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Abstract. The paper concerns the analysis of global minimizers of a Dirichlet-type
energy functional in the class of S2-valued maps defined in cylindrical surfaces, which
naturally arises as curved thin-film limit in the theories of nematic liquid crystals and
micromagnetics. First, we show that minimal configurations are z-invariant and that
energy minimizers in the class of weakly axially symmetric competitors are, in fact,
axially symmetric. Our main result is a family of sharp Poincaré-type inequalities,
which allow establishing a detailed picture of the energy landscape. Finally, we provide
a complete characterization of in-plane minimizers.

1. Introduction
The interplay between geometry and topology plays a fundamental role in many fields of
applied science. The most basic examples include thin nematic liquid crystal shells [33,
29, 35] and curvilinear magnetic nanostructures [19, 40]. Curvature effects and topological
constraints lead to unusual properties of the underlying physical systems and promote the
appearance of novel microstructures, providing a promising way to design new materials
with prescribed properties.
In the last decade, magnetic systems with curvilinear shapes have been subject to
extensive experimental and theoretical research (cf. [8, 38, 37, 17, 40, 12, 22]). Recent
advances in the fabrication of magnetic spherical hollow nanoparticles and rolled-up
nanomembranes with a cylindrical shape lead to the creation of artificial materials with
unexpected characteristics and numerous applications in nanotechnology, including highdensity data storage, magnetic logic, and sensor devices (cf. [21, 34, 40]).
Embedding planar structures in the three-dimensional space permits altering their
magnetic properties by tailoring their local curvature. The interplay between geometry,
topology, and DzyaloshinskiiMoriya interaction (DMI) leads to the formation of novel
magnetic spin textures, e.g., chiral domain walls and skyrmions [32, 13, 9]. The curvature
effects have been shown to play a crucial role in stabilizing these chiral spin-textures.
Spherical and cylindrical thin films are of particular interest due to their simple geometry
and capability to host spontaneous skyrmions (topologically protected magnetic structures) even in the absence of DMI [19, 27, 40].
In what follows, occasionally, we are going to use the language of micromagnetics.
However, it is clear that our mathematical results apply to other physical systems.
1.1. State of the art. It is well established that, when the thickness of a thin shell is
very small relative to the lateral size of the system, the demagnetizing field interactions
behave, at the leading order, as a local shape-anisotropy, see [20, 8, 15, 12]. In the context
of a thin curvilinear shell (generated by extruding a regular surface M in R3 along the
normal direction), the leading-order contribution to the micromagnetic energy functional
reads as [12, 15]:

2

GIOVANNI DI FRATTA, ALBERTO FIORENZA, VALERIY SLASTIKOV

E: m 2 H 1(M; S2) 7!

Z

M

jr m()j2 d +

Z

M

(m()  n())2 d;

(1)

where n is the normal field to the surface M, 2 R is an effective anisotropy parameter
accounting for both shape and crystalline anisotropy, and r is the tangential gradient
on M.

The role of is easy to understand qualitatively. Uniform states are the only local
minimizers of E when = 0. For large > 0, tangential vector fields are energetically
favored; for large < 0, i.e., when shape anisotropy prevails over perpendicular crystal
anisotropy, energy minimization prefers normal vector fields. An exact characterization
of the minimizers of this problem is a nontrivial task with far-reaching consequences for
modern magnetic storage technologies [36]. Recently, a partial answer about the structure
of minimizers of E has been given for the case M = S2. It has been shown that (see [17])
i. for any 2 R, the normal vector fields n are stationary points of the energy
functional E on the space H 1(S2; S2); moreover, they are strict local minimizers for
every < 0 and are unstable for > 0.
ii. When

6 ¡4, the normal vector fields n are the only global minimizers of E.

Also, in [28] it is shown that for  ¡1, skyrmionic solutions topologically distinct from
the ground state emerge as excited states.
For > 0, the energy landscape of E is challenging to describe. Indeed, topological
obstructions (hairy ball theorem) prevent the existence of purely tangential vector fields
in H 1(S2; S2). Numerical simulations suggest that when > 0, the energy E can exhibit
magnetic states with skyrmion number 0 or 1 (see, e.g., [27, 36, 39]). Also, within
the homotopy class fdeg m = 0g, the energy E favors the so-called onion state if
is
sufficiently small, and the vortex state otherwise.
Classifying the ground states in spherical thin films in the regime > 0 is a very
difficult task. However, many of the difficulties one is facing, as well as the emerging
symmetry breaking phenomena, are already present in the analysis of the ground states
and axially symmetric solutions for energy E in a more tractable geometry of a cylinder.
This observation triggered our interest in the questions addressed in this paper and led
to the development of some techniques that we hope can be further improved to tackle
ground states' analysis in more complex geometries.
1.2. Contributions of present work. Let ¡  R2 be the image of a smooth Jordan
curve : [0; 2] ! ¡, and let C := I  ¡, I := [¡1; 1], be the cylindrical surfaces generated
by ¡ (see Figure 1). Given that m is S2-valued, we have that up to the constant term
¡ jC j, with jC j being the area of C, the minimization problem for (1) is equivalent to the
minimization of the energy functional
m 2 H 1(C ; S2) 7!

Z

C

jr

m()j2 d

¡

Z

C

jm()  n()j2 d:

(2)
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Figure 1. The paper analyzes ground states of the energy functional E in the admissible class of
S2-valued maps defined on cylindrical surfaces C = I  ¡. After a general result on the z-invariance
of the minimizers of E in H 1(C ; S2), we look for the analytic expression of the minimizers in
circular cylinders (i.e., on the case ¡ = S1).

The previous expression (2) is more convenient for the following reason. When = 0, any
constant S2-valued vector field is a minimizer with zero minimal energy. The situation is
still trivial when > 0. There are only two minimizers in this regime, and these are the
constant vector fields e3 = (0; 0; 1) whose associated minimal energy is ¡ jC j. However, the situation suddenly becomes engaging when < 0. This is the regime this paper
is devoted to, and working with (2) allows dealing with nonnegative energies whereas
(1) does not. Therefore, we set := ¡2, with 2 =
/ 0, and, from now on, we focus our
investigations on the energy functional
Z
Z
E(m) := jr mj2 d + 2 jm  nj2 d;
m 2 H 1(C ; S2):
(3)
C

C

Here r stands for the tangential gradient on C, and 2 is a positive constant that controls
the perpendicular anisotropy's strength. Note that, equivalently, the value of 2 controls
the size of the sample C. Indeed, simple rescaling allows reducing the analysis of (3)
to a scaled cylinder and a different value of 2. This is why when we later analyze the
minimizers E on circular cylinders, we focus only on C := I  S1.
This paper's main aim concerns the analysis of global minimizers of the energy
functional (3) in the class of S2-valued maps defined in the circular cylinder C = I  S1.
The analysis we perform involves several steps.
First, for any 2 > 0, we show that minimizers of the energy E defined in (3) are zinvariant. In Proposition 1 we prove the result holds under the more general framework
of cylindrical surfaces of the type C := I  ¡ where I := [¡1; 1] and ¡  R2 is the image of
a smooth Jordan curve : [0; 2] ! ¡ (see Figure 1). Also, we prove that when C = I  S1,
z-invariance of the minimizers holds in the restricted class of weakly axially symmetric
configurations which are defined by the condition that
Z
m?(z; ) d = 0 8z 2 I ;
(4)
S1

where m? := m ¡ (m  e3)e3. It is simple to show that every axially symmetric configuration satisfies (4) (cf. Remark 3). In Theorem 1, we prove that every minimizer of E
in the class of weakly axially symmetric competitors is, in fact, axially symmetric. The
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proof is based on a symmetrization argument in conjunction with the classical PoincaréWirtinger inequality for null average and periodic functions.
Second, we focus on the analysis of global minimizers of the energy E in the unrestricted class H 1(I  S1; S2), i.e., when no weak axial symmetry is assumed on the competitors. Our main result is a family of sharp Poincaré-type inequalities (see Theorem 2),
which allow us to establish the following picture of the energy landscape of E (see Theorem 3).
i. If 2 > 3, the normal vector fields n are the only global minimizers of the energy
functional E in H 1(C ; S2).
ii. Moreover, they are strict local minimizers for every 2 > 1 and unstable for 0 <
2 < 1. The constant vector fields e3 are unstable for all 2 > 0.
The sharp Poincaré-type inequality is stated in Theorem 2 and states that for every 2 > 0
there holds
Z

jr

S1

uj2 d

+ 2

Z

S1

ju  nj2 d

>

Z

c2

juj2 d

S1

8u 2 H 1(S1; R3):

(5)

p
1
with c2 = 1 if 2 > 3, c2 = 2 (2 ¡ !2 + 4) if 0 < 2 6 3, and !2 := 4 + 16 . Our result
also includes a precise characterization of the minimizers for which the equality sign is
reached in (5). For the proof, we work in Fourier space. While the frequencies decouple
nicely, the vector-valued nature of H 1(S1; R3) elements, as well as the presence of the
anisotropic constant 2, has the effect that different space directions strongly interact,
and this requires careful analysis (see [17]).
Third, motivated by their importance in numerical simulations (see Section 4 for
a detailed discussion), we investigate global minimizers of E in the class of in-plane
configurations. We show that if m? 2 H 1(S1; S1) is the profile of a minimizer in H 1(C ; S1)
of the energy functional E, then either deg m? = 0 or deg m? = 1. Indeed, among other
things, in Theorem 4 we show the existence of a threshold value 2 of the anisotropy
parameter for which the following energetic implications hold:
i. If 2 > 2, then any global minimizer has degree one and, moreover, for every
2 > 0, the normal fields n are the only two minimizers in the homotopy class
fdeg m? = 1g.
ii. If 2 < 2, then any global minimizer has degree zero, and an accurate analytic
description is given in terms of elliptic integrals.
The previous two points allow for a complete characterization of the energy landscape
of in-plane minimizers. The normal vector fields n are the only two in-plane energy
minimizers when 2 > 2 and the common minimum value of the energy is 2. Instead,
when 2 < 2, the minimal energy depends on 2, and the precise minimal values, as well
as the analytic expressions of the minimizers, are given in terms of elliptic integrals (see
(173)-(174)).
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1.3. Outline. The paper is organized as follows. In Section 2 we prove that minimal
configurations are z-invariant (cf. Proposition 1) and that every minimizer of E in the class
of weakly axially symmetric competitors is, in fact, axially symmetric (cf. Theorem 1).
Section 3 is devoted to the analysis of global minimizers of the energy E in the unrestricted
class H 1(I  S1; S2). Our main result is a family of sharp Poincaré-type inequalities
(cf. Theorem 2), which allow establishing a nearly complete picture of the energy landscape of E (cf. Theorem 3). Finally, in Section 4, we provide a complete characterization
of the energy landscape of in-plane minimizers of E.
1.4. Notation. In what follows, for a given embedded submanifold M of R3, we denote
by H 1(M; Rm), m > 1, the Sobolev space of vector-valued functions defined on M,
endowed with the norm (cf. [1])
2
kukH
1(M;Rm) :=

Z

M

ju()j2 d +

Z

M

jr u()j2 d ;

