12:45
Maximilian Bernkopf (TU Wien, Austria)
Optimal convergence rates in L2 for a first order system least squares finite element
method (page 56)

12:45–14:30 Closing & Coffee
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CONFERENCE DINNER

The conference dinner will take place at the restaurant Silberwirt.

Silberwirt
Schloßgasse 21, 1050 Vienna
https://www.silberwirt.at

We meet at 19:00 in front of the main entrance of the Neues EI to walk to the dinner location (see the
path below).
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ABSTRACTS
(chronological order)

Simulation of twisted rods
Sören Bartels1 and Philipp Reiter2

1Department of Applied Mathematics, University of Freiburg, Germany
2 Institute for Mathematics, Martin Luther University Halle-Wittenberg, Germany

A physical wire can be modeled by a framed curve. We assume that its behavior is driven by a
combination of bending energy and twist energy. The latter tracks the rotation of the frame about the
centerline of the curve. To obtain a more realistic setting, we have to preclude self-intersections of the
curve which can be achieved by adding a self-avoiding term. We discuss the discretization of this model
and present numerical simulations. The work extends previous results from [1].

References

[1] S. Bartels, P. Reiter, Stability of a simple scheme for the approximation of elastic knots and self-
avoiding inextensible curves, arXiv:1804.02206, 2018.
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Systematic discretization of some nonlinear evolution problems
Herbert Egger1

1Department of Mathematics, TU Darmstadt, Germany

We consider the systematic discretization of certain classes of nonlinear evolution problems which
are governed by energy or entropy dissipation. We will demonstrate that, after rewriting the problems
on the continuous level in a particular form, the underlying energy or entropy dissipation structure can
be preserved automatically by Galerkin approximation in space and discontinuous or Petrov Galerkin
methods in time, yielding energy or entropy stable methods of formally arbitrary approximation order.
The applicability of our approach will be illustrated by a brief discussion of several test problems, including
cross-diffusion systems, nonlinear electromagnetics, and rather general dissipative Hamiltonian systems,
and some relations to other discretization methods will be highlighted.

References

[1] H. Egger, Structure preserving approximation of dissipative evolution problems, Numer. Math., 2019.
DOI:10.1007/s00211-019-01050-w

[2] H. Egger, Energy stable Galerkin approximation of Hamiltonian and gradient systems, arX-
ive:1812.04253, 2018.
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Adaptive iterative linearization Galerkin methods for nonlinear PDE
Pascal Heid1 and Thomas P. Wihler1

1Mathematics Institute, University of Bern, Switzerland

A wide variety of (fixed-point) iterative methods for the solution of nonlinear equations (in Hilbert
spaces) exists. In many cases, such schemes can be interpreted as iterative local linearization methods,
which can be obtained by applying a suitable linear preconditioning operator to the original (nonlinear)
equation. Based on this observation, we will derive a unified abstract framework which recovers some
prominent iterative schemes. Furthermore, in the context of numerical solutions methods for nonlinear
partial differential equations, we propose a combination of the iterative linearization approach and the
classical Galerkin discretization method, thereby giving rise to the so-called iterative linearization Galerkin
(ILG) methodology. Moreover, still on an abstract level, based on elliptic reconstruction techniques, we
derive a posteriori error estimates which separately take into account the discretization and linearization
errors. Subsequently, we propose an adaptive algorithm, which provides an efficient interplay between
these two effects.

References

[1] P. Heid, T. P. Wihler, Adaptive Iterative Linearization Galerkin Methods for Nonlinear Problems,
arXiv:1808.04990, 2018.
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A posteriori error estimates and adaptivity taking into account
algebraic errors
Martin Vohralík1,2

1SERENA, Inria Paris, France
2CERMICS, Université Paris-Est (ENPC), France

This talk addresses the derivation of a posteriori error estimates and of adaptive strategies for numerical
discretizations of partial differential equations when the solution of the underlying (large sparse) systems of
linear algebraic equations is taken into account. I will start with the model Laplace equation and show how
guaranteed upper and lower bounds on the total error can be obtained, while also developing guaranteed
upper and lower bounds on both the discretization and algebraic error components, following [4, 5, 6].
These results lead to safe stopping criteria for algebraic solvers that guarantee that the algebraic error does
not dominate the total error, while avoiding unnecessary iterations. An hp-refinement strategy in presence
of inexact solvers is then described, following [3]. It specifically yields a computable guaranteed bound on
the error reduction factor between the consecutive hp-refinement steps. A generic framework for arbitrary
(residual) functionals is then presented following [1]. Concrete applications are considered finally, namely
adaptive inexact iterative algorithms for the Stokes problem following [2], and an industrial application to
multi-phase multi-compositional porous media Darcy flows following [7]. In the latter framework, I also
discuss some implementation aspects covering arbitrary polytopal grids.

References

[1] J. Blechta, J. Málek, and M. Vohralík, Localization of the W−1,q norm for local a posteriori efficiency,
IMA J. Numer. Anal., 2019. DOI:10.1093/imanum/drz002

[2] M. Čermák, F. Hecht, Z. Tang, and M. Vohralík, Adaptive inexact iterative algorithms based on
polynomial-degree-robust a posteriori estimates for the Stokes problem, Numer. Math. 138(4):1027–
1065, 2018. DOI:10.1007/s00211-017-0925-3

[3] P. Daniel, A. Ern, and M. Vohralík, An adaptive hp-refinement strategy with inexact solvers and
computable guaranteed bound on the error reduction factor, HAL Preprint 01931448, 2018.

[4] A. Miraçi, J. Papež, and M. Vohralík, A multilevel algebraic error estimator and the corresponding
iterative solver with p-robust behavior, HAL Preprint 02070981, 2019.

[5] J. Papež, U. Rüde, M. Vohralík, and B. Wohlmuth, Sharp algebraic and total a posteriori error
bounds for h and p finite elements via a multilevel approach, HAL Preprint 01662944, 2017.

[6] J. Papež, Z. Strakoš, and M. Vohralík, Estimating and localizing the algebraic and total numerical
errors using flux reconstructions, Numer. Math. 138(3):681–721, 2019. DOI:10.1007/s00211-017-
0915-5

[7] M. Vohralík, S. Yousef, A simple a posteriori estimate on general polytopal meshes with applica-
tions to complex porous media flows, Comput. Methods Appl. Mech. Engrg. 331:728–760, 2018.
DOI:10.1016/j.cma.2017.11.027
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An a posteriori error estimator for arbitrary-order Nédélec elements
Joscha Gedicke1, Sjoerd Geevers1, and Ilaria Perugia1

1Department of Mathematics, University of Vienna, Austria

We present a reliable a posteriori error estimator for Nédélec elements for the curl-curl problem that
does not involve a generic constant. The error estimator is based on equilibration of the curl field by
solving very local problems, resulting in very cheap computations that can be done in parallel. Such a
type of error estimator was already introduced by Braess and Schöberl in [1] for the lowest-order Nédélec
element and requires solving local problems on small patches of elements known as vertex patches. The
novelty of our estimator is that it can be applied to Nédélec elements of arbitrary degree. Furthermore,
our estimator does not require solving problems on vertex patches, but instead requires solving problems
on only single elements, single faces, and very small sets of nodes. Numerical examples also confirm the
reliability of the estimator and show that its efficiency is very high, with an overshoot of no more than a
factor 2 in all test cases.

References

[1] D. Braess and J. Schöberl, Equilibrated residual error estimator for edge elements, Math. Comp.
77(262):651–672, 2008. DOI:10.1090/S0025-5718-07-02080-7
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Efficiency and reliability for the DWR method
Bernhard Endtmayer1, Ulrich Langer1, and Thomas Wick2,3

1RICAM, Austrian Academy of Sciences, Austria
2 Institute of Applied Mathematics, Leibniz Universität Hannover, Germany

3 Cluster of Excellence PhoenixD (Photonics, Optics, and Engineering - Innovation Across Disciplines), Leibniz
Universität Hannover, Germany

In this talk, we derive two-sided a posteriori error estimates for the dual-weightedresidual (DWR)
method. We consider single and multiple quantites of interest for estimation. Using a saturation assump-
tion for the quantity of interest, we state lower bounds and upper bounds for the error estimator yielding
efficiency and reliability. This is done for large class of nonlinear Problems and nonlinear quantities of
interest. We also perform careful studies of the remainder term that is usually neglected. Finally we
provide some numerical examples.

