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Abstract

In this paper, we present the Abramov approach for the numerical simulation of the whis-
pering gallery modes in prolate spheroids. The main idea of this approach is the Newton-
Raphson technique combined with the quasi-time marching. In the first step, a solution
of a simpler problem, as an initial guess for the Newton-Raphson iterations, is provided.
Then, step-by-step, this simpler problem is converted into the original problem, while the
quasi-time parameter τ runs from τ = 0 to τ = 1. While following the involved imaginary
path two numerical approaches are realized, the first is based on the Prüfer angle technique,
the second on high order finite difference schemes.

Keywords: Separation of variables, ‘Whispering gallery’ mode, multi-parameter spectral
problems, Prüfer angle, High accuracy finite differences
2000 MSC: 34B09, 65L15, 65L10

Dedicated to the memory of Aleksandr A. Abramov

1. Introduction

‘A whispering gallery is usually a circular, hemispherical, elliptical or ellipsoidal enclo-
sure, often beneath a dome or a vault, in which whispers can be heard clearly in other parts
of the gallery.’ Famous examples are St. Paul’s Cathedral in London and the Temple of
Heaven in Beijing, for more details see [30]. The involved oscillations are strongly localized
within a narrow ring on the ‘equator’ of the resonator surface and show an extremely high
quality factor (QF) [16, 24]. Especially, the high QF explains growing interest in whispering
gallery modes (WGMs). This phenomenon is related to standing waves, typically described
by the Helmholtz equation, which has the advantage to be separable in spheroidal coordi-
nates [25]. It also arises in many important scientific and industrial applications in the
context of optics and photonics [14, 22, 23, 24, 31].

In our earlier work, [5, 6], we discussed the numerical simulation of scalar (acoustic)
eigen-oscillations inside a prolate and an oblate spheroid with a focus on WGMs. In order
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to compute the eigenfunctions of the Helmholtz equation in spheroidal geometries, separa-
tion of variables simplifies the matter. There, one uses a product ansatz for the Helmholtz
solution consisting of three factors. While the azimuthal contribution is explicitly known
(trigonometric with m oscillations), the angular or radial solution components are described
by a system of two ODEs called prolate spheroidal wave equations. However, the separated
equations remain coupled via the separation constant and the eigenfrequency (specified by
the wave number of the Helmholtz equation and the geometry). Together with the boundary
conditions they constitute a singular self-adjoint two-parameter Sturm–Liouville problem.

For the above Sturm-Liouville system, we now use the general multi-parameter spectral
theory to show the existence of a two-parameter eigenvalue and an associated two-component
eigenfunction. They depend on a multi-index (l, n), where l and n are two non-negative
integers which indicate the number of oscillations of the two eigenfunction components in
angular and radial directions, respectively, [26, 27, 28]. In the framework of factored so-
lutions, one can single out WGMs from the entire variety of oscillations occurring inside a
spheroid in terms of the multi-index (l, n) and the azimuthal number m. Typically, WGMs
correspond to small indices l, n ∼ 0−50, and very large azimuthal numbers m ∼ 100−10.000.

Singular Sturm–Liouville problems are difficult to deal with numerically, solution and
direction fields are in general unbounded, and therefore, they require specific techniques.
In [5, 6], we offered two alternative techniques one of which was based on the Prüfer angle
properties, while the other one was based on high order finite difference schemes. Although
these techniques allowed evaluation of the eigenmodes of a spheroidal resonator in a wide
range of parameters, they could not cover the whole spectrum of parameters important for
practical applications. In particular, WGM calculations inside extremely prolate spheroids
were not possible. Moreover, neither one of the approaches [5, 6] could be converted into
an automatic procedure and had to be controlled manually. On the one hand, the approach
based on the Prüfer transformation required special monotonicity of spectral curves express-
ing mutual dependencies of spectral parameters in separated equations. Otherwise one had
to find a linear combination of spectral parameters that would provide the required mono-
tonicity. The success of the application, especially the convergence rate, strongly depends on
the choice of such a transformation. On the other hand, the difficulty in applying the high
accuracy schemes to solve the underlying nonlinear problem was to provide appropriately
accurate starting values of the eigenparameters.

Also, the generalization of the techniques [5, 6] to a larger number of spectral parameters
seems not an easy task.

The objective of the present work is to develop a technique for numerically solving
singular multi–parameter spectral problems free from the above-mentioned deficiencies and
to weaken the restrictions on the parameters of the WGM calculations in prolate spheroids.
To this end, we shall utilize results outlined by Abramov and co-authors in [3, 4].

The algorithm given in [3] for solving regular multi-parameter Sturm-Liouville problems
is applicable for any number of spectral parameters and in regular cases does not require
manual control. Moreover, in the later paper [4] the question how to extend the results
of [3] to the singular case was discussed. The theoretical prediction for the convergence,
stability and tolerance given in [4] fails for such extreme cases as WGM mode evaluation:
The gradients of functions implicitly used in the estimates in [3, 4] become too large to
directly apply the Abramov algorithm. Furthermore, the boundary conditions imposed at
singular points require a more careful treatment than the one recommended in [4].

The basis of Abramov’s approach is the Newton-Raphson technique assembled with the
quasi-time marching. One begins with a solution of a simpler problem as an initial guess for
the Newton-Raphson iterations; this corresponds to the quasi-time parameter τ = 0. Then,
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step-by-step, this simpler problem is converted into the original problem, as the quasi-time
parameter τ increases in the interval τ ∈ [0, 1]. This idea is the basis for both numerical
approaches discussed hereafter and is combined with the advantageous features of techniques
[5, 6].

The structure of the paper is as follows. In the next section, we give a short survey
over the spheroidal coordinates and prolate spheroidal wave functions (PSWF). In Section
3, the Prüfer angles associated with the angular and radial PSWF are introduced to give
an equivalent algebraic formulation of the two-parameter Sturm–Liouville problem. The
Abramov method is briefly described in Section 4. In Section 5, we discuss in the context
of the Abramov method, the transfer of the boundary condition posed at the singular point
to a close regular point. The application of the modified Abramov method for the WGM
calculations is considered in Section 6. Section 7 is devoted to the finite difference schemes
combined with parameter marching. In Section 8, the related numerical simulation results
are presented and compared.

