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Rigorous mean-field limit and cross diffusion
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ADAPTIVE UZAWA ALGORITHM FOR THE STOKES EQUATION1

GIOVANNI DI FRATTA, THOMAS FÜHRER, GREGOR GANTNER, AND DIRK PRAETORIUS2

Abstract. Based on the Uzawa algorithm, we consider an adaptive finite element
method for the Stokes system. We prove linear convergence with optimal algebraic
rates, if the arising linear systems are solved iteratively, e.g., by PCG. Our analysis
avoids the use of efficiency estimates for the residual error estimator. Unlike prior work,
our adaptive Uzawa algorithm can thus avoid to discretize the given data and does not
rely on an interior node property for the refinement.

1. Introduction3

The mathematical analysis of adaptive finite element methods (AFEMs) has significantly4

increased over the last years. Nowadays, AFEMs are recognized as a powerful and rigorous5

tool to efficiently solve partial differential equations arising in physics and engineering.6

1.1. Model problem. In this paper, we focus on an adaptive algorithm for the solu-7

tion of the steady-state Stokes equations, which after a suitable normalization read8

−∆u +∇p = f in Ω,

∇ · u = 0 in Ω,

u = 0 on ∂Ω.

(1)9

10

In the literature, the first equation is referred to as momentum equation, the second as11

mass equation, and the third as no-slip boundary condition. Here, Ω ⊂ Rd with d ∈ {2, 3}12

is a bounded polygonal resp. polyhedral Lipschitz domain. Given the body force f , one13

seeks the velocity field u of an incompressible fluid and the associated pressure p. With14

V := H1
0 (Ω)d , P :=

{
q ∈ L2(Ω) :

∫
Ω

q dx = 0

}
,(2)15

16

it is well-known that the Stokes problem admits a unique solution (u, p) ∈ V×P, where p17

can be characterized as the unique null average solution of the elliptic Schur complement18

equation; see, e.g., [Bra03]. More precisely, the pressure solves the elliptic equation19

(3) Sp = ∇ ·∆−1f with the Schur complement operator S := ∇ ·∆−1∇ : P→ P.20
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The latter equation can be reformulated as a fixpoint problem for the operator21

(4) Nα : P→ P, q 7→ (I − αS)q + α∇ ·∆−1f .22

Note that S is self-adjoint. Since the norm of self-adjoint operators coincides with their23

spectral radius and S has positive spectrum, one has that ‖I − αS‖ < 1 whenever24

|1−α‖S‖| < 1. It follows that Nα is a contraction for 0 < α < 2 ‖S‖−1; see Appendix A.25

Moreover, elementary calculation proves that ‖S‖ ≤ 1. Hence, for all 0 < α < 2 and any26

initial guess p0 ∈ P, the generalized Richardson iteration27

(5) pj+1 := Nαp
j = (I − αS)pj + α∇ ·∆−1f28

converges to the exact pressure of the Stokes problem. It follows that u = limj→∞ u[pj]29

in V with u[pj] := −∆−1(f − ∇pj), so that, at the continuous level, the full iterative30

process can be expressed in the form31

u[pj] = −∆−1(f −∇pj),
pj+1 = pj − α∇ · u[pj].

(6)32

33

In the spirit of [KS08], the iterative scheme (6), usually referred to as Uzawa algorithm34

for the Stokes problem, is the starting point of our AFEM analysis.35

1.2. State of the art. Although AFEMs for the analysis of mixed variational prob-36

lems issuing from fluid dynamics have a long history in the engineering and physics liter-37

ature, only in the last decade, [DDU02] introduced an adaptive wavelet method based on38

the Uzawa algorithm for solving the Stokes problem. In [BMN02], the adaptive wavelet39

method is replaced by an AFEM. Their numerical experiments suggested that the lat-40

ter algorithm leads to optimal algebraic convergence rates. Indeed, by addition of a41

mesh-coarsening step to this method, [Kon06] proved optimal convergence rates. Later,42

in [KS08], the original algorithm of [BMN02] was modified by adding an additional loop,43

which separately controls the triangulations on which the pressure is discretized.44

We also note that for a standard conforming AFEM with Taylor–Hood elements, the45

first proofs of convergence were presented in [MSV08, Sie10]. The work [Gan14] gives an46

optimality proof under the assumption that some general quasi-orthogonality is satisfied.47

This assumption has only recently been verified in [Fei17]. For adaptive nonconforming48

finite element methods, convergence and optimal rates have been investigated and proved49

in [BM11, HX13, CPR13].50

1.3. Adaptive Uzawa FEM. In this work, we further investigate the algorithm51

of [KS08], which is described in the following: Given a possibly non-conforming partition52

Pi of Ω, we denote by pi ∈ Pi the best approximation to p, with respect to the S-induced53

energy norm ‖·‖P, from the corresponding discrete space Pi ⊂ P of piecewise polynomials54

of degreem−1 with vanishing integral mean. With the corresponding velocity ui := u[pi]55

defined analogously to (6) and the L2-orthogonal projection Πi : L2(Ω) → Pi, one can56

show that (ui, pi) is the unique solution of the reduced problem57

−∆ui +∇pi = f in Ω,

Πi∇ · ui = 0 in Ω,

ui = 0 on ∂Ω.

(7)58

59
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In general, the velocity ui is not discrete, and hence this problem can still not be solved in60

practice. In an inner loop, the velocity ui is approximated by some FEM approximation61

Uijk ∈ Vijk via a standard adaptive algorithm of the form62

SOLVE −→ ESTIMATE −→ MARK −→ REFINE63
64

for the vector-valued Poisson problem steered by a weighted-residual error estimator65

ηijk. Here, Vijk ⊂ V denotes the space of all continuous piecewise polynomials on some66

conforming triangulation Tijk, which is a refinement of the possibly non-conforming Pi.67

In the next loop, we apply a discretized version of the Uzawa algorithm (6) to obtain an68

approximation Pij ∈ Pi of pi. Here, the update reads Pi(j+1) = Pij −Πi∇ ·Uijk. The last69

loop employs an adaptive tree approximation algorithm from [BD04] to obtain a better70

approximation pi+1 ∈ Pi+1 of p on a refinement Pi+1 of the partition Pi such that ϑ ‖∇ ·71

Uijk‖Ω ≤ ‖Πi+1∇ ·Uijk‖Ω for some bulk parameter 0 < ϑ < 1. We will see in Section 3.172

that ‖∇ ·Uijk‖Ω is related to ‖p− pi‖P and ‖Πi+1∇ ·Uijk‖Ω to ‖pi+1 − pi‖P. In contrast73

to [KS08], in [BMN02] the latter loop was not present, since the same triangulation for74

the discretization of the pressure and the velocity, i.e., Pi = Tijk was used.75

Under the assumption that the right-hand side f is a piecewise polynomial of degree76

m−1, [KS08] proved that the approximationsUijk and Pij converge with optimal algebraic77

rate to the exact solutions u and p. To generalize this result for arbitrary f , as in the78

seminal work [Ste07], which proves optimal convergence of a standard AFEM for the79

Poisson problem, [KS08] applies an additional outer loop to resolve the data oscillations80

appropriately. However, [KS08] only outlines the proof of this generalization. Moreover,81

as in the seminal work [Ste07], the analysis of [KS08] hinges on the following interior node82

property: Given marked elementsMijk of the current velocity triangulation Tijk, the next83

velocity triangulation Tij(k+1) is the coarsest refinement via newest vertex bisection (NVB)84

such that all T ∈ Mijk and all T ′ ∈ Tijk, which share a common (n − 1)-dimensional85

hyperface, contain a vertex of Tij(k+1) in their interior. In particular for n = 3, this86

property is highly demanding; see, e.g., the 3D refinement pattern in [EGP18].87

1.4. Contributions of present work. In the spirit of [CKNS08], which general-88

izes [Ste07], we prove that the algorithm of [KS08] without the data approximation loop89

leads to convergence of the combined error estimator ηijk + ‖∇ ·Uijk‖Ω (which is equiv-90

alent to the error plus data oscillations) at optimal algebraic rate with respect to the91

number of elements #Tijk if one uses standard newest vertex bisection (without interior92

node property) for the velocity triangulations. We also prove that the combined esti-93

mator sequence converges linearly in each step, i.e., it essentially contracts uniformly in94

each step. Moreover, our algorithm allows for the inexact solution of the arising linear95

systems for the discrete velocities by iterative solvers like PCG.96

On a conceptual level, our proofs show that even for general saddle point problems97

and adaptive strategies based on Richardson-type iterations, the analysis of rate optimal98

adaptivity can be conducted without exploiting efficiency estimates of the corresponding99

a posteriori error estimators.100

1.5. Outline. The paper is organized as follows: Section 2 rewrites the Stokes problem101

in its variational form, introduces newest vertex bisection, and fixes some notation for102

the discrete ansatz spaces. In Section 3, we consider the reduced Stokes problem and the103
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corresponding Galerkin approximations, recall some well-known results on a posteriori104

error estimation, and introduce the tree approximation Algorithm 3.6 from [BD04] as105

well as our variant of the adaptive Uzawa Algorithm 3.6 from [KS08]. In Section 4,106

we state and prove linear convergence of the resulting combined error estimator in each107

step of the algorithm (Theorem 4.1). To this end, we show that each increase of either108

i, j, or k essentially leads to a uniform contraction of the combined error estimator.109

Finally, Section 5 is dedicated to the main Theorem 5.3 on optimal convergence rates for110

the combined error estimator and its proof. As an auxiliary result of general interest,111

Lemma 5.1 proves that the two different definitions of approximation classes from the112

literature, which are either based on the accuracy ε > 0 (see, e.g., [Ste08, KS08]) or the113

number of elements N (see, e.g., [CKNS08, CFPP14]), are exactly the same.114

While all constants in statements of theorems, lemmas, etc. are explicitly given, we ab-115

breviate the notation in proofs: For scalar terms A and B, we write A . B to abbreviate116

A ≤ C B, where the generic constant C > 0 is clear from the context. Moreover, A ' B117

abbreviates A . B . A.118

2. Preliminaries119

2.1. Continuous Stokes problem. The vector-valued velocity fields v ∈ V are de-120

noted in boldface, the scalar pressures q ∈ P in normal font. Let 〈· , ·〉Ω be the L2(Ω) scalar121

product with the corresponding L2(Ω) norm ‖·‖Ω. With the bilinear forms a : V×V→ R122

and b : V× P→ R defined by123

a(w,v) := 〈∇w , ∇v〉Ω and b(v, q) := −〈∇ · v , q〉Ω,124
125

the mixed variational formulation of the Stokes problem (1) reads as follows: Given126

f ∈ L2(Ω)d, let (u, p) ∈ V× P be the unique solution to127

a(u,v) + b(v, p) = 〈f , v〉Ω for all v ∈ V,
b(u, q) = 0 for all q ∈ P.(8)128

129

On the velocity space V, we consider the a(·, ·)-induced energy norm ‖v‖V := a(v,v)1/2 =130

‖∇v‖Ω ' ‖v‖H1(Ω). We note that ∇ · v ∈ P for all v ∈ V and131

‖∇ · v‖Ω ≤ ‖∇v‖Ω = ‖v‖V for all v ∈ V,(9)132
133

which follows from integration by parts; see Appendix B.134

Define the operators A : V→ V∗, B : V→ P∗, and B′ : P→ V∗ by135

Av := a(v, ·), Bv := b(v, ·), B′q := b(·, q).136
137

Then, the Schur complement operator S := BA−1B′ : P→ P∗ ∼ P is bounded, symmet-138

ric, and elliptic; see [KS08, Lemma 2.2]. Thus, it holds that ‖q‖P := 〈Sq , q〉1/2Ω ' ‖q‖Ω139

on P. More precisely, there exists a constant Cdiv ≥ 1, which depends only on Ω, such140

that141

(10) C−1
div ‖q‖Ω ≤ ‖q‖P ≤ ‖q‖Ω for all q ∈ P.142

Here, the upper bound with constant 1 follows from ‖S‖ ≤ 1, which itself follows from (9).143
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2.2. Partitions, triangulations, and newest vertex bisection (NVB). Through-144

out, P is a finite (possibly non-conforming) partition of Ω into compact (non-degenerate)145

simplices, which is used to discretize P, while T is a finite (conforming) triangulation of146

Ω into compact (non-degenerate) simplices, which is used to discretize V. Throughout,147

we use NVB refinement; see, e.g., [Ste08, KPP13] for the precise mesh-refinement rules.148

