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Abstract

For impulsive boundary value problems whose solutions encounter disconti-
nuities (jumps) at a priori not known positions depending on the solution
itself, numerical methods have not been considered so far. We extend the
well-known shooting approach to this case, combining Newton iteration with
the numerical solution of impulsive initial value problems. We discuss condi-
tions necessary for the procedure to be well-de�ned, and we present numerical
results for several examples obtained with an experimental code realized in
MATLAB.1

Keywords: nonlinear boundary value problems, state-dependent impulses,
shooting method
2000 MSC: 34B15, 34B37, 65H10, 65L10

1. Problem setting: impulsive boundary value problems (BVPs)

Impulsive problems are characterized by the occurrence of abrupt changes
of their solutions. In real word problems, the impulses often do not occur at
�xed times, but the positions of their appearance depend on the state and
situation of a di�erential model. The corresponding impulse conditions are
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called state-dependent in contrast to �xed-time impulse conditions where the
positions of discontinuity are given. We investigate an impulsive boundary
value problem which is formulated as the system of di�erential equations

u′(t) = f(t, u(t)), t ∈ [a, b] \ Ju, (1)

together with the state-dependent impulse conditions

u(t+) = u(t) + δ(t, u(t)), t ∈ Ju, (2a)

where
Ju = {t ∈ (a, b) : g(t, u(t)) = 0}, (2b)

and with the boundary conditions

R(u(a), u(b)) = 0. (3)

Here, f , g, δ and R are given vector functions. Equation g(t, x) = 0 implicitly
de�nes a set of smooth manifolds in R × Rn. The function δ speci�es the
height of the jump at the point t ∈ Ju where the solution u hits the barrier
manifold. Since the solution u has a jump at t ∈ Ju which, in general,
depends on u, the jump (impulse) is called state-dependent. The boundary
conditions with the function R can be nonlinear, in general.

De�nition 1. A left-continuous function u : [a, b] → Rn is a a solution of
problem (1)�(3) if u satis�es equation (1) on [a, b] \ Ju, the impulse condi-
tion (2a) on Ju, and the boundary conditions (3).

Analytical existence results for state-dependent impulsive problems can
be found for example in [5]�[7], and a combination of analytical and con-
structive approaches is developed in [3], [4]. Since numerical methods have
not been considered for such problems so far, we �ll this gap here.

For the sake of notational simplicity, we consider exactly one impulse
position. In particular we assume that there exists a unique t = τ ∈ (a, b)
solving equation (2b), this means Ju = {τ}. For the subsequent analysis
of the shooting method we assume that all data functions are su�ciently
smooth and we use the terminology that the solution u consists of a `left'
branch uL and a `right' branch uR

u(t) =

{
uL(t) for t ∈ [a, τ ],
uR(t) for t ∈ (τ, b].
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Then the problem reads

u′(t) = f(t, u(t)), t ∈ [a, b] \ {τ},
uR(τ) = uL(τ) + δ(τ, uL(τ)),

g(τ, uL(τ)) = 0,

R(uL(a), uR(b)) = 0.

2. Impulsive initial value problems (IVPs). The shooting method

Our numerical method for �nding a solution of an impulsive boundary
value problem (1)�(3) is based on the solution of impulsive initial value prob-
lems Here, we describe the case that exactly one impulse (discontinuity) is
encountered in the solution. The case of a more general, multi-impulsive
solution trajectory is analogous, but for simplicity of presentation we do not
explicitly specify the corresponding modi�cations which are, in principle,
straightforward.

2.1. Initial value problem

Consider the case of a solution u(t) = u(t; a, s) of an impulsive IVP

u′(t) = f(t, u(t)), t ∈ [a, b],

u(a) = s,
(4a)

denoting the initial trajectory by uL = uL(t; a, s). Assume that for some
t = τ(s) the `event'

g(τ(s), uL(τ(s); a, s)) = 0 (4b)

occurs. Then at t = τ(s) a discontinuity is triggered, and the trajectory of
u(t) for t > τ(s) continues from

ûL(τ(s); a, s) := uL(τ(s); a, s) + δ(τ(s), uL(τ(s); a, s)). (4c)

The resulting solution trajectory for t > τ(s) is denoted by

uR = uR(t; τ(s), ûL(τ(s); a, s)),

with the initial value ûL(τ(s); a, s) at t = τ(s).
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2.2. Shooting