(6)

where r u is the tangential gradient of u on M. We write H 1(M; S2) for the metric
subspace of H 1(M; R3) consisting of vector-valued functions with values in the unit 2sphere of R3. When M := S1 is the unit 1-sphere, H 1(S1; Rm) identifies to the Sobolev
space H]1([¡; ]; Rm) consisting of 2-periodic vector-valued functions and endowed with
the norm
Z 
Z 
2
kukH
ju(t)j2 dt +
j@tu(t)j2 dt:
(7)
1([¡;];Rm) :=
]

¡

¡

Again, we denote by H]1([¡; ]; S1) and H]1([¡; ]; S2) the metric subspaces of H]1([¡;
]; Rm) consisting, respectively, of S1-valued and S2-valued periodic functions.
2. Symmetry properties of the minimizers
Our first result, stated in Proposition 1, shows that for any 2 > 0 every minimizer m(z; t)
of the energy E in (3) is z-invariant. We state the result in the more general framework of
cylindrical surfaces of the type C := I  ¡ where I := [¡1; 1] and ¡  R2 is the image of a
smooth Jordan curve : [0; 2] ! ¡. Note that, by parameterizing the cylinder C through
the map
(z; t) := ((t); z);

(8)

we can rewrite the energy functional (3) in the form
E(m) =

Z

1Z

Z 1Z
2
2
2
jr m(z; )j +j@zm(z; )j d dz + 
jm(z; )  n()j2 d dz:
¡1 ¡
¡1 ¡

Proposition 1.
functional (3)
2] ! ¡. Then
invariant, i.e.,

(9)

Let m 2 H 1(C ; S2) be a (global ) minimizer of the micromagnetic energy
with C := I  ¡ and ¡  R2 the image of a smooth Jordan curve : [0;
there exists a minimizer m 2 H 1(C ; S2) of (3), built from m, which is zsuch that
m(z; ) = u()

(10)
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for some u 2 H 1(¡; S2). Actually, every minimizer of E has the form (10) for some
minimizer u 2 H 1(¡; S2) of the reduced energy
F(u) :=

Z

jr

u()j2 d

+

Z

2

¡

ju()  n()j2 d:

(11)

¡

Remark 1. In general, z-invariance does not hold for critical points of the energy. In fact,
when C := I  S1 and 2 = 1, the helices satisfy the EulerLagrange equations associated
with E and are not z-invariant (cf. Proposition 3). The observation implies that the helical
configurations predicted in [40] are critical points of the energy, but not ground states.
Proof. We use a symmetrization argument. Let m be a minimizer of E, and let us
consider the function (note that, n(z; ) = n() is z-invariant)
: z 2 I := [¡1; 1] 7!

Z

¡

jr m(z; )j2 d + 2

Z

jm(z; )  n()j2 d:

(12)

¡

In terms of  the energy functional (3) reads as
E(m) =

Z 1

(z) +

¡1

Z

j@z

m(z; )j2 d

¡



dz:

(13)

Note that, since m minimizes E on the two-dimensional surface C, m is smooth in C.
Indeed, the Euler-Lagrange equations for m fit into the class of almost harmonic maps
treated in [31, Chapter 4]. In particular (cf. [31, Theorem 4.2]), m is Hölder continuous and, therefore, by the usual bootstrap argument, smooth in C. In particular, 
is continuous on [¡1; 1] and argminz 2[¡1;1](z) =
/ ;. We arbitrarily choose a point z 2
argminz 2[¡1;1](z) and, with that, we define the z-invariant configuration
m(z; ) := m(z; ) for every (z; ) 2 I  ¡:

(14)

Note that, since m is smooth in C, m is well-defined. Taking into account that for every
 := (z; ) 2 I  ¡ we have
jr m(z; )j2 = jr m(z; )j2 + j@zm(z; )j2

(15)

with r m the tangential gradient on , from (9) and (12) we get that
Z 1Z
Z 1Z
E(m) =
jr m(z; )j2 d dz + 2
jm(z; )  n()j2 d dz
=
=
6

Z
Z

¡1 ¡
1Z

Z

jr m(z; )j2 d dz + 2

¡1 ¡
1

¡1
Z 1
¡1

(z) dz
(z) dz +

= E(m):

Z

1Z

¡1 ¡

¡1 ¡
1Z

¡1 ¡

jm(z; )  n()j2 d dz

j@zm(z; )j2d dz
(16)
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Hence, if m is a minimizer in H 1(C ; S2) of (3) then so is the z-invariant configuration
m(z; ) := m(z; ). Moreover, if m is any minimizer in H 1(C ; S2), then, with m defined
as in (14), we get that E(m) = E(m). This entails that all the inequalities in (16) are,
in fact, equalities. Therefore,
Z 1Z
j@zm(z; )j2d dz = 0;
(17)
¡1 ¡

from which we conclude that m is z-invariant. This completes the proof.



Since we are interested in symmetry breaking phenomena of minimizers, we want
to focus on the symmetric case when ¡ is unit circle S1. Parameterizing the cylinder
C := I  S1 through the map
(z; t) := (cos t)e1 + (sin t)e2 + ze3;

t 2 [¡; ]

(18)

with e1; e2; e3 the standard basis of R3, we can rewrite (9) in the following form
E(m) =

Z

1Z 

¡1 ¡

Z
j@tm(z; t)j2 + j@zm(z; t)j2 dtdz + 2

1Z 

¡1 ¡

jm(z; t)  n(t)j2 dz dt

(19)

where we made the common abuse of notation
m(z; t) := (m  )(z; t);

n(t) := (n  )(z; t) = (cos t; sin t; 0):

(20)

According to Proposition 1, the energy landscape associated with (3) is completely characterized as soon as one describes the minimizers in H 1(S1; S2) of the energy functional
(cf. (11))
Z
Z
F(u) :=

S1

jr u( )j2 d + 2

S1

ju( )  n( )j2 d :

(21)

Note that, in terms of the standard (conformal) parameterization of S1 given by : t 2 [¡;
] 7! (cos t)e1 + (sin t)e2, the energy functional F reads as
Z 
Z 
2
2
F(u) =
j@tu(t)j dt + 
ju(t)  n(t)j2 dt
(22)
¡

with, again, the convenient abuse of notation
u(t) := (u  )(t);

¡

n(t) := (n  )(t) = (cos t; sin t; 0):

(23)

For the next result, stated in Proposition 3, we introduce further notation. For each
u 2 H 1(S1; S2) we denote by u? the projection of u on R2  f0g, namely, u? := (u1; u2; 0)
if u = (u1; u2; u3). Also, we denote by
Z
1 
hu?i :=
u?(t) dt
(24)
2 ¡
the average of u? on S1 and, for any  2 [¡; ], we set
0
1
0
1
sin 
cos t ¡sin t 0
u(t) := R(t)@ 0 A= (sin )n + (cos )e3;
R(t) :=@ sin t cos t 0 A:
cos 
0
0
1

(25)
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For every t 2 [¡; ] the action of R(t) is a rotation through an angle t about the z-axis.

In order to prove Proposition 3 we need the sharp form of the Poincaré-Wirtinger
inequality on S1 that we recall here; its proof is a trivial application of Parseval's theorem
for Fourier series and is therefore omitted.
Proposition 2. (Poincaré-Wirtinger inequality) If u 2 H]1([¡; ]; R2) is nullaverage (i.e., hu?i = 0) then
Z 
Z 
2
ju(t)j 6
j@tu(t)j2:
(26)
¡

¡

The minimizer is reached when u(t) = c1 cos t + c2 sin t, for arbitrary constant vectors c1;
c2 2 R2.
We can now state Proposition 3 and Theorem 1, which are our main results about
axially symmetric minimizers. Their proof is given at the end of this section.
Proposition 3. In the class of configurations u 2 H 1(S1; S2) such that hu?i = 0, the only
global minimizers of (21) are given by
8
>
>
< u = e3
u = u
>
>
: u = n

if 0 < 2 < 1;
if 2 = 1;

(27)

if 2 > 1;

with u given by (25). Thus, if 0 < 2 < 1 or 2 > 1, there exist only two minimizers,
while when 2 = 1 there exist infinitely many minimizers described by u with  chosen
arbitrarily in [¡; ]. The corresponding values of the minimal energies are given by
(

22 if 0 < 2 6 1;
2
if 2 > 1:

(28)

Remark 2. Note that at 2 = 1 a symmetry breaking phenomenon appears. The minimizers suddenly pass from the in-plane configurations n for 2 > 1, to the purely axial
configurations e3 for 2 < 1. Also, note that if e 2 S1  f0g is in-plane, then F(e) = 2.
Therefore, for 0 < 2 < 1, the configurations e3 are never global minimizers outside of
the restricted admissible class of weakly axially symmetric configurations (i.e., maps
u 2 H 1(S1; S2) such that hu?i = 0). A similar observation applies to the configurations
n when 0 < 2 < 2 (because of F(e) = 2); in this range of parameters n cannot be
global minimizers if we do not restrict the minimization problem to the class of axially
symmetric configurations.
Before stating our main result on axially symmetric minimizers, we give the following
definition. We say that m 2 H 1(C ; S2) is weakly axially symmetric (with respect to the
z-axis) if
Z
1
hm?(z ; )iS1 :=
m?(z; ) d = 0 8z 2 I:
(29)
2 S1
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Remark 3. It is important to stress that every axially symmetric configuration satisfies
(29). Indeed, if m is axially symmetric with respect to the z-axis then, in local coordinates, i.e., through the parameterization of S1 given by : t 2 [¡; ] 7! (cos t)e1 + (sin t)e2,
we have that
~ (z) 8(z; t) 2 I  [¡; ]
m(z; t) = R(t)m

(30)

~ 2 H 1(I ; S2). Hence, hm?(z; )iS1 = (m
~ (z)  e3)e3 for every z 2 I, and
for some profile m
this implies that hm?(z; )iS1 = 0 for every z 2 I.

