ASC Report No. 22/2014

Defect-based local error estimators for
high-order splitting methods
involving three linear operators

W. Auzinger, O. Koch, M. Thalhammer

Institute for Analysis and Scientific Computing Vi-

enna University of Technology —  TU Wien
www.asc.tuwien.ac.at  ISBN 978-3-902627-05-6




Most recent ASC Reports

21/2014  A. Jiingel and N. Zamponi
Boundedness of weak solutions to cross-diffusion systems from population dy-
namics
20/2014  A. Jiingel
The boundedness-by-entropy principle for cross-diffusion systems
19/2014  D. Boffi, L. Gastaldi, M. Ruggeri
Mixed formulation for interface problems with distributed Lagrange multiplier
18/2014 M. Halla, T. Hohage, L. Nannen. J. Schéberl
Hardy Space Infinite Elements for Time-Harmonic Wave Equations with Phase
Velocities of Different Signs
17/2014 M. Feischl, G. Gantner, and D. Praetorius
A posteriori error estimation for adaptive IGA boundary element methods
16/2014 M. Feischl, T. Fiihrer, G. Mitscha-Eibl,
D. Praetorius, and E.P. Stephan
Convergence of adaptive BEM and adaptive FEM-BEM coupling for estimators
without h-weighting factor
15/2014 L. Aceto, A. Fandl, C. Magherini, E. Weinmiiller
Numerical treatment of radial Schrodinger eigenproblems defined on a semi-
infinite domain
14/2014  H. Woracek
Reproducing kernel almost Pontryagin spaces
13/2014  J.M. Melenk, D. Praetorius, B. Wohlmuth
Simultaneous quasi-optimal convergence in FEM-BEM coupling
12/2014 M. Feischl, T. Fiihrer, D. Praetorius and E.P. Stephan

Optimal preconditioning for the coupling of adaptive finite and boundary ele-
ments

Institute for Analysis and Scientific Computing
Vienna University of Technology

Wiedner Hauptstralle 8-10

1040 Wien, Austria

E-Mail: admin@asc.tuwien.ac.at
WWW: http://www.asc.tuwien.ac.at

FAX: +43-1-58801-10196 ASC
ISBN  978-3-902627-05-6

TU WIEN

© Alle Rechte vorbehalten. Nachdruck nur mit Genehmigung des Autors.




Defect-based local error estimators for high-order splitting
methods involving three linear operators

Winfried Auzinger .- Othmar Koch -
Mechthild Thalhammer

Abstract Prior work on high-order exponential operator splitting methods is extended
to evolution equations defined by three linear operators. A posteriori local error esti-
mators are constructed via a suitable integral representation of the local error involv-
ing the defect associated with the splitting solution and quadrature approximation
via Hermite interpolation. In order to prove asymptotical correctness, a multiple in-
tegral representation involving iterated defects is deduced by repeated application of
the variation-of-constant formula. The error analysis within the framework of abstract
evolution equations provides the basis for concrete applications. Numerical examples
for initial-boundary value problems of Schrédinger and of parabolic type confirm the
asymptotical correctness of the proposed a posteriori error estimators.

Keywords Linear evolution equations - Time integration methods - High-order
exponential operator splitting methods - Local error - A posteriori local error
estimators

Mathematics Subject Classification (2000) 65J10, 65L05, 65M12, 65M15

1 Introduction

Evolution equations with the right-hand side composed of three vector fields natu-
rally suggest splitting into three operators. Relevant examples are for instance given
by reaction—diffusion—advection equations. Applications fields where this type of prob-
lems appears are, for instance, chemical reactor theory [1], fishery [2], or population
dynamics [3]. Furthermore, dimensional splitting into three operators may promise
computational advantages in the numerical solution of nonlinear Schrédinger equa-
tions [4].
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The generalization of the simplest splitting schemes (first-order Lie-Trotter split-
ting, second-order Strang splitting) to more than two operators is straightforward.
Higher-order schemes can be constructed via composition. The construction of opti-
mized higher-order schemes requires the solution of a nonlinear system of order condi-
tions as for instance described in [5].

Given a splitting scheme involving three operators, our objective is to construct a
practical local error estimator and to prove its asymptotical correctness. To this end
the defect-based approach developed in [5-8] is extended to the case of three operators.
The motivation for our investigations is attributed to the fact that robust strategies
for step-size adaptation according to the local error estimators are vital for the efficient
time integration of evolution equations. The practical issues of adaptive time-stepping
will not be addressed here, however.