This work has been supported by the Austrian Science Fund (FWF) under the grant P 29181 Goal-
Oriented Error Control for Phase-Field Fracture Coupled to Multiphysics Problems.

References

[1] B. Endtmayer, U. Langer, and T. Wick, Two-side a posteriori error estimates for the DWR method,
arXiv:1811.07586, 2018.
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Adaptive hp discontinuous Galerkin methods for the Helmholtz
equation

Scott Congreve1, Joscha Gedicke2, and Ilaria Perugia2

1Faculty of Mathematics and Physics, Charles University Prague, Czech Republic
2Faculty of Mathematics, University of Vienna, Austria

The hp adaptive refinement procedure for discontinuous Galerkin (DG) discretizations of the Helmholtz
equation introduced and analyzed in [1] will be presented.

The Helmholtz equation with impedance boundary condition in two space dimensions will be taken as
a model problem, and polynomial-based DG approximations with stabilization terms containing jumps of
the traces, as well as jumps of the normal components of the gradients at the interelement boundaries,
will be considered. These methods are unconditionally well-posed [2], and are therefore well-suited also
when the adaptive procedure is started in the pre-asymptotic regime.

The a posteriori error analysis we will present is based on a local reconstruction of equilibrated
fluxes [3, 4] applied to an auxiliary shifted Poisson problem with inhomogeneous Neumann boundary
conditions. With respect to the standard framework of equilibrated fluxes for elliptic problems, additional
terms related to the DG treatment of inhomogeneous impedance boundary conditions appear in the
estimator, together with an extra lifting operator, which is required in the definition of the discrete
gradient. The presence of this term is due to the additional gradient stabilization terms in the DG
discretisation of the Helmholtz problem. The error due to the nonconformity of the approximation spaces
is controlled by a potential reconstruction.

The considered a posteriori error estimator is proven to be both reliable and efficient, outside the
regime of pollution, up to generic constants which are independent of the wave number, the polynomial
degrees, and the element sizes. By construction, the estimator captures possible singularities of the
solution correctly. With an arguement from [5], it is proven that, in contrast to residual based a posteriori
error estimators, the presented error estimator is robust in the polynomial degree. Some numerical
experiments will be presented, in order to confirm the efficiency of hp-adaptive refinement strategies
based on the presented a posteriori error estimator.

References

[1] S. Congreve, J. Gedicke, and I. Perugia, Robust adaptive hp discontinuous Galerkin finite el-
ement methods for the Helmholtz equation, SIAM J. Sci. Comput. 41(2):A1121–A1147, 2019.
DOI:10.1137/18M1207909

[2] M. Melenk, A. Parsania, and S. Sauter, General DG-methods for highly indefinite Helmholtz prob-
lems, J. Sci. Comput. 57(3):536–581, 2013. DOI:10.1007/s10915-013-9726-8

[3] V. Dolejší, A. Ern, and M. Vohralík, hp-adaptation driven by polynomial-degree-robust a pos-
teriori error estimates for elliptic problems, SIAM J. Sci. Comput. 38(5):A3220–A3246, 2016.
DOI:10.1137/15M1026687

[4] A. Ern and M. Vohralík, Polynomial-degree-robust a posteriori estimates in a unified setting for
conforming, nonconforming, discontinuous Galerkin, and mixed discretizations, SIAM J. Numer.
Anal. 53(2):1058–1081, 2015. DOI:10.1137/130950100

[5] D. Braess, V. Pillwein, and J. Schöberl, Equilibrated residual error estimates are p-robust, Comput.
Methods Appl. Mech. Engrg. 198(13-14):1189–1197, 2009. DOI:10.1016/j.cma.2008.12.010
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A posteriori error estimates for hp-version discontinuous Galerkin
methods on polygonal and polyhedral meshes

Andrea Cangiani1, Zhaonan Dong2, and Emmanuil H. Georgoulis3,4

1School of Mathematical Sciences, University of Nottingham, UK
2Institute of Applied and Computational Mathematics, FORTH, Greece

3 Department of Mathematics, University of Leicester, UK
4 Department of Mathematics, School of Applied Mathematical and Physical Sciences, National Technical

University of Athens, Greece

We present a new a posteriori error analysis for hp-version interior penalty discontinuous Galerkin (dG)
methods for linear elliptic problems. The a posteriori error bounds are proven for meshes consisting of
extremely general polygonal/polyhedral element shapes. In particular, arbitrary number of very small faces
are allowed on each polygonal/polyhedral element, as long as certain mild shape regularity assumptions
are satisfied. The case of simplicial and/or box-type elements is included in the analysis as a special case.
As such the present analysis generalizes the know a posteriori error analysis results for hp-dG methods
to admit arbitrary number of irregular hanging nodes per element. The proof hinges on a new recovery
strategy in conjunction with a generalized Helmholtz decomposition formula. The resulting a posteriori
error bound involves jumps on the tangential derivatives along elemental faces. Local lower bounds are
also proven, indicating the optimality of the proposed approach. A series of numerical experiments is also
presented, highlighting the good performance of the a posteriori error bounds.

References

[1] A. Cangiani, Z. Dong, and E. Georgoulis, A posteriori error estimates for hp-version discontinuous
Galerkin methods on polygonal and polyhedral meshes, in preparation.

[2] A. Cangiani, Z. Dong, E. Georgoulis, and P. Houston, hp-Version Discontinuous Galerkin Methods
on Polygonal and Polyhedral Meshes, SpringerBriefs Math., 2017. DOI:10.1007/978-3-319-67673-9
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A virtual element method for 3D elasticity problem based on the
Hellinger-Reissner principle

Franco Dassi1, Carlo Lovadina2,3, and Michele Visinoni1

1Dipartimento di Matematica e Applicazioni, Università degli studi di Milano Bicocca, Italy
2Dipartimento di Matematica, Università degli studi di Milano, Italy

3IMATI del CNR, Via Ferrata 1, 27100 Pavia, Italy

The elasticity theory deals with deformation of bodies under the influence of applied forces, and
in particular, with stresses and strains which result from deformations. Within the framework of small
displacements and small deformations, we take the Hellinger-Reissner variational principle as the basis
of the discretization procedure. This mixed formulation, based on the Hellinger-Reissner functional,
describes the problem by catching the displacements and the stresses as variables. It is well-known that in
the Finite Element practice, designing a stable and accurate scheme, which preserves both the symmetry
of the stress tensor and the continuity of the tractions at the inter-element, is commonly recognized as
a difficult task. The fundamental reason behind this difficulty lies in the local polynomial approximation.
Therefore, we exploit the flexibility of Virtual Element Methods to avoid these troubles and to develop
a valid alternative which is reasonably cheap with respect to deserved accuracy. Recently, some Virtual
Element schemes have been proposed and analyzed for two-dimensional problems [1, 2]. In this talk, we
present an extension to the three-dimensional case for the low-order VEM scheme in [1]. The aim is to
propose a valid alternative to the corresponding mixed Finite Element with H(div)-conformity for stress
and L2-conformity for displacements. Some numerical tests are provided in order to show the validity and
the potential of our analysis.