We write P ′ := bisect(P ,M) for the partition obtained by one bisection of all marked149

elements M ⊆ P , i.e., M = P\P ′ and #M = #P ′ − #P . We write P ′ ∈ Tnc(P), if150

there exists J ∈ N0 and partitions Pj andMj ⊆ Pj for all j = 0, . . . , J , such that151

P = P0, Pj = bisect(Pj−1,Mj−1) for all j = 1, . . . , J, and P ′ = PJ .152
153

We write T ′ := refine(T ,M) for the coarsest triangulation such that (at least) all154

marked elementsM ⊆ T have been bisected, i.e.,M ⊆ T \T ′. We write T ′ ∈ Tc(T ), if155

there exists J ∈ N0 and triangulations Tj andMj ⊆ Tj for all j = 0, . . . , J , such that156

T = T0, Tj = refine(Tj−1,Mj−1) for all j = 1, . . . , J, and T ′ = TJ .157
158

Let Tinit be a given initial (conforming) triangulation of Ω. We define the sets159

Tnc := Tnc(Tinit) and Tc := Tc(Tinit)(11)160
161

of all non-conforming and conforming NVB refinements of Tinit. Clearly, Tc ⊂ Tnc. We162

write T := close(P) if P ∈ Tnc is a partition and T ∈ Tc is the coarsest (conforming)163

refinement of P . Existence and uniqueness of T follow from the fact that NVB is a binary164

refinement rule, and the order of the bisections does not matter. In particular, this also165

implies that refine(T ,M) = close(bisect(T ,M)) for all T ∈ Tc andM⊆ T .166

It follows from elementary geometric observations that NVB refinement leads only to167

finitely many shapes of simplices T ; see, e.g., [Ste08]. Hence, all NVB refinements are168

uniformly γ-shape regular, i.e.,169

γ := sup
P∈Tnc

max
T∈P

diam(T )

|T |1/d
<∞.(12)170

171

Finally, we recall the following properties of NVB, where Cson, Ccls > 0 are constants,172

which depend only on Tinit and the space dimension d ≥ 2:173

(M1) overlay estimate: For all P ,P ′ ∈ Tnc, there exists a (unique) coarsest common174

refinement P⊕P ′ ∈ Tnc(P)∩Tnc(P ′). It holds that #(P⊕P ′) ≤ #P+#P ′−#Tinit.175

If P ,P ′ ∈ Tc are conforming, it also holds that P ⊕ P ′ ∈ Tc.176

(M2) finite number of sons: For all T ∈ Tc,M ⊆ T , and T ′ := refine(T ,M), it177

holds that
⋃
{T ′ ∈ T ′ : T ′ ⊆ T} = T and #{T ′ ∈ T ′ : T ′ ⊆ T} ≤ Cson for all178

T ∈ T .179

(M3) mesh-closure estimate: For all sequences Tj ∈ Tc such that T0 = Tinit and180

Tj = refine(Tj−1,Mj−1) withMj−1 ⊆ Tj−1 for all j ∈ N, it holds that181

#TJ −#Tinit ≤ Ccls

J−1∑
j=0

#Mj for all J ∈ N0.(13)182

183

(M4) conformity estimate: For all partitions P ∈ Tnc, it holds that184

#close(P)−#Tinit ≤ Ccls(#P −#Tinit).(14)185
186
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The overlay estimate (M1) is first proved in [Ste07] for d = 2, but the proof transfers to187

arbitrary dimension d ≥ 2; see [CKNS08]. For d = 2, (M2) obviously holds with Cson = 4,188

while it is proved in [GSS14] for general dimension d ≥ 2. The closure estimate (M3) is189

first proved in [BDD04] for d = 2. For general d ≥ 2, it is proved in [Ste08]. While the190

proofs of [BDD04, Ste08] require an admissibility condition on Tinit, the work [KPP13]191

proves (M3) for d = 2, but arbitrary conforming triangulation Tinit. We refer to Appen-192

dix D for the fact that (M3) implies (M4).193

2.3. Discrete function spaces. Given a fixed polynomial degree m ∈ N as well as194

P ∈ Tnc and T ∈ Tc, we consider the discrete spaces195

P(P) := {QP ∈ P : ∀T ∈ P QP |T is polynomial of degree ≤ m− 1},
V(T ) := {VT ∈ V : ∀T ∈ T VT |T is polynomial of degree ≤ m},

(15)196

197

which consist of piecewise polynomials.198

2.4. Auxiliary problems. Let P ∈ Tnc. Then, pP ∈ P(P) denotes the best approxi-199

mation of the exact pressure p with respect to ‖ · ‖P, i.e.,200

‖p− pP‖P = min
QP∈P(P)

‖p−QP‖P.(16)201

202

By definition of the operator S from (3), there exists a unique uP ∈ V such that (uP , pP) ∈203

V× P(P) is the unique solution to the reduced Stokes problem204

a(uP ,v) + b(v, pP) = 〈f , v〉Ω for all v ∈ V,
b(uP , QP) = 0 for all QP ∈ P(P);

(17)205

206

see [KS08, Section 4]. Note that the second condition can equivalently be stated as207

ΠP∇ · uP = 0 in Ω, where ΠP : L2(Ω)→ P(P) is the orthogonal projection with respect208

to ‖ · ‖Ω. Thus, (17) is just the variational formulation of (7) (with Pi replaced by P).209

Even though, pP is a discrete function, it can hardly be computed (since p is unknown).210

Given q ∈ P, let u[q] ∈ V be the unique solution to the (vector-valued) Poisson equation211

a(u[q],v) = 〈f , v〉Ω − b(v, q) for all v ∈ V.(18)212
213

Note that uP = u[pP ].214

Finally, let T ∈ Tnc(P) ∩ Tc be a conforming refinement of P . Then, UT [q] ∈ V(T ) is215

the unique solution to the Galerkin discretization of (18)216

a(UT [q],VT ) = 〈f , VT 〉Ω − b(VT , q) for all VT ∈ V(T ).(19)217
218

Note that UT [q] is the Galerkin approximation to u[q] in V(T ). Since ‖ · ‖V denotes the219

energy norm corresponding to a(·, ·), there holds the Céa lemma220

‖u[q]−UT [q]‖V = min
VT ∈V(T )

‖u[q]− VT ‖V,(20)221

222

Recall the operators A,B,B′ from Section 2.1. Note that u[q]−u[r] = A−1B′(r− q) for223

arbitrary q, r ∈ P, which yields that ‖u[q]−u[r]‖2
V = 〈B′(r− q) , A−1B′(r− q)〉V∗×V. By224

definition of the operator S = BA−1B′ and the norm ‖ · ‖P, we thus see that225

‖UT [q]−UT [r]‖V ≤ ‖u[q]− u[r]‖V = ‖q − r‖P.(21)226
227
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2.5. Notational conventions. Throughout this work, (u, p) ∈ V×P denotes the ex-228

act solution of the continuous Stokes problem (8). All occurring functions uP , u[q], and229

UT [q] are approximations of u. All occurring functions pP and PP are approximations of230

p. We employ bold face symbols for velocity functions, e.g., v ∈ V or VT ∈ V(T ), and231

normal font for pressure functions, e.g., q ∈ P, QP ∈ P(P). Finally, small letters indicate232

functions, which are continuous or not computable, e.g., u, p, and pP , while computable233

discrete functions are written with capital letters, e.g., UT [QP ]. The corresponding par-234

titions P ∈ Tnc resp. triangulations T ∈ Tc are always indicated by indices.235

2.6. Abbreviate notation for adaptive algorithm. The adaptive algorithm below236

generates nested partitions Pi ∈ Tnc and triangulations Tijk ∈ Tc for certain indices237

(i, j, k) ∈ Q ⊂ N3
0 such that Tijk ∈ Tnc(Pi)∩Tc. Furthermore, it provides approximations238

p ≈ Pij ∈ Pi := P(Pi) as well as u ≈ Uijk ∈ Vijk := V(Tijk).(22)239
240

More precisely and with the notation from Section 2.4, it holds that1241

Pij ≈ pi := pPi as well as Uijk ≈ UTijk [Pij] ≈ u[Pij] =: uij.(23)242
243

Besides this notation, let244

Πi := ΠPi : L2(Ω)→ P(Pi)(24)245
246

be the L2(Ω)-orthogonal projection (with respect to ‖ · ‖Ω) and let247

ηijk := η(Tijk;Uijk, Pij) ≈ η(Tijk;UTijk [Pij], Pij)(25)248
249

be the computable a posteriori error estimator from Section 3.1 below.250

3. Adaptive Uzawa algorithm251

3.1. A posteriori error estimation. Throughout this section, let P ∈ Tnc be a252

partition of Ω ⊂ Rd and T ∈ Tnc(P) ∩ Tc be a conforming refinement. We recall the253

residual a posteriori error estimator: For T ∈ T , QP ∈ P(P), and VT ∈ V(T ), define254

ηT (VT , QP)2 := |T |2/n ‖f −∇QP + ∆VT ‖2
T + |T |1/n ‖[[QP n−∇VT · n]]‖2

∂T∩Ω,(26)255
256

where [[·]] denotes the jump of its argument over ∂T . Then, the error estimator reads257

η(M;VT , QP)2 :=
∑
T∈M

ηT (VT , QP)2 for allM⊂ T .(27)258

259

In the following, we recall some important properties of η from [CKNS08, KS08]. We260

start with the available reliability results.261

Lemma 3.1 (reliability [KS08, Prop. 5.1, Prop. 5.5]). There exists a constant Crel > 0262

such that, for all QP ∈ P(P), it holds that263

‖u[QP ]−UT [QP ]‖V ≤ Crel η(T ;UT [QP ], QP).(28)264
265

Moreover, it holds that266

‖uP −UT [QP ]‖V + ‖pP −QP‖P ≤ Crel

(
η(T ;UT [QP ], QP) + ‖ΠP∇ ·UT [QP ]‖Ω

)
(29)267

268

1Do not mistake the pressure pi with the iterates pj of the exact Uzawa algorithm (6).
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as well as269

‖u−UT [QP ]‖V + ‖p−QP‖P ≤ Crel

(
η(T ;UT [QP ], QP) + ‖∇ ·UT [QP ]‖Ω

)
.(30)270

271

The constant Crel depends only on γ-shape regularity. �272

For some fixed discrete pressure QP , we recall the localized upper bound in the current273

form of [CKNS08], which improves [KS08, Prop. 5.1].274

Lemma 3.2 (discrete reliability [CKNS08, Lemma 3.6]). Let T̂ ∈ Tc(T ). There275

exists a constant Cdrel > 0 such that, for all QP ∈ P(P), it holds that276

‖UT̂ [QP ]−UT [QP ]‖V ≤ Cdrel η(T \ T̂ ;U [QP ], QP).(31)277
278

The constant Cdrel depends only on γ-shape regularity. �279

Next, we note that the estimator depends Lipschitz continuously on the arguments.280

The result is slightly stronger than [KS08, Prop. 5.4], but the proof is standard [CKNS08].281

Lemma 3.3 (stability [CKNS08, Prop. 3.3]). Let T̂ ∈ Tc(T ). There exists a constant282

Cstab > 0 such that, for all VT̂ ∈ V(T̂ ), WT ∈ V(T ), and QP , RP ∈ P(P), it holds that283

|η(T ∩ T̂ ;VT̂ , QP)− η(T ∩ T̂ ;WT , RP)| ≤ Cstab

(
‖VT̂ −WT ‖V + ‖QP −RP‖P

)
.(32)284

285

The constant Cstab depends only on the polynomial degree m and γ-shape regularity. �286

The following reduction property follows from the reduction of the mesh-size on refined287

elements. The proof is standard [CKNS08].288

Lemma 3.4 (reduction [CKNS08, Proof of Cor. 3.4]). Let T̂ ∈ Tc(T ). Let QP ∈ P(P).289

Then, with qred = 2−1/(n+1), there holds the reduction property290

η(T̂ \ T ;UT̂ [QP ], QP) ≤ qred η(T \ T̂ ;UT [QP ], QP) + Cred ‖UT̂ [QP ]−UT [QP ]‖V.(33)291
292

The constant Cred > 0 depends only on the polynomial degree m and γ-shape regularity.�293

Finally, for the divergence contribution to the Stokes error estimator, we recall the294

following equivalence. The result is slightly stronger than [KS08, Prop. 5.7].295