To create a framework for this nontrivial extension of our prior approach [5-8], we
consider an abstract linear evolution equation where the operator on the right-hand
side is split into three parts,

{u’(t):Hu(t):Au(t)+Bu(t)+Ou(t), t>0, a1

u(0) given,
and where the exact flow
Entu =y (1.2)

is approximated, over a time increment ¢t > 0, by an s-stage expomnential splitting
method of the form

St)u=Ss(t)Ss—1(t) -+ - S1(t) u, (1.3a)
with subflows
Sj(t) = Ec, (1) Ep, (1) Ea, (1) = &' ' Pi A5 (1.3b)
Here, we denote
Aj :ajA, Bj :bjB7 Cj :CjC, (]..3(3)

with appropriate real or complex coefficients (aj, bj, Cj)j:l'
We deduce an exact representation of the local error operator

L(t) =8(t) —Eu(t), (1.4)

which serves as the basis for the construction and analysis of a posteriori local error
estimators in particular application cases. For this purpose we extend our investigations
from [8] (particularly Section 6) where the case of splitting into two suboperators was
considered. In [8] the rich combinatorial structure of the local error was studied, and
estimates for the local error have been obtained in a recursive way. For the case of three
operators, an even more complex combinatorial structure emerges which we describe in
detail. As this structure cannot be reduced to the case of two operators, an extended
framework for the analysis needs to be created. We provide a complete analysis for
linear problems; the general ideas related to the local error structure and a posteriori
error estimation are the same in the nonlinear case, but technicalities abound, see for
instance the discussion of splitting into two operators in [6].

Within our abstract setting we are not specific about the underlying function
spaces. We tacitly assume that all occurring operations are well-defined. The notation
O'(-) is to be understood in the sense that the stated order holds assuming boundedness
of the quantities appearing in the error constants.



The paper is organized as follows: In Section 2 we describe the general setting and
give some remarks on order conditions. In Section 3 we list examples of lower order
schemes and their properties. Section 4 is devoted to a representation of the local er-
ror for the first-order Lie—Trotter splitting method and serves to indicate the general
approach. In Section 5 we give a detailed analysis of the recursive combinatorial struc-
ture of the local error for general higher-order multi-composition methods. A related
a posteriori error estimator is studied in Section 6; in particular it is demonstrated that
this estimator is asymptotically correct under natural regularity requirements. Com-
ments on the practical realization and the extension to nonlinear evolution equations
are included in Section 7. Numerical examples for initial-boundary value problems of
Schrédinger and of parabolic type confirming asymptotical correctness of the a poste-
riori local error estimators are finally given in Section 8.

2 Problem setting and notation; the order of a splitting method
2.1 Notation and preliminaries

For the sake of brevity we often omit the argument ¢ if the context allows. We write
s;=8  s=sl. (2.1)

Let
V=V =4, wi=wl =g e, (2.2)

such that SJ[,O] = W][O] VJLO],
Introducing the defect operator

(X)) =gxX-HX, (2.3)
the exact evolution operator Ep (t) satisfies 6(Ey) = 0. For j =1...s, let
5]‘(Xj) = %Xj —(Aj-i-Bj—FOj)XJ‘, (2.4a)
pi() = & Xy — A &, (2.4b)
Uj(Xj) = %Xj —Xij—Cij. (2.40)
‘We denote
Hy:=0,
(2.5)

Hj::Aj+Bj+Cj, je{l,,..,s}.
Since A; + B; and A + B often occur, we write
DJ:AJ—%-B‘77 D=A+B. (26)
Furthermore, let
Hj:=Hy+...+Hj—1, je{l,...,s}. (2.7)

We also define a family of iterated commutators by
0 0 0
Ag I.= Aj, Bj[ I= Bj, C]L I= gy, (2.8a)

and recursively for k£ > 1,

AW Al g B = B b4y, = (0 ). (28b)



2.2 Order of the local error, order conditions

Via Taylor expansion of the local error operator L£(t), asymptotic order p is character-
ized by

2 P
Lr0)=2420)=...=$5£(0)=0, (2.9a)
and for a scheme of order p the leading term of the local error is given by

Pt gptl

Lo(t) = oyt qr

£(0) = o(tPThy, (2.9b)
such that £(t) = Lo(t) + O(tP*?). According to [5], for a general splitting method of
order p the leading term Lo(t) has a special structure, namely

Lo(t) = linear combination of p-th iterated commutators of A, B, C, (2.10)

with coefficients independent of the given problem. As described in [5], this can be used
to set up a recursive algorithm for the generation of order conditions. Furthermore, for
a given scheme of order p, the coefficients in the linear combination (2.10) can then be
computed from the conditions for order p + 1.

In the following, we do not discuss order conditions or the construction of higher-
order schemes in detail. In the next section we list some particular schemes as illustra-
tive examples.

2.3 Integral representation of the local error via the defect of the splitting
approximation

With the defect!
D =8 = 58 = 4 5101 _ sl (2.11)

of the splitting operator S with respect to the given evolution equation, we obtain
a first, basic integral representation of the local error via the variation-of-constant
formula,

t
£(t):/0 Ex(t — 7)D(r)dr. (2.12)

In Section 5, the integral (2.12) will be expanded into a multiple integral over higher-
order defect terms, reflecting the precise order of the scheme.

3 Schemes of orders 1, 2, and 4

We list some basic facts about lower-order schemes and their local error structure.
These results have been obtained by means of an implementation (in Maple 18%) of
the algorithm described in [5].

1 Similarly as S = Sl%, D = Sl is a natural and consistent notation for the defect D.

2 Maple is a trademark of Maplesoft, Inc.



3.1 First-order Lie-Trotter splitting method

For s = p =1 we have
S=Ec€Ep€&y, (3.1)
and the leading term of the local error is

Lo(t) =5 ([B, Al +[C, A +[C, B]).