Also, note that the class of weakly axially symmetric configurations it is not directly
related to the class of null-average configurations in H 1(C ; S2). Even if m is z-invariant,
(29) does not imply that m is null average, but only that its projection m? is null average.
Theorem 1. Let C := I  S1 , with I = [¡1; 1]. Assume that m is a (global ) minimizer
of the micromagnetic energy functional (3) in the class of weakly axially symmetric configurations. Then, m is z-invariant and, more precisely, the following assertions hold:
i. If 0 < 2 < 1 then necessarily m 2 fe3g.
ii. If 2 > 1 then necessarily m 2 fng.
iii. When 2 = 1, there are infinitely many axially symmetric minimizers; they are all
z-invariant and given by m(z; t) = u(t) with  2 [¡; ] and u given by (25).
The values of the minimal energies are given by 42 if 0 < 2 6 1 and by 4 if 2 > 1.
Remark 4. Note that, due to Remark 3 and the fact that n and e3 are axially
symmetric (with respect to the z-axis), the conclusions of Theorem 1 still hold in the class
of axially symmetric minimizers.
Remark 5. We stress that Theorem 1 does not look for axially symmetric minimizers in
the class of minimizers of E. In other words, axially symmetric minimizers do not need to
be global minimizers. In fact, Theorem 1 characterizes the minimizers of E in the class of
configurations which satisfy condition (29) and shows that, in this class, the minimizers
are necessarily z-invariant and axially symmetric.
We first give the proof of Proposition 3, then we prove Theorem 1 as a consequence
of Proposition 1, Proposition 3, and Remark 3.
Proof of Proposition 3. For every t 2 [¡; ] we denote by R(t) the rotation through
an angle t about the z-axis which appears (cf. (25)). Clearly, n(t) = R(t)e1. Next, let
u 2 H 1(S1; S2) be a minimizer of (22) and let us choose t 2 [¡; ] such that


t 2 arg min ju?(t)j2 + 2 ju(t)  n(t)j2

(31)

t2[¡;]

with u?(t) := (u1(t); u2(t); 0). Note that t is well-defined because of the regularity of u
(see comments after (13)). Define the new configuration
u(t) := R(t)R>(t)u(t):

(32)
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We then have ju(t)j = 1 and hu?i = 0 because hR(t)R>(t)u(t)i = (u(t)  e3)e3. Moreover,
j@tu(t)j2 = jR>@tR(t)R>(t)u(t)j2 = je3  (R>(t)u(t))j2 = ju?(t)j2

(33)

ju(t)  n(t)j2 = jR>(t)u(t)  e1j2 = ju(t)  n(t)j2

(34)

and

It follows that
F(u) =
=
6

Z



¡
Z 
¡
Z 
¡

j@tu(t)j2 dt + 2

Z


¡

ju(t)  n(t)j2 dt

(35)

ju?(t)j2 + 2ju(t)  n(t)j2 dt

(36)

ju?(t)j2 + 2ju(t)  n(t)j2 dt:

(37)

After that, the sharp Poincaré-Wirtinger inequality on S1 (cf. Proposition 2) assures that
for every u? 2 H 1(S1; R2) such that hu?i = 0 one has
Z 
Z 
ju?(t)j2 dt 6
j@tu?(t)j2 dt:
(38)
¡

¡

Combining (37) and (38) we conclude that
Z 

F(u ) 6
j@tu?(t)j2 + 2ju(t)  n(t)j2 dt 6 F(u):

(39)

¡

Thus u and u are both minimizers. This implies that
Z 
F(u) =
j@tu?(t)j2 + 2ju(t)  n(t)j2 dt = F(u):

(40)

¡

It follows that whenever hu?i = 0, then necessarily @t(u(t)  e3) = 0 on S1. On the other
hand, the equality F(u) = F(u) also entails that the equality sign is reached in the sharp
Poincaré-Wirtinger inequality (26), i.e., that
Z 
Z 
2
ju?(t)j dt =
j@tu?(t)j2 dt
(41)
¡

¡

whenever u is a minimizer with hu?i = 0. However, the equality sign in the PoincaréWirtinger inequality is achieved if, and only if, u? = (cos t) a1 + (sin t)a2 for some a1;
a2 2 R2  f0g. Combining this observation with the conditions @t(u(t)  e3) = 0 and juj = 1
we conclude that if hu?i = 0 then necessarily
0
1
sin  cos t
u(t) = u(t) :=@ sin  sin t A
(42)
cos 
for some  2 R. Finally, we note that with u(t) given by the previous expression, we have
j@tu(t)j2 = sin2 ;

ju(t)  n(t)j2 = 1 ¡ sin2 :
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Therefore
F(u(t)) =

Z


¡

sin2  + 2(1 ¡ sin2 ) dt = 2[2 + sin2 (1 ¡ 2)]:

(43)

Minimizing (43) with respect to  2 [¡; ] we get that  =  when 0 < 2 < 1 and, in
this case,
F(u(t)) = F(e3) = 22:

(44)

Also, we get that the angle  can be arbitrarily chosen when 2 = 1, and in this case,
F(u(t)) = 2

8 2 [¡; ]:

(45)

Finally, we obtain that  =  /2 when 2 > 1 and, in this case,
F(u(t)) = 2:
This gives (27) and completes the proof.

(46)


Proof of Theorem 1. The proof is a straightforward consequence of Proposition 1,
Proposition 3 and Remark 3. The only point is to realize that the proof of Proposition 1
does not get affected by the introduction of the additional weak-axial symmetry constraint
(29).

3. Global minimizers. A sharp Poincaré-type inequality on the cylinder
An exact characterization of the minimizers of the energy functional (3) is a nontrivial
task, and qualitative aspects have been investigated in [40] through numerical simulations.
However, sometimes it is enough to obtain a meaningful lower bound on the energy in
order to gain some information on the ground states [17]. This lower bound is typically
obtained by relaxing the constraint from m being S2-valued to the following weaker
constraint:
Z
1
jmj2 = 1;
(47)
4 C
with C := I  S1 and I := [¡1; 1]. From the physical point of view, this type of relaxation
corresponds to a passage from classical physics to a probabilistic quantum mechanics
perspective, and it has been proved to be useful in obtaining nontrivial lower bounds of
the ground state micromagnetic energy (see, e.g., [7, 11, 17]). From the mathematical
perspective, replacing the pointwise constraint jmj = 1 a.e. in C with (47) frames the
minimization problem in the context of Poincaré-type inequalities, where sometimes the
relaxed problem can be solved exactly, and the dependence of the minimizers on the
geometrical and physical properties of the model made explicit. This relaxation can help
to obtain sufficient conditions for minimizers to have specific geometric structures (see,
e.g., [7, 11, 17]). We note that the pointwise constraint jmj = 1 a.e. in C is equivalent to
the following two energy constraints in terms of the L2 and L4 norms:
Z
Z
1
1
2
jmj = 1;
jmj4 = 1:
(48)
4 C
4 C
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c2

2
Figure 2. The graph of the optimal Poincaré constant c2 as a function of the parameter 2.
The optimal constant c2 increases until the saturation value c2 = 1 is reached at 2 = 3.

Indeed, by CauchySchwarz inequality 4 = (jmj2; 1)L2(C) 6 kjmj2kL2(C) k1kL2(C) = 4,
which assures that the equality sign in the previous estimate is reached only when jmj2
is constant and, therefore, necessarily equal to 1. It follows that the relaxed problem
can also be interpreted as the one obtained by forgetting about the L4 constraint.
Our results include the precise characterization of the minimal value and global
minimizers of the energy functional E defined in (3) on the space of H 1(C ; R3) vector
fields satisfying the relaxed constraint (47). Thanks to Proposition 1, we can focus on the
analysis of the minimizers in H 1(S1; R3) of the normalized energy functional
G(u) :=

1
2

Z

S1

jr uj2 d

subject to the L2-constraint
1
2

Z

+

2
2

Z

juj2 d = 1:

S1

ju  nj2 d ;

S1

(49)

(50)

Clearly, every minimizer of (49) in H 1(S1; S2) satisfies the constraint (50) and provides an
upper bound to the minimal energy associated with the problem (49)-(50). Thus, problem
(49)-(50) is a relaxed version of the minimization problem for G in H 1(S1; S2). Although
1
the expression of the energy functional (49) is, up to the constant factor 2 , the same as of
F in (21), we denoted it by G to stress that it is part of the relaxed minimization problem.

The existence of minimizers of the problem (49)-(50) quickly follows by direct methods
in the Calculus of Variations. However, uniqueness is out of the question due to the
energy's invariance under the orthogonal group and reflections. Indeed, for every 2 >
0, at least two minimizers always exist because if u is a minimizer of G, also ¡u minimizes G. We only focus on the nontrivial case 2 =
/ 0; otherwise, constant configurations
 2 S2 are the only minimizers.
In what follows, we denote by n the outward normal vector field to S1 and by
 := r n the tangential one. When we refer to the local coordinates representation of
a configuration u? 2 H 1(S1; R3), it is always meant the curve u?  , with : t 2 [¡;
] 7! (cos t)e1 + (sin t)e2, and t 2 [¡; ]. Thus, e.g., in local coordinates, we have that
 (t) = (¡sin t; cos t) and n(t) = (cos t; sin t).
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Our main result include the precise characterization of the minimal value and global
minimizers of the relaxed problem (49)-(50) on the space of H 1(S1; R3). In fact, we
establish the following sharp Poincaré-type inequality in H 1(S1; R3).
Theorem 2. (sharp Poincaré-type inequality in H 1(S1; R3)) For every 2 > 0 the
following sharp Poincaré-type inequality holds,
Z

Z
Z
jr uj2 d + 2 ju  nj2 d > c2 juj2 d

S1

S1

S1

8u 2 H 1(S1; R3);

(51)

where the best Poincaré constant c2 is the continuous function of  given by
8
<1
if
c2 := 1 2
: ( ¡ !2 + 4) if
2

2 > 3;
0 < 2 6 3;

(52)

p
with !2 := 4 + 16 . Moreover, the equality sign in the Poincaré inequality (51) is reached
if, and only if, u 2 H 1(S1; R3) has the following expression:
i. If 2 > 3, the equality sign in (51) is reached only by the normal vector fields n.
ii. If 2 = 3, the equality is reached if, and only if, u is an element of the family
represented in local coordinates by
 p

u(t) =  1 ¡ 1021 + 41cos(t + ) n(t) ¡ 21sin(t + ) (t)
(53)
p
for arbitrary  2 [¡; ] and 0 6 1 6 1/ 10 .

iii. If 0 < 2 < 3, the equality sign in (51) is reached by any element of the family
represented in local coordinates by
p
p
u(t) = 2 2 sin() cos(t + )n(t) ¡ 2 cos()sin(t + ) (t);

(54)

with  2 [¡; ] arbitrary, and  2 [0;  /2] given by
1
 = arctan(4/2):
2

(55)

Moreover, there are no S2-valued configurations for which the equality sign is
achieved in (51).
The normal fields n are universal configurations as their energy does not depend on 2.
Remark 6. Note that setting 1 = 0 in (53) we recover the normal vector fields n, and
these are the only S2-valued minimizers of the when 2 = 3. Instead, when 0 < 2 < 3, there
are no S2-valued configurations for which the equality sign is achieved in (51). Also, the
normal fields n are universal configurations as their energy does not depend on 2. We
point out this because of our original problem concerning S2-valued minimizers.
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A graph of the optimal Poincaré constant c2 as a function of 2 is depicted in
Figure 2. In Figure 3, it is represented a plot of the minimal configurations in (53) for
which the equality sign is attained in the Poincaré inequality when 2 = 3. Also, a plot
of the minimal vector fields in (54) is given in Figure 4 for different values of 0 < 2 < 3.
Before giving the proof of Theorem 2, we want to point out some of its consequences.
Corollary 1. For every 2 > 0, the map
u 2 H 1(S1; R3) 7!