References

[1] E. Artioli, S. de Miranda, C. Lovadina, L. Patruno, A stress/displacement Virtual Element
method for plane elasticity problems Comput. Methods Appl. Mech. Engrg. 325:155–174, 2017.
DOI:10.1016/j.cma.2017.06.036

[2] E. Artioli, S. de Miranda, C. Lovadina, L. Patruno, A family of virtual element methods for plane
elasticity problems based on the Hellinger-Reissner principle, Comput. Methods Appl. Mech. Engrg.
340:978-999, 2018. DOI:10.1016/j.cma.2018.06.020

[3] F. Dassi, C. Lovadina, M. Visinoni, A three-dimensional Hellinger-Reissner Virtual Element Method
for linear elasticity problems, arXiv:1906.06119, 2019.
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Modelling and simulation of partial differential equations on random
domains

Helmut Harbrecht1

1Department of Mathematics and Computer Science, University of Basel, Switzerland

There are basically two methods to deal with partial differential equations on random domains. On the
one hand, the perturbation method is based on a prescribed perturbation field of the boundary and uses
a shape Taylor expansion with respect to this perturbation field to approximately represent the random
solution. This yields a simple approach which, however, induces a model error. On the other hand, in
the domain mapping approach, the random domain is mapped on a nominal, fixed domain. This requires
that the perturbation field is also known in the interior of the domain but the resulting partial differential
equation with random diffusion matrix and random load can be solved without systematic errors. In
this talk, we present theoretical and practical results for both methods. In particular, we discuss their
advantages and disadvantages.
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Dörfler marking with minimal cardinality
is a linear complexity problem
Carl-Martin Pfeiler1 and Dirk Praetorius1

1Institute for Analysis and Scientific Computing, TU Wien, Austria

Adaptive finite element methods (AFEM) iterate the procedure Solve-Estimate-Mark-Refine in order
to generate a sequence of locally refined meshes (T`)`∈N0 , where the degrees of freedom are chosen more
carefully than for uniform mesh refinement: First, the discrete solution is computed on the given mesh T`.
Then, local refinement indicators η`(T ) are computed for all T ∈ T`. Based on these, a subsetM` ⊆ T`
is marked for refinement. Finally, (at least) the marked elements are refined to obtain an improved mesh
T`+1.

In his seminal work [1], Dörfler proposes a marking criterion, which allows to prove linear convergence
of the energy error for each iteration of the AFEM algorithm: Given a marking parameter 0 < θ ≤ 1,
construct a setM` ⊆ T` such that

θ
∑

T∈T`

η`(T )2 ≤
∑

T∈M`

η`(T )2 .

Later it was shown by Stevenson [2] that the Dörfler marking criterion is not only sufficient to prove linear
convergence, but even in some sense necessary.

In the literature, different algorithms have been proposed to constructM`, where usually two goals
compete: On the one hand,M` should contain a minimal number of elements. On the other hand, one
aims for linear costs O(#T`) with respect to the number of elements. Unlike expected in the literature [2],
we formulate and analyze an algorithm, which constructs a minimal setM` at linear costs. In particular,
Dörfler marking with minimal cardinality is a linear complexity problem.
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Smoothed adaptive finite element method
Ornela Mulita1, Stefano Giani2, and Luca Heltai1
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We propose a new algorithm for Adaptive Finite Element Methods based on Smoothing iterations
(S-AFEM). The algorithm is inspired by the ascending phase of the V-cycle multigrid method: we re-
place accurate algebraic solutions in intermediate cycles of the classical AFEM with the application of a
prolongation step, followed by a fixed number of few smoothing steps. The method reduces the overall
computational cost of AFEM by providing a fast procedure for the construction of a quasi-optimal mesh
sequence with large algebraic error in the intermediate cycles. Indeed, even though the intermediate solu-
tions are far from the exact algebraic solutions, we show that their a-posteriori error estimation produces a
refinement pattern that is substantially equivalent to the one that would be generated by classical AFEM,
at a considerable fraction of the computational cost. In this talk, we will quantify rigorously how the error
propagates throughout the algorithm, and then we will provide a connection with classical a posteriori
error analysis. Finally, we will present a series of numerical experiments that highlights the efficiency and
the computational speedup of S-AFEM.
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Skeletal schemes for eigenvalue localisation?
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The localisation of eigenvalue is one of the fundamental tasks in numerical analysis even for a Laplace
operator and Dirichlet boundary conditions on a polyhedral bounded Lipschitz domain. The Rayleigh-
Ritz principles for those symmetric PDE eigenvalue problems lead to (guaranteed) upper eigenvalue
bounds with conforming finite elements even in view of inexact solve. A simple post-processing of
nonconforming schemes like the Crouzeix-Raviart (for the Laplace) or Morley (for the bi-Laplace) finite
element methods leads to guaranteed lower eigenvalue bounds. The improved version of this result from
[1, 2] will be presented and an attempt is made to generalise it to skeletal methods. This paper suggests
the eigenvalue computation with a scheme that, for the source problem, belongs to the class of hybridizable
discontinuous Galerkin schemes with Lehrenfeld-Schöberl stabilisation and is also called a weak Galerkin
scheme in the literature. The presentation discusses the appropriate choice of a stabilisation parameter
and the computation of guaranteed eigenvalue bounds. The presentation also discusses new proofs of the
asymptotic lower bound properties in [3].

The topics reflect joint work with Joscha Gedicke (U Vienna), Dietmar Gallistl (U Jena), with Qilong
Zhai and Ran Zhang (Jilin U, China) as well as Sophie Puttkammer (Humboldt).
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Benchmark computation of eigenvalues with large defect for
non-selfadjoint elliptic differential operators
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In this talk we present benchmark problems for non-selfadjoint elliptic eigenvalue problems with large
defect and ascent. We describe the derivation of the benchmark problem with a discontinuous coefficient
and mixed boundary conditions. Numerical experiments are performed to investigate the convergence of a
Galerkin finite element method with respect to the discretization parameters, the regularity of the problem,
and the ascent of the eigenvalue. This allows us to verify the sharpness of the theoretical estimates from
the literature with respect to these parameters. We provide numerical evidence about the size of the
ascent and show that it is important to consider the mean value for the eigenvalue approximation.

References

[1] R. Gasser, J. Gedicke, and S. Sauter, Benchmark computation of eigenvalues with large defect for
non-selfadjoint elliptic differential operators, arXiv:1902.02114, 2019.

22

https://arxiv.org/abs/1902.02114


Parameter estimation by forward modelling and optimization
Xing-Shi He1, Qin-Wei Fan1, and Xin-She Yang2
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Many problems in engineering and science involve parameter estimations of material properties and
key parameters for a system or underlying structures. For a given set of measurements of some quantities,
such estimations are essentially inverse problems. Since data and measurements are usually incomplete
in practice, it is quite challenging to solve such inverse problems and solutions obtained may not be
unique [1, 2, 3]. For a certain class of problems, it is possible to formulate the inverse parameter
estimation as an optimization problem subject to various nonlinear constraints [2, 4].

The objective function can be the errors between the measured data D and the predicted responses
yi (x) that are calculated in an iterative, forward manner using a mathematical model in terms of a set of
differential equations and partial different equations. Constraints are imposed using limits of geometry,
possible parameter ranges and other prior knowledge of the problem. Thus, the parameter estimation
problem becomes

Minimize f (p) =
m∑

i=1

|yi (p)− Di |2, p = (p1, p2, ..., pn) ∈ <n, (1)

subject to constraints. Here, the unknown parameters form a vector p=(p1, p2, ..., pn). Then, we can
in principle solve such optimization problems using optimization techniques [2, 3]. Though traditional
algorithms may work in many cases, a major trend now is to use nature-inspired algorithms [4, 5].
Traditional algorithms can be considered as local optimizers, and their final solutions may largely depend
on the starting points. On the other hand, nature-inspired techniques tend to be global optimizers, and
they have a higher probability of finding the true global optimal solutions. In addition, these nature-
inspired metaheuristic algorithms are usually flexible, easy to implement and yet sufficiently effective [5].

This paper uses a new population-based nature-inspired cuckoo search algorithm (CSA) to solve op-
timization problems of parameter estimation with proper constraint handling techniques such as dynamic
penalty method. To test the proposed approach, we use three benchmark problems, including the param-
eter estimation of a dynamic system with measured responses, a beam design problem, and an inverse
problem involving a partial differential equation. We show that nature-inspired cuckoo search can work
better than traditional algorithms when the problem is highly nonlinear and the number of parameters
is not too high. With some parametric studies and sensitivity analysis, we also show that this proposed
approach is robust and stable.
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Particles sintering in dense sphere packings
Yaroslav Bazaikin1,3, Vladimir Derevschikov2,3, and Evgeny Malkovich1,3
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Highly porous material of CaO sorbent can be described as a dense packing of spheres with radii
approximately 100nm. During repetitive cycles of C O2 sorption/regeneration the body of the sorbent
undergoes the sintering processes which lead to effectiveness decreasing. There are number of approaches
to simulate the mass transfer during the sintering. For the first (up to 10th) cycles the most adequate
model is surface mass transportation described by equation

∂φ

∂t
= ν

dh

dt
+

1

2
ωh3∆H, (1)

where H is a mean curvature of the sintering CaO particles surface, h is a thickness of reacted C aCO3, ν
and ω are constants. Equation (1) can be derived using standard conservation laws [1]. For the surface
of revolution which corresponds to the case of two tangent spheres equation (1) takes form

∂f

∂t
= ν

dh

dt
+ ωh3(t)

1

f

∂

∂s

(
f
∂H

∂s

)
. (2)

In (2) s is a natural parameter on the revolution curve. For the reaction between solid and gas phases
the thickness of C aCO3 layer h(t) = 3

√
t. Initial data f (x , 0) =

√
2Rx − x2 is an circle arc of radius R .