3.2 Second-order Strang splitting method

Formally, the standard second-order splitting method involves three compositions com-
prising 5 evaluations of exponentials: For s = 3, i.e.,

S=838081=Ec, €, Eny - £y EB, En, - EC, €y €Ay (3.2)

and p = 2, the choice of coefficients according to

ai b1 ¢ |az by ca|az by c3
o o +]o & of1 L 1
yields the symmetric Strang splitting method in the form
S§=E&c/28p/2 €4 &Ry Ecy2 (3.3a)
=&c/2€By2€A72 €42 €2 E0)2- (3.3b)

The leading term of the local error reads
ﬁo(t) = % (>‘1 [A7 [Av B]] + A2 [Av [A7 CH + A3 [37 [A7 B” + A [Cv [Av B]]
+ A5 [B,[A,Cll + X6 [C, [A, C]] + A7 [B, [B, Ol + A3 [C, [B, C]),

with the following coefficients:
A

A3 A As
1
j 1

1

it
>
IS R
>
el

A7 Ag
1
2

o] =
=

4

3.3 Second-order splitting method, complex coefficients with positive real parts

For s =2, i.e.,

S§=8-8=Ec,€B,E4, - Ecy, €B, A4, , (3.4)
and p = 2 we obtain a pair of complex solutions with positive real parts,
al=b1201=%(1—i)7 agzbgzcgz%(1+i>7 (3.5a)
and
a1:b1201:%(1+i), a2:b2202:%(171). (3.5Db)

The leading term of the local error for (3.5a) reads
Lo(t) = & (M A, [A, B]] + A2 [A, [A,C)] + A3 [B, [A, B]] + M [C, [A, B]
+25[B,[A, Cll + X6 [C, [A, O] + X7 [B, [B, C]] + As [C, [B, C1]) ,
with the following coefficients:
A1 A2 A3 A4 A5 A6 A7 A
T(118) §(-148) §(148) 1 J(-148) F(1+8) 3(-1+8) 3(1+3)




3.4 Higher-order splitting methods

Construction by composition A straightforward approach for the construction of higher-
order splitting methods relies on composition. For instance, a fourth-order scheme can
be constructed by symmetric composition of three steps with S = S(t) from (3.3), i.e.,

Scomp(t) = S(13t) S(y2t) S(m1 1), (3.6a)

and with the ‘triple jump’ coefficients (see [9])

1
N =73 = 7y & 1351207191959658,

" (3.6b)
1 =~y & —1.702414383919315.

This results in a symmetric method with 9 compositions and coefficients according to

az by ca| a3 b3y c3
i 0
0 71 0| m 71

ar by
0 0

c1
71 1
p) p)
ag by c4 | a5 by c5|ag bg cs
2 2 12 2
0 0 5 0 5 0 | 7 5 5

ar by c7r |ag bg cg | ag by cg
1 1 Y1 1

Since the subflows involving cs3,cq4 and cg,c7 can be combined into single subflows
involving c¢3 + ¢4 and cg + c¢7, this method requires 13 evaluations of subflows.

For certain applications, in particular parabolic problems, we require (complex)
coefficients with positive real parts. This is accomplished by choosing the composition
coefficients y; in (3.6a) as complex with real parts, see [10].

For a method of order p = 4, the leading term of the local error reads

48
5
Lo(t) = 155 § e K, (3.7)
k=1

with computable coefficients A\, and 48 different fourth iterated commutators Kj of
the given operators A, B, C.

Solution of order conditions An alternative strategy to construct higher-order schemes
without resorting to composition is based on the solution of the algebraic system of
the order conditions, see also [5]. Often the resulting splitting methods turns out to
have a smaller error constant than composition schemes.

4 Lie—Trotter splitting: Representation of the local error

In this section we consider the Lie—Trotter scheme and illustrate our strategy for the
representation the local error. The (much more intricate) general case is considered in
Section 5. We use the notation introduced in Section 2 and make use of some technical
results which are collected in A.
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Approach We proceed from the local error integral (2.12) involving the defect D = st
and S in turn is represented by an integral which is derived from a differential
equation of Sylvester type.

For the Lie-Trotter splitting operator (3.1) we write
Slo] =0 Ep - Ea= wlol . plol

From
LWl — wlolg 4 oWl (4.1)

we obtain
%S[O] — %W[O] plol + wlol %V[O] — (C’W[O] + W[O]B) Plo] + wlol 4 l0] 7

and thus,
&8O = (Wl p 4 owlohyyll, (4.2)

With (4.2), the defect (2.11) can be recast as
S =wllpyll  ewlIyll _ (p 4 cywli o — (wlol pyyll, (4.3)
with S[(0) = 0. Introducing another shorthand notation,
S = wlyOl - ign witl .= wlo py, (4.4)

where we seek a suitable representation for W', Due to (4.1) and Lemma 5 (A), Wl
satisfies the inhomogeneous Sylvester equation

Iwltl —wllp 4 owltl 4 ool (4.5a)
with W (0) = 0, and

oWty =wl(B, D] + [C, D)W

(4.5b)
=Wl B, 4]+ [c, W
From (4.5a), by using Lemma A.5 (i) we infer the integral representation
t
whitl) = / ot — oW (1) Ep(t — 7)dr. (4.5¢)
0
With (4.5b) and W% = £ &5 this yields
t
sy =Wy = o) / Ep(t—7)[B, AlEp(r)dr - Ea(t) (4.6)
0
t
+ [ ot =D Hlgc)dr - £a) Eate).
0
Altogether,
t
Lty = / Eu(t—7) SN dr - . (4.7)
0

Note that S (t)u = @(t) and L(t)u = O(t?).