Z

jr

S1

uj2 d

1/2

+ 2ju  nj2 d

is a norm on H 1(S1; R3) equivalent to the classical norm
kukH 1(S1;R3) =

Z

S1

jr

uj2 d

+ juj2 d

1/2

:

Next, by Theorem 2 we get that for 2 > 3 the relaxed minimization problem (49)(50) admits S2-valued minimizers. Thus, as a byproduct of Theorem 2, we obtain the
following characterization of micromagnetic ground states in thin cylindrical shells.
Theorem 3. (Micromagnetic ground states in thin cylindrical shells) For
every value 2 > 0 of the anisotropy, the normal vector fields n, as well as the constant
vector fields e3 are stationary points of the micromagnetic energy functional (cf. (3))
E(m) =

Z

C

Z
jr mj2 d + 2 jm  nj2 d;
C

m 2 H 1(C ; S2);

and the following properties hold:
i. If 2 > 3, the normal vector fields n are the only global minimizers of the energy
functional E in H 1(C ; S2). Also, they are locally stable for every 2 > 1 and unstable
for 0 < 2 < 1. Moreover, when 2 > 1, the normal vector fields n are local
minimizers of the energy E.
ii. The constant vector fields e3 are unstable for all 2 > 0.
Remark 7. Although the constant vector fields e3 are unstable for all 2 > 0, they are
stable in the class of axially symmetric minimizers, as has been shown in Theorem 1.
Proof. Thanks to Proposition 1 we can work with the energy functional (cf. (11))
F(m) =

Z


¡

j@tmj2+2jm  nj2 dt;

(56)
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1 = 0.10
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1 = 0.27

Figure 3. A plot of the minimal configurations in (53) for which the equality sign is attained in
the Poincaré inequality when 2 = 3. The optimal vector fields are represented for three different
values of 1. From left to right, we plot (53) for 1 = 0.10, 1 = 0.17 and 1 = 0.27.

2 = 1

2 = 0.1

2 = 2.5

Figure 4. A plot of the minimal vector fields in (54) for which the equality sign is attained in
the Poincaré inequality when 0 < 2 < 3. From left to right, we plot (54) for 2 = 0.1, 2 = 1, and
2 = 2.5.

with m 2 H]1([¡; ]; S2). The Euler-Lagrange associated with F read as
¡@ttm ¡ 2 (m  n)n = (t)m;

(t) = j@tmj2 ¡ 2 (m  n)2;

(57)

and is therefore clear that m(t) = e3 and m(t) = n(t) are critical points of the above
energy. Let us investigate their stability. The second variation of F is given by
Z 
00
F (m)(') =
j@t'j2 ¡ 2 ('  n)2 ¡ (j@tmj2 ¡ 2 (m  n)2)j'j2 dt;
(58)
¡

and is defined on all ' 2 H]1([¡; ]; R3) such that '  m = 0 in [¡; ].

Proof of i. It is clear from Theorem 2 that n are the only global minimizers of F
whenever 2 > 3. It remains to analyze their stability in the range 0 < 2 < 3. For that,
it is sufficient to evaluate the second variation at m = n, which reads as
Z 
00
F (n)(') =
j@t'j2 + (2 ¡ 1)j'j2 dt:
(59)
¡

Setting ' = e3 we obtain that F 00(n)(e3) = 2 (2 ¡ 1). Therefore the normal vector
fields n are unstable critical points of F when 2 < 1.
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However, (59) shows that for 2 > 1 we have uniform local stability of the critical
points n. We want to show that n are, in fact, local minimizers of the energy functional
F. We focus on +n, the argument for ¡n being the same. Following [17], first, we
compute the finite variation of F corresponding to an admissible increment v of n, i.e.,
v 2 H]1([¡; ]; R3) such that jn + vj = 1 in [¡; ]. A simple computation gives
F(n + v) ¡ F(n) =

Z


¡

(60)

j@tvj2 + (2 ¡ 1)jvj2 ¡ 2 (v  n)2 dt:

Next, we define ' = v ¡ (v  n)n and want to rewrite the previous expression in '. Since
v = ' + (v  n)n we have
(61)

@tv = @t' + (v  n) + (@t(v  n))n
with  := @tn. Using that @t'  n = ¡'   because of '  n = 0, we obtain

(62)

j@tvj2 = j@t'j2 + (v  n)2 + j@t(v  n)j2 + 2(@t'   )(v  n) ¡ 2('   )@t(v  n):
Integrating by parts the previous relation, we infer that
Z


¡

j@t

vj2 dt =

Z


¡

(63)

j@t'j2 + (v  n)2 + j@t(v  n)j2 + 4 (@t'   )(v  n) dt:

Hence, plugging the previous expression into (60) and taking into account (59), we obtain
(60)

Z



j@t'j2 + (2 ¡ 1)j'j2 + j@t(v  n)j2 + 4 (@t'   )(v  n) dt
Z 
(59)
00
= F (n)(') +
j@t(v  n)j2 + 4 (@t'   )(v  n) dt:
(64)

F(n + v) ¡ F(n) =

¡

¡

1

Note that since ¡2v  n = jv j2 and v = ' + (v  n)n we have that jvj2 = j'j2 + 4 jvj4.
Overall, from the previous considerations and (64), we obtain
F 00(n)(') +

Z



j@t(v  n)j2 ¡ 2 (@t'   )jv j2 dt
¡


Z 
1 4
00
2
2
> F (n)(') +
j@t(v  n)j ¡
jvj +  j@t'j dt

¡


1 2 ¡ 1
2
2
2
= (1 ¡ )k@t'kL2 + ( ¡ 1)kvkL2 ¡
+
kvkL4 4:
]
]
]

4

F(n + v) ¡ F(n) =

(65)
(66)
(67)

Now we use GagliardoNirenberg inequality (see, e.g., [18]), i.e., the existence of a positive
2
2
1
3
constant cL > 0 such that kvkL4 4 6 cL kvkH
1kvkL2 for every v 2 H] ([¡; ]; R ). This leads
]
]
]
to the following estimate:
F(n + v) ¡ F(n) >

(1 ¡ )k@t'kL2 2] +





(2 ¡ 1) ¡ cL



1 2 ¡ 1
2
+
kvkH]1 kvkL2 2] :

4

(68)
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To conclude, we observe that for a given 2 > 1 the previous right-hand side is nonnegative
2
as soon as kvkH
1 is chosen small enough.
Proof of ii. Testing the second variation at m = e3 against v = e1 we obtain
F 00(e3)(e1) = ¡2

Z


¡

(e1  n)2 dt = ¡

2
< 0:
2

(69)

Therefore we know that the constant S2-valued vector-fields m = e3 are unstable for all
2 > 0.

Remark 8. As already pointed out in the introduction, there are several analogies in
the behavior of the minimizers of the micromagnetic energy in cylindrical and spherical
surfaces. However, there are also remarkable differences. Indeed, in both cases, the normal
vector fields turn out to be the unique global minimizers of the energy functional in
a wide range of the parameters [17]. However, the topological consequences are very
different. On the one hand, the normal vector fields nS2 to S2 carry a different skyrmion
number because deg(nS2) = 1, and, by Hopf theorem [30], they cannot be homotopically mapped one into the other. This translates into the so-called topological protection
of the ground states. On the other hand, due to the odd dimension, the two normal vector
fields n to S1 have the same degree, and therefore, they can be easily switched one to
the other through appropriate external fields.
Remark 9. The result of Theorem 3 can be interpreted in terms of the size of the
magnetic particle. Indeed, a simple rescaling of the energy functional (3) shows that the
range 2 > 3 corresponds to the geometric regime of cylindrical magnets with a large
radius. This is the dual version of Brown's fundamental theorem on 3d fine ferromagnetic
particles, which shows the existence of a critical diameter below which the unique energy
minimizers are the constant-in-space magnetizations [7, 11, 4].
3.1. Proof of the sharp Poincaré inequality (Theorem 2). To prove Theorem 2,
we need the following result which, in particular, shows that the constant vector field
e3 2 S2 is never a global minimizer of the relaxed minimization problem (49)-(50). In fact,
any critical point of G with energy strictly less than 2 (in particular, any minimizer) is
in-plane.
Lemma 1. Let 2 =
/ 0. Any critical point u 2 H 1(S1; R3) of the relaxed problem (49)-(50)
satisfying the energy bound G(u) < 2 is in-plane, i.e.,
u( )  e3 = 0 8 2 S1:

(70)

Moreover, the minimal energy satisfies the energy bounds
0 < G(u) 6 min




2
;1 :
2

(71)
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In particular, every minimizer of the relaxed problem (49)-(50) is in-plane.
Proof. In terms of the standard parameterization of the unit circle S1, the problem
reduces to the minimization, in the Sobolev space of periodic functions H]1([¡; ]; R3),
of the energy functional
Z
Z
1 
2 
G(u) :=
j@tuj2 dt +
ju  nj2 dt ;
(72)
2 ¡
2 ¡
subject to the constraint
1
2

Z


¡

(73)

juj2 dt = 1:

We start observing that as soon as 2 =
/ 0 the minimal energy is strictly positive. Indeed,
if G(u) = 0, then one gets at the same time u = n and u :=  for some  2 S2 (because of
the constraint (73)). Thus G(u) > 0 for every u 2 H]1([¡; ]; R3) satisfying the constraint
(73). In fact, the minimum in the class of constant S2-valued configurations is reached by
any element of the class of in-plane uniform fields, i.e., by any configuration  2 S2 such
that   e3 = 0. The common minimum value in this class being
G() =

2
2

Z


¡

j j2 ¡ (  n)2 dt =

2
> 0:
2

(74)

Also, note that since j@tnj2 = 1 we have G(n) = 1 regardless of the value of . Therefore,
if u is a minimum point of the relaxed minimization problem (72)-(73) then
0 < G(u) 6 min
This proves (71).




2
;1 :
2

(75)

Next, we consider the EulerLagrange equations associated with the relaxed minimization problem (72)-(73). A direct computation yields that if u 2 H]1([¡; ]; R3) is a
minimizer, then it satisfies the equations
Z
1 
1
2
3
0
¡@ttu +  (u ¡ (n n)u) = u in (H] ([¡; ]; R )) ;
juj2dt = 1;
(76)
2 ¡
for some Lagrange multiplier  2 R. To ease notation, we write the Euler-Lagrange equations (76) in their (distributional) form; however, behind the scenes, we always mean the
associated weak formulation in H]1([¡; ]; R3). To get (76) it is sufficient to note that
in H]1([¡; ]; R3) one has
ju  n + "'  nj2 ¡ ju  nj2 + O("2) = 2" (u  n)  ('  n)
= 2"'  (u ¡ (n n)u):

(77)
(78)

To get an explicit expression of the Lagrange multiplier  2 R we dot multiply by u both
members of (76). Taking into account the constraint (73), we get that
Z
Z
1 
 
2
2
2
2
j@tuj +  (juj ¡ (u?  n) ) dt =
juj2 dt;
(79)
2 ¡
2 ¡
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from which the relation  = G(u) follows. Combining this observation with (71), we
get that if u is a minimizer of the constrained minimization problem (72)-(73) then
necessarily
 2 

0 <   G(u) 6 min
;1 :
(80)
2
Next, we show that every solution of the EulerLagrange equations (76) is an in-plane
configuration. For that, we dot multiply by e3 both sides of (76) to get the relation
@ttu3 =   u3;

with  = 2 ¡ jj:

(81)

Note that  = jj > 0 whenever u satisfies the energy bound G(u) < 2. In this case, the
general solution of the previous equation is given by
u3(t) := c1 et

p

jj

p

+ c2 e¡t

jj

;

c1; c2 2 R:

(82)

The only periodic solution of the previous equation is the zero solution. Therefore, any
critical point u 2 H]1([¡; ]; R3) of the problem (72)-(73) satisfying the energy bound
G(u) < 2 is in-plane. In particular, because of (80), any minimizer of the problem (72)(73) is in-plane. This concludes the proof.