The boundary conditions depends on the density of the packing via coordination number Z .

Evolution of sintering particles profile (left) and stages of particles sintering for coordination number
Z = 6 (right) [1].

Authors thank the Government of the Novosibirsk Region (Russian Federation) and RFBR for financial support
(research project No. 19-43-543013).
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Accurate method for calculating currents in wires in the vicinity of
curved geometries

Ronan Cranny1, Xavier Ferrieres1, and Thibault Volpert1

1 ONERA/DEMR, Université de Toulouse, France

Precise methods to calculate currents are required for low frequency EMC simulations dealing with vehicles
struck by lightning. The current model used resolves Maxwell’s equations combined with a Line model based on
Holland’s thin wire formalism [1]. The challenge is related to the approximation of the source fields obtained
with Yee’s scheme. These sources are then used for the thin wire equations. In the vicinity of structures, the
errors due to the staircase meshes representing surfaces corrupt the fields’ values. In order to bypass this issue, it
was suggested to apply non structured meshes such as Finite Volume (FV) [2]. Difficulties are encountered when
introducing thin oblique wires [3] in this last approach, in particular for the calculation of the local self inductance
L, a numerical parameter required by the line model equations.
In choosing a FV solver, difficulties will arise in terms of calculation resources due to the calculation procedure
of the latter and to the unstructuredness of the meshes. To overcome this obstacle, a hybrid Non Structured-
Structured (NST-ST) FV scheme which can also incorporate oblique Line models is proposed.
To illustrate the advantage of this new approach, an open cylindrical structure with wires running along its walls
will be taken into account. It will be illuminated by a plane wave and we shall compare the obtained results in
terms of current and field values retrieved inside and also in the vicinity of the cables.

(a) FV scheme (b) Ey fields calculated with FD and FV schemes

Figure 1: Simulated system illuminated by a Gaussian plane wave
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A spherically-symmetric Lagrangian scheme for three dimensional
hydrodynamics

Xudeng Hang1,2, Shuai Wang1,2, Guangwei Yuan1, and Zhijun Shen1,2
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It is important for Lagrangian schemes to preserve spherical symmetry. Many research works are devoted to
this topic. Most of them are related to the case of 2D r − z geometry, e.g. [3, 4]. Compared with 2D cases, there
are much less of works on the three dimensional Lagrangian schemes. The scheme of [1] can preserve spherical
symmetry by modifying the direction of the force. There is no evidence that the scheme in [2] can preserve
spherical symmetry. To the best of our knowledge, there is no report of 3D spherical symmetric scheme without
modification of the force for Cartesian geometry.

In this paper, we propose a new staggered-mesh Lagrangian scheme for 3D hydrodynamics of Cartesian
geometry. The scheme is based on an novel discretizaion which adopts overlapping control volumes. For the
spherically symmetric problems, the scheme can preserve the spherical symmetry exactly on the sperical mesh as
shown in 2 without modifying the force direction. We will show the construction of the scheme and prove the
spherical symmetry. Numerical experiments are presented to verify the properties of the scheme.

Figure 2: The meshes of the 3D Noh problem
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Stability of Galerkin discretizations of mixed space-time
variational formulations of parabolic evolution equations

Rob Stevenson1 and Jan Westerdiep1

1 Korteweg-de Vries Institute for Mathematics, University of Amsterdam, Netherlands

We present two well-posed mixed simultaneous space-time variational formulations of parabolic evolution
equations, and derive sufficient conditions for stability of their Galerkin discretizations. These conditions are
satisfied by finite element discretizations w.r.t. non-uniform meshes that allow a partitioning into time-slabs.
For approximating singularities that are local in space and time, we present stable Galerkin discretizations from
subspaces that are spanned by tensor products of wavelets-in-time, and finite elements in space.
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Space-time least squares finite elements for parabolic equations and
applications
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In the last couple of years, different space-time discretizations for parabolic problems have been proposed in
the literature. In our talk, based on our work [1], we present a space-time least squares finite element method for
the heat equation. The advantages of our method over current space-time approaches is that we do not make any
assumption on the space-time mesh (apart from the usual assumptions on spatial meshes), that our formulation
is of Galerkin-type (which means that we do not have to worry about discrete inf-sup conditions), and that we
have an a-posteriori error estimator for free. In particular, our approach features full space-time adaptivity. We
will present theory and numerical results.
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Realisation of a space-time continuous Galerkin finite element
method for the heat equation in anisotropic Sobolev spaces

Olaf Steinbach1 and Marco Zank2

1Institut für Angewandte Mathematik, TU Graz, Austria
2Faculty of Mathematics, University of Vienna, Austria

For the discretisation of time-dependent partial differential equations, the standard approaches are explicit or
implicit time stepping schemes together with finite element methods in space. An alternative approach is the
usage of space-time methods, where the space-time domain is discretised and the resulting global linear system is
solved at once. In this talk, the model problem is the heat equation. First, a space-time variational formulation in
anisotropic Sobolev spaces for the heat equation is discussed, where a linear isometry HT is used such that ansatz
and test spaces are equal. A conforming discretisation of this space-time variational formulation in anisotropic
Sobolev spaces leads to a Galerkin-Bubnov finite element method, which is unconditionally stable, i.e. no CFL
condition is required. However, for the implementation of this method, the realisation of the linear isometry HT

is crucial. The main part of this talk investigates possible ways of doing this realisation for piecewise polynomial,
globally continuous ansatz and test functions. In the last part of the talk, numerical examples are shown and
discussed.
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An adaptive space-time algorithm
for a two-phase incompressible immiscible flow

Samuel Dubuis1 and Marco Picasso1

1Institute of Mathematics, EPFL, Switzerland

An adaptive method is proposed for a two-phase incompressible immiscible flow. The time-dependent Navier-
Stokes equations with variable density and viscosity are coupled to a transport equation for the phase. Continuous,
piecewise linear finite elements with large aspect ratio are used for the space discretization, order two finite
differences are used for the time discretization.

The error indicator is based on a posteriori error estimates derived for the transport [1] and the time-dependent
Navier-Stokes equations.

Numerical results are presented, first on an academic test case, which allows the effectivity index to be
investigated, then on more complex situations, such as Rayleigh-Taylor instabilities. In particular, we shall verify
numerically a theorem of Hillairet [2] which states: “We study the motion of a ball inside a cavity filled with an
incompressible constant-density viscous fluid. Then, there is no collision between the ball and the boundary of the
cavity”.
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Robust space-time a posteriori estimates for the non-smooth
Cahn–Hilliard equation

Ľubomír Baňas1 and Christian Vieth1
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We consider the Cahn-Hilliard variational inequality

∂tu −∆w = 0 , (1)

w + ε∆u ∈ ε−1∂Ψ(u) ,

where u is an order parameter, w a chemical potential and ε is a small (interfacial width) parameter. The term
∂Ψ is the subdifferential of a non-smooth potential

Ψ(u) :=

{
1
2 (1− u2) if u ∈ [−1, 1] ,
∞ if u /∈ [−1, 1] .

(2)

Alternative (smooth) choices for Ψ , e.g., the double-well or the logarithmic potential, are available, cf. [4], [3] and
the references therein. Nevertheless, the use of the non-smooth potential (2) is attractive from practical point of
view due to the exact preservation of the physically meaningful constraint u ∈ [−1, 1] and the possibility to use
efficient algebraic solvers, which in combination with adaptive mesh refinement effectively reduce the dimension
of the problem, cf. [1], [2].