Lemma 3.5. Let Cdiv ≥ 1 be the norm equivalence constant from (10). Let ΠT : L2(Ω)→296

P(T ) be the L2(Ω)-orthogonal projection. If QP ∈ P(P), then it holds that297

‖ΠT∇ · u[QP ]‖Ω ≤ ‖∇ · (uT − u[QP ])‖Ω ≤ ‖pT −QP‖P ≤ Cdiv ‖ΠT∇ · u[QP ]‖Ω.(34)298
299

Moreover, it holds that300

‖∇ · u[QP ]‖Ω ≤ ‖p−QP‖P ≤ Cdiv ‖∇ · u[QP ]‖Ω.(35)301
302

Proof. From the definition of the Schur complement operator, we have that303

(36) ∇ · (uT − u[QP ]) = S(pT −QP).304
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Taking into account (10), we obtain that305

‖∇ · (uT − u[QP ])‖2
Ω

(36)
= 〈S(pT −QP) , ∇ · (uT − u[QP ])〉Ω306

= 〈pT −QP , ∇ · (uT − u[QP ])〉P ≤ ‖pT −QP‖P ‖∇·(uT − u[QP ])‖P307

(10)
≤ ‖pT −QP‖P ‖∇ · (uT − u[QP ])‖Ω.308

309

Together with ΠT∇ · uT = 0, this proves that310

‖ΠT∇ · u[QP ]‖Ω ≤ ‖∇·(uT − u[QP ])‖Ω ≤ ‖pT −QP‖P.311

On the other hand, note that T ∈ Tnc(P) implies that ΠT (pT − QP) = pT − QP . The312

norm equivalence (10) and the Cauchy-Schwarz inequality thus imply that313

Cdiv‖pT −QP‖P ‖ΠT∇ · u[QP ]‖Ω

(10)
≥ ‖pT −QP‖Ω ‖ΠT∇ · u[QP ]‖Ω314

≥ −〈pT −QP , ΠT∇ · u[QP ]〉Ω = 〈pT −QP , ΠT∇ · (uT − u[QP ])〉Ω315

= 〈pT −QP , ∇ · (uT − u[QP ])〉Ω
(36)
= 〈S(pT −QP) , pT −QP〉Ω = ‖pT −QP‖2

P316
317

and therefore ‖pT −QP‖P ≤ Cdiv‖ΠT∇ ·u[QP ]‖Ω. This concludes the proof of (34). The318

proof of (35) follows along the same lines (with p = pT and hence 0 = ∇·u = ∇·uT ). �319

3.2. Adaptive refinement of pressure triangulation. To refine the partitions Pi,320

we apply the following algorithm from [Bin15, Section 2] (which slightly differs from the321

well-known thresholding second algorithm of [BD04]):322

Algorithm 3.6. Input: Partition P ′ := P ∈ Tnc, triangulation T ∈ Tnc(P) ∩ Tc,323

function VT ∈ V(T ), adaptivity parameter 0 < ϑ ≤ 1.324

Loop: Iterate the following steps (i)–(iii) until ϑ ‖∇ · VT ‖Ω ≤ ‖ΠP ′∇ · VT ‖Ω:325

(i) Compute e(T ) := inf{‖∇ · VT − Q‖2
T : Q polynomial of degree m − 1} for all326

T ∈ P ′, for which e(T ) has not been already computed.327

(ii) For all T ∈ P ′ for which ẽ(T ) has not been already defined, define ẽ(T ) := e(T )328

if T ∈ P and ẽ(T ) := e(T )ẽ(T̃ )/(e(T ) + ẽ(T̃ )) otherwise, where T̃ denotes the329

unique father element of T .330

(iii) Choose one element T ∈ P ′ with ẽ(T ) = maxT ′∈P ′ ẽ(T
′) and employ newest vertex331

bisection to generate P ′ := bisect(P ′, {T}).332

Output: Triangulation P ′ = bisect(P , T ,VT ;ϑ) ∈ Tnc(P) with T ∈ Tnc(P ′) ∩ Tc.333

According to [Bin15, Theorem 2.1], the output P ′ is a quasi-optimal mesh in Tnc(P)334

with ϑ ‖∇·VT ‖Ω ≤ ‖ΠP ′∇·VT ‖Ω: This means that for all ϑ < ϑ′ < 1 and all P̃ ∈ Tnc(P)335

with ϑ′ ‖∇ · VT ‖Ω ≤ ‖ΠP̃∇ · VT ‖Ω, it holds that #P ′ −#P ≤ Cbin (#P̃ −#P) for some336

Cbin > 1, which depends only on the ratio (1− ϑ′2)/(1− ϑ2). The same reference states337

that the effort of Algorithm 3.6 is O(#T log(#T )) if 0 < ϑ < 1.338

To obtain optimal algebraic convergence rates of the error estimator, one has to choose339

ϑ sufficiently small and ϑ′ sufficiently close to ϑ; see Theorem 5.3 below.340
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3.3. Adaptive Uzawa algorithm. We investigate the following adaptive Uzawa al-341

gorithm, which goes back to [KS08, Section 7].342

Algorithm 3.7. Input: Conforming initial triangulation P0 := T000 := Tinit of Ω, initial343

approximation P00 = 0, counters i = j = k = 0, adaptivity parameters 0 ≤ κ1 < 1,344

0 < κ2 < 1, 0 < κ3 < 1, 0 < ϑ ≤ 1, 0 < θ ≤ 1, and Cmark ≥ 1.345

Loop: Iterate the following steps (i)–(iv):346

(i) Compute Uijk ∈ Vijk as well as (all local contributions of) the corresponding347

error estimator ηijk = η(Tijk;Uijk, Pij) such that the exact Galerkin approximation348

UTijk [Pij] ∈ Vijk of uij satisfies that ‖UTijk [Pij]−Uijk‖V ≤ κ1 ηijk.349

(ii) while ηijk + ‖Πi∇ ·Uijk‖Ω ≤ κ2

(
ηijk + ‖∇ ·Uijk‖Ω

)
do350

• Determine Pi+1 := bisect(Pi, Tijk,Uijk;ϑ) by Algorithm 3.6.351

• DefineMijk := ∅, P(i+1)0 := Pij, and T(i+1)00 := Tijk.352

• Update counters (i, j, k) 7→ (i+ 1, 0, 0).353

end while354

(iii) if ηijk ≤ κ3 ‖Πi∇ ·Uijk‖Ω then355

• DefineMijk := ∅, Pi(j+1) := Pij − Πi∇ ·Uijk ∈ Pi, and Ti(j+1)0 := Tijk.356

• Update counters (i, j, k) 7→ (i, j + 1, 0).357

(iv) else358

• Determine a setMijk ⊆ Tijk of (up to the fixed factor Cmark) minimal cardi-359

nality, which satisfies the Dörfler marking criterion360

θ η2
ijk ≤ η(Mijk;Pij,Uijk)

2.(37)361
362

• Generate Tij(k+1) := refine(Tijk,Mijk).363

• Update counters (i, j, k) 7→ (i, j, k + 1).364

end if �365

Remark 3.8. The actual implementation of Algorithm 3.7 will replace the triple indices366

(i, j, k) by one single index n ∈ N0, which is increased in each step (ii)–(iv). However,367

the present statement of the algorithm makes the numerical analysis more accessible. �368

Lemma 3.9. Define the index set Q := {(i, j, k) ∈ N3
0 : Uijk is defined by Algorithm 3.7}.369

Then, for (i, j, k) ∈ N3
0, there hold the following assertions (a)–(c):370

(a) If (i, j, k + 1) ∈ Q, then (i, j, k) ∈ Q.371

(b) If (i, j+1, 0) ∈ Q, then (i, j, 0) ∈ Q and k(i, j) := max{k ∈ N0 : (i, j, k) ∈ Q} <∞.372

(c) If (i+1, 0, 0) ∈ Q, then (i, 0, 0) ∈ Q and j(i) := max{j ∈ N0 : (i, j, 0) ∈ Q} <∞.373

Throughout, we shall make the following conventions for the triple index: If we write ηijk374

etc. (see, e.g., Lemma 4.5), then (implicitly) k = k(i, j). If we write ηijk etc. (see, e.g.,375

Lemma 4.6), then (implicitly) j = j(i) and k = k(i, j).376

Proof. Each step (ii)–(iv) of the algorithm increases either i or j or k by one. �377

Remark 3.10. Unlike the algorithm from [KS08], our formulation of the adaptive Uzawa378

algorithm avoids any special treatment of the data oscillations (i.e., to resolve f by a379
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piecewise polynomial in an additional outer loop). This is achieved by the fact that our380

analysis avoids to exploit any efficiency of the a posteriori estimator η. �381

Remark 3.11. We note that the choice Uijk := UTijk [Pij] (i.e., κ1 = 0) is admissible in382

step (i) of Algorithm 3.7. In the spirit of [FHPS18], one can also employ the PCG algo-383

rithm [GVL13, Algorithm 11.5.1] with optimal preconditioner. With κ′1 and an additional384

index ` ∈ N0 for the PCG iteration and initially ` := 0, repeat the following three steps,385

until Uijk := Uijk(`+1) satisfies ‖Uijk(`+1) −Uijk`‖V ≤ κ′1 ηijk(`+1):386

• Do one PCG step to obtain Uijk(`+1) ∈ Vijk from Uijk` ∈ Vijk.387

• Compute (all local contributions of) the estimator ηijk(`+1) := η(Tijk;Uijk(`+1), Pij).388

• Update counters (i, j, k, `) 7→ (i, j, k, `+ 1).389

If the preconditioner is optimal, i.e., the preconditioned linear system has uniformly390

bounded condition number, then it follows that PCG is a uniform contraction [FHPS18,391

Section 2.6]: There exists 0 < qpcg < 1 such that392

‖UTijk [Pij]−Uijk(`+1)‖V ≤ qpcg ‖UTijk [Pij]−Uijk`‖V for all ` ∈ N0.393
394

Hence, the PCG loop terminates, and the triangle inequality proves that395

‖UTijk [Pij]−Uijk(`+1)‖V ≤
qpcg

1− qpcg

‖Uijk(`+1) −Uijk`‖V ≤
qpcg

1− qpcg

κ′1 ηijk(`+1),396

397

i.e., the criterion of step (i) of Algorithm 3.7 is satisfied for κ1 := κ′1qpcg/(1− qpcg). �398

4. Convergence399

4.1. Main theorem on linear convergence. To state linear convergence, we need400

an ordering of the set Q from Lemma 3.9: For (i, j, k), (i′, j′, k′) ∈ Q, write (i′, j′, k′) <401

(i, j, k) if the index (i′, j′, k′) appears earlier in Algorithm 3.7 than (i, j, k). Define402

|(i, j, k)| := #{(i′, j′, k′) ∈ Q : (i′, j′, k′) < (i, j, k)} ∈ N0.(38)403
404

Note that |(i, j, k)| coincides with the single index n from Remark 3.8. Then, we have405

the following theorem. The proof is given in Section 4.3.406

Theorem 4.1. Let 0 < κ1 < θ1/2/Cstab. Suppose that 0 < κ2, κ3 < 1 are sufficiently407

small as in Lemma 4.5 and Lemma 4.6 below. Let 0 < ϑ ≤ 1 and 0 < θ ≤ 1. Then, there408

exist constants Clin > 0 and 0 < qlin < 1 such that409

ηijk + ‖∇ ·Uijk‖Ω ≤ Clinq
|(i,j,k)|−|(i′,j′,k′)|
lin

(
ηi′j′k′ + ‖∇ ·Ui′j′k′‖Ω

)
(39)410

411

for all (i′, j′, k′), (i, j, k) ∈ Q with (i′, j′, k′) < (i, j, k). The constants Clin and qlin depend412

only on the domain Ω, γ-shape regularity, the polynomial degree m, and the parameters413

κ1, κ2, κ3, ϑ, and θ.414

Remark 4.2. The adaptive Uzawa algorithm from [BMN02] employs only one trian-415

gulation for both, the pressure and the velocity. Similarly, we can additionally update416

Pi := Tij(k+1) in step (iv) of Algorithm 3.7. Since 0 < κ2 < 1 and Πi∇ · Uijk = ∇Uijk,417

December 20, 2018 11



then the condition in (ii) will always fail. We note that the convergence analysis of Sec-418

tion 4.2 and in particular, linear convergence (Theorem 4.1) clearly remain valid for this419

modified algorithm, while our proof of optimal convergence rates (Theorem 5.3) fails. �420