5 General high-order s-stage splitting method: Representation of the
local error

We assume that the conditions (2.9a) for order p are satisfied. Then,

+1 +1
L(t)u = % S L) + 0712,

where the leading coefficient % L(0) is a linear combination of iterated commutators
of the data A, B, C, see (2.10). Instead of estimating the & (t**?) remainder, we follow
a different approach, namely we aim at an exact representation of £(¢)u in the form
of a (multiple) integral expansion, generalizing (4.6), (4.7).

In the following we use the notation introduced in Section 2 and make use of some
technical results which are collected in A.

5.1 Representation of of the local error via a multiple integral

We proceed via generalization of the approach from [8]. Consider the splitting operator
S _ 5o .. 5l
with o] (0] (0
0 0] 5,[0
S; = (50.7' SBJ’)EAJ‘ =W; Vi,
where VJ[-O] and Wj[-o} satisfy the initial value problems

Ayl = Ayl Yl gy =7, (5.1)

d [0 0 0 0
W =Wl ol Wiy = 1. (5.1b)
With the linear differential operator defined by (2.3), we recursively define the
higher-order defect operators S 9] by
sl i=g(slamthy = dslaml gl g>1. (5.2)

By successive differentiation of (2.12) and evaluation at ¢ = 0 it can be seen that the
order conditions (2.9a) are equivalent to

sW) = §sMo = ... = f5= sMo) =0, (5.32)
which in turn is equivalent to
sy =8 ) =... = sl =o. (5.3b)

Hence the local error operator £ = sl —&p can be expanded via a multiple variation-
of-constant representation,

t
L(t) = /O En(t—71)SM(r)dn

t T1
:/ / EH(t—TQ)S[2](7'2)dTQdTl
0 Jo

t T1 Tp
/ / / EH(t*Tp+1)$[p+1](7'p+1)d7—p+l coedry. (54)
0 JO 0



A slightly different integral representation will be used in Section 5.3 in order to esti-
mate the local error.

5.2 Recursion for higher-order defect terms

For a rigorous local error analysis, a representation of the higher-order defect operator
slp+1] appearing in (5.4) is required. This will be obtained by means of a recursion for
S[q], q=1,2,.... Let us illustrate the first step of this procedure for the case s = 3:

S = 550y = 4 50 _ g g0l
— g8 s o 4 s g 5P 1 s s 5P
— (Hj + Hy + Hy) S sl 50
(&85 — m5 810 sPs!
LSl 4 gl o)y o) 50 g gl

— (Hy + Hy) Y P s
(30— S SIS+ 001+ 50
—|—S££O] (% S[O] S[O] +S[0] . QS[O] _ (H2 -|—H1)S£O] SP])
= (&S5 = Ha Sy + (S, by + 1)) ST
+ S (8 s - Ha 8P + 18, 1) ST
0
+ sy s (d st - i si”)
— ([S:L,O],Hg]—i—(Sg [])> 0l ¢ [0]
+ S (SY, Hy) + 62(SY U)s[o]
+ 8PS (181, Hy) + 81(81))
= S s8OSl s s 4 SISOl ST
with §;(-) from (2.4a) and H; from (2.7). This representation is independent of the
particular structure of SJ[-O], and the general pattern is clearly visible. Moreover, with

the recursive definition®

k+1 k] k
J[ s [8[ j]+5j(8J['])7 k>0, (5.5)
this generalizes in the same way as in [8] in form of the following Leibniz-type formula.

Lemma 1 The higher-order defect operators sla deﬁned by (5.2) admit a representa-
tion in the form of a multinomial expansion,

keNg, |kl=q

where the Sj[k] are recursively defined by (5.5).

3 Note that the mapping S][.q] — S}‘Hl] is linear. For A = 0, the definition of S][.q+l] in (5.5)
is equivalent to that from [8].
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Proof Analogously to [8, Lemma 5]. O

With p;(-), o;(-) from (2.4) and from (5.1) we have pj(Vm) =0 and aj(W[j]) =0.
Furthermore, we recursively define

VI = M g4 0, k>0, (5.7a)

W= W 1 4 D+ o;00M), k>0, (5.7)
with D; from (2.6) and H from (2.7). V") and WI" are building blocks for 511

Lemma 2 The higher-order defect terms Sj[k] defined by (5.5) admit a representation
in form of a binomial expansion,

k

s =3%° <’Z> WAV >0, je {1, s), (5.8)
£=0

with V][-e] and W][-e] defined by (5.7).