Standard analysis of numerical approximations of the Cahn-Hilliard equation yields sub-optimal error estimates
that depend exponentially on the inverse of the (small) parameter ε. Improved error estimate with polynomial
dependence on ε−1 can be derived using lower bounds for the principal eigenvalue of the linearized Cahn-Hilliard
equation, cf. [4]. The principal eigenvalue technique can also be used to derive a posteriori estimate for the
Cahn-Hilliard equation with smooth potentials, see [3] and the references therein.

Due to the lack of the principal eigenvalue property and the non-smoothness of the potential (2), the approach
of [4], [3] is not directly transferable to (1). So far only a posteriori estimates for the the control of spatial error
of the time-discretized version of (1) have been available, cf. [2].

Using a smooth regularization procedure from [5] along with the ideas of [3] we derive computable and ε-robust
space-time a posteriori estimates for a fully discrete finite element approximation of the Cahn-Hilliard equation
with the regularized non-smooth potential (2). We show that under certain natural assumptions the estimates
also remain valid for the non-smooth Cahn-Hilliard variational inequality (1). We present numerical experiments
to demonstrate the efficiency of the proposed approach.
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hp-FEM for fractional parabolic problems
Jens Markus Melenk1 and Alexander Rieder1

1Institute for Analysis and Scientific Computing, TU Wien, Austria

In this talk, for parameters γ,β ∈ (0, 1], we consider time dependent fractional diffusion problems of the form

∂γt u +
(
−∆

)β
u = f , u(0) = u0, u|∂Ω = 0.

If the data u0 and f do not satisfy the boundary conditions, singularities form at the boundary ∂Ω. We present
how, by employing hp-Finite Element based discretizations, these difficulties can be resolved and one can obtain
exponentially convergent numerical schemes.

Following [2], we present a numerical method based on a representation formula involving the Riesz-Dunford
functional calculus. We prove that, when combined with hp-FEM in space using techniques from [1], the resulting
scheme delivers exponential convergence towards the exact solution without compatibility conditions on the data.

An alternative approach to apply hp-FEM techniques for such a non-local problem is to extend the spacial
dimension by one using the so-called Cafarelli-Silvestre extension. This localizes (−∆)β leading to a degenerate,
elliptic problem with dynamic boundary condition. This problem can then be treated using standard hp-FEM tools
as done [1].
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Optimal quasi-diagonal preconditioners for pseudodifferential
operators of order minus two
Thomas Führer1 and Norbert Heuer1
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In this talk I present results from our recent work [1]. We consider pseudodifferential operators of order minus
two in any space dimension and their discretization by piecewise polynomials.

We define and analyze quasi-diagonal preconditioners for the discretized operators where quasi-diagonal means
diagonal up to sparse transformations. Considering shape regular simplicial meshes and arbitrary fixed polynomial
degrees, we prove, for dimensions larger than one, that our preconditioners are asymptotically optimal. Our analysis
is based on the additive Schwarz theory and key ingredient is the decomposition of piecewise constants into the
divergence of lowest-order Raviart–Thomas functions.

Numerical experiments in two, three and four dimensions confirm our theoretical results. We present examples
for uniform and adaptive mesh-refinement. Moreover, we show some applications of the preconditioner which
involve minimization problems in negative order Sobolev norms.
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Optimal Calderón preconditioning without a dual mesh construction
Rob Stevenson1 and Raymond van Venetië2

Korteweg–de Vries Institute for Mathematics, Faculty of Science, University of Amsterdam, Netherlands

We construct a preconditioner for negative and positive order operators, discretized by simplicial Lagrange ele-
ments [4, 5]. The canonical cases are the Single Layer operator for piecewise constant functions, or the Hypersingu-
lar operator for continuous piecewise linears. We propose a variation of the well-studied dual mesh preconditioning
technique [1, 2, 3]. The resulting preconditioner yields a uniformly bounded condition number. Our approach
easily extends to operators discretized on locally refined partitions, and (dis)continuous elements of higher degree.

Compared to earlier proposals, the preconditioner has the following advantages: It does not require the inverse
of a non-diagonal matrix; it applies without any mildly grading assumption on the partition; and it does not require
a barycentric refinement of the partition underlying the trial space.

The preconditioning strategy requires the application of an opposite order operator, e.g. for preconditioning
of the Single Layer operator one can use the Hypersingular operator and vice versa. The total cost of the
preconditioner is the sum of the cost of the opposite order operator, and additional cost that is proportional to
the number of simplices.

We will conclude with numerical results for the Single Layer and Hypersingular operators.
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Optimal operator preconditioning for pseudodifferential boundary
problems on adaptive meshes
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We propose an operator preconditioner for general elliptic pseudodifferential equations in a domain Ω, where
Ω is either in Rn or in a Riemannian manifold. For linear systems of equations arising from low-order Galerkin
discretizations, we obtain condition numbers that are independent of the mesh size and of the choice of bases for
test and trial functions.
The basic ingredient is a classical formula by Boggio for the fractional Laplacian, which is extended analytically.
In the special case of the weakly and hypersingular operators on a line segment or a screen, our approach gives a
unified, independent proof for a series of recent results by Hiptmair, Jerez-Hanckes, Nédélec and Urzúa-Torres.
We study the increasing relevance of the regularity assumptions on the mesh with the operator order. We disscuss
the impact of these assumptions on adaptively generated meshes. Numerical examples validate our theoretical
findings and illustrate the performance of the proposed preconditioner on quasi-uniform, graded and adaptively
generated meshes.
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Pressure robust a posteriori error estimates for pressure robust
methods

Philip Lederer1, Christian Merdon2, and Joachim Schöberl1

1Institute for Analysis and Scientific Computing, TU Wien, Austria
2WIAS, Berlin, Germany

Pressure robust finite element methods for incompressible flows provide errors in velocity independent of the
pressure error. In this talk we present a pressure robust a posteriori error estimator, which estimates the velocity
error independent of the quality of pressure approximation.
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Some nonstandard high-efficiency finite element schemes
Shuo Zhang1
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Academy of Sciences, Beijing, China

For practical and theoretical reasons, high-efficiency schemes are of wide interests. The issue of high efficiency
means more information obtained versus less computational cost. The obtainments include a better approximation
for source and eigenvalue problems and, e.g., a guaranteed upper or lower bound of the eigenvalue, while the cost
includes computational resources and time for computation. In this talk, we would like to present some finite
element schemes which seek to give higher-efficiency performance.

The presented schemes each employs piecewise quadratic polynomials on general quadrilateral grids for the
biharmonic equation, piecewise quadratic polynomials on rectangular grids for the Poisson equation, and piecewise
cubic polynomials on general triangulations for biharmonic equation, respectively, and they all exploit the best
possible accuracy with piecewise polynomials of certain degrees. The schemes fall into the nonconforming finite
element methods, of the formulation of classical nonconforming ones or of the formulation of DG ones, but are
described and constructed in a nonstandard way. Both source and eigenvalue problems will be mentioned, and
some nonstandard phenomena will be demonstrated.
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Parallel implementation of finite element methods
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Many of practical problems are modelled using partial differential equations (PDE). In this paper, we introduce
a problem known as Plasma Source-Ion Implementation (PSII), which is a technique for implanting ions into
materials to modify their surface properties. The model is one dimensional (planar, cylindrical, or spherical).
The time-dependent, self-consistent potential profile is calculated from 1D Poisson’s equation. From the wide
range of numerical methods for solving this equation, we have tested various methods and among them the finite
element method (FEM). We have simulated changes in the surface of an argon material for different values of
potential using FEM. Furthermore, in this paper, we analyze the parallel implementation of the finite elements
methods, which is used for solving the above one dimensional Poisson equation. Numerical tests are performed
using OpenMP/ C++ platform. We have performed numerical tests to find the optimal number of threads needed
to achieve the best execution time of the algorithm. Also, other performance evaluations discussed are speed-up
and effectiveness.
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Convergence analysis of adaptive stochastic Galerkin FEM
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We study adaptive stochastic Galerkin finite element approximations for a class of elliptic partial differential
equations with parametric or uncertain coefficients. The energy error in Galerkin approximations is controlled
by a novel reliable and efficient a posteriori error estimator that combines a two-level spatial estimator and a
hierarchical parametric estimator, see [2]. The structure of the estimator is exploited in the proposed algorithm
to perform a balanced adaptive refinement of the spatial and parametric components of Galerkin approximations.
In this talk, we present recent convergence results for this adaptive refinement procedure [1]. In particular, we
show that the proposed algorithm drives the underlying energy error estimate to zero. We also report the results
of numerical experiments that (i) illustrate the advantages of adaptive refinement of both (spatial and stochastic)
components of Galerkin approximations, and (ii) explore an optimal choice of threshold parameters in different
marking strategies that can be employed for adaptive refinement.
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Instance-optimal goal-oriented adaptivity
Michael Innerberger1 and Dirk Praetorius1
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Adaptive finite element methods (AFEM) for elliptic PDEs iterate the loop solve–estimate–mark–refine
to successively adapt an initial mesh T0 to the possible singularities of the sought solution u ∈ H1