Proof of Theorem 2. To deduce the sharp Poincaré inequality (51) one has to solve
the minimization problem for G given by (49)-(50). Indeed, let u 2 H 1(S1; R3) be a
minimizer of G in the class of vector fields u 2 H 1(S1; R3) that satisfy the L2-constraint
kukL2 2(S1;R3) = 2, and set c2 := G(u). For every v 2 H 1(S1; R3) n f0g the configuration
u :=

p
2

v
kvkL2(S1;R3)

(83)

is an admissible competitor of the minimization problem for G in (49)-(50). Therefore
Z

Z
1
2
2
2
G(u) =
jr vj d + 
jv  nj d
> G(u) = c2:
(84)
kvkL2 2(S1;R3) S1
S1
Multiplying all sides of the previous relation by kvkL2 2(S1;R3) we get the sharp Poincaré
inequality (51) with c2 being the minimal energy of G subject to (50). The equality sign
is achieved by any minimizer of the relaxed problem for G in (49)-(50).

According to Lemma 1, it is possible to restrict our attention to the class of vector
fields in u? 2 H 1(S1; R2) satisfying the L2-constraint
Z
1
ju j2 d = 1;
(85)
2 S1 ?
and the minimization problem (49)-(50) reduces to the minimization of
G(u?) :=

1
2

Z

S1

jr u?j2 d +

2
2

Z

S1

(ju?j2 ¡ (u?  n)2) d

(86)

in H]1(S1; R2) subject to the constraint (85). To solve this minimization problem, we use
Fourier analysis, and we work in local coordinates, i.e., in H]1([¡; ]; R2). Note that, in
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local coordinates, the EulerLagrange equations (76) simplify to
@ttu? + 2(n

n)u? = jju?;

jj := 2 ¡ jj >

2
:
2

(87)

We consider the moving orthonormal frame of R2 given by ( ; n), with both  := @tn and
n 2 C]1([¡; ]; R2). More explicitly, we have  (t) = (¡sin t; cos t) and n(t) = (cos t; sin t).
Then, we set u? = u1 + u2n with u1 := u?   and u2 := u?  n. Note that both u1 and
u2 belong to H]1([¡; ]; R). In this moving frame, the energy (86) assumes the expression
Z
1 
G(u?) :=
(@tu1(t) + u2(t))2 + (@tu2(t) ¡ u1(t))2 + 2u21(t) dt;
(88)
2 ¡
and the constraint (85) reads as
Z
1  2
u (t) + u22(t) dt = 1:
2 ¡ 1

(89)

In what follows, we denote by `_2(Z; C2) the Sobolev space of square summable sequences
(cn)n2Z := (c1;n; c2;n)n2Z in `2(Z; C2) such that (ncn)n2Z is still in `2(Z; C2). Every vector
field u? 2 H]1([¡; ]; R2), with components u1 := u?   and u2 := u?  n, can then be
represented in Fourier series as follows
X
X
u1(t) =
c1;n eint;
u2(t) =
c2;n eint;
(90)
n2Z

n2Z

for some (cn)n2Z := (c1;n; c2;n)n2Z 2 `_2(Z; C2) and with i the imaginary unit. As a side
remark, we note that
X
X
hu?i = hu1 i + hu2ni =
hc1;n eint i +
hc2;n eintni:
(91)
n2f1g

n2f1g

Therefore, the information on the average of u? is contained in the harmonics of order
jnj = 1.
Next, we represent the energy functional F given by (88), in the Fourier domain.
For that, we first observe the relations
X
@tu1(t) + u2(t) =
(inc1;n + c2;n) eint;
(92)
n2Z

@tu2(t) ¡ u1(t) =

X

n2Z

(inc2;n ¡ c1;n) eint:

(93)

Then, we use Parseval's theorem to restate the energy G in (88) in terms of Fourier
coefficients as follows
X
G(u?) =
jinc1;n + c2;nj2 + jinc2;n ¡ c1;nj2 + 2jc1;nj2:
(94)
n2Z

Rigorously speaking, the energy functional G in (94) is defined on the space `_2(Z; C2), but
we will think `_2(Z; C2) and H]1([¡; ]; R2) identified. Again, Parseval's theorem allows
to express the constraint (89) as a constraint on (cn)n2Z 2 `_2(Z; C2):
X
jc1;nj2 + jc2;nj2 = 1:
(95)
n2Z
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To transfer the Euler-Lagerange equations (87) in Fourier's domain, rather then substituting the Fourier series of u? into (87), it is easier to compute their expression directly
from the energy functional (94). For that, we observe that, if u? = u1 + u2n 2 H]1([¡; ];
R2), is a minimizer of (94)-(95) with u1; u2 given by (90), one has, for every (vn)n2Z :=
(v1;n; v2;n)n2Z 2 `_2(Z; C2),
jin(c1;n + "v1;n) + c2;n + "v2;nj2 ¡ jinc1;n + c2;nj2
= 2"<[(inc1;n + c2;n)  (inv1;n + v2;n

(96)
)] + O("2);

where <[z] stands for the real part of the complex number z and, recall, i stands for the
imaginary unit. Similarly, one computes
jin(c2;n + "v2;n) ¡ c1;n ¡ "v1;nj2 ¡ jinc2;n ¡ c1;nj2

(97)

= 2"<[(inc2;n ¡ c1;n)  (inv2;n ¡ v1;n)] + O("2);

and

jc1;n + "v1;nj2 ¡ jc1;nj2 = 2"<[c1;n  v1;n] + O("2):

(98)

After that, in Fourier's domain, the weak form of the Euler-Lagrange equations tell us
that if (cn)n2Z := (c1;nc2;n)n2Z 2 `_2(Z; C2) is a global minimizer of (94)-(95), then for every
(vn)n2Z := (v1;n; v2;n)n2Z 2 `_2(Z; C2) one has
X
X

<[c1;n  v1;n + c2;n  v2;n] =
<[(inc1;n + c2;n)  (inv1;n + v2;n)]
n2Z

n2Z

+

X

n2Z

+2

<[(inc2;n ¡ c1;n)  (inv2;n ¡ v1;n)]

X

n2Z

<[c1;n  v1;n];

(99)

for some Lagrange multiplier  2 R. Clearly, in agreement with (80), we have that if u
minimizes (94)-(95) then
 2 

0 <   G(u?) 6 min
;1 :
(100)
2
Note that the fact that   G(u?) can be easily double-checked by setting set v1;n := c1;n
and v2;n := c2;n in (99).
Next, we test (99) against the element of `_2(Z; C2) given by v1;n := 0 for every n 2 Z
and v2;n := n;j , with n;j = 1 if, and only if, n = j. This leads to the equation
<[c2;j ]G(u?) = <[(ijc1;j + c2;j )] + <[(ijc2;j ¡ c1;j )  (ij)]
= (1 + j 2)<[c2;j ] ¡ 2j=[c1;j ]:

(101)

Then we test (99) against the element of `_2(Z; C2) defined by v2;n := 0 for every n 2 Z
and v1;n := n;j . We get
<[c1;j ]G(u?) = <[(ijc1;j + c2;j )  (ij)] ¡ <[ijc2;j ¡ c1;j ] + 2<[c1;j ]
= (1 + j 2 + 2)<[c1;j ] + 2j=[c2;j ]:

(102)
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Next, we test (99) against the element of `_2(Z; C2) defined by v1;n := 0 for every n 2 Z
and v2;n := in;j . This leads to the equation
<[¡ic2;j ]G(u?) = ¡<[(ijc1;j + c2;j )i] ¡ <[(ijc2;j ¡ c1;j )j]
= <[jc1;j ¡ ic2;j ] + <[¡ij 2c2;j + jc1;j ];

which can be restated under form
=[c2;j ]G(u?) = 2j<[c1;j ] + =[c2;j ] + j 2=[c2;j ]:

(103)

Finally, we test (99) against the element of `_2(Z; C2) defined by v2;n := 0 for every n 2 Z
and v1;n := in;j . Recalling that <[iz] = ¡=[z], we get the relation
<[c1;j  (¡i)]G(u?) = <[(ijc1;j + c2;j )  (iji)] + <[(ijc2;j ¡ c1;j )  (¡i)] + 2<[c1;j  i ]
= <[¡ij 2c1;j ¡ 2jc2;j ¡ ic1;j ] + 2=[c1;j ];

(104)

which can be restated under the form
=[c1;j ]G(u?) = (1 + j 2 + 2)=[c1;j ] ¡ 2j<[c2;j ]:

(105)

Summarizing, we get the following set of relations:
<[c1;j ](G(u?) ¡ (1 + j 2 + 2)) = 2j=[c2;j ]

(106)

=[c2;j ](G(u?) ¡ (1 + j 2)) = 2j<[c1;j ]

(107)

=[c1;j ](G(u?) ¡ (1 + j 2 + 2)) = ¡2j<[c2;j ]
<[c2;j ](G(u?) ¡ (1 + j 2))

= ¡2j=[c1;j ]:

(108)
(109)

We shall use the previous relations to infer the properties of the Fourier coefficients.
3.2. The coefficients for jj j = 0. Evaluating the previous relations (106), (107), (108),
and (109) at j = 0, we infer that
<[c1;0](G(u?) ¡ (1 + 2)) = 0

(110)

=[c2;0](G(u?) ¡ 1) = 0

(111)

=[c1;0](G(u?) ¡ (1 + 2)) = 0

(112)

<[c2;0](G(u?) ¡ 1) = 0:

(113)

We already know from (100) that if u is a minimizer of (94)-(95), then 0 < G(u?) 6 1.
Hence, we can focus on the following two possible cases: either G(u?) < 1 or G(u?) = 1.
¡

If the minimal energy satisfies the relation G(u?) < 1, then we have
c1;0 = c2;0 = 0:

(114)

Indeed, by (111) and (113) we get that c2;0 = <[c2;0] = =[c2;0] = 0. Also, since
G(u?) ¡ (1 + 2) < 0 by (110) and (112), we infer that c1;0 = <[c1;0] = =[c1;0] = 0.
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On the other hand, if the minimal energy satisfies the relation G(u?) = 1, then
there are no constraints on c2;0. However, by (110) and (112), it is still holds that
c1;0 = <[c1;0] = =[c1;0] = 0:

(115)

Note that, due to (80), it is always the case that G(u?) < 1 when 0 < 2 < 2.
3.3. The coefficients for jj j > 1. For jj j > 1, we first consider relations (106) and
(107). Multiplying both sides of (106) by 2j we get the two relations
(G(u?) ¡ (1 + j 2 + 2))2j<[c1;j ] = 4j 2=[c2;j ]
(G(u?) ¡ (1 + j 2))=[c2;j ] = 2j<[c1;j ]

(116)
(117)

Plugging the right-hand side of (117) into the left-hand side of (116), we get that
(G(u?) ¡ (1 + j 2))(G(u) ¡ (1 + j 2 + 2))=[c2;j ] = 4j 2=[c2;j ]

(118)

Also, the last two relations (108) and (109), after multiplying both sides of (108) by 2j give
(G(u?) ¡ (1 + j 2 + 2))(¡2j=[c1;j ]) = 4j 2<[c2;j ]
(G(u?) ¡ (1 + j 2))<[c2;j ] = ¡2j=[c1;j ]