Shooting is a well-known technique realizing the numerical solution of a
BVP by Newton iteration involving the solution of an IVP in each iteration
step, see for instance [8]. For an impulsive BVP, the basic idea is the same:
Find s such that the solution u(t) of the impulsive IVP with initial value
u(a) = s satis�es F (s) = 0, where F is de�ned by

F (s) = R(s, uR(b; τ(s), ûL(τ(s); a, s))), (5)

with τ(s) and ûL de�ned by (4b) and (4c), respectively. If s can be deter-
mined such that F (s) = 0, the solution of the impulsive IVP with u(a) = s
is a solution of the given impulsive BVP.

As in classical situations, the nonlinear system F (s) = 0 is numerically
solved by Newton iteration: Starting from an initial guess s(0) we iterate, for
i = 0, 1, 2, . . .,

s(i+1) := s(i) −
(
∂F (s(i))

)−1 · F (s(i)), (6a)

or equivalently,

solve the linear system ∂F (s(i)) ·∆(i) = −F (s(i)),

and set s(i+1) := s(i) + ∆(i).
(6b)

Each evaluation F (s(i)) involves the solution of an (impulsive) IVP with
initial value s(i), resulting in a trajectory u(i)(t). Concerning the discussion
of the di�erentiability of F and a representation of the Jacobian ∂F see
Section 2.3.

If the iteration is (numerically) convergent, the trajectories u(i) converge
to a solution u of the given impulsive BVP.

In practice, a variant of quasi-Newton iteration is applied, see Section 3.1.
Before describing some algorithmic details of our implementation, we �rst
study the question of di�erentiability of the mapping F and the structure of
its Jacobian ∂F .

Remark 1.

• In the shooting approach it is natural to use di�erent initial guesses
s(0) and check on convergence, in particular for cases where multiple
solutions may be expected. Some trial-and-error procedure concerning
the choice of an initial guess is unavoidable in some cases.
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• State-of-the-art shooting algorithms for (non-impulsive) BVPs are based
on a multiple shooting approach (see [8]). Multiple shooting features
superior stability and robuster convergence, in particular if the under-
lying initial value problem is unstable. For the case of impulsive BVPs,
however, we so far have not tried to extend this approach, since it is, in
general, di�cult or even impossible to choose the initial approximation
in a correct way relative to the barrier.

2.3. Derivative of the solution of an impulsive IVP with respect to the initial
value. Transversality condition

We consider the vector function F (s) de�ned by (5), study its di�erentia-
bility with respect to the initial value s, and derive a representation for its
Jacobian ∂F (s), assuming that all occurring derivatives of given data func-
tions exist. We use the notation for derivatives as speci�ed in Appendix A.
We consider the case that the function δ specifying the height of the jump
(see (2a)) does not explicitly depend on t.2

(i) Repeated application of the chain rule gives

∂F (s) = ∂1R(s, uR(b; τ(s), ûL(τ(s); a, s)))

+ ∂2R(s, uR(b; τ(s), ûL(τ(s); a, s))) ·DsuR(b; τ(s), ûL(τ(s); a, s)),

with

DsuR(b; τ(s), ûL(τ(s); a, s))

= ∂2uR(b; τ(s), ûL(τ(s); a, s)) · ∂ τ(s)

+ ∂3uR(b; τ(s), ûL(τ(s); a, s)) ·Ds ûL(τ(s); a, s),

and

Ds ûL(τ(s); a, s) = ∂1ûL(τ(s); a, s) · ∂ τ(s) + ∂3ûL(τ(s); a, s)

= (I + ∂ δ(uL(τ(s); a, s))) ·
·
(
∂1uL(τ(s); a, s) · ∂ τ(s) + ∂3uL(τ(s); a, s)

)
= (I + ∂ δ(uL(τ(s); a, s))) ·
·
(
f(τ(s), uL(τ(s); a, s)) · ∂ τ(s) + ∂3uL(τ(s); a, s)

)
.