2. Prolate spheroidal coordinates and prolate spheroidal wave functions

A thorough description of spheroidal coordinates and the related separation of variables
can be found in [25, 18]. For more details we additionally refer the reader to our recent
paper [7]. Below, we only provide information required for the further considerations keeping
the notations introduced in [7].

Provided that, on the surface of the spheroidal resonator (S) either Dirichlet or Neumann
boundary condition is imposed and due to the rotational symmetry around the z-axis, the
3D simulation of the eigen oscillations inside this resonator reduces to the two–parameter
singular self–adjoint Sturm–Liouville (SL) problem with respect to the separation constant
λ and the squared dimensionless wave number c. The SL-problem is defined [18, 29] by the
ODEs coupled through λ and c2,

d

dη
(1− η2)

d

dη
S +Qa(η, λ, c2)S = 0, −1 < η < 1, (1)

d

dξ
(ξ2 − 1)

d

dξ
R+Qr(ξ, λ, c

2)R = 0, 1 < ξ < ξs, (2)

with

Qa(η, λ, c2) = λ+ c2(1− η2)− m2

1− η2
,

Qr(ξ, λ, c
2) = c2(ξ2 − 1)− λ− m2

ξ2 − 1
.

Moreover, we require the solutions of these equations to be bounded in the neighbourhood
of the singular points η = ±1, ξ = 1, and to satisfy either one of the following terminal
conditions

R(ξs) = 0, R′(ξs) = 0, (3)

in a correspondence with the boundary condition, Dirichlet or Neumann, imposed on the
surface S.

Above, η and ξ denote the angular and radial coordinates on an arbitrary z–w plane
with fixed polar angle ϕ = ϕ0. They relate to the Cartesian coordinates z and w as

w =
d

2

√
(ξ2 − 1)(1− η2), z =

d

2
ξη,
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with d being the resonator focal length. The conventional coordinates x, y are here

x = w cosϕ0, y = w sinϕ0.

By ξ = ξs we denote the radial coordinate describing the resonator surface S.
The number m in the right-hand sides of Eqs. (1), (2) is the azimuthal index, m =

0, 1, 2, . . .. The case m = 0 plays no role in the simulation of the ‘whispering gallery’
phenomenon and will be omitted hereafter.

The angular equation (1) is invariant with respect to the replacement η → −η. As a
consequence its solutions bounded at both ends of the interval (−1, 1) are either odd or even,
which allows one to consider Eq. (1) on the half-interval [0, 1) taking the ‘parity’ boundary
condition at η = 0 into account, i.e.

either S(0) = 0 or S′(0) = 0. (4)

Let βa(η), βr(ξ) be the modified logarithmic derivatives of S(η) and R(ξ),

βa(η) = (1− η2)S′(η)/S(η) and βr(ξ) = (ξ2 − 1)R′(ξ)/R(ξ).

These auxiliary functions, βa(η), βr(ξ), allow to reformulate the boundedness conditions.
Let m > 0, then any solution of Eq. (1) (Eq. (2)) bounded at η = 1 (ξ = 1), satisfies

lim
η→1−0

βa(η) = −m, lim
ξ→1+0

βr(ξ) = m. (5)

For the proof, see e.g. [1, 21].
The solution of the problem (1)–(5) is not uniquely defined. To make it unique we fix

the multi–index (l, n), i.e. the numbers of internal zeros l, n, that the angular and radial
components S(η) and R(ξ) possess inside the intervals (−1, 1) and (1, ξs). It is the parity
of the index l that defines the parity of the angular function Sln. In other words, it defines
the choice of the boundary conditions in (4).

We also require that

1∫
−1

S2
ln(η) dη = 1,

ξs∫
1

R2
ln(ξ) dξ = 1. (6)

In the next section the logarithmic derivatives, βa(η), βr(ξ), along with the related Prüfer
angles defined by Eq. (9) will be used to reformulate the problem (1)–(5) into a form which is
more suitable for the quasi-time marching and Newton’s method application. The solvability
of the problem (1)–(5), as well as the solvability of the intermediate problems arising in the
course of calculation, follow from the general multi-parameter spectral theory [13, 27, 28].

3. Logarithmic derivative, Prüfer angle and the equivalent algebraic problem

In the sequel, the multi-index (l, n) and the azimuthal number m > 0 are fixed, as
well as the boundary condition (3) on the surface of the resonator S. In what follows the
multi-index (l, n) is omitted in case this does not cause a confusion.

Given arbitrary λ, c2, the logarithmic derivatives βa(η), βr(ξ) satisfy the Riccati equa-
tions

β′a +
β2
a

1− η2
+Qa(η) = 0, η ∈ (0, 1), (7)

β′r +
β2
r

ξ2 − 1
+Qr(ξ) = 0, ξ ∈ (1, ξs), (8)
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everywhere, except at the nodes of the associated functions S(η, λ, c2) and R(ξ, λ, c2) where
βa(η), βr(ξ) blow up to ±∞.

Let us introduce the Prüfer angles θa(η) and θr(ξ) related to the solutions of Eqs. (1)–(2),
respectively, which are bounded at the singular points η = 1 and ξ = 1. Consider solutions
to the nonlinear ODEs,

θa
′ =

sin2(θa)

(1− η2)
+Qa(η) cos2(θa) η ∈ (0, 1),

(9)

θr
′ =

sin2(θr)

(ξ2 − 1)
+Qr(ξ) cos2(θr), ξ ∈ (1, ξs),

subject to the initial conditions

lim
η→1−0

θa(η) = arctanm, (10)

and
lim

ξ→1+0

θr(ξ) = − arctanm, (11)

respectively.
A direct substitution into Eqs. (7) and (8) shows that tan θa(η) = −βa(η) and tan θr(ξ) =

−βr(ξ), while the initial conditions (3) and (4) imply requirements (5). Unlike the logarith-
mic derivatives βa(η) and βr(ξ), their Prüfer angles remain continuous over the intervals
(0, 1) and (1, ξs).

We consider now solutions of Eq. (1) satisfying the boundary condition (4). Their cor-
responding Prüfer angle at η = 0, i.e. θa(0), is defined up to a multiple of π by either 0 or
π/2, depending on the parity of index l. The boundary condition (3) implies in the Dirichlet
case θr(ξs) = π/2, while in the Neumann case θr(ξs) = 0, as above, up to a multiple of π.