Proof See B. O

Finally, we provide recursive representations for the V][-k] and Wj[-k].

Lemma 3

(i) The operators V][-k] defined by (5.7a) satisfy
k e 0], [k—e
pj(vj[]):Z<Z>A£-]VJ[_], k>0, je{l,...,s}, (5.92)
=1

with A;Z] defined in (2.8) and p;j(-) from (2.4b). That is, VJ[-k] satisfy the (recur-
swely defined) evolution equations

k
d ylkl _ 4 Ikl ARG R
FV =4V +Z<£>Aj v (5.9b)
=1
Thus,
t
VI (1) = €4, (1) VI (0) + / a,(t— 1) p; (V) (7) dr
0

(5.9¢)
=V + v ),

with initial value® Vj[-k] (0) = [Vj[k_l] (0), H;]+p; (Vj[k_l])(O), and p; (Vj[-k]) from (5.9a).

4 Special case k = 0: VJ[-O] (0)=1T.
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(i) The Wj[k] defined by (5.7b) satisfy

k
k - - .
aj(W[k])_Z<£> (Wj[k e]Bj[.l]—O—C’j[-Z]WJ[»k Z]), k>0, je{l,...,s},

(5.10a)
with Bjm and ij defined in (2.8) and with o;(-) from (2.4c). That is, Wj[k]
satisfy the (recursively defined) evolution equations of Sylvester type,

k
k k k k k—€] ¢ 0y [k—2
(%W[]—WJUBJ-—I—CJ-WJ[]-I-Z(é)(W[ 1Bl 4 w1y - (5.10m)
(=1

J J J
Thus, due to (A.6),

t
W) = ec, (HWH (0) €5, () + /O Ec,(t—m)o; W) (7) Ep, (t — 7)dr

= wi® + Wi,
(5.10c)
with initial value® W' (0) = W (0), B+ Dj)+0;0WF1)(0), and o (W)
from (5.10a).

Proof See B. O

5.3 Expansion and estimation of the local error
Assuming the conditions (2.9a) for order p to be satisfied, which are equivalent to (5.3b),
the local error can now be expanded, in a way analogous to [8]. Assume first that the

conditions SM(0) = ... = SP=1(0) = 0 for order p — 1 are satisfied. Then the local
error can be represented in the form

t Tp71
£(t):/ / Eu(t— ) S (r)dry - - dry
0 0

From Lemma 1 and Lemma 2 we have

8[1’] — Z (p> S[ke] . 8;"&]
k s )

keN, |k|=p
with
1N (B ple—a e
ST =>Y <£>wj V9, jefl,. ., s).
=0
Vj[k] = VJ[-% + Vj[kl] and Wj[k] = W][{c(]) + W][fcl] satisfy recursively defined integral rep-

resentations as specified in Lemma 3, (5.9¢) and (5.10c). Note that Vj[k(]](t) = 0(1),

5 Special case k = 0: W][-O] (0)=1.



W][kg(t) = 0(1), and V[{C] (t)=0(), Vj[{cl](t) = O(t). We now write Sl in the form
s kj k
(p] p J [k — 251,451
keN:, [k|=p j=1 £;=0
s kj
k. 0. .
g @ </-> wig (5.112)
kENG, [k|=p 1¢;=0 \'"/

ol

m

2
On
E

-s

N

>3

Jj=
s kj
) > <k3> : (5.11b)
j=1 ;=0 \'7
V

kj—€;] 5[ ki—5] 5,545 kj—€;] 5,14
(WY Byl =Gl

Here, the first sum (5.11a) equals Q = Q(t), where
sk
o= ( ) II Z ( ) W5 0) e, (1) €a, (VI (0),
keNg, |k|=p j=1 £;=0

and the second sum (5.11b) is &(t). Now assuming that the p-th order condition
SP1(0) = 0 is also satisfied, we obtain

S[p](O)zQ(O): Z < ) H Z ( )W[kv—e]( % ][M(O)ZO.

keNg, |kl=p j=1 £;=0
Thus,
s kj
Q=0 -0 = (g) Z( )Rk 5 ()
keNg, |k|=p j=1 £;,=0
with

Rkj 2 (t) = ng (t) Wj['kj ] (0) SB]- (t) gAj () VJ[,KJ'] (0) — W][kj —45] (0) v][éj] 0)
= (SC]. (t) — I) Wj[kj —45] (0) gBj (t) 5Aj (t) VJ[KJ] (0)
N Wj[kj—ej](O) (Ep, (1) Ea, () — T) VJ[_/zﬂ ).

Here,

ng (t) -I= ﬁ(t) )
Ep, (1) Ea,(t) =T = (Ep, (1) Ea;(t) — Ea,+B,(1) + (Ea,+B,(t) —=T) = O(1).
Altogether, this shows S/l (t) = O(t). The resulting representation for the local error

cannot be expressed in an explicit way, but rather it is defined algorithmically by the
process described above. We conclude:
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Proposition 1 For a scheme of asymptotic order p, i.e., under assumption (2.9a),
the local error L(t)u = S(t)u — Ef (t)u satisfies

Lu= o,

Here O(tPT1) means C(t) - tPTL, where C(t) is well-defined and bounded provided that
all expressions occurring in the recursive representation of L(t) are well-defined and
bounded when L(t) is applied to u.