0 (Ω) in order
to obtain a sequence of meshes T` and corresponding approximate solutions u` ≈ u. While usual strategies for
AFEM employ some variant of the Dörfler marking criterion [1] and aim for optimal convergence rates of the error
‖∇(u− u`)‖L2(Ω), [2] considers a modified maximum strategy to obtain an instance-optimal AFEM, i.e., the error
on T` is quasi-optimal with respect to all refinements of T0, which have essentially the same number of elements:
It holds that

∃C > 1 ∀ ` ∈ N0 ∀ Th ∈ refine(T0) :
[
C #Th ≤ #T` =⇒ ‖∇(u − u`)‖L2(Ω) ≤ C ‖∇(u − uh)‖L2(Ω)

]
.

In goal-oriented adaptivity, an additional goal functional G ∈ H−1(Ω) is given. Instead of minimizing only the
energy error ‖∇(u − u`)‖L2(Ω), one aims for

|G (u)− G (uh)| −→ min .

We consider an adaptive finite element method with arbitrary but fixed polynomial degree p ≥ 1, where adaptivity
is driven by an edge-based residual error estimator. Based on the modified maximum criterion of [2], we propose
a goal-oriented adaptive algorithm and prove that it is instance optimal. We give numerical examples to underline
our findings and compare our algorithm to conventional marking strategies for rate-optimal goal-oriented AFEMs
[3].
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Preconditioning techniques applied on optimal control problems and
discretized by a fictitious domain FEM with cut elements
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This presentation focuses on the performance among some fundamental preconditioners applied on the sparse
linear system arising from quadratic optimal control problems with Dirichlet boundary conditions and discretized via
a fictitious domain finite element method using cut elements [1]–[5]. We emphasize on block-diagonal structures [6]
whose diagonal blocks are scaled or coarse grid approximations of the stiffness matrices coming from the successive
discretization of the state and adjoint variational forms. The properties of symmetry and positive definiteness
inherited from the cut finite element method enable us to use these preconditioners together with Krylov subspace
iterative solution methods such as the preconditioned conjugate gradient algorithm. Apart from testing the
classical point Jacobi and the symmetrized Gauss-Seidel preconditioners, alternative block versions are analogously
defined. Herein, the strategy for constructing the appropriate block variants concentrates on a vertex partition of
the computational mesh which allows finite elements to straddle between subdomains, that is, they are allowed
to overlap. By gathering the overlapping blocks into a block diagonal matrix and employing a symmetrized
Gauss-Seidel iteration, a symmetric block-Jacobi preconditioner is guaranteed. Furthermore, combining this block
diagonal structure with a coarse grid correction scheme, an additive coarse grid preconditioner is constructed.
The resulting scheme seems to be optimal for the corresponding state and adjoint discrete matrix systems in
the sense that the number of iterations achieved for convergence appears to be independent of the mesh size.
The aforementioned approach also yields the predicted order rate of convergence for the solution of the discrete
optimality system, consistent with the convergence rate of the cut finite element method. Application to a Stokes
flow model system of equations is also provided. The quality of the prescribed preconditioners has been verified
numerically.
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Error analysis of free boundary problems
Sergey Repin1,2
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2Steklov Institute of Mathematics, St. Petersburg, Russia

We present a general method that generates error relations for a wide class of nonlinear variational problems.
Applications are related to several free boundary problems, such as the classical and two-phase obstacle problems,
problems with thin obstacle, and plasticity models.
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This work motivates a new perspective on a posteriori error estimation for boundary element methods (BEMs).
In order to solve

∆u = 0 in Ω ⊂ Rd , (1)
u|Γ = g on Γ = ∂Ω, (2)

we employ an indirect BEM approach to solve Symm’s integral equation

Vφ(x) :=

∫
Γ

G (x − y)φ(y) dy = g(x) for almost all x ∈ Γ

and use the BEM approximation φh ≈ φ ∈ H−1/2(Γ ) to obtain

uh(x) :=

∫
Γ

G (x − y)φh(y) dy ≈ u(x) for almost all x ∈ Ω.

In contrast to the state of the art, we aim for fully computable lower and upper bounds of the physically relevant
potential error ||∇(u − uh)||L2(Ω). To this end, we develop functional-type estimates in the spirit of [1]. BEM’s
distinguishing feature that the error u − uh solves (1) exactly is the only ingredient to conclude the sharp error
identity

max
τ∈L2(Ω)
divτ=0

[
2
〈
(g − uh|Γ ) , (n · τ )|Γ

〉
− ||τ ||2L2(Ω)

]
= ||∇(u − uh)||2L2(Ω) = min

w∈H1(Ω)
w|Γ=g−uh|Γ

||∇w ||2L2(Ω)

which leads to maximization/minimization procedures. Instead of solving the related problems on Ω, we suggest
a construction via FEM on an adaptively shrinking boundary layer S ⊂ Ω. Our computations on S are then used
to steer an adaptive mesh-refinement on Γ to regain the optimal rate of convergence

||∇(u − uh)||L2(Ω) ≤ Ccont||φ− φh||H−1/2(Γ ) = O(N−3/2).

The numerical examples verify that the majorant provides a reasonable stopping criterion, in order to guarantee
the integrity of the final approximate solution.

We note that the developed approach covers indirect and direct BEM and does not exploit the Galerkin
orthogonality. In particular, it is thus applicable to, e.g., the collocation method.
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A convergent finite element boundary element scheme for
Maxwell-Landau-Lifshitz-Gilbert equations
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We consider the Landau-Lifshitz-Gilbert-equation (LLG) on a bounded domain Ω with Lipschitz-boundary
Γ coupled with the linear Maxwell equations on the whole space. As the material parameters outside of Ω are
assumed to be constant, we are able to reformulate the problem to a MLLG system in Ω coupled to a boundary
equation on Γ .

We define a suitable weak solution (which still has a reasonable trace for the boundary equation) and propose
a time-stepping algorithm which decouples the Maxwell part and the LLG part of the system and which only
needs linear solvers even for the nonlinear LLG part. The approximation of the boundary integrals is done with
convolution quadrature.

Under weak assumptions on the initial data and the input parameters we show convergence of the algorithm
towards weak solutions, which especially guarantees the existence of solutions to the MLLG system.

References

[1] L. Banas, M. Page, and D. Praetorius, A convergent linear finite element scheme for the Maxwell-Landau-
Lifshitz-Gilbert equations, Electron. Trans. Numer. Anal. 44:250–270, 2015.

[2] A. Buffa, and R. Hiptmair. Galerkin boundary element methods for electromagnetic scattering, Springer
Topics in computational wave propagation 31, 2003. DOI:10.1007/978-3-642-55483-4_3

[3] B. Kovács, and C. Lubich, Stable and convergent fully discrete interior-exterior coupling of Maxwell’s equa-
tions, Numer. Math. 137:91–117, 2017. DOI:10.1007/s00211-017-0868-8

[4] C. Lubich, Convolution quadrature revisited, BIT 44:503–514, 2004.
DOI:10.1023/B:BITN.0000046813.23911.2d

[5] M. Scroggs, T. Betcke, E. Burman, W. Śmigaj, E. van ’t Wout, Software frameworks for integral equations
in electromagnetic scattering based on Calderón identities. Comput. Math. Appl. 74(11):2897–2914, 2017.
DOI:10.1016/j.camwa.2017.07.049

44

https://doi.org/10.1007/978-3-642-55483-4_3
https://doi.org/10.1007/s00211-017-0868-8
https://doi.org/10.1023/B:BITN.0000046813.23911.2d
https://doi.org/10.1016/j.camwa.2017.07.049


DPG theory and techniques for plate bending problems
Thomas Führer1, Alexander Haberl2, Norbert Heuer1, Antti Niemi3, and Francisco-Javier Sayas4

1Facultad de Matemáticas, Pontificia Universidad Católica de Chile, Chile
2Institute for Analysis and Scientific Computing, Technische Universität Wien, Austria

3Faculty of Technology, University of Oulu, Finland
4Department of Mathematical Sciences, University of Delaware, USA

In recent years, the discontinuous Petrov–Galerkin method with optimal test functions (DPG method) has
been established as a framework that can deliver automatically discrete inf-sup stable approximations [2, 1]. This
is particularly useful for singularly perturbed problems.