Each time when either S(η, λ, c2) = 0 or R(ξ, λ, c2) = 0, the associated Prüfer angle

θa(η) or θr(ξ) crosses a horizontal θ = kπ +
π

2
, k ∈ IN and vice versa. Although both θa(η)

and θr(ξ) are not monotone, they increase at the points where the functions S(η, λ, c2),
R(ξ, λ, c2) vanish, see (9). Thus θa and θr reckon up the nodes that the related solutions
have within their definition intervals.

Summarizing the above, we obtain an algebraic problem equivalent to the original Sturm–
Liouville problem: Denote

ϕa(λ, c2) := − lπ
2
− θa(0),

ϕr(λ, c
2) := θr(ξs)−

 nπ, for the Neumann condition (3),(
n+

1

2

)
π, for the Dirichlet condition (3).

Then, the point (λ, c2) is the desired eigenvalue of the multi-index (l, n) iff

ϕa(λ, c2) = ϕr(λ, c
2) = 0. (12)

4. Abramov approach

In this section, we give a quick overview of the ideas behind the Abramov method.
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As an initial step, the factors (1 − η2) and (ξ2 − 1) standing in Eqs. (1), (2) after the
eigenvalue component c2 are ‘frozen’ at an arbitrary point (ηf , ξf ) ∈ (0, 1)×(1, ξs). Although
the ‘frozen’ problem

d

dη
(1− η2)

d

dη
S +

[
λ+ c2(1− η2f )− m2

1− η2

]
S = 0, 0 < η < 1, (13)

d

dξ
(ξ2 − 1)

d

dξ
R +

[
c2(ξ2f − 1)− λ− m2

ξ2 − 1

]
R = 0, 1 < ξ < ξs, (14)

remains formally two–parameter, each equation may be considered independently with re-
spect to the eigenparameters

µ = λ+ c2(1− η2f ), ν = c2(ξ2f − 1)− λ.

For the numerical solution of problems similar to (13), (4), (5) and (14), (3), (5) we refer
the reader, e.g. to [1, 9, 10, 21].

The parameters λ and c2 are expressed through µ = µl and ν = νn as follows:(
λf
c2f

)
=

1

ξ2f − η2f

(
ξ2f − 1 η2f − 1

1 1

)(
µl
νn

)
. (15)

The values λf , c2f are used as starting guesses for the marching procedure, i.e. we define

λ0 = λf , c20 = c2f . (16)

Let
0 = τ0 ≤ τ1 ≤ . . . ≤ τp ≤ . . . ≤ τP = 1 (17)

and replace Qa and Qr in Eqs. (1) and (2) by

Qap(η, λ, c
2) = λ+ c2

[
(1− η2f )(1− τp) + (1− η2)τp

]
− m2

1− η2
,

Qrp(ξ, λ, c
2) = c2

[
(ξ2f − 1)(1− τp) + (ξ2 − 1)τp

]
− λ− m2

ξ2 − 1
.

Then, in the p-th step the problem is defined by

d

dη
(1− η2)

d

dη
Sp + Qap(η, λ, c

2)Sp = 0, 0 < η < 1, (18)

d

dξ
(ξ2 − 1)

d

dξ
Rp + Qrp(ξ, λ, c

2)Rp = 0, 1 < ξ < ξs. (19)

Note that the quasi-time parameter τ changing over the interval [0, 1] allows a gradual
transition from the problem (13)–(14) with ‘frozen’ coefficients (for τ = 0) to the original
problem defined by Eqs. (1)–(2) (for τ = 1).

The boundary conditions (4) and (3) are now posed for Sp and Rp, respectively. Accord-
ing to the parity of index l either Sp(0) = 0 or S′p(0) = 0 holds. For the radial function Rp,
we require either Rp(ξs) = 0 or R′p(ξs) = 0 to hold, depending on the boundary conditions
imposed on the surface of the spheroid S. Moreover,

βap(η) = (1− η2)S′p(η)/Sp(η) → −m, as η → 1−0, (20)

βrp(ξ) = (ξ2 − 1)R′p(ξ)/Rp(ξ) → m, as ξ → 1+0. (21)
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The p-th approximation to the eigenparameters, λp, c
2
p, p = 1, 2, . . . , P , is computed as

one Newton iteration step for the above p-th problem,(
λp
c2p

)
=

(
λp−1
c2p−1

)
−Ψ−1p ×

(
ϕap(λp−1, c

2
p−1)

ϕrp(λp−1, c
2
p−1)

)
. (22)

Here, the discrepancy functions ϕap(λ, c
2) and ϕrp(λ, c

2) are defined similar to ϕa(λ, c2)
and ϕr(λ, c

2),

ϕap(λ, c
2) = − lπ

2
− θap(0),

(23)

ϕrp(λ, c
2) = θrp(ξs)−

 nπ, for the Neumann condition (3),(
n+

1

2

)
π, for the Dirichlet condition (3),

and the Jacobi matrix Ψp is

Ψp =

(
Ψp11 Ψp12

Ψp21 Ψp22

)
=


∂ϕap
∂λ

∂ϕap
∂c2

∂ϕrp
∂λ

∂ϕrp
∂c2


λ = λp−1

c2 = c2p−1

.

As before, the Prüfer angles θap(η) and θrp(ξ) correspond to the bounded solutions of
Eqs. (18), (19). Since

β′ap +
β2
ap

1− η2
+Qap(η) = 0, η ∈ (0, 1), (24)

β′rp +
β2
rp

ξ2 − 1
+Qrp(ξ) = 0, ξ ∈ (1, ξs), (25)

and due to the relations (20), (21), the functions θap(η) and θrp(ξ) satisfy the equations

∂θap
∂η

=
sin2(θap)

(1− η2)
+Qap(η, λ, c

2) cos2(θap), 0 ≤ η < 1, (26)

∂θrp
∂ξ

=
sin2(θrp)

(ξ2 − 1)
+Qrp(ξ, λ, c

2) cos2(θrp), 1 < ξ ≤ ξs, (27)

as well as the conditions

lim
η→1−0

θap(η) = arctan(m), lim
ξ→1+0

θrp(ξ) = − arctan(m). (28)

Taking derivatives of Eqs. (26)–(27) with respect to λ and c2, the entries of the Jacobi
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matrix Ψp are expressed through the solutions of the equations

∂κ11
∂η

= 2 sin θap cos θap

[
Qap(η, λ, c

2) +
1

1− η2

]
κ11 + cos2 θap,

∂κ12
∂η

= 2 sin θap cos θap

[
Qap(η, λ, c

2) +
1

1− η2

]
κ12

+
[
(1− η2f )(1− τ) + (1− η2)τ

]
cos2 θap, (29)

∂κ21
∂ξ

= 2 sin θrp cos θrp

[
Qrp(ξ, λ, c

2) +
1

ξ2 − 1

]
κ21 − cos2 θrp,

∂κ22
∂ξ

= 2 sin θrp cos θrp

[
Qrp(ξ, λ, c

2) +
1

ξ2 − 1

]
κ22

+
[
(ξ2f − 1)(1− τ) + (ξ2 − 1)τ

]
cos2 θrp.