In practical applications this implies certain regularity requirements on wu, in par-
ticular due to the presence of the iterated commutators (2.8b) in the representation
for L(t); see in particular Lemma 3.

Remark 1 For the case of splitting into two operators (with A = 0), we have Sj[k] =
W][k], and the results from [8] are obtained as a special case.

The considered above suggest itself that the case of splitting into more that three
operators can be treated in s similar way, e.g., for H = Hy + Hy; + Hyrr + Hyy, with
Vi = €y, €mp; and Wy = Eqyy, . €l ;5 and an appropriately richer combinato-
rial structure. However, we refrain from going into more details to avoid abounding
technicalities in this paper.

6 Defect-based a posteriori error estimators

For practical purposes, according to [8], we aim for an estimate of the local error £(t)u
by a practically computable local error estimator P(¢)u. In principle, one may use the
computable leading term in the Taylor expansion of L(t)wu,
p+1l  gp+1
Pt)u=Lo(t)u= ﬁ G £(0)u,
see (2.9b). However, this complex object (see for instance (3.7)) and can only be evalu-
ated at a high effort. Therefore we alternatively follow the general approach which has
already been promoted and analyzed in [8]: We define P(¢) via an Hermite quadrature
approximation to the local error integral (2.12). This approximation is of the form
Pt)u = 4 D(t)u, (6.1)

with the defect D = S!! defined by (2.11). We refer to Section 7 for the practical,
derivative-free evaluation of D(¢).

In the following we show that this estimator is asymptotically correct, i.e., the
deviation P(t)u— L(t)u is one order higher than £(¢)u, see Proposition 2. The analysis
is performed in several steps (we suppress the argument u for brevity).

Peano representation of the quadrature error We consider the local error integral (2.12),
employing the notation from (4.7),

t
L(t) = / F(r;t)dr, with integrand F(7;t) =Ep(t — T)Sm ().
0
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The (p + 1)-st order Peano representation for the quadrature error reads

t
+1
P(t) — L(t) = / Kpt1(731) 788_;“ F(r;t)dr,
0

with kernel

T(t—T1)P

Kppi(r;t) = NCEE

Integrating by parts we obtain the p-th order Peano representation

t P
P(t) — L(t) = /O Kp(rst) 2% F(r;t)dr,

with kernel

t—(+1)7)t—7)P""
(p+1)!

t
Ky(r;t) = , /0 Ky(r;t)dr =0.

Estimation of the quadrature error The analysis comprises three steps.

(i)

(ii)

Making use of (5.3b) yields
ot
PO - £0) = [ Kplrin(t - n)s"ryar,
0
which can be rewritten as (see (6.3b))

P() - £(t) = /0 (it - (050
\_;6_/
+ /O t Kp(r;6) g (t — 7)(SPT(7) = e (r) SPH Y (0)) ar.
Since Kp(7;t) = O(7P) for 0 < 7 < t, it remains to be shown that

Sy — g5 (6 SPHY(0) = 0(1).

(6.2a)

(6.2b)

(6.3a)

(6.3b)

(6.4a)

(6.4b)

(6.5)

For a method of order p, SP*1 (0) is a linear combination of iterated commutators

involving the operators A, B, C (see [5]). It also satisfies

p+1 ks k
sty = > ( i )sL Yo - s,
kENS, |kl=p+1
where
k (K k—t ‘
s}]m)—Z(Z)w}}(ow}](ox k>0, je{l....s},
=0

with V]m and W]m defined by (5.7); see Lemma 1 and Lemma 2.
Consider the auxiliary quantity

sl = Y (p?) Sty S,

keNg, |k|=p+1

(6.6a)

(6.6b)

(6.7a)
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with

k
~ kY kg ~ ‘
gj[k]—§:<£>W]Lk VM k>0, je{t... s}, (6.7b)

£=0

where ljj[ | and W[k l

(see (5.9¢) (5. 10c))

are the (1) contributions to Vj[k] and Wj[k_e], respectively

ﬁ;’“ 0 = Vi) =4,V 0), 670
W) = Wi (@) = g0, ) WM (0) €5, (1), '
satisfying
%ﬁj[k] = Aj 9j[k] 5 i.e., Pj (91[1@']) = 0,
§ . (6.7d)

S =W B, oW e, 0,00 =0,

In the current step (ii) the aim is to estimate the difference SPT1 (¢)—& (£)SPT1(0).
To this end we note that the Sj[k] from (6.7b) have a structure identical to the

Sj[-k] (see Lemma 2), with VJ[.k] Wj[kie] replaced by gj[k] Wj[kiz]. The terms in the
sum (6.7a),
Sy ... 8y, (6.8a)

are splitting analogues of
er()S¥l0) - s10), (6.8b)

and (6.8a), (6.8b) have identical initial values SL’“] 0)--- Syﬂ] (0). In order to esti-
mate the difference between (6.8a) and (6.8b) for ¢ > 0 we compute, analogously
as in Section 5.2,

s(&) .. gky _ a gk L gy gy gk )

ksils Slk1;
= Z 5‘1-“...5{151]7
LeNS, [£]=1

with g‘][k;o] = §J[k] from (6.7b) and where, by a routine calculation as in the proof
of Lemma 2,

A'[k 1] _ [g[ ] }Jr(g (S[k])

k
Z( )( FA )+ A H 4 D).