In this talk we will give a brief introduction to this framework, and discuss its design and analysis for the
important class of plate bending models. For reasons of flexibility in the selection of variables and for ease of
analysis, the variational formulation of choice is of ultraweak type. This means that all the appearing derivatives
are transferred onto the test side, which is a product space by design. It also means that the regularity of the
problem entirely resides within trace operations and spaces. We discuss these traces for various plate bending
models, the Kirchhoff–Love model [5, 4], the bi-Laplacian [3], and the Reissner–Mindlin model [6]. Here, the
focus is on using low regularity assumptions so that the corresponding formulation and scheme are relevant for
critical engineering applications. Specifically, we deal with the Reissner–Mindlin model and its Kirchhoff–Love
limit in a uniform way, including the case of non-convex polygonal plates. The DPG research on plate problems is
by no means complete. We will discuss open problems and objectives for future research.

Financial support by CONICYT-Chile through Fondecyt project 1190009 is gratefully acknowledged.
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On the nonsymmetric coupling method for parabolic-elliptic
interface problems

Christoph Erath1
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We consider a parabolic-elliptic interface problem in an unbounded domain. An application is, for instance, the
modeling of eddy currents in the magneto-quasistatic regime. Due to different physical properties of the solution
in different parts of the domain it makes sense to consider couplings of different methods to get the best possible
numerical approximation.

Therefore, we introduce the nonsymmetric coupling of the Finite Element Method and the Boundary Element
Method to approximate such a solution in space without truncation of the unbounded domain [1, 2]. This leads to
a semi-discrete solution. For the subsequent time discretization we either use the classical backward Euler scheme
or a variant of it to get a fully-discrete system. The model problem and its numerical discretization are well-posed
also for Lipschitz interfaces [3]. Even more, we prove quasi-optimality, i.e., the best possible approximation of
the solution, of our semi-discrete and fully-discrete solution under minimal regularity assumptions in the natural
energy norm [3]. We remark that our analysis does not use duality arguments and corresponding estimates for
an elliptic projection which are not available for our nonsymmetric coupling method. Instead, we use estimates in
appropriate energy norms. Moreover, we discuss the extension of our model problem to a problem arising in fluid
mechanics. However, since the conservation of fluxes is mandatory for such applications, we replace the Finite
Element Method by the Finite Volume Method in our coupling approach [4]. Numerical examples illustrate the
predicted (optimal) convergence rates and underline the potential for practical applications.
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A finite volume scheme preserving maximum principle for the
system of radiation diffusion equations with three-temperature

Yunlong Yu1 and Guangwei Yuan1

1Institute of Applied Physics and Computational Mathematics, Beijing, China

Radiation transport in astrophysical phenomena and inertial confinement fusion (ICF) is often modeled by the
diffusion approximation. When the radiation field is not in the thermodynamic equilibrium, a coupled system of
non-equilibrium diffusion equations is used to simulate the radiation transport, including both radiation diffusion
and heat conduction in the material. These non-equilibrium equations are highly nonlinear, tightly coupled, and
exhibit multiple time and space scales. So, it is a very challenging problem to construct a numerical algorithm
with high accuracy and efficiency.

The maximum principle is an important feature of the equilibrium diffusion equation. Under some additional
non-negativity assumptions on the exchange coefficients, it is also satisfied by the non-equilibrium diffusion equa-
tions. As we know, the discrete maximum principle (DMP) ensures the nonnegativity and eliminates non-physical
oscillations of numerical solutions. Hence, it is a desirable property for the numerical schemes.

Many diffusion schemes preserving DMP are constructed in the past decades [1]-[3]. However, most of them
are focused on solving the single equation. We are interesting in designing a scheme preserving DMP for the
following the non-equilibrium three-temperature equations

ρcve
∂ue

∂t
−∇ · (κe∇ue) = ωei (ui − ue) + ωer (ur − ue) + We , in Ω\Γ , (1)

ρcvi
∂ui

∂t
−∇ · (κi∇ui ) = ωei (ue − ui ) + Wi , in Ω\Γ , (2)

ρcvr
∂ur

∂t
−∇ · (κr∇ur ) = ωer (ue − ur ), in Ω\Γ , (3)

where t > 0 and Ω is a bounded polygonal domain in R2, ρ is the material density, Γ is the material interface,
u = (ue , ui , ur ) denotes the electron, ion and photon temperatures, respectively.

We propose a cell-centered nonlinear finite volume scheme for the above equations, where both the Dirichlet
and Neumann boundary conditions are considered, and prove that the discrete solutions of the scheme satisfy the
discrete maximum principle. In the construction of the flux we use the nonlinear combination of two-single fluxes
and the interpolation technique for the auxiliary unknowns. Some new interpolation methods are introduced,
especially when the Neumann boundary condition is considered. Based on the bounded estimation of the discrete
solution, we prove that there exists at least a solution for our scheme by using the Brouwer’s fix point theorem.
Numerical results show that our scheme has second-ordered accuracy, good conservation and can preserve the
discrete maximum principle.
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Numerical methods for viscoplastic models in metal forming
processes

Ioannis Toulopoulos1,2

1AC2T research GmbH, Austrian Excellence Center for Tribology, Austria
2Institute of Computational Mathematics, Johannes Kepler University Linz, Austria

The mathematical modeling and the numerical simulation of rolling metal processes, i.e., the plastic deformation
of a metal plate passing through a pair of rotating rolls, are subjects of investigation of many researchers. In this
work we consider a rigid-viscoplastic model (Norotn-Hoff power law model) for describing a plane strain rolling
process and develop a continuous finite element scheme for its discretization. Along the common interface, the
unilateral contact conditions are described by inequality constraints and the stick/slip motion along the interface
between the roll and the plate is described by extending the usual Coulomb’s law to viscoplastic frame.

We present the finite element discretization of the resulting equilibrium equations and analyse the numerical
treatment of the contact and slipping conditions across the common interface. The associated contact conditions
include the normal component terms of the relative velocity are incorporated in the finite element scheme by
using Nitsche-type (penalty) techniques. The tangential motion conditions (frictional sliding motion) include
relative velocity terms and are weakly imposed in the numerical scheme by using appropriate numerical fluxes.
The discontinuous nature of this approach gives several advantages for the case of having general non-matching
interface meshes. Numerical results related to the variation of the important variables, e.g., velocity components,
normal stress, etc, after long time integration are discussed. The results presented in this talk are based on [1],
[2]. This work is supported by the project COMET K2 XTribology, No 849109, Project grantee: Excellence Center
for Tribology, and by the project “JKU-LIT-2017-4-SEE-004”.
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Layer-adapted piecewise uniform Shishkin-type meshes for solving
boundary problems of the singular perturbated fourth-order

differential equation
Irina Kolosova1 and Sergey Vasilyev1

1 Department of Applied Probability and Informatics, RUDN University, Russia

In the papers [1, 2], a relativistic analogue of the Schrödinger equation was considered and the asymptotic
solution of the boundary value problem for this singular perturbated infinite order differential equation was obtained.
We can use a truncation method to eliminate high order derivatives in this equation and consider the boundary
problems for the singular perturbated fourth-order differential equation of the form

ε
d2

dx2

[
k(x , ε)

d2u

dx2

]
− d

dx

[
p(x , ε)

du

dx

]
+ q(x , ε)u = f (x , ε),

with the boundary conditions A

u(0) = 0, u(1) = 0, u′(0) = 0, u′(1) = 0,

or the boundary conditions B
u(0) = 0, u(1) = 0, u′′(0) = 0, u′′(1) = 0,

where k(x , ε), p(x , ε), q(x , ε), f (x , ε) are some continuous functions of all variables, and we suppose that