Conditions (28) yield

lim
η→1−0

κ11(η) = lim
η→1−0

κ12(η) = lim
ξ→1+0

κ21(ξ) = lim
ξ→1+0

κ22(ξ) = 0. (30)

The functions κij are integrated together with Eqs. (26)–(27) over the intervals (0, 1) and
(1, ξs). Taking (23) into account, we obtain

Ψp =

(
κ11(0) κ12(0)
κ21(ξs) κ22(ξs)

)
.

The analysis presented in [3, 4] applies to the problem (1)–(5). Thus, for any p =
1, 2, . . . , P the following assertions hold:

• For any multi-index (l, n) the p-th problem defined by Eqs. (18)–(19) is solvable. We
denote by (λ(τp), c

2(τp)) its exact eigenvalue;

• Inside the rectangle [0, 1) × (1, ξs] the determinant of the matrix

det

(
1 (1− η2)
−1 (ξ2 − 1)

)
= ξ2 − η2 > 0,

which guarantees that the Jacobi matrix Ψp, p = 0, 1, . . . , P , remains non singular.
For the proof, see [3]. The regularity of the matrix Ψp allows the calculation of the
values λp, c

2
p from (22);

• The values λp, c
2
p differ from the exact eigenvalues λ(τp), c

2(τp) by at most Ch2τ ,
where hτ = max(τp− τp−1), p = 1, 2, . . . , P , is the maximal marching stepsize and the
constant C does not depend on the partition {τp}p=0,1...,P .

In practice, the direct application of the above numerical method to the problem (1)–(5),
especially in case of the WGM calculations, can fail. In the next two sections, we modify the
Abramov technique in order to apply it to the problem at hand. The proposed modifications
are strongly in spirit of the earlier Abramov papers [1, 2].

5. Boundary conditions transfer to a regular point

The accurate integration of the auxiliary ODEs (26), (27), and (29) near singular points
involves obvious difficulties. To avoid them, we transfer the conditions stated at η = 1,
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ξ = 1 to close regular points adopting the procedure specified in [1] (see also [7, 21]). For
any p, p = 0, 1, . . . , P , equations (18), and (19) are treated similarly.

Let ηb = 1 − δη and ξb = 1 + δξ, with δη, δξ > 0. For fixed p, λ and c2 all solutions
of Eq. (18) (or Eq. (19)) bounded at η = 1 (at ξ = 1) possess the same logarithmic deriva-
tive βap(η) (βrp(ξ)) defined by the condition (20) (or (21)). Therefore, functions βap(η)
(βrp(ξ)) evolving according to Eqs. (24)–(25) and satisfying the initial conditions (20) and
(21) transfer the requirements for the solutions of Eqs. (18)–(19) to stay bounded on [0, 1)
and (1, ξs], respectively. In particular, at η = ηb, ξ = ξb the latter boundedness requirements
are equivalent to the equations

(1− η2b )S′p(ηb) = βap(ηb)Sp(ηb),

(ξ2b − 1)R′p(ξb) = βrp(ξb)Rp(ξb).

In the vicinity of η = 1, the following expansion holds:

βap(η) =

∞∑
k=0

βap k(1− η)k. (31)

The coefficients βap k are obtained from the Riccati equation (24) taking (20) into account.
Denote ρap = λp + c2p(1− τp)(1− η2f ), then

βap 0 = −m,

βap 1 =
ρap

1 +m
,

βap 2 =
βap 1 − ρap + β2

ap 1 + 4c2pτp

2 (2 +m)
,

βap 3 =
βap 2 − 2c2pτp + βap 1βap 2

(3 +m)
,

βap 4 =
3βap 3 + c2pτp + 2βap 1βap 3 + β2

ap 2

2 (4 +m)
,

βap k =

(k − 1)βap k−1 +
k−1∑
s=1

βap sβap k−s

2 (k +m)
, k = 5, 6, . . . .

Also, denote ρrp = c2p(1− τp)(ξ2f − 1)− λp. Substituting the expansion

βrp(ξ) =

∞∑
k=0

βrp k(ξ − 1)k (32)
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into Eq. (25) yields together with (21) the coefficients βrp k,

βrp 0 = m,

βrp 1 = − ρrp
1 +m

,

βrp 2 = −
βrp 1 + ρrp + β2

rp 1 + 4c2pτp

2 (2 +m)
,

βrp 3 = −
βrp 2 + 2c2pτp + βrp 1βrp 2

(3 +m)
,

βrp 4 = −
3βrp 3 + c2pτp + 2βrp 1βrp 3 + β2

rp 2

2 (4 +m)
,

βrp k = −
(k − 1)βrp k−1 +

k−1∑
s=1

βrp sβrp k−s

2 (k +m)
, k = 5, 6, . . . .

In [1, 21], for the case τ = 1, the convergence radii σa and σr as well as the upper bound
on the truncation errors in the series (31) and (32) are provided. The related analysis from
[1, 21] is also applicable to an arbitrary τp.

Let Ba(r)p = max
{

k

√∣∣βa(r)p k∣∣, k = 1, 2, 3, 4, 5
}

. The series (31) and (32) are absolutely

and uniformly convergent, provided that

υap = Bap (1− η) < 1 and υar = Brp (ξ − 1) < 1.

The convergence is a direct consequence of the fact that the inequalities k

√∣∣βa(r)p k∣∣ ≤ Ba(r)p
hold then also for all remaining series coefficients, see [21] for details.