Due to Lemma 4 and Lemma 5 (A), the terms [V H ] and [W[k 4 . Hj+ Dj]| are
solutions to the evolution equations
5 1] 551
éit[ J}:Aj[vj[']’ﬂj]_FAg]VJ[]’
vm( 0)=v0),
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and
k=]
+Dj}Bj+Cj[Wj ,ﬂj+Dj]
k]

\ Q.
S
i
5
+
S
Il
=l
i
=

with corresponding integral representations. Collecting all these preliminary con-
siderations we obtain
Slks Slk ks k
o(sth- - 5 — en () s 0) - s{M0) = o),
with homogeneous initial condition. Consequently, the difference between (6.8a)
and (6.8b) satisfies
@ - 8w - en s - 50 = 00,

and summing up we obtain

S - en()SPH(0) = o(1). (6.92)

(i) Splitting the term (6.5) to be estimated into
SPH 4y — gy () SPH(0) = (5[p+1] (t)—SPH] (t)+ (g[p-H} (t)—Eg (H)SPT (0)),

it remains to study
+1] _ Slp+1 p+1 (k] (k1] _ Glks] Slkal
s g — S <k><5 skl gl ..,511),
kENS, [k|l=p+1
The terms (differences of products) under the sum can be written as

sl gkl gtk Gl (slke] Gl glReal L gl
8 sl e

4t g (s i),

From Lemma 2,

and from (6.7b),
k
Sk _ k\ ple—a gl _
5 =>. (g) Wi Y =0Q).

Furthermore,

k
k] &R _ k k=8 0 Jolk—0 350
Sj =S Z<g> (Wj Vit =Wy Y )
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with
[k—€],[4 _ k=€ 3l
Wj Vj Wj Vj
k=] (y,[t ¢ k—¢ N
wiFA WA Pl ¢ (w9l Pl = o),
because

t
Vi) =910 = [ ea ¢ =)o) ar = 010
0
(see (5.9¢),(6.7¢)), and
t
W0 - W0 = [ o, - nov e, - mar = 000
0
(see (5.10c), (6.7c)).
From these preliminary considerations we obtain
sty — SleHlg) = o). (6.9b)
Altogether, (6.9a) and (6.9b) imply (6.5). Thus we have established the following result:

Proposition 2
P(t)u— L(t)u = 6P,

that is, the local error estimate (6.1) is asymptotically correct.

7 Practical realization, extension to nonlinear equations
7.1 Practical evaluation of the defect

For the practical implementation of our error estimators, the defect can be evaluated
by a Horner-type scheme, which we illustrate for the case s = 3, using the notation
from Section 5:

D .= 8[1] = % (838281) — HS3855,81

= %83'82 <81 JFSS'%SQ -S1+ 8383 %81 — HS385,81
(W3 D3 V3 + C383)S281
+ Ws V3 ((WQDQVQ +0232)31 + Wa Vo (W1D1V1 +01$1))
—(H—-C3+ 03838281,

resulting in
D=Ws3 {D3V35251 +V3{023251 +W2{D2V231 + Vo {0131 +W1D1V1}}}
—(H - C3)83828 . (7.1)

Computationally it is advantageous to evaluate (7.1) in parallel to the evaluation of
S = 83828;. A closer investigation shows that for such an evaluation of Su and Du,
storage for 5 vectors is required (where each intermediate result which is not required
further is overwritten). The pattern is similar as for the AB case. The computational
cost is thus the following:

— Su requires evaluation of 3s exponentials.
— Du requires evaluation of ~ 3s exponentials and ~ 3 s operators.

For practical schemes, in particular in the symmetric case, the number of evaluations
is significantly lower due to a number of vanishing coefficients.



18

7.2 The nonlinear case

Consider a nonlinear evolution equation

{ u' = H(u) = A(u) + B(u) + C(u), t>0, (72)

u(0) given,

and corresponding (sub-)flows Ex(t,u) and E4(¢,u), Ep(t,u), Ec(t,u). For the case
s = 3, for instance, a step of an s-stage splitting method takes the form

up = Eaart,u), vy =~Ep(bit,ur), w1 =E&c(ert,v1) = S1(t,u),

ug = Eqazt,w1), va = Eg(bat,uz), w2 = Ec(cat,v2) = Sa(t, w1),

uz = 5A(a3t,w2), V3 = EB(bgt,ug), w3 = 50(6315,’03) = S3(t,w2),

S(t, u) = w3 = S3(t,$2(t,$1(t, u))), (7.3)

with local error
L(t,u) =8t u)—Ex(t,u). (7.4a)

The nonlinear analogue of the local error respresentation (2.12) is obtained via the
nonlinear variation-of-constants formula

t
L(t,u) = /0 €y (t —7,8(1,u)) - D(r,u)dr, (7.4b)

with the defect
D(t,u) = £ S(t,u) — H(S(t,u)). (7.4c)

A defect-based local error estimate is defined in a way completely analogous to (6.1),

Pt)u= #D(t)u. (7.5)
For a detailed analysis for the nonlinear case in a simpler setting (splitting into two
operators and low order methods) we refer to [6]. Here we refrain from a specification
of the algorithmic evaluation of D(¢,u), and only illustrate this for the case s = 3, with
obvious generalization to general s-stage schemes.