2This is only for notational simplicity but not essential.
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(ii) Next we consider the term ∂ τ(s), where the function τ(s) is de�ned
by (4b). We proceed from the (row) vector identity

0 = Dsg(τ(s), uL(τ(s); a, s))

= ∂1g(τ(s), uL(τ(s); a, s)) · ∂ τ(s)

+ ∂2g(τ(s), uL(τ(s); a, s)) ·DsuL(τ(s); a, s)

= ∂1g(τ(s), uL(τ(s); a, s)) · ∂ τ(s)

+ ∂2g(τ(s), uL(τ(s); a, s)) ·
·
(
∂1uL(τ(s); a, s) · ∂ τ(s) + ∂3uL(τ(s); a, s)

)
=
(
∂1g(τ(s), uL(τ(s); a, s))

+ ∂2g(τ(s), uL(τ(s); a, s)) · ∂1uL(τ(s); a, s)
)
· ∂ τ(s)

+ ∂2g(τ(s), uL(τ(s); a, s)) · ∂3uL(τ(s); a, s))

= Dtg(t, uL(t; a, s))
∣∣
t=τ(s)

· ∂ τ(s)

+ ∂2g(τ(s), uL(τ(s); a, s)) · ∂3uL(τ(s); a, s)).

Thus we obtain

∂ τ(s) = −∂2g(τ(s), uL(τ(s); a, s)) · ∂3uL(τ(s); a, s))

Dtg(t, uL(t; a, s))
∣∣
t=τ(s)

,

provided that
Dtg(t, uL(t; a, s))

∣∣
t=τ(s)

6= 0. (7)

(iii) Condition (7) has a straightforward interpretation: With the denotation

h(t) := g(t, uL(t; a, s)),

and with the event time t = τ(s) where the event h(t) = 0 occurs
(see (4b)), (7) means h′(τ(s)) = 0, i.e., τ(s) is a simple zero of h. In
other words, the trajectory uL(t; a, s) intersects the manifold de�ned by
equation g(t, u) = 0 transversally. Thus, (7) is a natural transversality
condition.

(iv) The further terms occurring in the above representation for ∂F (s) are
partial derivatives of �ows with respect to their initial position or ini-
tial value, respectively, which are characterized in Proposition 2 in Ap-
pendix B.

We conclude:
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Proposition 1. Consider an impulsive IVP (4), and assume that the data
functions f , R, g and δ are su�ciently smooth. Assume that

• the solution branch u(t) = uL(t) with the initial value uL(a) = s
uniquely exists and intersects the manifold de�ned by equation g(t, u) =
0 transversally at t = τ(s) ∈ (a, b), where `transversally' is de�ned by
property (7),

• the solution branch u(t) = uR(t) with the initial value uR(τ(s)) =
uL(τ(s); a, s) + δ(τ(s), ul(τ(s); a, s)) uniquely exists up to t = b, in a
way such that no further event occurs.

Then, the function F de�ned by (5) is well-de�ned and di�erentiable at s.

Note that, together with the smoothness of the given data functions (in-
cluding the jump function δ), the transversality condition (7) is essential for
well-de�nedness and di�erentiability of F . The mere occurrence of a (possi-
bly state-dependent) jump itself does not a�ect the smoothness of F .

An analogous assertion holds if the trajectory u(t) has several intersec-
tions with one or several barriers, but we refrain from explicitly working out
the detailed representation for ∂F (s).

3. Implementation; Examples

3.1. Implementation

Our shooting method has been implemented in MATLAB. In particu-
lar, for the numerical solution of the IVPs occurring in course of the Newton
iteration (6) we use the standard adaptive Runge-Kutta solver ode45 in com-
bination with the `event location' feature.

Evaluation of F (s) de�ned in (5) is performed as follows: Starting from
an initial value s = s(i), the IVP solver numerically tracks the initial solution
branch uL(t) = uL(t; a, s) and stops integration if the event (2b),

g(τ(s), uL(τ(s))) = 0

is encountered at some point t = τ(s). Now the given impulse is activated,
and the numerical integration is restarted at t = τ(s), with initial value

uR(τ(s)) = ûL(τ(s)) = uL(τ(s)) + δ(uL(τ(s))).
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Potentially occurring repeated events with appropriate impulses are treated
analogously, and in this way the numerical integration is performed up to
t = b, ending up with evaluation of the residual

F (s) = R(s, uR(b)).

Concerning the Jacobian ∂F (s) characterized in Section 2.3, its evaluation
at s = s(i) could in principle be realized by numerically solving initial value
problems of the types (B.2a) and (B.2b). However, as usual in conventional
shooting algorithms (see [8]), we prefer a direct and more e�cient numerical
approximation of ∂F (s) by �nite di�erencing: For given

s =


s1
...
sn

 , F (s) =


F1(s)
...