4.2. Auxiliary results. The first lemma provides links between the exact Galerkin421

solutions UTijk [Pij] and its approximations Uijk.422

Lemma 4.3. Let (i, j, k) ∈ Q. For all S ⊆ Tijk, it holds that423

|η(S;UTijk [Pij], Pij)− η(S;Uijk, Pij)| ≤ κ1Cstab ηijk,(40)424
425

where Cstab > 0 is the constant from Lemma 3.3. This particularly yields the equivalence426

(1− κ1Cstab) ηijk ≤ η(Tijk;UTijk [Pij], Pij) ≤ (1 + κ1Cstab) ηijk.(41)427
428

as well as the reliability estimates429

‖uij −Uijk‖V ≤ C ′rel(κ1) ηijk,(42)430

‖ui −Uijk‖V + ‖pi − Pij‖P ≤ C ′rel(κ1)
(
ηijk + ‖Πi∇ ·Uijk‖Ω

)
,(43)431

‖u−Uijk‖V + ‖p− Pij‖P ≤ C ′rel(κ1)
(
ηijk + ‖∇ ·Uijk‖Ω

)
,(44)432

433

where C ′rel(κ1) := ((1 + κ1Cstab)Crel + κ1(Crel + 1)) ≥ Crel with Crel > 0 from Lemma 3.1.434

Proof. To shorten notation, we set η?ijk := η(Tijk;UTijk [Pij], Pij). The stability (40) follows435

from Lemma 3.3 and ‖UTijk [Pij] − Uijk‖V ≤ κ1 ηijk, which is guaranteed by step (i) of436

Algorithm 3.7. Taking S = Tijk, (41) is an immediate consequence. To see (42), we use437

reliability (28), step (i) of Algorithm 3.7, and (41) to see that438

‖uij −Uijk‖V
(28)
≤ Crel η

?
ijk + ‖UTijk [Pij]−Uijk‖V

(41)
≤ ((1 + κ1Cstab)Crel + κ1) ηijk.439

440

To prove (43), we apply (29)441

‖ui −Uijk‖V + ‖pi − Pij‖P
(29)
≤ Crel

(
η?ijk + ‖Πi∇ ·UTijk [Pij]‖Ω

)
+ ‖UTijk [Pij]−Uijk‖V442

(41)
≤ ((1 + κ1Cstab)Crel + κ1) ηijk + Crel ‖Πi∇ ·Uijk‖Ω.443

444

Similarly, (44) follows from (30). �445

The following three lemmas prove that Algorithm 3.7 leads to contraction if either i,446

j, or k is increased. Throughout, let 0 < ϑ ≤ 1, 0 < θ ≤ 1, and, if not stated otherwise,447

0 ≤ κ1 < 1, 0 < κ2, κ3 < 1.448

Lemma 4.4. Let (i, j, 0) ∈ Q and define k := max{k ∈ N0 : (i, j, k) ∈ Q} ∈ N0 ∪ {∞}.449

If 0 ≤ κ1 < θ1/2/Cstab, then, there exist constants 0 < q1 < 1 and C1 > 0, which depend450

only on γ-shape regularity, the polynomial degree m, κ1, and θ, such that451

ηij(k+n) ≤ C1 q
n
1 ηijk for all k, n ∈ N0 with k ≤ k + n ≤ k.(45)452

453

Moreover, it holds that454

ηijk ≤ ηijk + ‖∇ ·Uijk‖Ω ≤
1

κ2

(
1 +

1

κ3

)
ηijk for all 0 ≤ k < k.(46)455

456

If k =∞, this yields that ‖u−Uijk‖V + ‖p− Pij‖P → 0 as k →∞ with p = pi = Pij.457
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Proof. We split the proof into three steps.458

Step 1. If Uijk = UTijk [Pij] for all (i, j, k) ∈ Q, step (iv) of Algorithm 3.7 is the459

usual adaptive step in an adaptive algorithm for, e.g., the (vector-valued) Poisson model460

problem. Hence, (45) follows from reliability (28), stability (32) and reduction (33);461

see, e.g., [CFPP14, Theorem 4.1 (i)]. For general Uijk, (45) follows from [CFPP14,462

Theorem 7.2] under the constraint 0 ≤ κ1 < θ1/2/Cstab.463

Step 2. If k < k, the structure of Algorithm 3.7 implies that the conditions in step (ii)464

and (iii) are false, i.e.,465

ηijk + ‖Πi∇ ·Uijk‖Ω > κ2

(
ηijk + ‖∇ ·Uijk‖Ω

)
and ηijk > κ3 ‖Πi∇ ·Uijk‖Ω.466

467

Hence,468

ηijk ≤ ηijk + ‖∇ ·Uijk‖Ω <
1

κ2

(
ηijk + ‖Πi∇ ·Uijk‖Ω

)
<

1

κ2

(
1 +

1

κ3

)
ηijk469

470

which proves (46).471

Step 3. For k =∞, the estimates (45)–(46) imply that472

‖u−Uijk‖V + ‖p− Pij‖P
(44)
. ηijk + ‖∇ ·Uijk‖Ω

(46)
' ηijk

k→∞−−−→ 0.473
474

Note that k =∞ also implies that neither i nor j are increased, i.e., Pij remains constant475

as k →∞. Hence, p = Pij ∈ Pi and therefore also p = pi. �476

Lemma 4.5. Let (i, 0, 0) ∈ Q and define j := max{j ∈ N0 : (i, j, 0) ∈ Q} ∈ N0 ∪ {∞}.477

If 0 < κ3 � 1 is sufficiently small (see (55) in the proof below), then there exist constants478

0 < q2 < 1 and C2 > 0 such that479

‖pi − Pi(j+n)‖P ≤ qn2 ‖pi − Pij‖P for all j, n ∈ N0 with j ≤ j + n ≤ j.(47)480
481

Moreover, it holds that482

C−1
2 ‖pi − Pij‖P ≤ ηijk + ‖∇ ·Uijk‖Ω ≤ C2 ‖pi − Pij‖P for all 0 ≤ j < j.(48)483

484

If j = ∞, this yields convergence ‖u − Uijk‖V + ‖p − Pij‖P → 0 as j → ∞. While q2485

depends only on the domain Ω, γ-shape regularity, κ1, and κ3, the constant C2 depends486

additionally on κ2.487

Proof. We split the proof into three steps.488

Step 1. If j < j(i) and k = k(i, j), then necessarily k(i, j) < ∞. The structure489

of Algorithm 3.7 implies that the condition in step (ii) is false, while the condition in490

step (iii) is true, i.e.,491

ηijk + ‖Πi∇ ·Uijk‖Ω > κ2 (ηijk + ‖∇ ·Uijk‖Ω) and ηijk ≤ κ3 ‖Πi∇ ·Uijk‖Ω.(49)492
493

First, this proves that494

κ2 (ηijk + ‖∇ ·Uijk‖Ω) < ηijk + ‖Πi∇ ·Uijk‖Ω ≤ (1 + κ3) ‖Πi∇ ·Uijk‖Ω

≤ (1 + κ3) ‖∇ ·Uijk‖Ω ≤ (1 + κ3) (ηijk + ‖∇ ·Uijk‖Ω) .
(50)495

496
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Second, reliability (42) gives that497

‖Πi∇ · (uij −Uijk) ‖Ω ≤ ‖uij −Uijk‖V
(42)

≤ C ′rel(κ1) ηijk
(49)

≤ κ3C
′
rel(κ1) ‖Πi∇ ·Uijk‖Ω.

(51)

498
499

The triangle inequality yields that500

(1− κ3C
′
rel(κ1)) ‖Πi∇ ·Uijk‖Ω

(51)
≤ ‖Πi∇ · uij‖Ω

(51)
≤ (1 + κ3C

′
rel(κ1))‖Πi∇ ·Uijk‖Ω.(52)501

502

This leads us to503

C−1
div

1− κ3C
′
rel(κ1)

1 + κ3C ′rel(κ1)
‖pi − Pij ‖P

(34)

≤ 1− κ3C
′
rel(κ1)

1 + κ3C ′rel(κ1)
‖Πi∇ · uij‖Ω

(52)

≤ (1− κ3C
′
rel(κ1)) ‖Πi∇ ·Uijk‖Ω

(52)

≤ ‖Πi∇ · uij‖Ω

(34)

≤ ‖pi − Pij‖P.

(53)504

505

If κ3C
′
rel(κ1) < 1, the combination of (53) and (50) proves (48).506

Step 2. Starting from Pij, one step of the exact Uzawa iteration for the reduced507

Stokes problem (leading to the auxiliary quantity pi(j+1)) guarantees the existence of508

some 0 < qUzawa < 1 such that the following contraction holds (see [KS08, Eq. (4.3)]):509

‖pi − pi(j+1)‖P ≤ qUzawa ‖pi − Pij‖P with pi(j+1) = Pij − Πi∇ · uij.(54)510
511

The contraction constant qUzawa is the norm of the operator from (4) with α = 1. Indeed,512

the proof of (54) works exactly as in Appendix A if S : P → P is replaced by the513

operator ΠiS : Pi → Pi. In particular, qUzawa does neither depend on i nor on j. Since514

Pi(j+1) = Pij − Πi∇ ·Uijk, we are thus led to515

‖pi − Pi(j+1)‖P ≤ ‖pi − pi(j+1)‖P + ‖pi(j+1) − Pi(j+1)‖P516

≤ qUzawa ‖pi − Pij‖P + ‖Πi∇ · (uij −Uijk)‖P517

(51)
≤ qUzawa ‖pi − Pij‖P + κ3C

′
rel(κ1) ‖Πi∇ ·Uijk‖Ω518

(53)
≤
(
qUzawa +

κ3C
′
rel(κ1)

1− κ3C ′rel(κ1)

)
‖pi − Pij‖P =: q2 ‖pi − Pij‖P.519

520

Let 0 < κ3 � 1 be sufficiently small, i.e.,521

0 < κ3C
′
rel(κ1) < 1 and 0 < q2 := qUzawa +

κ3C
′
rel(κ1)

1− κ3C ′rel(κ1)
< 1.(55)522

523

Then, induction proves that ‖pi − Pi(j+n)‖P ≤ qn2 ‖pi − Pij‖P for every j, n ∈ N0 with524

j ≤ j + n ≤ j. This proves (47).525

Step 3. For j =∞, the estimates (47)–(48) imply that526

‖u−Uijk‖V + ‖p− Pij‖P
(44)
. ηijk + ‖∇ ·Uijk‖Ω

(48)
' ‖pi − Pij‖P

j→∞−−−→ 0.527
528

This concludes the proof. �529

Note that i := max{i ∈ N0 : (i, 0, 0) ∈ Q} < ∞ in Algorithm 3.7 implies that either530

j := j(i) =∞ or k(i, j) =∞. According to Lemma 4.4 (for k =∞) and Lemma 4.5 (for531

j =∞), it only remains to analyze the case i =∞.532

December 20, 2018 14



Lemma 4.6. Let i := max{i ∈ N0 : (i, 0, 0) ∈ Q} ∈ N0 ∪ {∞}. If 0 < κ2 � 1 is533

sufficiently small (see (61) in the proof below), then there exist constants 0 < q3 < 1 and534

C3 > 0 such that535

‖p− P(i+n)j‖P ≤ qn3 ‖p− Pij‖P for all i, n ∈ N0 with i ≤ i+ n ≤ i.(56)536
537

Moreover, it holds that538

C−1
3 ‖p− Pij‖P ≤ ηijk + ‖∇ ·Uijk‖Ω ≤ C3 ‖p− Pij‖P for all 0 ≤ i < i.(57)539

540

While C3 depends only on the domain Ω, γ-shape regularity, κ1 and κ2, the contraction541

constant q3 depends additionally on 0 < ϑ ≤ 1. If i = ∞, this yields convergence542

‖u−Uijk‖V + ‖p− Pij‖P → 0 as i→∞.543

Proof. We split the proof into five steps.544

Step 1. According to Algorithm 3.7, it holds that545

ηijk + ‖Πi∇ ·Uijk‖Ω ≤ κ2

(
ηijk + ‖∇ ·Uijk‖Ω

)
.(58)546

547

For 0 < κ2 < 1, this implies that548

ηijk + ‖Πi∇ ·Uijk‖Ω ≤
κ2

1− κ2

‖∇ ·Uijk‖Ω.549

550

Recall that551

‖∇ ·Uijk‖Ω ≤ ‖∇ · uij‖Ω + ‖∇ · (uij −Uijk)‖Ω

(42)
≤ ‖∇ · uij‖Ω + C ′rel(κ1) ηijk552

553

We abbreviate C(κ1, κ2) := C ′rel(κ1)κ2/(1 − κ2). For sufficiently small 0 < κ2 � 1 with554

0 < C(κ1, κ2) < 1, the combination of the last two estimates implies that ‖∇ ·Uijk‖Ω ≤555

(1− C(κ1, κ2))−1 ‖∇ · uij‖Ω. With556

C ′(κ1, κ2) :=
C(κ1, κ2)

1− C(κ1, κ2)
,557

558

we are hence led to559

‖uij −Uijk‖V
(42)
≤ C ′rel(κ1)

(
ηijk + ‖Πi∇ ·Uijk‖Ω

)
≤ C(κ1, κ2) ‖∇ ·Uijk‖Ω

≤ C ′(κ1, κ2) ‖∇ · uij‖Ω

(35)
≤ C ′(κ1, κ2) ‖p− Pij‖P.