(119)
(120)

Plugging the right-hand side of (120) into the left-hand side of (119) we get that
(G(u?) ¡ (1 + j 2 + 2))(G(u?) ¡ (1 + j 2))<[c2;j ] = 4j 2<[c2;j ]

(121)

Overall, combining (118) and (121), we get that if u? minimizes the relaxed problem
(72)-(73) then for jj j > 1 there holds
(G(u?) ¡ (1 + j 2 + 2))(G(u?) ¡ (1 + j 2))c2;j = 4j 2c2;j :

(122)

The previous relation implies that if c2;j =
/ 0, then necessarily
(G(u?) ¡ (1 + j 2 + 2))(G(u?) ¡ (1 + j 2)) = 4j 2:

(123)

The previous relation, seen as a quadratic equation in G(u?) gives the two possible
solutions:
 2

p

2
4
2
G(u?) =
+ (1 + j ) ¡  + 16 j ;
2
 2

(124)
p

2
4
2
G(u?) =
+ (1 + j ) +  + 16 j :
2

However, we know from the bound (80) that any minimizer u? has to satisfy the bound
G(u?) 6 2 /2. This leads to dismissing the first solution in (124). Hence, if c2;j =
/ 0 for
some jj j > 1, then necessarily
 2


1p 4
G(u?) =
+ (1 + j 2) ¡
 + 16 j 2 :
(125)
2
2
Relying again on the bound (80), we see that this last expression satisfies the bound
G(u?) 6 1 if, and only if,
2 6 4 ¡ j 2 :

(126)
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Therefore, since 2 > 0, we conclude that if c2;j =
/ 0 for some jj j > 1, then necessarily
jj j = 1. It follows that
c2;j = 0 when jj j > 2;

(127)

and if c2;1 =
/ 0 (i.e., if c2;j =
/ 0 when jj j = 1) then necessarily 0 < 2 6 3.
Similarly, from (106) and (107) we get the two relations
<[c1;j ](G(u?) ¡ (1 + j 2 + 2)) = 2j=[c2;j ];
2j =[c2;j ](G(u?) ¡ (1 + j 2)) = 4j 2<[c1;j ]:

(128)
(129)

Plugging the right-hand side of (128) into the left-hand side of (129), we get that
<[c1;j ](G(u?) ¡ (1 + j 2 + 2))(G(u?) ¡ (1 + j 2)) = 4j 2<[c1;j ]:

(130)

Also, relations (108) and (109) brings to
=[c1;j ](G(u?) ¡ (1 + j 2 + 2)) = ¡2j<[c2;j ];
¡2j<[c2;j ](G(u?) ¡ (1 + j 2)) = 4j 2=[c1;j ]:

(131)
(132)

Plugging the right-hand side of (131) into the left-hand side of (132) we get that
=[c1;j ](G(u?) ¡ (1 + j 2 + 2))(G(u?) ¡ (1 + j 2)) = 4j 2=[c1;j ]:

(133)

Overall, combining (130) and (133), we get that if u? minimizes the relaxed problem
(72)-(73) then for jj j > 1, there holds
(G(u?) ¡ (1 + j 2 + 2))(G(u?) ¡ (1 + j 2))c1;j = 4j 2c1;j

(134)

Compared to (122), the previous relation (134) can be obtained by swapping the roles of
c1;j and c2;j in (122). Therefore, everything we deduced by (122) about c2;j still holds for
c1;j . In other words,
c1;j = 0 when jj j > 2

(135)

and if c1;1 =
/ 0 (i.e., if c1;j =
/ 0 when jj j = 1) then necessarily 0 < 2 6 3.
Summarizing, combining the results stated in (114), (115), (127), and (135) we have
that the minimization problem (94)-(95) reduces to a finite-dimensional one. Precisely,
u? is a minimizer if and only if u? = u1 + u2n with
X
X
u1(t) :=
c1;n eint;
u2(t) := c2;0 +
c2;n eint;
n2f1g

n2f1g

for complex coefficients c2;0; c1;1; c2;1 2 C which minimize the energy function
X
g(c2;0; c1;1; c2;1) = jc2;0j2 +
jinc1;n + c2;nj2 + jinc2;n ¡ c1;nj2 + 2jc1;nj2

(136)

n2f1g

under the constraint that

jc2;0j2 +

X

n2f1g

jc1;nj2 + jc2;nj2 = 1:

(137)

ON SYMMETRY OF ENERGY MINIMIZING HARMONIC-TYPE MAPS ON CYLINDRICAL SURFACES

25

Moreover,if c2;1 =
/ 0 or c1;1 =
/ 0, then necessarily 0 < 2 6 3 and the minimal value of the
energy in this case can be obtained by evaluating (125) at jj j = 1, i.e.,
G(u?) =

1 2
( ¡ !2 + 4)
2

(138)

where we set
!2 :=

p

4 + 16

(139)

because it is a convenient notational choice that simplifies some other expressions later on.
From the previous considerations, it follows that for 2 > 3 we necessarily have c1;1 =
c2;1 = 0, i.e., the only non-zero Fourier coefficient is c2;0, and this must be necessarily 1
because of the constraint (137). This implies that when 2 > 3 the normal vector fields
n are the only global minimizers of G in problem (94)-(95) and the minimal value of
the energy is G(n) = 1 regardless of the specific value of  (provided that 2 > 3). Note
that, from (138) evaluated at 2 = 3, we also get that G(u?) = 1. Therefore n are still
minimizers of the energy, but no more the only one, as we show later in (153). This proves
(52).
3.4. The regime 0 < 2 6 3. We already know from (138) that when 0 < 2 < 3 the
1
minimal value of the energy is given by 2 (2 ¡ !2 + 4). However we still don't know the
precise form of the minimizers. For that, we need a simplified expression of the energy
function g in (136). To that end, first we plug the constraint (137) into the expression of
g. This leads to
X
g(c2;0; c1;1; c2;1) = 1 ¡
jc1;nj2 + jc2;nj2
n2f1g

X

+

n2f1g

X

+

n2f1g
(n2 =1)

=

1+

n2(jc1;nj2 + jc2;nj2) + jc2;nj2 + (1 + 2)jc1;nj2
2n<[ic1;nc2;n] ¡ 2n<[ic2;nc1;n]

X

n2f1g

+2

X

n2f1g

(140)

jc1;nj2 + jc2;nj2 + 2jc1;nj2

n<[ic1;nc2;n ¡ ic2;nc1;n]:

(141)

Second, we take advantage of the symmetry properties of the complex Fourier coefficients.
Indeed, since we are representing real-valued functions, we know that
c2;0 2 R;

c1;¡1 = c1;1;

c2;¡1 = c2;1:

(142)

In particular, jc1;¡1j2 = jc1;1j2, jc2;¡1j2 = jc2;1j2. Therefore, the expression of the energy
function g in (141) can be simplifed to
g(c2;0; c1;1; c2;1) = 2(1 + 2)jc1;1j2 + 2jc2;1j2 + 1+4<[ic1;1c2;1 ¡ ic2;1c1;1]
= 2(1 + 2)jc1;1j2 + 2jc2;1j2 + 1 ¡ 8=[c1;1c2;1]:

(143)
(144)
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We summarize what we get so far. When 0 < 2 6 3 any minimizer of G in problem (94)(95) is of the form
u?(t) = u1(t) (t) + u2(t)n(t)
!
X
X
int
=
c1;n e
 (t) + c2;0 +
n2f1g

n2f1g

!
int
c2;n e
n(t)

= 21cos(t + 1) (t) + (c2;0 + 22cos(t + 2))n(t);

(145)
(146)
(147)

where, for the last equality, we used polar coordinates to express c1;1 := 1ei1, c2;1 = 2ei2
and we used the symmetry properties (142) of the complex Fourier coefficients. Given the
expression of g in (144), the coefficients 1 > 0; 2 > 0 and the angles 1; 2 2 [¡; ] that
appear in (147), have to minimize the energy function (note that c1;1c2;1 = 12ei(1 ¡2))
g(1; 2; 1; 2; c2;0) = 2(1 + 2)21 + 222 ¡ 812 sin(1 ¡ 2) + 1

(148)

under the constraint
(21 + 22) =

2
1 ¡ c2;0
:
2

(149)

A couple of simple observations follow. First, since 1; 2 do not play any role in the
constraint (149), to minimize the function g in (148) one must have
1 ¡ 2 =  /2 mod 2:

(150)

After that, the expression of the generic minimizer u? in (147) takes the form
u?(t) = (c2;0 + 22cos(t + ))n(t) ¡ 21sin(t + ) (t)

(151)

for arbitrary  2 [¡; ]. Also, the minimization problem (148)-(149) simplifies to the
minimization of the quadratic energy
g(1; 2) = 2(1 + 2)21 + 222 + 1 ¡ 812

(152)

under the constraint (149).
Note that when 2 = 3 we have g(1; 2) = 2(21 ¡ 2)2 + 1 and the minimum value
is reached when 2 = 21. This leads to the family of minimizers
u?(t) = (c2;0 + 41cos(t + ))n(t) ¡ 21sin(t + ) (t)
(153)
p
with  2 [¡; ] arbitrary, 2 = 21, and 0 6 1 6 1/ 10 arbitrary as well (because of the
2
constraint c2;0
= 1 ¡ 1021). The modulus of u? is given by
ju?(t)j2 = 421sin2(t + ) + (c2;0 + 41cos(t + ))2

2
= 421 + 1221cos2(t + ) + c2;0
+ 41cos(t + ) c2;0;

(154)
(155)

2
As a side remark, we note that for 1 = 0 and c2;0
= 1 we recover the normal vector fields
n, and these are the only minimizers with unit modulus when 2 = 3. This proves (53).
2
Second, we observe that the quantity 0 6 c2;0
6 1 does not play any role in the
expression of the energy function g in (152). Thus, we can replace the previous constraint
(149) with the new constraint that (1; 2) 2 R2 has to vary in the closed region D+  R2
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2

D+

~r

21 = 1/2

1

R2

2
Figure 5. Since the quantity 0 6 c2;0
6 1 does not play any role in the expression of the energy
function g in (148), one can replace the constraint in (149) with the constraint that (1; 2) 2 R2
p
has to be in the closed region D+  R2 given by the part of the disk of radius 2 /2, centered at
the origin, which intersects the first quadrant of R2 (i.e., the shaded region in the Figure).

p
given by the intersection of the disk of R2 of radius 2 /2, centered at the origin, with
2
the first quadrant of R2 (cf. Figure 5). The coefficient c2;0
will then be determined by the
2
2
value of 1 and 2.
It remains to minimize g given by (152) on the domain D+. To this end, for any
given ~r := (1; 2) 2 D+ we set r2 := 21 + 22, 1 = r cos  and 2 = r sin  with  2 [0;  /2].
In this new polar coordinate system, the energy function g reads as
g(r; ) = 2r2[2 cos2  + 1 ¡ 2sin(2)] + 1:

(156)

Clearly, since D+ is compact, there is at least a minimum point of g in D+. Also, one
can check that for any 0 < 2 < 3 the quantity [2 cos2  + 1 ¡ 2sin(2)] is negative when




p
p
arctan 2 ¡ 3 ¡ 2 6  6 arctan 2 + 3 ¡ 2 :
(157)
Therefore, we want to take maximal r2 = 1/2, i.e., the minimum of g is reached on the arc
of circle included @D+. The energy minimization problem then reduces to a parametric
problem in the single variable :
g() = 2 cos2  + 2 ¡ 2sin(2):