Fn(s)

 ,

the Jacobian

∂F (s) =


...

∂1F (s)
... ∂nF (s)
...


is approximated by a �nite-di�erence approximation of the form

∂F (s) ≈ ∂̃F (s) :=


...

∂̃1F (s)
... ∂̃nF (s)
...

 ,

where the computation of

∂̃jF (s) =
F (s+ ∆ej)− F (s)

∆
, ej = j -th unit vector,

involves the solution of n additional IVPs starting with s+∆ej for j = 1 . . . n.
Here the small increment ∆ ∈ R is chosen according to a compromise between
accurate approximation and numerical stability (see [8]). As a standard
rule of thumb we use ∆ =

√
eps‖s‖ where eps denotes the relative machine

precision (double in MATLAB).
In addition, we have implemented a standard damping strategy for New-

ton iteration, replacing (6a) by

s(i+1) := s(i) − λi
(
∂̃F (s(i))

)−1 · F (s(i)),
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where λi ∈ (0, 1] is adaptively chosen in a way controlled by the behavior of
a re-scaled residual; see [8] for details of this strategy.

In the following subsections we discuss the numerical integration of vari-
ous examples of impulsive BVPs. For the numerical treatment, second-order
problems have been transformed to �rst-order systems.

3.2. 2nd order Dirichlet BVP with state-dependent impulse in derivative

Consider Example 4.3 from [6] which consists of the second order super-
linear di�erential equation

u′′(t) = t3 + 2u3(t), t ∈ [0, 1] \ Ju,

together with the state-dependent impulse condition

u′(t+)− u′(t) = 2u(t), t ∈ Ju,

where
Ju = {t ∈ (0, 1) : g(t, u(t)) = −10u(t) + 0.5− t = 0},

and with the Dirichlet boundary conditions

u(0) = u(1) = 0.

Figure 1 shows the graph of a solution u of this problem with the barrier and
the graph of u′. For u there exists exactly one point t = τ ∈ (0, 1) satisfying

−10u(τ) + 0.5− τ = 0.

Consequently, Ju = {τ} and u′ has one jump at τ .

3.3. 2nd order Sturm-Liouville BVP with state-dependent impulse in solution
and in its derivative

Consider the second order sublinear di�erential equation

u′′(t) = 3
√
u(t) + sin (4t) 3

√
u′(t), t ∈ [0, 1] \ Ju,

together with the state-dependent impulse conditions

u(t+) = u(t) + t
√
|u(t) |, u′(t+) = u′(t) + t2 3

√
u(t), t ∈ Ju,
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Figure 1: Graphs of u and u′ for Section 3.2

where

Ju = {t ∈ (0, 1) : g(t, u(t)) =
1

2
− u(t) |u(t) |

2
− t = 0},

and with the boundary conditions

u(0)− u′(0) = 1, u(1) + u′(1) = 1.

This problem has a solution u such that Ju consists from one point t = τ ∈
(0, 1) which is a unique root of

1

2
− u(t) |u(t) |

2
− t = 0.

That is, Ju = {τ} and u and u′ have just one jump at τ , see Figure 2.

3.4. Multi-impulsive BVP with state-dependent impulses

Using the notation u(t) = (u1(t), u2(t))
>, consider the superlinear system

in the form

u′1(t) = −u21(t) + u22(t) + t,

u′2(t) = u21(t)− u22(t)− t,

where

Ju = {t ∈ (0, 0.5) : g(t, u1(t), u2(t)) = u1(t)− 7.23t2 + 2.3683t− 0.04 = 0}.
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Figure 2: Graphs of u and u′ for Section 3.3.

For Ju = {τi, i ∈ N} the impulse conditions write as

u1(τ1+) = u1(τ1) + 0.01, u2(τ1+) = u2(τ1)− 0.01

u1(τi+) = u1(τi)− 0.015, u2(τi+) = u2(τi)− 0.015, i > 1.

In addition u should satisfy the nonlinear boundary conditions

u21(0) + u2(0.5) = −1/8,

u21(0.5) + u2(0) = 1/64.

This example is a modi�cation of Example 10.1 in [4]. The graphs of u and
its components u1, u2 are given in Figure 3.