0 < c1 ≤ k(x , ε) ≤ c2, 0 ≤ p(x , ε) ≤ c3, 0 ≤ q(x , ε) ≤ c4, |f (x , ε)| < c5,

where ci > 0, i = 1, 5 are some positive constants, and ε > 0, ε << 1 is a small parameter.
In this talk, we propose modifications of the layer-adapted piecewise uniform Shishkin-type meshes [3, 4, 5]

for numerical solving problems A and B. We show that this modified Shishkin-type methods for the numerical
solution of the boundary problems A and B is uniformly convergent, in the discrete maximum norm, independent
of singular perturbation parameter.
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A meta-heuristic crow search algorithm for solving the open vehicle
routing problem with time windows

Fateme Maleki1, Majid Yousefikhoshbakht2, and Andrea D′Ariano3
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2Department of Mathematics, Faculty of Sciences, Bu-Ali Sina University, Hamedan, Iran,
3Department of Engineering, Section of Computer Science and Automation,

Roma Tre University, Rome, Italy

The open vehicle routing problem with time windows (OVRPTW) is one of the well-known routing problems
with many real-world applications, such as rail, bus and air transportation planning. In this paper, we propose a
hybrid crow search algorithm (HCSA) to effectively solve the OVRPTW as a discrete problem. In the proposed
HCSA, the hill climbing strategy is applied as a local search algorithm with three local search neighborhood
structures. HCSA also uses the elitism approach to select the initial solutions of the OVRPTW. The effectiveness
of the HCSA is demonstrated on two benchmark sets available in the literature: a small-scale benchmark of
numerical examples and the Solomon’s benchmark instances. The results of the comparison confirm that HCSA
produces very competitive results with respect to other published methods. From a set of 56 Solomon’s benchmark
instances, HCSA computes 5 new best-known solutions and finds the best-known solution for more than 50% of
the instances.
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hp-FEM for variational inequalities of the second kind involving the
p-Laplacian

Lothar Banz1 and Ernst P. Stephan2

1Department of Mathematics, University of Salzburg, Austria
2Institute of Applied Mathematics, Leibniz University Hannover, Germany

We consider variational inequalities of the second kind in which the differential operator corresponds to the p-
Laplacian and the friction functional is of the type

∫
g |v |dx or

∫
g |∇v |dx . These kind of problems are discretized

by hp-finite elements. An additional discretization of the friction functional seems to be beneficial for the iterative
solver and the implementation itself. We analyze the approximation scheme in terms of well-posedness and a
priori error estimates. Moreover, we derive a family of reliable a posteriori error estimators, of which a computable
member is in some sense also efficient. Adaptivity allows to improve the order of convergence.
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A sparse spectral method for Volterra integral equations using
orthogonal polynomials on the triangle

Timon S. Gutleb1,2 and Sheehan Olver1

1Department of Mathematics, Imperial College London, UK
2Department of Mathematics, University of Vienna, Austria

We discuss and introduce a new method in [1] which can numerically solve Volterra integral equations

VK u = f or (λI + VK )u = f

of first and second kind for general kernels K (x , y) with exponential convergence using bivariate orthogonal
polynomials on a triangle domain, building on previous work on bivariate orthogonal polynomials on triangle
domains in [2]. The Volterra integral operator

(VK u)(x) :=

∫ x

0

K (x , y)u(y)dy

is shown to be sparse on a weighted triangle Jacobi polynomial basis which allows us to exploit symmetries to
achieve high efficiency. We will further discuss proofs for the convergence of the method for general (not necessarily
convolution) kernels based on connections to the theory of infinite-dimensional Fredholm and Toeplitz operators
acting on appropriate coefficient sequence spaces. We conclude by showcasing numerical experiments for problems
with known analytic solutions as well as problems with numerically challenging non-convolution oscillatory kernels
(Figure 3) without known analytic solutions.
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Figure 3: Contour plots of some oscillatory kernels K (x , y) on triangle domains.
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An efficient explicit scheme for a fourth order nonlinear diffusion
filter

Mahipal Jetta1

1 School of Natural Sciences, Mahindra École Centrale, Hyperabad, India

The existing numerical schemes for multiplicative noise removal fourth order nonlinear diffusion filters require
either very small time step sizes for stability or involve solving couple of systems of equations. In this work, we
develop a new explicit scheme using the least square approximation for second order spatial derivatives. We show
that the proposed scheme offers three to four times bigger time step size than the standard finite difference scheme.
We further improve the efficiency of this novel scheme with fast explicit diffusion and show through numerical
experiments that the hybrid scheme is more efficient than the alternating direction implicit schemes.
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Recovery of conformity: quasi-optimal and pressure robust
discretisations of the Stokes equations

Christian Kreuzer1

1Faculty of Mathematics, TU Dortmund, Germany

Nonconforming discretisations often are more flexible than conforming ones and have advantageous conser-
vation or stability properties. Unfortunately, their application often requires more regular data and a quasi-best
approximation property typically holds only up to consistency terms. We present how quasi-optimality can be re-
covered under minimal regularity assumptions in a rather general framework. Our construction can be summarised
as follows: First, a linear operator acts on discrete velocity test functions, before the application of the load
functional, and maps into the space of conforming functions. Second, we employ a new augmented Lagrangian
formulation, inspired by Discontinuous Galerkin methods to preserve consistency.

As an application, we interpret various inf-sup stable non-divergence free Stokes elements as non-conforming
discretisations in the sense of the divergence constraint, i.e., the pressure error is interpreted as consistency error.
The main attention is spend on the linear operator, which needs to map the discrete divergence kernel into the
continuous one. Its construction employs the solution of local Stokes problems with Scott–Vogelius pairs on an
Alfeld sub-triangulation of single elements.
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Computation of the LBB constant with a least-squares finite
element method

Johannes Storn1

1Department of Mathematics, Bielefeld University, Germany

An investigation of the least-squares finite element method (LSFEM) from [1] for the pseudostress-velocity
formulation of the Stokes problem reveals a relation of the Ladyzhenskaya-Babuška-Brezzi (LBB) constant and
the ellipticity constants of the LSFEM. While the approximation of the LBB constant with numerical methods is
challenging (see for example the numerical schemes in [2, 3]), the approximation of the ellipticity constants is in a
Rayleigh-Ritz-like environment. This setting is well-understood and so allows for an easy to implement convergent
numerical scheme for the computation of the LBB constant. Numerical experiments with uniform and adaptive
mesh refinements complement the investigation of this novel scheme.
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Optimal convergence rates in L2 for a first order system least
squares finite element method

Maximilian Bernkopf1 and Jens Markus Melenk1

1Institute for Analysis and Scientific Computing, TU Wien, Austria

We consider a Poisson-like second order model problem written as a system of first order equations. For the
discretization an HHH(Ω, div)×H1(Ω)-conforming least squares formulation is employed. A least squares formulation
has the major advantage that regardless of the original formulation the linear system resulting from a least squares
type discretization is always positive semi-definite, making it easier to solve. Even though our model problem in
its standard H1(Ω) formulation is coercive our methods and lines of proof can most certainly be applied to other
problems as well, see [2, 3] for an application to the Helmholtz equation. A major drawback of a least squares
formulation is that the energy norm is somewhat intractable. Deducing error estimates in other norms, e.g.,
the L2(Ω) norm of the scalar variable, is more difficult. Numerical examples in our previous work [2] suggested
convergence rates previous results did not cover. Closing this gap in the literature will be the main focus of the
talk. To that end we showcase a duality argument in order to derive L2 error estimates of the scalar variable, which
was the best available estimate in the literature. We then perform a more detailed analysis of the corresponding
error terms. This analysis then leads to optimal convergence rates of the method. The above procedure can then
be applied to more complicated boundary conditions, for which an analogous result is a nontrivial task. As a
tool, which is of independent interest, we develop HHH(Ω, div)-conforming approximation operators satisfying certain
orthogonality relations. For the analysis, a crucial tool are recently developed projection based commuting diagram
operators, see [4].
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