On the intervals of absolute convergence, series (31) and (32) can be differentiated which
justifies the above calculations of the coefficients βap k and βrp k. In the calculations, we re-
place the boundedness conditions at the singular points by the approximate regular boundary
conditions,

(1− η2b )S′p(ηb) = β̂ap(ηb)Sp(ηb), (33)

(ξ2b − 1)R′p(ξb) = β̂rp(ξb)Rp(ξb). (34)

Here, β̂ap, β̂rp stand for the series (31) and (32) truncated in a proper way to satisfy the
desired tolerance requirement. The upper bound for the truncation error εN is given by the
inequalities

εN ≤
υN+1
a(r)p

1− υa(r)p
,

where N is the number of terms in the truncated series [21]. For the associated Prüfer angles
we obtain

θap(ηb) = − arctan β̂ap(ηb), θrp(ξb) = − arctan β̂rp(ξb). (35)

In the neighbourhood of the points ηb and ξb, in the convergence intervals of the series
(31) and (32), one can differentiate them term by term with respect to λ and c2. Thus, for
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the functions κij the following representations1hold:

κ1j(η) = −
∞∑
k=1

γ
(k)
1j (1− η)k/

(
1 + β2

ap(η)
)
,

(36)

κ2j(ξ) = −
∞∑
k=1

γ
(k)
2j (ξ − 1)k/

(
1 + β2

rp(ξ)
)
, j = 1, 2,

with the coefficients γ
(k)
ij given by

γ
(1)
11 =

1

1 +m
,

γ
(2)
11 =

γ
(1)
11 − 1 + 2βap 1γ

(1)
11

2 (2 +m)
,

γ
(3)
11 =

γ
(2)
11 + βap 1γ

(2)
11 + βap 2γ

(1)
11

(3 +m)
,

γ
(4)
11 =

3γ
(3)
11 + 2βap 1γ

(3)
11 + 2βap 2γ

(2)
11 + 2βap 3γ

(1)
11

2 (4 +m)
,

γ
(1)
12 =

(1− τp)(1− η2f )

1 +m
,

γ
(2)
12 =

γ
(1)
12 − (1− τp)(1− η2f ) + 2βap 1γ

(1)
12 + 4τp

2 (2 +m)
,

γ
(3)
12 =

γ
(2)
12 − 2τp + βap 1γ

(2)
12 + βap 2γ

(1)
12

(3 +m)
,

γ
(4)
12 =

3γ
(3)
12 + τp + 2βap 1γ

(3)
12 + 2βap 2γ

(2)
12 + 2βap 3γ

(1)
12

2 (4 +m)
,

γ
(1)
21 =

1

1 +m
,

γ
(2)
21 = −γ

(1)
21 − 1 + 2βrp 1γ

(1)
21

2 (2 +m)
,

γ
(3)
21 = −γ

(2)
21 + βrp 1γ

(2)
21 + βrp 2γ

(1)
21

(3 +m)
,

γ
(4)
21 = −3γ

(3)
21 + 2βrp 1γ

(3)
21 + 2βrp 2γ

(2)
21 + 2βrp 3γ

(1)
21

2 (4 +m)
,

1Note that the series in (36) are absolutely convergent within the intervals defined as above by constants

Kij = max

{
k

√∣∣∣γ(k)1j

∣∣∣, k = 1, 2, 3, 4, 5

}
.
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γ
(1)
22 = −

(1− τp)(ξ2f − 1)

1 +m
,

γ
(2)
22 = −

γ
(1)
21 + (1− τp)(ξ2f − 1) + 2βrp 1γ

(1)
21 + 4τp

2 (2 +m)
,

γ
(3)
22 = −γ

(2)
22 + 2τp + βrp 1γ

(2)
22 + βrp 2γ

(1)
22

(3 +m)
,

γ
(4)
22 = −3γ

(3)
22 + τp + 2βrp 3γ

(1)
22 + 2βrp 2γ

(2)
22 + 2βrp 1γ

(3)
22

2 (4 +m)
,

and, for j = 1, 2,

γ
(k)
1j =

(k − 1)γ
(k−1)
1j + 2

k−1∑
s=1

βap sγ
(k−s)
1j

2 (k +m)
, k = 5, 6, . . . , (37)

γ
(k)
2j = −

(k − 1)γ
(k−1)
2j + 2

k−1∑
s=1

βrp sγ
(k−s)
2j

2 (k +m)
, k = 5, 6, . . . . (38)

6. Abramov method for WGM calculations

The numerical integration of the system of equations (26), (27), (29) can be performed
using any standard algorithm. For instance, the results presented in Tables 1 and 2 were
computed using the classical 4-th order Runge-Kutta method combined with an adaptive
step-size routine. Note that the integration of the system (26), (27), (29) is stable only in
the direction away from the singular point [1, 2].

In [3, 4], it was stated and proved for regular ODEs that the method works dependably
regardless of the ‘freezing points’. However, in our case, due to the singularity, this does not
hold: by moving the ‘freezing points’ towards the singular points, the difference in starting
values λ0 = λf and c2 = c2f , can be arbitrary large, see Eq. (15). This means that the
constant C defined at the end of Section 4 strongly depends on the choice of the ‘freezing
point’ (ηf , ξf ).

In Table 1, the dependence of both, the initial guess and the calculated eigenvalues on the
‘freezing point’ is presented. The calculations were performed for two marching stepsizes:
hτ = 10−3 and hτ = 10−4 and a uniform τ -grid.

ηf , ξf λf , c2f λP , c2P λP , c2P
P = 1000 P = 10000

0.99 1.04 8019.746 104540.294 9646.963 455.257 9649.494 452.712
0.95 1.2 8175.341 19741.097 9648.052 454.162 9649.626 452.580
0.75 2.0 8749.627 3086.790 9337.598 452.666 9649.785 452.420
0.5 3.0 9190.597 1212.667 9649.726 452.431 9649.809 452.396
0.25 4.0 9475.931 665.778 9649.810 452.395 9649.813 452.392
0.05 4.8 9640.659 460.590 9649.813 452.392 9649.813 452.392

Table 1: Dependence of the initial guess and the calculated eigenvalues on the ‘freezing point’ (ηf , ξf ):
Neumann boundary conditions, ξs = 5.0, m = 100, n = l = 0. Correct values are λ = 9649.81290 and
c2 = 452.39201.