(59)560

561

Conversely,562

‖p− Pij‖P
(35)
≤ Cdiv‖∇ · uij‖Ω ≤ Cdiv

(
‖∇ ·Uijk‖Ω + ‖∇ · (uij −Uijk)‖Ω

)
563

(42)
≤ max{1, C ′rel(κ1)}Cdiv

(
‖∇ ·Uijk‖Ω + ηijk

)
.564

565

In particular, this proves (57).566

Step 2. Recall from Step 1 that567

‖∇ · (uij −Uijk)‖Ω + ‖Πi∇ ·Uijk‖Ω

(42)
≤ max{1, C ′rel(κ1)}

(
ηijk + ‖Πi∇ ·Uijk‖Ω

)
(59)
≤ max{1, C ′rel(κ1)}C ′(κ1, κ2) ‖p− Pij‖P.

(60)568

569
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We hence observe that570

‖pi − Pij‖P
(34)
≤ Cdiv‖Πi∇ · uij‖Ω ≤ Cdiv

(
‖Πi∇ · (uij −Uijk)‖Ω + ‖Πi∇ ·Uijk‖Ω

)
571

(60)
≤ Cdiv max{1, C ′rel(κ1)}C ′(κ1, κ2) ‖p− Pij‖P.572

573

Step 3. From Algorithm 3.6, we obtain that574

ϑ ‖∇ ·Uijk‖Ω ≤ ‖Πi+1∇ ·Uijk‖Ω.575
576

According to (59), it holds that577

‖∇ · uij‖Ω ≤ ‖∇ ·Uijk‖Ω + ‖∇ · (uij −Uijk)‖Ω

(59)
≤ (1 + C(κ1, κ2)) ‖∇ ·Uijk‖Ω,578

579

as well as580

‖Πi+1∇ · (uij −Uijk)‖Ω ≤ ‖uij −Uijk‖V
(59)
≤ C ′(κ1, κ2) ‖∇ · uij‖Ω.581

582

Combining the last three estimates, we see that583

‖Πi+1∇ · uij‖Ω ≥ ‖Πi+1∇ ·Uijk‖Ω − ‖Πi+1∇ · (uij −Uijk)‖Ω584

≥
( ϑ

1 + C(κ1, κ2)
− C ′(κ1, κ2)

)
‖∇ · uij‖Ω.585

586

Recall the constant Cdiv > 0 from Lemma 3.5. If 0 < κ2 � 1 is sufficiently small, it holds587

that C ′′(κ2) :=
(

ϑ
1+C(κ1,κ2)

− C ′(κ1, κ2)
)
/Cdiv > 0. This implies that588

‖pi+1 − Pij‖P
(34)
≥ ‖Πi+1∇ · uij‖Ω ≥

( ϑ

1 + C(κ1, κ2)
− C ′(κ1, κ2)

)
‖∇ · uij‖Ω589

(35)
≥ C ′′(κ2) ‖p− Pij‖P.590

591

Together with the Pythagoras theorem, we are hence led to592

‖p− pi+1‖2
P = ‖p− Pij‖2

P − ‖pi+1 − Pij‖2
P ≤ (1− C ′′(κ2)2) ‖p− Pij‖2

P.593
594

Step 4. Combining Step 2 and Step 3, we obtain that595

‖p− P(i+1)j‖2
P = ‖p− pi+1‖2

P + ‖pi+1 − P(i+1)j‖2
P596

≤
(
1− C ′′(κ2)2

)
‖p− Pij‖2

P + C2
div max{1, C ′rel(κ1)2}C ′(κ1, κ2)2 ‖p− P(i+1)j‖2

P.597598

For sufficiently small 0 < κ2 � 1, i.e.,599

C(κ1, κ2) =
C ′rel(κ1)κ2

1− κ2

< 1, 0 < C ′′(κ2) =
( ϑ

1 + C(κ1, κ2)
− C(κ1, κ2)

1− C(κ1, κ2)

)
C−1

div,

0 < q2
3 :=

1− C ′′(κ2)2

1− C2
div max{1, C ′rel(κ1)2}C ′(κ1, κ2)2

< 1,

(61)600

601

we hence see that602

‖p− P(i+1)j‖2
P ≤ q2

3 ‖p− Pij‖2
P.603

604

By induction, we conclude (56).605
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Step 5. For i =∞, the estimates (56)–(57) imply that606

‖u−Uijk‖V + ‖p− Pij‖P
(44)
. ηijk + ‖∇ ·Uijk‖Ω

(57)
. ‖p− Pij‖P

i→∞−−−→ 0.607
608

This concludes the proof. �609

4.3. Proof of Theorem 4.1. To prove Theorem 4.1, we need the following two610

lemmas. A slightly weaker version of the first lemma is already proved in [CFPP14,611

Lemma 4.9]. The proof, however, immediately extends to the following generalization612

and is therefore omitted.613

Lemma 4.7. Let (a`)`∈N0 be a sequence with a` ≥ 0 for all ` ∈ N0. With the convention614

0−1/s :=∞, the following three statements are pairwise equivalent:615

(a) There exist a constant C > 0 such that
∑∞

n=` an ≤ Ca` for all ` ∈ N0.616

(b) For all s > 0, there exists C > 0 such that
∑`

n=0 a
−1/s
n ≤ Ca

−1/s
` for all ` ∈ N0.617

(c) There exist 0 < q < 1 and C > 0 such that a`+n ≤ Cqna` for all n, ` ∈ N0.618

Here, in each statement, the constants C > 0 may differ. �619

Lemma 4.8. Let 0 < κ1 < θ1/2/Cstab. Suppose that κ2, κ3 are sufficiently small as in620

Lemma 4.5 and Lemma 4.6. Let (i, j, 0) ∈ Q. Then, there hold the assertions (a)–(d):621

(a) If i ≥ 1, then ηi00 + ‖∇ ·Ui00‖Ω ≤ Cmon

(
η(i−1)jk + ‖∇ ·U(i−1)jk‖Ω

)
.622

(b) If j ≥ 1, then ηij0 + ‖∇ ·Uij0‖Ω ≤ Cmon

(
ηi(j−1)k + ‖∇ ·Ui(j−1)k‖Ω

)
.623

(c) ηijk + ‖∇ ·Uijk‖Ω ≤ Cmon

(
ηijk′ + ‖∇ ·Uijk′‖Ω

)
for all 0 ≤ k′ ≤ k ≤ k(i, j).624

(d) ηijk + ‖∇ ·Uijk‖Ω ≤ Cmon

(
ηij′k + ‖∇ ·Uij′k‖Ω

)
for all 0 ≤ j′ ≤ j < j(i).625

The constant Cmon > 0 depends only on Ω, Cstab, Crel, C1, and C2.626

Proof. To shorten notation, we set η?ijk := η(Tijk;UTijk [Pij], Pij) and U ?
ijk := UTijk [Pij].627

To prove (a), recall from step (ii) of Algorithm 3.7 that Ti00 = T(i−1)jk as well as Pi0 =628

P(i−1)j. Hence, U ?
i00 = U ?

(i−1)jk and consequently η?i00 = η?(i−1)jk as well as ‖∇ ·U ?
i00‖Ω =629

‖∇ ·U ?
(i−1)jk‖Ω. Since κ1 < θ1/2C−1

stab ≤ C−1
stab, we can apply the equivalence (41) in both630

directions. With step (i) of Algorithm 3.7, we see that631

ηi00 + ‖∇ ·Ui00‖Ω

(41)
. η?i00 + ‖∇ ·U ?

i00‖Ω + ‖U ?
i00 −Ui00‖V . η?i00 + ‖∇ ·U ?

i00‖Ω + ηi00632

(41)
. η?i00 + ‖∇ ·U ?

i00‖Ω = η?(i−1)jk + ‖∇ ·U ?
(i−1)jk‖Ω

(41)
. η(i−1)jk + ‖∇ ·U(i−1)jk‖Ω633

+ ‖U ?
(i−1)jk −U(i−1)jk‖V . η(i−1)jk + ‖∇ ·U(i−1)jk‖Ω.634

635

To prove (b), recall from step (iii) of Algorithm 3.7 that Tij0 = Ti(j−1)k and Pij =636

Pi(j−1) − Πi∇ ·Ui(j−1)k. According to the discrete variational form (19), it holds that637

a(U ?
ij0 −U ?

i(j−1)k,Vij0) = b(Vij0,Πi∇ ·Ui(j−1)k) for all Vij0 ∈ V(Tij0) = V(T(i−1)jk).638
639
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This proves that ‖U ?
ij0−U ?

i(j−1)k‖V . ‖Πi∇·Ui(j−1)k‖Ω ≤ ‖∇·Ui(j−1)k‖Ω. First, it follows640

that641

‖∇ ·Uij0‖Ω ≤ ‖∇ ·Ui(j−1)k‖Ω + ‖Uij0 −Ui(j−1)k‖V ≤ ‖∇ ·Ui(j−1)k‖Ω + ‖U ?
ij0 −U ?

i(j−1)k‖V642

+ ‖U ?
ij0 −Uij0‖V + ‖U ?

i(j−1)k −Ui(j−1)k‖V ≤ ‖∇ ·Ui(j−1)k‖Ω + κ1 ηij0 + κ1 ηi(j−1)k.643644

Second, stability of the error estimator (Lemma 3.3), Tij0 = Ti(j−1)k and the previous645

estimate prove that646

ηij0
(32)
≤ ηi(j−1)k + Cstab

(
‖Uij0 −Ui(j−1)k‖V + ‖Πi∇ ·Ui(j−1)k‖Ω

)
647

≤ (1 + κ1Cstab) ηi(j−1)k + Cstab ‖∇ ·Ui(j−1)k‖Ω + κ1Cstab ηij0.648
649

Recall that κ1Cstab < θ1/2 ≤ 1. Thus, combining the last two estimates, we conclude the650

proof of (b).651

To prove (c), note that Lemma 4.4 implies that652

ηijk
(45)
≤ C1 ηijk′ for all 0 ≤ k′ < k ≤ k := k(i, j).(62)653

654

Moreover, the Pythagoras theorem, reliability (28), and the equivalence (41) prove that655

‖∇ ·Uijk‖Ω ≤ ‖∇ ·Uijk′‖Ω + ‖U ?
ijk −U ?

ijk′‖V + ‖U ?
ijk −Uijk‖V + ‖U ?

ijk′ −Uijk′‖V656

≤ ‖∇ ·Uijk′‖Ω + ‖uij −U ?
ijk′‖V + κ1 ηijk + κ1 ηijk′657

(28)+(62)
. ‖∇ ·Uijk′‖Ω + η?ijk′ + ηijk′658

(41)
. ‖∇ ·Uijk′‖Ω + ηijk′ .659

660

To prove (d), note that Lemma 4.5 implies that661

ηijk + ‖∇ ·Uijk‖Ω

(48)
' ‖pi − Pij‖P

(47)
≤ ‖pi − Pij′‖P

(48)
' ηij′k + ‖∇ ·Uij′k‖Ω.662

663

This concludes the proof. �664

Proof of Theorem 4.1. For all 0 ≤ i′ ≤ i ≤ i, define j(i) ∈ N0 by665

j(i) :=

{
0 if i′ < i,

j′ if i′ = i.
666

667

For all 0 ≤ i′ ≤ i ≤ i and all j(i) ≤ j ≤ j(i), define k(i, j) ∈ N0 by668

k(i, j) :=

{
0 if i′ < i or j′ < j,

k′ if i′ = i and j′ = j.
669

670

As for j and k, we write j = j(i) and k = k(i, j) if i and j are clear from the context.671

Further, we abbreviate672

µijk := ηijk + ‖∇ ·Uijk‖Ω.673
674

December 20, 2018 18



With this notation and according to Lemma 4.7, (39) is equivalent to675

∑
(i,j,k)∈Q

(i′,j′,k′)≤(i,j,k)

µijk =

i∑
i=i′

j(i)∑
j=j(i)

k(i,j)∑
k=k(i,j)

µijk . µi′j′k′ for all (i′, j′, k′) ∈ Q.(63)676

677

We prove (63) in the following three steps.678

Step 1. For k(i, j) < k(i, j) < ∞, Lemma 4.8 (c) proves that µijk . µijk Hence,679

Lemma 4.4 in combination with the geometric series allows to estimate the sum over k680

i∑
i=i′

j(i)∑
j=j(i)

k(i,j)∑
k=k(i,j)

µijk
(c)

.
i∑

i=i′

j(i)∑
j=j(i)

k(i,j)−1∑
k=k(i,j)

µijk
(46)
'

i∑
i=i′

j(i)∑
j=j(i)

k(i,j)−1∑
k=k(i,j)

ηijk
(45)
.

i∑
i=i′

j(i)∑
j=j(i)

ηijk

≤
i∑

i=i′

j(i)∑
j=j(i)

µijk =

j(i′)∑
j=j(i′)

µi′jk +

i∑
i=i′+1

j(i)∑
j=j(i)

µijk =

j(i′)∑
j=j′

µi′jk +

i∑
i=i′+1

j(i)∑
j=0

µij0.