We also discuss the case

u1(τ1+) = u1(τ1) + 0.01, u2(τ1+) = u2(τ1)− 0.01,

u1(τi+) = u1(τi) + 0.015, u2(τi+) = u2(τi)− 0.015, i > 1,

where the negative jump −0.015 in u1 for i > 1 is replaced by the positive
jump 0.015. This modi�ed BVP is not well-posed because solutions of the
system starting ant t = 0 have in�nite number of jumps and cannot reach
the endpoint t = 0.5. This is the so-called case of beating, see Figure 4.

On the other hand we get solutions of this modi�ed BVP if the barrier
is assumed to disappear after a �nite number of jumps. For example if the
barrier disappears after the second jump, we get two solutions, see Figure 5.
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Figure 3: Graphs of u1 with barrier (full and zoomed-in views), u2, and 3D graph for
Section 3.4.

3.5. Billiard

An impulsive problem motivated by dynamical systems in spaces of bil-
liard type has been investigated in [1], where analytical results about solv-
ability have been proved. In the scalar case, for T > 0, r > 0, this problem
is described by the second order di�erential equation

u′′(t) = f(t, u(t)), t ∈ [0, T ] \ Ju,

with the state dependent impulse conditions

u′(t+) = u′(t)− 2u′(t) = −u′(t), t ∈ Ju,

where
Ju = {t ∈ (0, T ) : g(t, u(t)) = |u(t) | − r = 0},

12



Figure 4: Graph for the case of beating (full and zoomed-in views), Section 3.4.

and with the Dirichlet boundary conditions

u(0) = 0, u(T ) = 0.

In this case we have two constant barriers and Ju consists of all points at
which a solution u touches one of the barriers. We choose r = 1

4
and consider

the equation
u′′(t) = 6t+ 3u2(t). (8)

Here, for T = 1 we �nd a solution u such that Ju = {τ1, τ2}, and u(τ1) =
−1/4, u(τ2) = 1/4. Therefore u′ has two jump points, see Figure 6, left. We
can also �nd more solutions with more jumps, for example two solutions with
three jumps, see Figure 6, right.

If we enlarge the interval and set T = 5, the damping term 6t in (8)
causes that solutions touch only the upper barrier for larger t. See Figure 7
for two di�erent solutions.

Finally, let us consider the equation

u′′(t) = 6 sin t+ sin(u(t))− u(t), (9)

on the interval [0, 10]. Now, the damping term 6 sin t changes its sign. We
obtain a solution which alternatively touches both the upper and the lower
barrier, see Figure 8.

3.6. Singular problem

Singular impulsive periodic problems are motivated by bouncing oscilla-
tors with elastic impacts and have been studied [2]. A model equation takes

13



Figure 5: Graph of u1 with barrier and 3D graph of u1 and u2 for the �rst [top] and second
solution [bottom], Section 3.4.

the form
u′′(t) = p(t)− u−α(t),

with α > 0 and p a continuous 2π-periodic function satisfying∫ 2π

0

p(t)dt < 0.

Due to elastic impacts, the impact condition has the form u′(t+) = −u′(t) if
u(t) = 0. Here we consider the particular case

u′′(t) = sin t− 2− u(t)−
1
3 , t ∈ [0, 2π] \ Ju,

where Ju = {t ∈ (0, 2π) : u(t) = 0}, with periodic boundary conditions

u(0) = u(2π), u′(0) = u′(2π),

14



Figure 6: Graphs of solutions of equation (8) on [0, 1] in Section 3.5.

Figure 7: Graphs of solutions of equation (8) on [0, 5] for Section 3.5.

and impulse conditions

u′(t+) = −u′(t), t ∈ Ju.

This problem has a weak singularity at points where u(t) = 0. Since standard
MATLAB does not provide an IVP solver which is able to handle singulari-
ties, we approximate the problem by modifying Ju,

Ju = {t ∈ (0, 2π) : u(t) = ε > 0},

15



Figure 8: Graph of solution of equation (9) on [0, 10] for Section 3.5.

where ε can be chosen very small, e.g. near machine precision (ε ≈ 10−15).
We �nd a solution with one jump as well as solutions with more jumps,

see Figure 9.

Figure 9: Graphs of solutions for Section 3.6.
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4. Conclusion

As the examples from Section 3 show, we have been tackle to solve a
number of di�erent application examples using the shooting approach. In
general it is unavoidable to perform some `Monte-Carlo-try' of initial values
in order to �nd solutions to the boundary value problem; in this way we also
have been able to identify multiple solutions.