As we can see from Table 1, the successful numerical integration of Eqs. (26)–(27) is
hindered by the fact that the values of the Newton iterates for the spectral parameters, λp,
c2p may become very large, especially due to the un-suitable choice of the ‘freezing point’,
and so the right-hand sides of these equations. Moreover, in WGM calculations we have to
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deal with the angular momentum number m ∼ 1000, which makes the right hand sides of
Eqs. (26), (27) huge, especially near singularities regardless of the ‘freezing point’ choice.

As a consequence, due to the steep ‘staircase’ behaviour, the accurate calculation of
the Prüfer angles from Eqs. (26), (27) becomes difficult (see, e.g., [21]). In particular, this
explains why the Prüfer angle is rarely used in numerical methods, despite of its previously
mentioned attractive properties. In [1, 2, 21] a modification of the Prüfer angle is invented,
making the modified Prüfer angle less steep. The modification takes into account the classical
WKB approximations for second order ODE solutions [15]. The modified Prüfer angle
θmod(·) relates to the classical one as

tan θ = ν tan θmod,

where the ‘scaling function’ ν(·) compensates for the sharp change of the Prüfer angle. Due
to Eq. (26), the best choice of ν(η) at the points where |Qa(η)| � 0 would be ν(η) =√
|(1− η2)Qa(η)|. Similarly, for the radial part the optimal scaling should be ν(ξ) =√
|(ξ2 − 1)Qr(ξ)|, if |Qr(ξ)| � 0. However, a very primitive scaling ν =

√
m2 + 1 allows to

accurately integrate both equations (26) and (27) even in such extreme cases as presented
in Table 2.

In all calculations presented in Table 2 the accuracy of the integration of the auxiliary
functions θa,r, as well as the Jacobi matrix entries kij was ε = 10−5. Note that the error εN
caused by the truncation of the series (31), (32) and (36) was therewith taken into account.
Calculations were performed for the Neumann boundary condition imposed on the surface
of spheroid S. The ‘freezing points’ were ηf = 0.01 and ξf = 1.99. The number of marching
steps was sufficiently large for the couples (λln P , c

2
ln P ) to satisfy equalities (12) in the P -th

step with the desired accuracy ε. Moreover, the Newton iterations were continued at p = P ,
i.e. τ = 1 until the resulting values stabilized at (λln, c

2
ln).

multi–index Resonator Step number Eigenvalue

m l n ξs P λlnP c2ln P λln c2ln

1000 0 0 100.0 10000 1000898.3205 101.7302 1000898.3205 101.7302
2000 0 0 50.0 2000 4000382.6393 1617.7643 4000382.6393 1617.7643
2000 5 5 10.0 2000 3977964.7164 44185.9632 3977964.7164 44185.9632
5000 0 0 10.0 2000 24751052.4085 253972.9170 24751052.4086 253972.9169
2000 50 50 2.0 2000 2247327.3126 2001396.5973 2247326.9339 2001396.9873
3000 0 0 2.0 1000 5979249.5015 3024217.9051 5979249.5017 3024217.9049
5000 0 0 2.0 2000 16624872.6782 8380904.7533 16624872.6797 8380904.7529
10000 0 0 2.0 10000 66559133.0900 33452418.8827 66559133.0905 33452418.8821
2000 0 0 1.1 1000 -15241365.7692 19246186.5779 -15241365.7692 19246186.5779
3000 0 0 1.1 1000 -34189787.2511 43197011.3801 -34189787.2511 43197011.3801
1000 100 100 1.1 2000 -10363422.4943 12086667.7479 -10363422.4940 12086667.8244

Table 2: Eigenvalue calculations with the modified Abramov method.

In general, since the constant C in the error estimate is not known a priori, as well as
the number P of marching steps that guarantees the desired accuracy of the resulting values
λP , c

2
P , we recommend to repeat calculations at each (or certain) marching step τp until the

criterion (12) is satisfied within the prescribed accuracy.
Therewith the intermediate values λp and c2p will approach the exact eigenvalues λ(τp),

c2(τp) that lay on the curve λ = λ(τ), c2 = c2(τ) connecting the eigenvalues of the ‘frozen’
and original problems.

The existence of such a curve opens other possibilities for the application of the Newton
method combined with the time-parameter marching. One of them converts the original
Sturm–Liouville problem into the algebraic problem via a discretization based on the high
order finite difference (HOFiD) schemes [7, 8, 9, 10, 11].

7. Finite difference schemes

The HOFiD method is based on the idea to approximate each derivative separately by
using high order finite difference schemes, see [7, 8, 9, 10, 11] for details. In brief, the
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original continuous problem is transformed into a discrete system of equations where the
unknowns are approximations of the solution in given points of the integration interval. The
derivatives in the continuous problem are approximated with linear combinations obtained
by finite differences. In the following, let Aι for ι = 1, 2, be the banded matrix of the coeffi-
cients approximating, respectively, the first and the second derivative [10] for any considered
discretization.

In this section, we solve equations (1)-(2), where again due to the symmetry, we consider
only half of the integration interval for S. We combine the Abramov approach described
in Section 4 with the HOFiD method (see [8, 9]), that is, we discretize the Sturm-Liouville
problem as well as all the ‘intermediate’ p-th problems where equations (1) and (2) are
replaced with (18) and (19).

In [5, 6] HOFiD MSP needs initial approximations of the eigenvalues given by the Prüfer
angle technique in order to compute a very precise approximation of both eigenvalues and
eigenfunctions. Now, following the idea outlined in Section 4, we just deal with these initial
approximations which enables HOFiD MSP package to compute automatically eigenparam-
eters and eigenfunctions corresponding to fixed (l, n) (see also [12]). To this aim, we define
a set of problems depending on the quasi-time parameter τp ∈ [0, 1]. We start with τ0 = 0
discretizing the ‘frozen problem’ (13)–(14) at an arbitrary point (ηf , ξf ) in order to obtain
two uncoupled discrete problems

S0,0 = 0 or A
(1)
1 S0 = 0,

(1− η2Nη )A
(Nη)
1 S0 = βa(ηNη )S0,Nη ,

(I −D2
η)A2 − 2DηA1 + [µI −m2(I −D2

η)−1]S0 = 0,

hηS
T
0 D1S0 = 0,

(39)

and 

R0,Nξ = 0 or A
(Nξ)
1 R0 = 0,

(ξ20 − 1)A
(1)
1 R0 = βr(ξ0)R0,0,

(D2
ξ − I)A2 + 2DξA1 + [νI −m2(D2

ξ − I)−1]R0 = 0,

hξR
T
0D2R0 = 0,

(40)

where we subdivide the two integration domains with Nη and Nξ equispaced intervals having
stepsizes hη and hξ, respectively. S0 and R0 contain the unknown discrete approximations
of the eigenfunctions S0,i ≈ S0(ηi) (i = 0, . . . , Nη), and R0,i ≈ R0(ξi) (i = 0, . . . , Nξ),
the diagonal matrices Dx contain the values x0, . . . , xNx , for x = η, ξ, D1 and D2 are
diagonal matrices resulting from the quadrature formulae approximating the normalization
conditions.