(64)681

682

Step 2. In this step, we bound the first summand of (64) by µi′j′k′ . It holds that683

j(i′)∑
j=j′

µi′jk = µi′j′k +

j(i′)∑
j=j′+1

µi′jk = µi′j′k′ +

j(i′)∑
j=j′+1

µi′j0.684

685

Lemma 4.8 (b) and Lemma 4.5 in combination with the geometric series show that686

j(i′)∑
j=j′+1

µi′j0
(b)

.

j(i′)∑
j=j′+1

µi′(j−1)k =

j(i′)−1∑
j=j′

µi′jk
(48)
'

j(i′)−1∑
j=j′

‖pi′ − Pi′j′‖P
(47)
. ‖pi′ − Pi′j‖P

(29)
. µi′j′k′ .687

688

Step 3. In this step, we bound the second summand of (64) by µi′j′k′ . First, we689

consider only the terms where j > 0. As in Step 2, Lemma 4.8 (b) and Lemma 4.5 in690

combination with the geometric series show that691

i∑
i=i′+1

j(i)∑
j=1

µij0
(b)

.
i∑

i=i′+1

j(i)∑
j=1

µi(j−1)k =

i∑
i=i′+1

j(i)−1∑
j=0

µijk
Lem.4.5
.

i∑
i=i′+1

µi0k
(c)

.
i∑

i=i′+1

µi00.692

693

Hence, it holds that694

i∑
i=i′+1

j(i)∑
j=0

µij0 =

i∑
i=i′+1

µi00 +

i∑
i=i′+1

j(i)∑
j=1

µij0 .
i∑

i=i′+1

µi00.695

696

Lemma 4.8 (a) and Lemma 4.6 in combination with the geometric series show that697

i∑
i=i′+1

µi00

(a)

.
i∑

i=i′+1

µ(i−1)jk =

i−1∑
i=i′

µijk
(57)
'

i−1∑
i=i′

‖p− Pij‖P
(56)
. ‖p− Pi′j‖P

(30)
. µi′jk.698

699

If j′ = j(i′), then Lemma 4.8 (c) yields that µi′jk = µi′j′k . µi′j′k′ . Otherwise, if j′ < j(i′),700

then Lemma 4.8 (b)–(d) yield that701

µi′jk
(c)

. µi′j0
(b)

. µi′(j−1)k

(d)

. µi′j′k
(c)

. µi′j′k′ .702
703
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Altogether, we have derived (63), which concludes the proof. �704

5. Convergence rates705

5.1. Main theorem on optimal convergence rates. The first lemma relates two706

different characterizations of approximation classes from the literature, which are either707

based on the accuracy ε > 0 (see, e.g., [Ste08, KS08]) or the number of elements N (see,708

e.g., [CKNS08, CFPP14]).709

Lemma 5.1. Recall that Tc = Tc(Tinit). Let % : Tc → R≥0 satisfy that infT ∈Tc %(T ) = 0.710

Let s > 0 and define711

Ac
s(%) := sup

N∈N0

(
(N + 1)s min

T ∈Tc
N

%(T )
)
, where Tc

N := {T ∈ Tc : #T −#Tinit ≤ N}.(65)712

713

With Tc
ε(%) := {T ∈ Tc : %(T ) ≤ ε} 6= ∅ for ε > 0, there holds the equality714

Ac
s(%) = sup

ε>0

(
ε min
T ∈Tc

ε(%)
(#T −#Tinit)

s
)
.(66)715

716

The minimum in (65) exists, since all Tc
N are finite sets. The minimum in (66) exists,717

since the cardinality is a mapping # : Tnc → N. In either case, the minimizers might not718

be unique. If Tc = Tc(Tinit) is replaced by Tnc = Tnc(Tinit), one can define Anc
s , Tnc

N , and719

Tnc
ε (%) similarly, and the assertion (66) holds accordingly.720

Proof. We only consider the set Tc of conforming triangulations, the proof for the set721

Tnc of non-conforming triangulations follows along the same lines. For N ∈ N0, define722

εN := minT ∈Tc
N
%(T ) ≥ 0.723

Step 1. To prove “≥” in (66), let ε > 0. If 0 < ε < ε0, there exists a minimal N ∈ N0724

such that minT ∈Tc
N
%(T ) ≤ ε. In particular, it follows that N > 0, Tc

N ∩ Tc
ε(%) 6= ∅, and725

ε < minT ∈Tc
N−1

%(T ). This yields that726

ε min
T ∈Tc

ε(%)
(#T −#Tinit)

s ≤ min
T ∈Tc

N−1

%(T )N s ≤ sup
N∈N0

(
(N + 1)s min

T ∈Tc
N

%(T )
)

= Ac
s(%).(67)727

728

If ε0 ≤ ε, then Tinit ∈ Tc
ε0

(%) ⊆ Tc
ε(%) and hence the left-hand side of (67) is zero, and (67)729

thus remains true. Taking the supremum over all ε > 0, we prove “≥” in (66).730

Step 2. To prove “≤” in (66), let N ∈ N0. If εN > 0, the definition of εN yields that731

#T −#Tinit ≥ N + 1 for all T ∈ Tc
λεN

(%) and all 0 < λ < 1. This proves that732

(N + 1)s min
T ∈Tc

N

%(T ) ≤ min
T ∈Tc

λεN
(%)

(#T −#Tinit)
s εN ≤

1

λ
sup
ε>0

(
ε min
T ∈Tc

ε(%)
(#T −#Tinit)

s
)
.(68)733

734

If εN = 0, then the left-hand side of (68) is zero, and the overall estimate thus remains735

true. Taking the supremum over all N ∈ N0, we prove “≤” in (66) for the limit λ→ 1. �736

The following lemma specifies %(T ) and hence introduces the precise approximation737

class of the present work.738

Lemma 5.2. For s > 0, let739

Ac
s := Ac

s(%), where %(T ) := η(T ;UT [pT ], pT ) + ‖∇ ·UT [pT ]‖Ω for T ∈ Tc.(69)740
741
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Then, % satisfies the assumptions of Lemma 5.1. Moreover, there exists a constant C > 0,742

which depends only on Cstab and Crel, such that743

%(T ) ≤ C min
QT ∈P(T )

(
η(T ;UT [QT ], QT ) + ‖∇ ·UT [QT ]‖Ω

)
.(70)744

745

Proof. Let QT ∈ P(T ). According to (21), we have that ‖UT [pT ] −UT [QT ]‖V ≤ ‖pT −746

QT ‖P. Since pT is the best approximation of p in P(T ), it holds that ‖pT − QT ‖P ≤747

‖p−QT ‖P. Hence, stability (32) and reliability (30) of the error estimator prove that748

%(T ) = η(T ;UT [pT ], pT ) + ‖∇ ·UT [pT ]‖Ω749

(32)
. η(T ;UT [QT ], QT ) + ‖UT [pT ]−UT [QT ]‖V + ‖pT −QT ‖P + ‖∇ ·UT [QT ]‖Ω750

. η(T ;UT [QT ], QT ) + ‖∇ ·UT [QT ]‖Ω + ‖p−QT ‖P.751

(30)
. η(T ;UT [QT ], QT ) + ‖∇ ·UT [QT ]‖Ω.752

753

This proves (70). With linear convergence (Theorem 4.1), this yields that754

inf
T ∈Tc

%(T ) ≤ inf
(i,j,k)∈Q

%(Tijk) . inf
(i,j,k)∈Q

(
ηijk + ‖∇ ·Uijk‖Ω

)
= 0.755

756

This concludes the proof. �757

Together with Theorem 4.1, the following theorem is the main result of this work. It758

states optimal convergence of Algorithm 3.7. The proof is given in Section 5.2.759

Theorem 5.3. Let 0 < ϑ < C−1
div and 0 < θ < θopt := (1 + C2

stabC
2
drel)

−1. Suppose that760

κ1 < θ1/2Cstab and θ < sup
δ>0

(1− κ1Cstab)2θopt − (1 + δ−1)κ2
1C

2
stab

1 + δ
,(71)761

762

i.e., 0 ≤ κ1 < 1 is sufficiently small. Moreover, let 0 < κ2, κ3 < 1 be sufficiently small in763

the sense of Lemma 4.5, Lemma 4.6, and Lemma 5.6 below. Then, for all s > 0, there764

exist constants copt, Copt > 0 such that765

copt Ac
s ≤ sup

(i,j,k)∈Q

(
ηijk + ‖∇ ·Uijk‖Ω

)(
#Tijk −#Tinit + 1

)s ≤ Copt (1 + Ac
s).(72)766

767

The constant copt depends only on the initial triangulation Tinit and the polynomial degree768

m, while Copt depends additionally on the domain Ω, the parameters κ1, κ2, κ3, ϑ, d, θ,769

Cmark, s, and f .770

The following remark relates our definition of the approximation class from Lemma 5.2771

to that of [KS08]. We refer to Appendix C for the proof.772

Remark 5.4. (i) The seminal work [KS08] employs two approximation classes:773

• Anc
s (p) := Anc

s (%p) for %p(P) := min
QP∈P(P)

‖p−QP‖P = ‖p− pP‖P,774

• Ac
s(u) := Ac

s(%u) for %u(T ) := min
VT ∈V(T )

‖u− VT ‖V.775

Clearly, the definitions of %p and %u satisfy the assumptions of Lemma 5.1. Moreover,776

Anc
s (p) ' Ac

s(p) := Ac
s(%p).(73)777

778
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(ii) If we additionally define779

• Ac
s(u, p) := Ac

s(%u,p) for %u,p(T ) := min
QT ∈P(T )

‖p−QT ‖P + min
VT ∈V(T )

‖u− VT ‖V,780

then it holds that781

1

2

(
Ac
s(p) + Ac

s(u)
)
≤ Ac

s(u, p) ≤ 2s
(
Ac
s(p) + Ac

s(u)
)

for all s > 0.(74)782
783

(iii) Finally, the reliability (30) implies that Ac
s(u, p) ≤ Cs

rel Ac
s. Conversely, if the784

volume force f is a Tinit-piecewise polynomial, it holds that785

Ac
s . Ac

s(u, p) ≤ Crel Ac
s,(75)786

787

i.e., if the volume force f is a Tinit-piecewise polynomial, then our approximation class788

coincides with that of [KS08]. �789

5.2. Proof of Theorem 5.3. We start with an auxiliary lemma, which was originally790

proved in [KS08, Lemma 6.3].791

Lemma 5.5. Let 0 < ϑ < ϑ′ < C−1
div. Let 0 < ω < 1 be sufficiently small such that792