(158)

The first order minimality conditions can be written under the form
2
4
sin(2) + 2 cos(2) = 0:
(159)
2
!
!
p
Recalling from (139) that !2 := 4 + 16 , we see that for every 2 there exists a unique
angle in  2 [0;  /2] such that
cos(2) = 2 /!2;

sin(2) = 4/!2:

(160)

The observation allow us to rewrite the first order minimality condition (159) under the
form sin (2( +  ¡  /2)) = 0 (recall that ;  2 [0;  /2]). Thus, given 0 < 2 < 3, once
computed , the minimal energy is achieved at
p
2
 = ¡ +  /2;
r=
:
(161)
2
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p
2

p
2

This leads to 1 = 2 sin(), 2 = 2 cos() with  2 [0;  /2] the unique solution of
(160), and to c2;0 = 0 due to (149). The corresponding family of minimizers reads as
(cf. (153))
u?(t) = 41cos(t + )n(t) ¡ 21sin(t + ) (t)
p
p
= 2 2 sin() cos(t + )n(t) ¡ 2 cos()sin(t + ) (t);

(162)
(163)

with  2 [¡; ] arbitrary. This proves (54). Finally, we note that
ju?(t)j2 = 8 sin2() cos2(t + ) + 2cos2()sin2(t + )

(164)

and, therefore, u? is S2 valued only when 8 sin2() = 2cos2() = 1, i.e., when
1
sin() = p ;
2 2

1
cos() = p
2

(165)

which amounts to  = arctan(1/2). On the other hand, the relations (160) are satisfied
1
only when tan (2) = 4/2, i.e., when  = 2 arctan(4/2). Therefore, we possibly have
ju?(t)j2 = 1 only when 2 satisfies the equation arctan(4/2) = 2 arctan(1/2). But the
only solution is 2 = 3 which is not significant due to (157). Therefore, when 0 < 2 < 3,
there are no minimizers of G in problem (94)-(95) that are S2-valued. This gives (55) and
concludes the proof of the theorem.

4. The stability of in-plane configurations
This section is devoted to the analysis of in-plane minimizers of the energy (9). The
interest in such configurations is motivated by numerical simulations. Indeed, numerical
schemes for the analysis of ground states of F seem to converge towards solutions that are
in-plane. The phenomenon, enforced by Theorem 3 when 2 > 3, and partially endorsed
by Lemma 1 for 2 < 3, motivates the following conjecture.
Conjecture (C). For every 2 > 0 the minimizers in H]1([¡; ]; S2) the energy functional (cf. (11))
Z 
Z 
2
2
F(u) :=
ju_ (t)j dt + 
ju(t)  n(t)j2 dt
(166)
¡

¡

are in-plane. In other words, if u 2 H]1([¡; ]; S2) minimizes (166) then u  e3  0 in
[¡; ].
Theorem 3 assures that conjecture (C) is true when 2 > 3, as n are the only global
minimizers of F. When 2 < 3, the answer remains open. Indeed, while it is simple to
prove that all minimizers are S1-valued when, as in Lemma 1, the S2-valued constraint is
relaxed to the energy constraint
kukL2 2] ([¡;];R3) = 2;

(167)
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the situation seems more involved for S2-valued configurations.
Let us comment a little bit more about some common aspects of the numerical
schemes available to compute energy-minimizing maps. We focus on the iteration scheme
introduced by Alouges in [2] for computing stable S2-valued harmonic maps on bounded
domains of R3, but our observations transfer to other numerical schemes, e.g., the dissipative flow governed by the LandauLifshitzGilbert equation (see, e.g., [5, 3, 16]).
The algorithm proposed in [2] has the advantage of operating at a continuous level; this
allows us to use it as a versatile theoretical tool to obtain the existence of solutions with
prescribed properties. Starting from an initial guess m0 2 H]1([¡; ]; S2), the scheme
builds a sequence (mj )j 2N of energy decreasing S2-valued configurations which eventually
converges, weakly in H]1([¡; ]; S2), to a critical point m1 of the energy F. The algorithm preserves specific structural properties of the initial guess m0. While structurepreserving features are most often a strength of numerical schemes, other times they
represent their biggest weakness. For example, as we are going to show, the algorithm
retains the following properties of the initial guess [14]:
i. If the initial guess m0 is axially symmetric (with respect to the z-axis), so are the
elements of the sequence (mj )j 2N produced by the iterative scheme and the weak
limit m1.
ii. If the initial guess m0 is in-plane, then all the elements of the sequence (mj )j 2N
produced by the iterative scheme are in-plane, as well as the weak limit m1.
Moreover, if the initial guess m0 is in-plane and in a prescribed homotopy class,
so is the weak limit m1 of (mj )j 2N.
Point ii tells us that regardless of whether conjecture (C) is true or false, in-plane configurations appear in simulations and therefore are of interest. For this reason, the second
half of the section focuses on the characterization of the in-plane critical points of the
energy functional F (see (166)) and the analysis of their minimality properties.
In order to state the main result of this section, we need to introduce some notation.
In what follows, as before, we denote by n(t) = (cos t; sin t; 0) and  (t) := @tn(t) the normal
and tangential fields to S1  f0g. Also, for any 2 > 0 we denote by  > 0 the unique
solution of the equation
Z
1 
1
p
dx = 1:
(168)
2 + 2 sin2x
2 ¡


The uniqueness of the solution of (168) comes from the fact that for every 2 > 0 the
continuous function
Z
1 
1
p
2 R+ 7!
dx
(169)
2 + 2 sin2x
2 ¡
is decreasing in , diverges to +1 when
After that, given
for any  2 R by

,

! 0, and converges to 0 when

! +1.

we denote by F the elliptic integral of the first kind defined

F() :=

Z



1
q
¡
1 + (2 /

2
2
) sin x

dx:

(170)
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Figure 6. There is a critical value 2 of the anisotropy parameter, 2  2.31742, below which
the global minimizers of (166) have degree zero, and above which the only two global minimizers
are the normal vector fields n (and have degree one).

We also denote its inverse function, which is usually referred to as the Jacobi amplitude
function, as am := F¡1. Finally, we define Ek to be the complete elliptic integral
Z q
E :=
1 + (2 / 2) sin2x dx:
(171)
¡

Theorem 4. Let 2 > 0. If m? is a (global) minimizer in H]1([¡; ]; S1) of the energy
functional F (cf. (166)), then either deg m? = 0 or deg m? = 1. Precisely, there exists a
threshold value 2 of the anisotropy parameter such that the following dichotomy holds:
i. If 2 > 2 , then any global minimizer has degree one. Moreover, for every 2 > 0,
the normal fields n are the only two global minimizers of F in the homotopy class
fdeg m? = 1g.
ii. If 2 < 2 , then any global minimizer has degree zero. In fact, for any 2 > 0, the
minimizers of F in the homotopy class fdeg m?g = 0 are given by (cf. Figure 7)
m?(t) = sin (t)  (t) + cos (t)n(t)

(172)

with  any element of the family
(t) = am(¡

kt + b);

b2R

(173)

The minimal value of the energy is given by (cf. Figure 6)
F(m?) = ¡2(1 +

2
) +8 E:

(174)

iii. The exact value of 2 is determined as the solution of the equation
2
 +8 E = 4;

(175)

which gives 2  2.31742.
iv. For any 2 > 0, the degree-zero solutions (173) are locally stable critical points of
the energy F in (166). Also, for any 2 > 0, degree-one solutions n are local
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2 = 2.25

2 = 1

Figure 7. A plot of the vector fields minimizing the energy (166). There is a critical value 2 of
the anisotropy parameter, 2  2.31742, below which the global minimizers of (166) have degree
zero, and above which the only two global minimizers are the normal vector fields n (and have
degree one). From left to right, we plot the minimizers for 2 = 0.25, 2 = 1, and 2 = 2.25.

minimizers of the energy F.
Combining i and ii we get the following characterization of the energy landscape. The
normal vector fields n are the only two global minimizers of F when 2 > 2 and the
common minimum value of the energy is 2. When 2 < 2 the minimal energy depends
on , it is given by (174), and is reached when  is given by (173) (cf. Figure 6).
Remark 10. Note that, while in the S1-valued setting the normal vector fields n are
local minimizers for every 2 > 0, this was not the case in the S2-valued setting reported
in Theorem 3 (where n become unstable for 2 < 1). The precise reason is that here
we are restricted to the class of in-plane perturbations, whereas in the S2-valued case the
loss of stability is caused by perturbations in the e3 direction.
Proof. As in the proof of Theorem 2, it is convenient to set m? = m1  + m2n with
m1 := m?   and m2 := m?  n, where n(t) = (cos t; sin t; 0) and  (t) := @tn(t) are the
normal and tangential fields to S1  f0g. Note that both m1 and m2 are in H]1([¡; ]; R).
In the moving frame ( ; n), the energy (166) assumes the expression (cf. (88))
Z 
Z 
2
2
2
F(m?) =
j@tm2 ¡ m1j +j@tm1 + m2j dt + 
m21 dt:
(176)
¡

¡

Clearly, the vector field (m1; m2) is S1-valued. We lift it by setting
m1(t) := sin (t);

m2(t) := cos (t):

After that, the energy (176) reads as
Z 
Z 
2
2
F(m?) =
j@t(t) + 1j dt + 
sin2(t) dt
¡
¡
Z 
=
j@t(t)j2 +2 sin2(t) dt + 2 + 2(() ¡  (¡)):

(177)

(178)
(179)

¡

It is clear that since m1; m2 2 H]1([¡; ]; R) we necessarily have
() ¡  (¡) = 2j

(180)
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for some j 2 Z. Hence, the energy functional F takes the form
Z 
F(m?) =
j@t(t)j2 +2 sin2(t) dt + 2(1 + 2j)

(181)

¡

The integer j 2 Z is nothing but the degree of the S1-valued map (m1; m2) whose components are the coordinates of m? in the moving frame ( ; n). Therefore
deg m? = j + 1:

(182)

The expression (181) can be used to investigate the critical points of F in any prescribed
homotopy class j 2 Z. Here, however, we are interested in global minimizers and, as we
are going to show, this restricts the admissible homotopy classes to only two cases.
First, we use Jensen's inequality for Dirichlet part in (181) to get that
Z 
2
2
F(m?) > 2(1 + j) + 
sin2(t) dt

(183)

¡

for every m? 2 H]1(S1; S1). Second, we recall that for every 2 > 0, we have F(n) = 2,
as well as F() = 2 for any  2 S1. Therefore, if m? is a minimizer of (181), then
necessarily
2(1 + j)2 6 F(m?) 6 min f2; 2g:

(184)