Of course, this way of solving impulsive can still be re�ned. For cases
where the initial value problem is unstable, for instance, the method can be
modi�ed by solving terminal value problems instead.

It is our intention to study further classes of impulsive boundary value
problems in this way, modifying the present code in an appropriate when
indicated. Also, including an appropriate solver for singular initial values
problems supporting event location will be desirable.

Appendix A. Notation for derivatives

• For a (scalar, vector- or matrix-valued) function v(t) of the real variable
t we denote its derivative by v′(t).

• The derivative (Jacobian) of a di�erentiable vector function v is denoted
by ∂ v. For the sake of simplicity, the gradient of a di�erentiable scalar
function v is also denoted by ∂ v.

• The symbol Dx represents a total derivative with respect to a (scalar
or vector) parameter x.

• For the solution �ow u = u(t; t0, u0) of an IVP with initial condition
u(t0) = u0 we denote the derivatives with respect to t, t0 and u0 by

∂tu(· ; · · ·) or ∂1u(· ; · · ·), and ∂2u(· ; · · ·), ∂3u(· ; · · ·).

In particular, ∂2u, ∂3u represent the derivative (Jacobian) with respect
to the initial point t0 and initial value u0, respectively.

• The partial Jacobians of the vector function R(·, ·) de�ning the bound-
ary condition (3) are denoted by

∂1R(·, ·) and ∂2R(·, ·).
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• For the composition of functions such an abbreviated notation becomes
somewhat ambiguous in some cases. In such a situation we occasion-
ally use the conventional notation ∂

∂x
for the derivative w.r.t. x (in

particular, this notation is used in Appendix B).

Appendix B. Auxiliaries

Assertion (B.2b) in the following Proposition is standard, and it is used
for the design and analysis of conventional shooting methods, see [8]. We
make use of (B.2b) as well as (B.2a) in Section 2.3.

Proposition 2. Let u(t; t0, u0) ∈ Rn denote the solution of the IVP system

u′(t) = f(t, u(t)),

u(t0) = u0.
(B.1)

Then,

(i) v(t; t0, u0) := ∂2u(t; t0, u0) ∈ Rn is the solution of the linearized IVP
system

v′(t) = ∂2f(t, u(t; t0, u0)) · v(t),

v(t0) = −f(t0, u0).
(B.2a)

(ii) V (t; t0, u0) := ∂3u(t; t0, u0) ∈ Rn×n is the solution of the linearized
matrix IVP system

V ′(t) = ∂2f(t, u(t; t0, u0)) · V (t),

V (t0) = I (identity matrix).
(B.2b)

Proof.

(i) The derivative of v(t; t0, u0) with respect to t satis�es the linearized
di�erential equation in (B.2a):

∂tv(t; t0, u0) = ∂t
(
∂2u(t; t0, u0)

)
= ∂

∂t

(
∂
∂t0
u(t; t0, u0)

)
= ∂

∂t0

(
∂
∂t
u(t; t0, u0)

)
= ∂

∂t0
f(t, u(t; t0, u0))

= ∂2f(t, u(t; t0, u0)) · ∂2u(t; t0, u0)

= ∂2f(t, u(t; t0, u0)) · v(t; t0, u0).
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Furthermore, di�erentiating the integral equation equivalent to (B.1),

u(t; t0, u0) = u0 +

∫ t

t0

f(σ, u(σ; t0, u0))dσ

with respect to t0 gives

∂2u(t; t0, u0) = −f(t0, u(t; t0, u0)) +

∫ t

t0

∂2f(σ, u(σ; t0, u0))dσ,

and for t = t0 we obtain

v(t0; t0, u0) = ∂2u(t; t0, u0)
∣∣
t=t0

= −f(t0, u0).

(ii) Analogously as in (i), the derivative of V (t; t0, u0) with respect to t sat-
is�es the linearized matrix di�erential equation in (B.2b). Furthermore,
di�erentiating the integral equation equivalent to (B.1) with respect to
u0 gives

∂3u(t; t0, u0) = I +

∫ t

t0

∂2f(σ, u(σ; t0, u0))dσ,

and for t = t0 we obtain

V (t0; t0, u0) = ∂3u(t; t0, u0)
∣∣
t=t0

= I.

This completes the proof.
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