0 < q := Cdiv
ω + ϑ′

1− ω
< 1,(76)793

794

Let P ∈ Tnc and T ∈ Tc(P). Let QP ∈ P(P). Let VT ∈ V(T ) satisfy that795

‖∇ · (u[QP ]− VT )‖Ω ≤ ω ‖∇ · VT ‖Ω.(77)796
797

Then, bisect(P , T ,VT ;ϑ) from Algorithm 3.6 returns P ′ ∈ Tnc(P) such that the follow-798

ing implication is satisfied for all P ∈ Tnc(P)799

‖p− pP‖2
P ≤ (1− q2) ‖p−QP‖2

P =⇒ #P ′ −#P ≤ Cbin (#P −#Tinit).(78)800
801

Proof. To see (78), let P ∈ Tnc(P) with ‖p− pP‖2
P ≤ (1− q2) ‖p−QP‖2

P. Note that802

‖p− pP̃‖
2
P ≤ ‖p− pP‖2

P ≤ (1− q2) ‖p−QP‖2
P, where P̃ := P ⊕ P ∈ Tnc(P).(79)803

804

The triangle inequality and assumption (77) show that805

‖∇ · VT ‖Ω ≤ ‖∇ · u[QP ]‖Ω + ‖∇ · (u[QP ]− VT )‖Ω

(77)
≤ ‖∇ · u[QP ]‖Ω + ω ‖∇ · VT ‖Ω.806

807

Hence, Lemma 3.5 yields that808

q2(1− ω)2 ‖∇ · VT ‖2
Ω ≤ q2 ‖∇ · u[QP ]‖2

Ω809

(35)
≤ q2 ‖p−QP‖2

P

(79)
≤ ‖p−QP‖2

P − ‖p− pP̃‖
2
P = ‖pP̃ −QP‖

2
P

(34)
≤ C2

div‖ΠP̃∇ · u[QP ]‖2
Ω.810

811

The triangle inequality together with (77) shows that812

‖ΠP̃∇ · u[QP ]‖Ω ≤ ‖ΠP̃∇ · VT ‖Ω + ‖ΠP̃∇ · (u[QP ]− VT )‖Ω

(77)
≤ ‖ΠP̃∇ · VT ‖Ω + ω ‖∇ · VT ‖Ω.813814

Altogether, we derive that815

q(1− ω) ‖∇ · VT ‖Ω ≤ Cdiv‖ΠP̃∇ · u[QP ]‖Ω ≤ Cdiv

(
‖ΠP̃∇ · VT ‖Ω + ω ‖∇ · VT ‖Ω

)
.816

817
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By choice of q in (76), this is equivalent to818

ϑ′ ‖∇ · VT ‖Ω =
q(1− ω)− Cdiv ω

Cdiv

‖∇ · VT ‖Ω ≤ ‖ΠP̃∇ · VT ‖Ω.819

820

By definition, Algorithm 3.6 returns P ′ ∈ Tnc(P) such that821

#P ′ −#P ≤ Cbin (#P̃ −#P)
(M1)
≤ Cbin (#P −#Tinit).822

823

This concludes the proof. �824

The heart of the proof of Theorem 4.1 is the following auxiliary lemma.825

Lemma 5.6. Let (i, j, k) ∈ Q with k < k(i, j) and s > 0. Let 0 < ϑ < C−1
div and826

0 < θ < θopt = (1 + C2
stabC

2
drel)

−1. Let 0 ≤ κ1 < 1 be sufficiently small such that (71)827

is satisfied. For sufficiently small 0 < κ2 � 1 (see (88) in the proof below), there exists828

Ccomp such that829

#Mijk ≤ Ccomp(1 + (Ac
s)

1/s)
(
ηijk + ‖∇ ·Uijk‖Ω

)−1/s
.(80)830

831

The constant Ccomp > 0 depends only on the domain Ω, γ-shape regularity, the polynomial832

degree m, the parameters κ1, κ2, κ3, ϑ, θ Cmark, and s.833

Proof. The proof is split into five steps.834

Step 1. Choose835

ε := ηijk + ‖∇ ·Uijk‖Ω.(81)836
837

Without loss of generality, we may assume that ε > 0. Since Ac
s < ∞, Lemma 5.1 and838

Lemma 5.2 guarantee the existence of T ∈ Tc such that839

#T −#Tinit ≤ (Ac
s/ε)

1/s and η(T ;UT [pT ], pT ) + ‖∇ ·UT [pT ]‖Ω ≤ ε.(82)840
841

Step 2. Define the uniformly refined triangulations842

T̂0 := close(Pi)⊕ T and T̂n+1 := refine(T̂n, T̂n) for all n ∈ N0.843
844

Note that Pij ∈ P(Pi) ⊆ P(T̂n). We recall some standard arguments for adaptive mesh-845

refinement for the (vector-valued) Poisson model problem. Reliability (28), stability (32),846

and reduction (33) guarantee the existence of Cctr > 0 and 0 < qctr < 1 such that847

η(T̂n;UT̂n [Pij], Pij) ≤ Cctr q
n
ctr η(T̂0;UT̂0 [Pij], Pij);848

849

see, e.g., [CFPP14, Theorem 4.1 (i)]. According to, e.g., [CFPP14, Section 3.4], there850

exists Cmon > 0 such that for all T̂ ∈ Tc, T̂ ′ ∈ Tc(T̂ ), PT̂ ∈ P(T̂ )851

η(T̂ ′;UT̂ ′ [PT̂ ], PT̂ ) ≤ Cmonη(T̂ ;UT̂ [PT̂ ], PT̂ )(83)852
853

Note that Cctr, qctr, and Cmon depend only on γ-shape regularity and the polynomial854

degree m. With stability (32) and quasi-monotonicity (83), it follows that855

η(T̂n;UT̂n [Pij], Pij) ≤ Cctr q
n
ctr η(T̂0;UT̂0 [Pij], Pij)856

(32)
≤ Cctr q

n
ctr

[
η(T̂0;UT̂0 [pT ], pT ) + Cstab

(
‖UT̂0 [Pij]−UT̂0 [pT ]‖V + ‖Pij − pT ‖P

)]
857

(83)
≤ Cctr q

n
ctr

[
Cmon η(T ;UT [pT ], pT ) + Cstab

(
‖UT̂0 [Pij]−UT̂0 [pT ]‖V + ‖Pij − pT ‖P

)]
.858

859
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With (21), we hence obtain that860

η(T̂n;UT̂n [Pij], Pij) ≤ Cctr q
n
ctr

[
Cmon η(T ;UT [pT ], pT ) + 2Cstab ‖Pij − pT ‖P

]
.861

862

According to the reliability estimates (30) and (44), it holds that863

‖Pij − pT ‖P ≤ ‖p− pT ‖P + ‖p− Pij‖P864

≤ C ′rel(κ1)
{(
η(T ;UT [pT ], pT ) + ‖∇ ·UT [pT ]‖Ω

)
+
(
ηijk + ‖∇ ·Uijk‖Ω

)}
.865

866

By choice of T in Step 1 and for k < k(i, j), we overall obtain that867

η(T̂n;UT̂n [Pij], Pij) ≤ qnctr Cctr

[
Cmon + 4CstabC

′
rel(κ1)

] (
ηijk + ‖∇ ·Uijk‖Ω

)
(46)
≤ qnctr Cctr

[
Cmon + 4CstabC

′
rel(κ1)

] 1

κ2

(
1 +

1

κ3

)
ηijk.

(84)868

869

Step 3. To shorten notation, we set η?ijk := η(Tijk;UTijk [Pij], Pij) and U ?
ijk :=870

UTijk [Pij]. Note that discrete reliability (31) and stability (32) imply optimality of Dör-871

fler marking (see, e.g., [CFPP14, Section 4.5]): For any 0 < θ? < θopt, there exists some872

0 < λ = λ(θ?)� 1 such that, for all qT ∈ Tc(Tijk), it holds that873

η( qT ;U
qT [Pij], Pij) ≤ λ η?ijk =⇒ θ? (η?ijk)

2 ≤ η(Tijk \ qT ;Uijk, Pij)
2.(85)874

875

The second inequality in (85), Lemma 4.3, and the Young inequality imply for δ > 0 that876

(1− κ1Cstab)2θ? η
2
ijk

(41)
≤ θ?(η

?
ijk)

2
(85)
≤ η(Tijk \ qT ;U ?

ijk, Pij)
2

877

(40)
≤ (1 + δ)η(Tijk \ qT ;Uijk, Pij)

2 + (1 + δ−1)κ2
1C

2
stabη

2
ijk.878

879

Due to (71), we can choose 0 < θ? < θopt sufficiently close to θopt such that880

θ η2
ijk

(71)
≤ sup

δ>0

(1− κ1Cstab)2θ? − (1 + δ−1)κ2
1C

2
stab

1 + δ
η2
ijk ≤ η(Tijk \ qT ;Uijk, Pij)

2.(86)881

882

Let ` ∈ N0 be the minimal integer such that883

q`ctr

Cmon

1− κ1Cstab

Cctr

[
Cmon + 4CstabC

′
rel(κ1)

] 1

κ2

(
1 +

1

κ3

)
≤ λ.884

885

Recall T̂` from Step 2. For qT := T̂` ⊕ Tijk, it then holds that886

η( qT ;U
qT [Pij], Pij)

(83)
≤ Cmon η(T̂`;UT̂` [Pij], Pij)

(84)
≤ λ (1− κ1Cstab) ηijk

(41)
≤ λη?ijk.887

888

Hence, (85)–(86) imply that θ η2
ijk ≤ η(Tijk \ qT ;Uijk, Pij)

2.889

Step 4. SinceMijk ⊆ Tijk in Algorithm 3.7 (iv) has (up to some fixed factor Cmark)890

minimal cardinality, the overlay estimate (M1)implies that891

C−1
mark#Mijk

(85)
≤ #(Tijk \ qT ) ≤ # qT −#Tijk

(M1)
≤ #T̂` −#Tinit

(M2)
≤ C`

son#T̂0892

(M1)
≤ C`

son

(
#close(Pi) + #T −#Tinit

) (82)
. (Ac

s)
1/s
(
ηijk + ‖∇ ·Uijk‖Ω

)−1/s
+ #close(Pi).893894

Elementary calculation (see, e.g., [BHP17, Lemma 22]) shows that895

#P −#Tinit + 1 ≤ #P ≤ #Tinit

(
#P −#Tinit + 1

)
for all P ∈ Tnc.896

897
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With #Tinit ' 1 .
(
ηijk + ‖∇ ·Uijk‖Ω

)−1/s, the conformity estimate (M4) yields that898

#close(Pi) .
(
ηijk + ‖∇ ·Uijk‖Ω

)−1/s
+ (#Pi −#Tinit).899

900

Altogether, this step thus concludes that901

#Mijk . (1 + (Ac
s)

1/s)
(
ηijk + ‖∇ ·Uijk‖Ω

)−1/s
+ (#Pi −#Tinit).(87)902

903

Step 5. Reliability (42) as well as Algorithm 3.7 (ii) show for all 0 ≤ i′ < i that904

‖∇ · (ui′j −Ui′jk)‖Ω ≤ ‖ui′j −Ui′jk‖V ≤ C ′rel(κ1) ηi′jk ≤ C ′rel(κ1)
κ2

1− κ2

‖∇ ·Ui′jk‖Ω.905

906

Let 0 < ϑ < ϑ′ < C−1
div and ω := C ′rel(κ1)κ2/(1− κ2). For 0 < κ2 � 1 with907

0 < q := Cdiv
ω + ϑ′

1− ω
< 1,(88)908

909

Lemma 5.5 applies and proves for all P i′ ∈ Tnc(Pi′) that910

‖p− pPi′‖P ≤ (1− q2)1/2 ‖p− Pi′j‖P =⇒ #Pi′+1 −#Pi′ . #P i′ −#Tinit.911
912

We choose P i′ from the definition (66) of the approximation norm Ac
s such that913

#P i′ −#Tinit ≤ (Ac
s/εi′)

1/s with η(P i′ ;UPi′ [pPi′ ], pPi′ ) + ‖∇ ·UPi′ [pPi′ ]‖Ω914

≤ εi′ :=
(1− q2)1/2

C ′rel(κ1)
‖p− Pi′j‖P.915

916

Reliability (30) shows that ‖p− pPi′‖P ≤ Crel

(
η(P i′ ;UPi′ [pPi′ ], pPi′ ) + ‖∇ ·UPi′ [pPi′ ]‖Ω

)
.917

With Crel ≤ C ′rel(κ1), Lemma 4.6 and Lemma 4.7 (b) yield that918

#Pi −#Tinit =
i−1∑
i′=0

(#Pi′+1 −#Pi′) . (Ac
s)

1/s

i−1∑
i′=0

‖p− Pi′j‖−1/s
P

(b)

. (Ac
s)

1/s ‖p− P(i−1)j‖−1/s
P .919

920

Next, we prove that ‖p − P(i−1)j‖−1/s
P .