Since 2(1 + j)2 > 2 when j1 + j j > 1, from the previous bounds, we get that the global
minimizers of F in H]1(S1; S1) have to satisfy the relation (180) with j 2 f¡2; ¡1; 0g.
On the other hand, if j = ¡2 we get that F(m?) is strictly greater than 2 because the
density 2(sin )2 gives a positive contribution when j =
/ 0. Hence, necessarily j 2 f¡1; 0g.
Hence, recalling (182),
deg m? 2 f0; 1g:
This proves the first part of the statement. After that, given the estimates (183) and
(184) it is easy to prove the remaining claims.
Proof of i. If 2 > 3, the first assertion in i follows from Theorem 3. It remains to prove
that for every  > 0, the vector fields n are the only two global minimizers of F in the
homotopy class deg m? = 1. For that, it is sufficient to observe that when j = 0, from
(183) we get that F(m?) > 2 = F(n) regardless of the value of 2 > 0. Moreover,
F(m?) > 2 if ksin kL2 2[¡;] =
/ 0, i.e., if m? 2
/ fng. This guarantees the uniqueness
statement about the minimizers n.
Proof of ii. First, we observe the following. If m? is a global minimizer of F and if
deg m? = 1, i.e., if j = 0, then from (184) we know that 2 6 F(m?) 6 2. Hence,
necessarily 2 > 2 if deg m? = 1. It follows that deg m? = 0 whenever 2 < 2. We want
to improve the estimate, but we also want to find the minimal energy. This amounts to
characterize the minimizers in the prescribed homotopy class deg m? = 0. For that, one
has to consider the minimization problem for F under the constraint j = ¡1 in (180). In
other words, one has to minimize energy (cf. (181))
Z 
F(m?) = ¡2 +
j@t(t)j2 +2 sin2(t) dt
(185)
¡
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m

2

S { = [c<0f¡1(c)

`
 = f¡1(0)
S = [c>0f¡1(c)

Figure 8. (Left) The ideal inverted pendulum consists of a spherical mass m, subject to the
force of gravity g, placed at the end of a rigid massless rod of length ` attached to a (possibly
oscillating) pivot point. When the pivot point of the pendulum is fixed in space, the equation of
motion, up to a sign, is the one of a simple pendulum; the difference is in the nominal location
of the pivot point which, for the inverted pendulum, is below its center of mass. (Right) The
typical phase portrait of the inverted pendulum (186). It consists of the level sets of the function
f(x; y) := y 2 ¡ 2sin2x. The maximal quote of  is achieved at 2; here 2 = 1.5. The closed level
curves correspond to oscillations of the pendulum about its equilibrium position 2 = , while
the curves outside the separatrix  correspond to full rotations of the pendulum.

under the constraint that () ¡  (¡) = ¡2 (cf. (180)). The EulerLagrange equations
associated with (185) gives the equation
@tt(t) = 2 sin (t) cos (t);

(186)

subject to the degree constraint
() =  (¡) ¡ 2

(187)

It is worth noticing that, from the mechanical point of view, the nonlinear ordinary
differential equation (186) describes the dynamics of an (ideal) inverted pendulum in the
reduced setting where the pivot point of the pendulum is fixed in space (cf. Figure 8). In
this reduced setting, the equation of the inverted pendulum, up to a sign, is the one of a
simple pendulum (see, e.g., [6, p. 35]), the difference being in the nominal location of the
pivot point which, for the inverted pendulum, is below its center of mass. Precisely, if the
inverted pendulum consists of a spherical mass subject to the force of gravity g, placed
at the end of a rigid massless rod of length ` then, its equation is given by (186) with
2 = g /`. Using this mechanical analogy, the minimizers m? in the class fdeg m? = 0g
we are interested in, correspond to solutions of the inverted pendulum in which the mass
m performs a full clockwise turn at the minimal cost of the energy (185).
The problem is solvable in terms of elliptic integrals. For that, we observe that by
multiplying both parts of (187) by _ one get that if the integral curve
t 2 [¡; ] 7! ((t); @t(t)) 2 R2

(188)

solves (187) then there exists a constant c 2 R such that
(@t(t))2 ¡ 2 sin2(t) = c 8t 2 [¡; ]:

(189)
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Precisely, c := j@t(¡)j2 ¡ 2 sin2(¡). In other words, every solution ((t); @t(t))
of the boundary value problem (187) belongs to some level set of the function f(x;
y) := y 2 ¡ 2sin2x, with the understanding that we formally set y := @t and x := . The
phase diagram is depicted in Figure 8 where the thicker line represents the separatrix
 := f(x; y) 2 R2 : y 2 = 2sin2xg

(190)

which bounds the region
S := f(x; y) 2 R2 : y 2 6 2sin2xg:

(191)

Note that the phase diagram is periodic (in the x-direction) of period . However, it is
convenient to consider the range ¡ 6 x =  6  of length 2 because we are interested in
solutions such that () ¡  (¡) = ¡2. From the phase diagram represented in Figure 8,
it is clear that the solutions we are interested in are such that the coordinate y = @t
never vanishes, as this is the only way to connect, via a phase curve, two points of the
phase portrait whose x coordinates are 2 away. The rigorous proof follows by observing
that the region S includes the level sets ff¡1(c)gc<0 which consist of disjoint compact
subsets of S, each one of them projecting on the x-axis on a set of diameter less than
. However, the solution curves (t) := ((t); @t(t)) we are interested in, have to satisfy
(187) and, therefore, must have a trace in the phase space whose projection on the x-axis
has diameter 2. It follows that any solution (t) := ((t); @t(t)) of (186)-(187) lies on
the level set f¡1(c) for some c > 0. After that, we observe that the solutions lying on
the level set f¡1(0) correspond to the normal vector fields n; hence, from now on, we
focus on solutions in S { = [c>0f ¡1(c). Given the expression of c, this implies that
j@t(¡)j2 > 2 sin2(¡):

(192)

First, we note that if (x; y) 2 S { then y =
/ 0. Therefore, the solutions of (186)-(187) are
such that @t(t) =
/ 0 for every t 2 [¡; ]. Thus,  is either decreasing or increasing. But
given the degree condition (187) the solutions we are looking for have to be decreasing.
Therefore, from (189), we get that
q
@t(t) = ¡ j@t(¡)j2 ¡ 2 sin2(¡) + 2 sin2(t) :

(193)

It is convenient to set
 :=

q

j@t(¡)j2 ¡ 2 sin2(¡) ;

(194)

because, as we are going to show, the value of  just defined coincides with the value
defined by (168). Note that j@t(¡)j2 =
/ 0 and, therefore  > 0. In this way, the expression of @t(t) can be rewritten under the form
@t(t) = ¡



q

1 + (2 /

2
2
) sin (t) :

(195)
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Next, we introduce the elliptic integral of the first kind F defined for any ; (¡) 2 R by
F() :=

Z

1
2

Z

and, we set
 :=


¡

q

1
1 + (2 /


¡

q

2
2
) sin x

1
1 + (2 /

2
2
) sin x

dx;

(196)

dx:

(197)

The function F is increasing (invertible) and vanishes at ¡. Therefore from (195) we
deduce
F((t)) ¡ F((¡)) = ¡(t + )

(198)

k:

In particular, evaluating the previous relation at t =  and taking into account (187) we
obtain
F(()) ¡ F((¡)) = ¡2

(199)

k:

On the other hand, the integrand defining F is periodic of period  and, therefore, taking
also into account that () =  (¡) ¡ 2, we obtain
Z (¡)¡2
1
q
F(()) ¡ F((¡)) =
dx
(¡)
1 + (2 / 2 ) sin2x
Z 
1
q
= ¡
dx
¡
1 + (2 / 2 ) sin2x
= ¡2

(200)

:

From (199) and (200) it follows that if ((t); @t(t)) is a solution of our problem (186)(187) then necessarily  = . Therefore the value of  can be characterized as the
unique solution of the equation (cf. (168))
1
2

Z


¡

p

1
2 + 2 sin2x


(201)

dx = 1:

Once computed k, we can characterize the solutions ¡of (186)-(187) using (199),
which

¡1
gives the one-parameter family of functions (t) = F F((¡)) ¡ (t + ) k , (¡) 2
R, which, by the way, is of the form
(t) = am(¡

kt + b);

b := F((¡)) ¡ 

 2 R:

(202)

This proves (173) and gives a parameterization of the family of solutions in terms of the
initial condition (¡), or in terms of the initial condition @t(¡) due to (194).
In principle, the energy can depend on b, but this is not the case as we are going
to show next. For that, we observe that from (195) we get that
j@t(t)j2 =

2
2
2
 +  sin (t):

(203)
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Plugging the previous expression into the energy functional (185), we obtain that if m?
minimizes the energy in the homotopy class fdeg m? = 0g, then
F(m?) = ¡2(1 +

2
) +2

Z


¡

(204)

j@t(t)j2 dt:

Next, we observe that since  is a decreasing function and  ¡1(t) = F(¡
Z


¡

j@t(t)j2 dt

=
=

Z
Z

(¡)
()
(¡)
()

But from (202) we know that  ¡1(x) =
Z


¡

j@t

(t)j2 dt

Z



=
=



Z

we have

j(@t   ¡1)(x)j2 j@x ¡1(x)jdx
1
dx:
j@x ¡1(x)j

bk ¡ F(x)
k

(205)

and, therefore

(¡)

1
0 (x)j dx
jF
()

Z (¡) q
1 + (2 /


=

kt + b)),

()

(¡) q

1 + (2 /

()

2
2
) sin x

dx

2
2
) sin x

dx:

(206)

Making use of the -periodicity of the integrand, we infer that
Z


¡

j@t

(t)j2 dt =



Z


¡

q

1 + (2 /

2
2
2
2
) sin x dx = 4 E(¡( / ))

(207)

Overall, plugging the previous expression into the expression (204) of the energy, we get
F(m?) = ¡2(1 +

2
2
2
) +8 E(¡( / ))

(208)

and this proves (174).
Proof of iii. The proof quickly follows from i and ii because the energy of the normal
vector fields n evaluates to 2 and, therefore, due to (208), degree zero configurations
given by (202) are preferred as soon as
¡2(1 +

2
2
2
) +8 E(¡( / )) < 2:

(209)

This happens when 2 < 2  2.31742.
Proof of iv. Finally, we want to show that the degree zero solutions (202), which we know
to be global minimizers when 2 < 2, retain local stability for every 2 > 0. For that, we
compute the second variation of the energy (176) which, for any  2 H]1([¡; ]; R), reads
as (cf. (178))
Z 
00
F ()() =
j@t(t)j2 + 2 2(t) cos 2(t) dt:
(210)
¡
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From the Euler-Lagrange equations (186) we get that
(211)

@ttt = 2 (cos 2)@t :

Moreover, since j@tj > c0 > 0 on the compact set [¡; ] for some c > 0, we can use the
Hardy decomposition trick (see [10, 23, 24, 25, 26]) and say that any  2 H]1([¡; ]; R)
can be written as  = (@t) for some 2 H]1([¡; ]; R). Therefore
Z 
F 00()() =
j@tj2 j@t j2 + j@ttj2 j j2 + @tt@t@t j 2j + 2 j j2j@tj2(cos 2) dt: (212)
¡

Integrating by parts the previous expression and making use of (211) we obtain
F 00()()

=

Z


¡

j@t

j2 j@

t

j2 dt

>

(c0 )2

Z


¡

j@t j2 dt:

(213)

Finally, plugging  = 0 into (210), we get that n are uniform locally stable critical points
for every 2 > 0. Therefore, local minimizer of the energy F. This concludes the proof. 
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