This problem has been already solved by using an algebraic approach in which we com-
pute the eigenvalues and eigenvectors of banded matrix [8] or by standard techniques for
the nonlinear systems [11].

Starting with (λ0, c
2
0) and the corresponding eigenfunctions S0, R0, we now solve the
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problem (18)–(19) by means of the following discrete problems

Sp,0 = 0 or A
(1)
1 Sp = 0 and Rp,Nξ = 0 or A

(Nξ)
1 Rp = 0,

(1− η2Nη )A
(Nη)
1 Sp = βa(ηNη )Sp,N , (ξ20 − 1)A

(1)
1 Rp = βr(ξ0)Rp,0,

(I −D2
η)A2 − 2DηA1 + [λI + c2Vp,η −m2(I −D2

η)−1)]Sp = 0,

(D2
ξ − I)A2 + 2DξA1 + [c2Wp,ξ − λI −m2(D2

ξ − I)−1)]Rp = 0,

hηS
T
p D1Sp = 0, hξR

T
pD2Rp = 0,

(41)

where Vp,η = τp(I −D2
η) + (1− τp)(1− η2f )I and Wp,ξ = τp(D

2
ξ − I) + (1− τp)(ξ2f − 1)I, with

τp strictly increasing values in [0, 1], p = 0, . . . , P (in contrast to (17)). Note that, since each
problem (41) has more solutions corresponding to different oscillations of the eigenfunctions,
an approximation of the eigenparameters (λp−1, c

2
p−1) obtained for τp−1 needs to be used as

an initial guess for the next step τp in the calculation of (λp, c
2
p). Moreover, since the HOFiD

method also gives an approximation of the eigenfunctions, to improve the convergence of
the nonlinear problem (41), the approximations Sp−1, Rp−1 obtained for τp−1 are used as
initial guess for Sp, Rp in τp.

Solutions of the original problem (1) and (2) are obtained in the last step for τP = 1. By
choosing appropriately the numbers Nη, Nξ and P it is possible to compute the intermediate
eigenvalues on the spectral curve connecting the frozen and the true eigenvalues. The number
of oscillations of the eigenfunctions are used to verify that the proper eigenparameters are
computed.

8. Numerical simulations with HOFID MSP

In this section, we discuss the performance of the HOFiD MSP code carrying out the
approach presented in the previous section for the parameters m, l, k in the range of interest.
We are interested in the computation of an approximation of the solution with few correct
significant digits since, to compute a more accurate solution, we have already developed
the code HOFiD MSP with variable stepsize (see [5, 6]). Here, this latter code, which
requires as input an initial approximation of the eigenparameters, is only used to estimate
the approximation error in Table 3.

For the discretization of the problem we use constant stepsizes. Moreover, we use equis-
paced values for τp. For what concerns the transferred boundary conditions in Section 5, in
the calculations below the parameters δη and δξ were set to 10−4.

We observe beforehand that the choice of (ηf , ξf ) identifying the ‘frozen problem’ is not
very important for the HOFiD MSP code that uses the marching step to move from the
intermediate problem to the original one. In Fig. 1, we show the paths to calculate the
eigenparameters with (l, n) = (0, 1) using different starting points (ηf , ξf ). We emphasize
that, even if the distance between the freezing eigenvalues and the exact ones depends on
(ηf , ξf ), the number of steps required to reach the estimation of the final eigenparameters
(λP , cP ) is unchanged for the considered example. The only requirement is that eigenvectors
are computed with a sufficient accuracy in order to guarantee that the number of oscillations
remains unchanged.

In the next experiments, ξs = 5 and the parameters (ηf , ξf ) are (0.5, 3). The important
feature of the underlying problem is that lines (from τ0 = 0 to τP = 1) corresponding
to different eigenparameters do not intersect (see Fig. 2). This prevents the numerical
approximations to jump from one spectral curve to another.

In Table 3 we show the relative error for λ and c2 obtained for different boundary
conditions, large azimuthal number m and small numbers of oscillations l and n. We have
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Figure 1: Prolate problem with m = 100, ξs = 1.1 and S′(0) = R′(ξs) = 0 solved with Nη = Nξ = 50. Path
for the eigenparameters estimation with (l, n) = (0, 1) for τp running from τ = 0 to τ = 1 with P = 10 steps
and different choices of the starting point (ηf , ξf ).

chosen order 6 formulae and stop criterion for the Newton iteration equal to 10−3. The
results in Table 3 show that for a successful code run, we require fine discretizations and
large values of P especially when l and/or n are large. The value of P can be reduced by
using an automatic variable mesh for τp ∈ [0, 1] (see [12]). However, at this stage we are
only interested in the existence of a minimum number P (with equispaced τp values) that
guarantees the existence of a convergent marching path.

HOFiD MSP

m l n ξs λ c2 (P,Nη,Nξ) Error λ Error c2

R
′ (
ξ
s
)
=

0 1000 0 0 1.1 -3838829.69823 4841245.94361 (10, 50, 50) 1.41e-3 8.71e-4
1000 0 10 5.0 949772.40666 51252.86305 (1000, 100, 400) 3.21e-5 7.74e-4
5000 0 0 5.0 23957468.33103 1047635.32721 (20, 200, 200) 6.17e-5 1.48e-3
5000 2 0 1.1 -94696609.22667 119756764.61349 (20, 300, 300) 3.56e-4 2.70e-4
10000 4 2 5.0 95852388.63741 4239518.09321 (100, 1000, 1000) 1.60e-6 3.65e-5

R
(
ξ
s
)
=

0 1000 0 1 1.1 -4078620.81814 5081086.17732 (10, 50, 100) 2.25e-3 1.57e-3
5000 10 5 5.0 24009254.37073 1098129.96394 (100, 600, 600) 7.32e-5 1.63e-3
5000 20 10 1.1 -103078345.84109 128586350.72766 (20, 900, 900) 1.24e-5 3.78e-6
10000 0 0 5.0 95809706.46358 4200501.37087 (20, 300, 300) 5.71e-5 1.28e-3
10000 10 0 1.1 -379922978.84256 480428885.58569 (20, 600, 600) 9.84e-6 6.13e-5

Table 3: Eigenvalue calculations for the prolate problem with the HOFiD MSP code and their relative errors.