(
ηijk + ‖∇ ·Uijk‖Ω

)−1/s. To this end, we apply921

Lemma 4.8 (a)–(d) and Lemma 4.6. For i, j > 0, it holds that922

ηijk + ‖∇ ·Uijk‖Ω

(c)

. ηij0 + ‖∇ ·Uij0‖Ω

(b)

. ηi(j−1)k + ‖∇ ·Ui(j−1)k‖Ω

(d)

. ηi0k + ‖∇ ·Ui0k‖Ω923

(c)

. ηi00 + ‖∇ ·Ui00‖Ω

(a)

. η(i−1)jk + ‖∇ ·U(i−1)jk‖Ω

(57)
' ‖p− P(i−1)j‖P.924

925

Note that the overall estimate is also true if j = 0. This proves that #Pi − #Tinit .926

(Ac
s)

1/s
(
ηijk + ‖∇ ·Uijk‖Ω

)−1/s. With (87), we obtain that927

#Mijk . (1 + (Ac
s)

1/s)
(
ηijk + ‖∇ ·Uijk‖Ω

)−1/s
.928

929

This concludes the proof. �930

Proof of Theorem 5.3. The proof is split into two steps.931

Step 1. We show the lower bound in (72). Recall that Pij ∈ P(Pi) ⊆ P(Tijk) for all932

(i, j, k) ∈ Q. Therefore, Lemma 5.2 gives that933

%(Tijk)
(70)
. η(Tijk;UTijk [Pij], Pij) + ‖∇ ·UTijk [Pij]‖Ω

(41)
' ηijk + ‖∇ ·Uijk‖.(89)934

935
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If there exists some (i, j, k) ∈ Q such that Tijk = Ti′j′k′ for all (i′, j′, k′) ∈ Q with (i, j, k) ≤936

(i′, j′, k′), then, %(Ti′j′k′) = %(Tijk), (70), and convergence (39) yield that %(Ti′j′k′) = 0937

and hence Ac
s < ∞. Otherwise, let N ∈ N0 and let (i, j, k) ∈ Q be the largest possible938

index (with respect to “≤”) such that #Tijk − #Tinit ≤ N , i.e., Tijk ∈ Tc
N . Clearly, it939

holds that k < k(i, j). Therefore, the son estimate (M2) yields that940

N + 1 < #Tij(k+1) −#Tinit + 1 ' #Tij(k+1)

(M2)
' #Tijk ' #Tijk −#Tinit + 1.941

942

Together with (89), this leads to943

min
T ∈Tc

N

(N + 1)s%(T ) . (#Tijk −#Tinit + 1)s%(Tijk).944

945

Taking the supremum over all (i, j, k) ∈ Q, and then over all N ∈ N0, we conclude the946

first step.947

Step 2. We show the upper bound in (72). According to the closure estimate (M3)948

and Lemma 5.6, it holds for all (i′, j′, k′) ∈ Q with Ti′j′k′ 6= Tinit that949

#Ti′j′k′ −#Tinit + 1 ' #Ti′j′k′ −#Tinit

(M3)
.

∑
(i,j,k)≤(i′,j′,k′)

#Mijk950

(80)
. (1 + (Ac

s)
1/s)

∑
(i,j,k)≤(i′,j′,k′)

(
ηijk + ‖∇ ·Uijk‖Ω

)−1/s
.951

952

Hence, linear convergence (39) in combination with Lemma 4.7 (a) gives that953

#Ti′j′k′ −#Tinit + 1 . (1 + (Ac
s)

1/s)s
(
ηi′j′k′ + ‖∇ ·Ui′j′k′‖Ω

)−1/s
954
955

for all for all (i′, j′, k′) ∈ Q with Ti′j′k′ 6= Tinit. For all other (i′, j′, k′) ∈ Q with Ti′j′k′ =956

Tinit, the latter estimate is clear. With (1 + (Ac
s)

1/s)s . 1 +Ac
s, we conclude the proof. �957

Appendix A. Contraction property of Nα958

The norm of a self-adjoint operator T : H → H on a Hilbert space H satisfies that959

‖T‖ = max{|µ|, |M |}, where µ := inf
x∈H\{0}

〈Tx , x〉H
‖x‖2

H

and M := sup
x∈H\{0}

〈Tx , x〉H
‖x‖2

H

.960

961

If T is positive semi-definite (i.e., 〈Tx , x〉H ≥ 0 for all x ∈ H), then962

‖T‖ = sup
x∈H\{0}

〈Tx , x〉H
‖x‖2

H

.963

964

Consider H = P. Let 0 < α < 2 ‖S‖−1. Since the Schur complement operator S =965

∇·∆−1∇ : P→ P is self-adjoint, also the operator T := I −αS is self-adjoint. Moreover,966

S is positive definite. Hence,967

µ = inf
q∈P \{0}

〈(I − αS)q , q〉Ω
‖q‖2

Ω

= 1− α sup
q∈P \{0}

〈Sq , q〉Ω
‖q‖2

Ω

= 1− α ‖S‖ > −1968

969

as well as970

M = sup
q∈P \{0}

〈(I − αS)q , q〉Ω
‖q‖2

Ω

= 1− α inf
q∈P \{0}

〈Sq , q〉Ω
‖q‖2

Ω

< 1.971

972
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Altogether, ‖I−αS‖ = max{|µ|, |M |} < 1 and thus Nα : P→ P from (4) is a contraction.973

Appendix B. Proof of (9)974

It suffices to prove the inequality for v in the dense subspace C∞c (Ω)n ⊆ H1
0 (Ω) = V.975

Integration by parts and the fact that ∂k∂jvj = ∂j∂kvj show that976

‖∇ · v‖2
Ω =

n∑
j,k=1

〈∂jvj , ∂kvk〉Ω = −
n∑

j,k=1

〈∂k∂jvj , vk〉Ω = −
n∑

j,k=1

〈∂j∂kvj , vk〉Ω977

=
n∑

j,k=1

〈∂kvj , ∂jvk〉Ω ≤
n∑

j,k=1

‖∂kvj‖Ω‖∂jvk‖Ω ≤
1

2

n∑
j,k=1

(
‖∂kvj‖2

Ω + ‖∂jvk‖2
Ω

)
= ‖∇v‖2

Ω.978

979

Appendix C. Proof of Remark 5.4980

Proof of (73). First, Anc
s (p) ≤ Ac

s(p) is trivially satisfied due to Tc ⊆ Tnc. To see the981

converse inequality, let N ∈ N0 be arbitrary and P ′ ∈ Tnc
N with %p(P ′) = minP∈Tnc

N
%p(P).982

According to (M4), we have that close(P) ∈ Tc
CclsN

. Thus, monotonicity of %p gives that983

min
T ∈Tc

bCclsNc

(CclsN + 1)s%p(T ) ≤ (CclsN + 1)s%p(close(P ′)) ≤ (Ccls + 1)s(N + 1)s%p(P ′)984

= (Ccls + 1)s(N + 1)s min
P∈Tnc

N

%p(P) ≤ (Ccls + 1)sAnc
s (p).985

986

Finally, elementary estimation yields for arbitrary M ∈ N0 and N := bM/Cclsc that987

min
T ∈Tc

M

(M + 1)s%p(T ) . min
T ∈Tc

bCclsNc

(CclsN + 1)s%p(T ) ≤ 2sAnc
s (p).988

989

Taking the supremum over all M ∈ N0, we conclude the proof. �990

Proof of (74). Clearly, %p(T ) + %u(T ) = %u,p(T ). Hence, Ac
s(p) +Ac

s(u) ≤ 2Ac
s(u, p).991

Moreover, the overlay estimate (M1) also proves the converse estimate. To see this, let992

N ∈ N0. If N is even, choose n′ = N/2 = n′′ ∈ N0. If N is odd, choose n′ = (N − 1)/2,993

n′′ = (N + 1)/2 ∈ N0. Choose T ′ ∈ Tc
n′ such that %p(T ′) = minT ∈Tc

n′
%p(T ). Choose994

T ′′ ∈ Tc
n′′ such that %u(T ′′) = minT ∈Tc

n′′
%u(T ). Then, n′ + n′′ = N and hence T :=995

T ′ ⊕ T ′′ ∈ Tc
N . Moreover,996

(N + 1)s %u,p(T ) ≤
(N + 1

n′ + 1

)s
(n′ + 1)s %p(T ′) +

(N + 1

n′′ + 1

)s
(n′′ + 1)s %u(T ′′)997

≤
(N + 1

n′ + 1

)s (
Ac
s(p) + Ac

s(u)
)
.998

999

Since (N + 1)/(n′ + 1) ≤ 2, this concludes the proof. �1000

Proof of (75). Reliability (30) implies that Ac
s(u, p) ≤ Cs

rel Ac
s. If the volume force f1001

is a Tinit-piecewise polynomial, efficiency [KS08, Prop. 5.6] yields that, for all PT ∈ P(T ),1002

η(T ;UT [PT ], PT ) + ‖∇ ·UT [PT ]‖Ω

[KS08]
. ‖u[pT ]−UT [PT ]‖V + ‖pT − PT ‖P1003

≤ ‖u−UT [PT ]‖V + ‖u− u[pT ]‖V + ‖pT − PT ‖P1004

(21)
= ‖u−UT [PT ]‖V + ‖p− pT ‖P + ‖pT − PT ‖P . ‖u−UT [PT ]‖V + ‖p− PT ‖P.1005

1006

December 20, 2018 27



The hidden constant depends only on Tinit and the polynomial degree of f . Moreover, it1007

holds that UT := argminVT ∈V(T )‖u− VT ‖V = UT [p]. Hence, (21) shows that1008

‖u−UT [pT ]‖V ≤ ‖u−UT ‖V + ‖UT [p]−UT [pT ]‖V
(21)
≤ ‖u−UT ‖V + Cdiv ‖p− pT ‖P.1009

1010

Combining the latter two estimates, we prove for Tinit-piecewise polynomial f that1011

η(T ;UT [pT ], pT ) + ‖∇ ·UT [pT ]‖Ω . min
VT ∈V(T )

‖u− VT ‖V + min
QT ∈P(T )

‖p−QT ‖P.1012

1013

Overall, we thus get the converse estimate Ac
s . Ac

s(u, p) and hence obtain (75). �1014

Appendix D. Mesh closure estimate (M3) implies (M4)1015

For P ∈ Tnc, there exists J ∈ N0 as well as P0, . . . ,PJ ∈ Tnc and Mj ⊆ Pj such that1016

P0 = Tinit, Pj = bisect(Pj−1,Mj−1) for all j = 1, . . . , J , and PJ = P . Note that1017

#P − #Tinit =
∑J−1

j=0 #Mj. We define T0, . . . , TJ ∈ Tc inductively by T0 := Tinit and1018

Tj := refine(Tj−1,Mj−1 ∩ Tj−1) for all j = 1, . . . , J . By induction on j, we show that1019

Tj is finer than Pj, i.e., Tj ∈ Tnc(Pj) for all j = 0, . . . , J . By definition, the claim is1020

true for j = 0 with P0 = T0 = Tinit. Hence, we may assume that Tj−1 ∈ Tnc(Pj−1),1021

and it remains to show that Tj ∈ Tnc(Pj). Since NVB is a binary refinement rule, Tj−11022

is already strictly finer than Pj−1 on each T ∈ Mj−1\Tj−1, i.e., Tj−1 ∈ Tnc(P−j ) with1023

P−j := bisect(Pj−1,Mj−1\Tj−1). Note that Pj = bisect(P−j ,Mj−1 ∩ Tj−1). Therefore,1024

Tj = refine(Tj−1,Mj−1 ∩ Tj−1) ∈ Tnc(Pj), which concludes the induction step. In1025

particular, it holds that TJ ∈ Tc ∩ Tnc(P) and hence also TJ ∈ Tc(close(P)). Thus, the1026

application of (M3) yields that1027

#close(P)−#Tinit ≤ #TJ −#Tinit ≤ Ccls

J−1∑
j=0

#(Mj−1 ∩ Tj−1) ≤ Ccls

J−1∑
j=0

#Mj−1.1028

1029

Since the last sum equals #P −#Tinit, this concludes the proof.1030
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