In this table the reference values of the eigenvalues (in order to compute the errors) have
been obtained by means of the HOFID MSP code with variable stepsize by using 10−12 exit
tolerance.

As an illustration of the above calculations, the WGM mode inside the spheroid with
ξs = 1.1 is shown in Fig. 3 (left plot). It corresponds to the azimuthal number m = 5000,
while l = 6 and n = 4. The turquoise colour corresponds to the unperturbed region of the
spheroid, and we can see that the perturbation is concentrated around its equator. Such
an unusual behaviour is a consequence of the particular form of the separated eigenfunction
components S6,4(η) and R6,4(ξ) (right plots). The latter is explained by the position of
the turning points of Eqs. (1), (2), i.e. the values ηtp, ξtp, where the functions Qa(η, λ, c2),
Qr(ξ, λ, c

2) change their signs.
Thus, for the eigenvalue (λ6,4, c

2
6,4) = (−98862013.0533, 124020698.2469), the function
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Figure 2: Prolate problem with m = 1000, ξs = 5 and S′(0) = R(ξs) = 0 solved with Nη = Nξ = 150.
Path from τ = 0 to τ = 1 for the eigenparameters estimation with (l, n) = (0, 0), . . . , (4, 0). The final
eigenparameters (λl,n,P , cl,n,P ) are marked with ∗.

Qa(η, λ, c2) is positive within the subinterval (−ηtp, ηtp) with ηtp = 0.0326, and hence solu-
tions of Eq. (1) oscillate inside this subinterval, exponentially decaying outside of it. Sim-
ilarly, Qr(ξ, λ, c

2) > 0 for ξtp < ξ < ξs, where ξtp = 1.0963. Hence, solutions of the radial
equation (2) oscillate inside (ξtp, ξs) and exhibit an exponential behaviour on (1, ξtp), where
Qr(ξ, λ, c

2) is negative.

9. Conclusions

In this paper, we discussed the Abramov approach for the numerical simulation of the
whispering gallery modes in prolate spheroids. In the first step, a solution of a simpler
problem, as an initial guess for the Newton-Raphson iteration, is provided. Then, gradually,
this simpler problem is converted into the original problem, while the quasi-time parameter
τ runs from τ = 0 to τ = 1. In other words, we are following an imaginary path leading from
a simpler problem formulation to the original one. Two numerical approaches are realized,
the first is based on the Prüfer angle technique, the second on the high order finite difference
schemes.

More precisely, the coefficients near eigenvalue components λ and c2 are ‘frozen’ at an
arbitrary point (ηf , ξf ) ∈ (0, 1)×(1, ξs), consequently defining the so-called ‘frozen’ problem
(13)–(14) which formally is a two–parameter problem, but each equation can be treated
independently with respect to the eigenparameters µ = λ+c2(1−η2f ) and ν = c2(ξ2f−1)−λ.

The run of the quasi-time parameter τ in the interval [0, 1] allows a gradual transition
from the problem (13)–(14) with ‘frozen’ coefficients to the original problem defined by
(1)–(2).

It turned out that, in the first attempts to use Abramov’s method, not all his expectations
[3, 4] have been satisfied. To begin with, the role of the ‘freezing point’ was underestimated.
Since the ratio 1

ξ2f−η
2
f

in Eq. (15), and hence the distance between the starting guess (λf , c
2
f )

and the exact eigenvalue (λ, c2), can be made as large as desired, the performance of the
method strongly depends on the chosen ‘freezing point’ (ηf , ξf ). Although a finite number
of marching steps was shown to approximate the solution up to any prescribed accuracy, a
strict accuracy requirement may result in a very fine step size in the marching parameter τ .
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Figure 3: Left: WGM mode m = 5000, l = 6, n = 4 in the ellipsoid with ξs = 1.1. Right: the related
angular component S6,4(η) (upper plot) and radial component R6,4(ξ) (lower plot). On the surface of the
spheroid a Neumann boundary condition for R is imposed.

Furthermore, due to the singularity of the problem, the boundary conditions have to
be moved from the singular point to a close regular point to make the Abramov technique
applicable. Moreover, the solutions of the auxiliary ODEs may have very steep gradients,
unless an appropriate scaling is found.

Nevertheless, after an appropriate modification, our method managed to perform calcu-
lations of the eigenoscillations inside prolate spheroids of various eccentricities, from almost
a sphere to a very prolate ‘cigar’. In particular, we were able to calculate highly localized
WGMs inside a prolate spheroid, which are important in many scientific and industrial ap-
plications in the context of optics and photonics [14, 22, 23, 24, 31]. Moreover, adopting
Abramov’s idea of parameter marching along the spectral curve and connecting the eigen-
values of the frozen and original problems, we designed an additional powerful algorithm for
solving the problem (1)–(4) based on high order finite difference schemes.

The estimation of the run-times and storage demand for the involved algorithms is dif-
ficult. However, the qualitative comparison of the Prüfer angle approach and high order
finite difference schemes is possible. The Prüfer angle method calculations involve numer-
ical integration of a system of six first order ODEs and inversion of a small 2 × 2 matrix,
while the high order finite difference schemes imply inversion of a large but easy to compute
matrix. We emphasize that the considered algorithms work automatically.

The HOFiD MSP code computes both the eigenparameters and the eigenfunctions with
a desired number of oscillations. For the computation of the eigenfunctions and various
functionals depending on them with the help of the Prüfer function we refer the reader to
[1, 21].

Note that the above spectral curve (connecting the eigenvalues of the frozen and original
problems) does not depend on the particular numerical recipe and may be ‘marched over’
using any other algebraic formulation of the Sturm-Liouville problem (1)–(4).

The presented efficient and reliable numerical technique is applicable not only to simulate
the prolate spheroids, but can be also used for the investigation of a wide spectrum of internal
boundary value problems arising inside resonator cavities of all separable geometries.
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