As for the linear case we rewrite the defect in a way such no derivatives w.r.t. ¢t ap-
pear. However, evaluation of the Fréchet derivatives of nonlinear subflows with respect
to initial values are required.

With wj = u;(t), v; = v;(t), w; = w;(t) we have

LS(t,u) = Sws(t) = & Eclest,vs(t))

8-Ec(est,v3(t)) + 0a€c(cat, vz(t)) - vs(t)
= c3C(w3(t)) + 02Ec(est, v3(t)) - % v3(t).

We recall the fundamental identity® [6]

BaEr(t,v) - F(v) = F(Ep(t,v)). (7.6)

6 Tor a linear operator F, (7.6) reduces to the identity Ep(t) - F-v = F - Ep(t) - v, with
Er(t) = et
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Resorting to (7.6) for F' = B, we obtain

& ep(bst, us(t))

= 5 Ep(bst,us(t)) + 026 (bsus(t)) - 5 us(t)

= b3 B(us(t)) + 9265 (bst, u3(t)) - rus(t)

= by &R (bst, us(t)) - Blus(t)) + 9265 (bst,us(t)) - & us(t)
= 02€p(bst, us(t)) - {b3 B(us(t)) + L us(t)},

d
az V3 (t)

and similarly for F' = A,

Fus(t) = & Ealast,wa(t))

B Ealazt,wa(t)) + D2 alazwa(t)) - L wa(t)

= ag A(us(t)) + 02€4(ast, wa(t)) - §5wa(t)

= a3 D€a(azt,wa(t)) - A(wa(t)) + 02€a(azt, wa(t)) - g wa(t)
= Do alazt, wa(t)) - {ag A(wz(t)) + Fwa(t)}.

This implies

L S(t,u) = c3C(ws(t))
+ h€c(cst,v3(t)) - 02Ep(bst,us(t)) -
{3 B(us(t)) + 02€a(ast, wa(t)) - {az A(wa(t)) + frw2(t)}}.
Systematically continuing this expansion leads to a Horner-type representation of
éit S(t,u), which results into
D(t,u) = d2€c(cat,v3) - 02€p(b3t,u3) - (7.7)
- {b3 B(u3) + 92£4 (a3 t, ws) -
{az A(wz) + c2C(w2) +
+ 02€c (cat, v2) - 02€p(bat, uz) -
-{b2 B(u2) + 02€4(azt,wy) -
. {agA(wl) +c1C(w1) +
+ 02&c(c1t,v1) - 02€p(brt,uy) -
-{b1 B(u1) + 32€A(a1t,u) - a1 A(u }}}}}
— A(ws) — B(ws) — (1 — ¢3)C(ws3),

which is the nonlinear version of (7.1).

8 Numerical examples

In the following, we confirm asymptotical correctness of our a posteriori local error
estimators based on (7.5) associated with different splitting methods of when applied
to nonlinear evolution equations. We consider test problems of Schrédinger and of
parabolic type, where splitting into three operators permits a considerable reduction
in the complexity of the subproblems to be solved, which results from freezing either
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the time variable or a solution component. Evaluation of the defect D(¢, u) is performed
according to (7.7). Furthermore, for non-autonomous problems as (8.1), employing a
standard reformulation as an autonomous system allows to apply the general frame-
work.

Schrodinger equation We consider the Gross—Pitaevskii equation [11,12] in one space
dimension under a harmonic potential with ¥ = 1,

(. t) = — & Bpatp(, 1) + L2 P(x,t)

9 (8.1)
+ 0 [, )|z, t) +r(t), (z,t) € (=8,8) x (0,1);

the additional inhomogeneity r is chosen such that the true solution is given by the
ground state solution of the linear Schrédinger equation (¢ = 0). The structure of this
partial differential equation suggests a splitting into three parts, the first part given
by the Laplace operator, the second one defined by potential and cubic nonlinearity,
and the third part involving the inhomogeneity. For space discretization, we use Fast
Fourier techniques with M = 100 grid points. For time discretization, we apply the
first-order Lie-Trotter splitting method (p = 1), the second-order Strang splitting
method (p = 2), a three-stage third-order splitting method involving real coefficients
(p = 3), and the fourth-order splitting method by Yoshida (p = 4).

Diffusion-reaction system We study the Gray—Scott equations [13,14] in a single space
dimension

{&gu(m,t) = (duOe — cu)ul®,t) + cu — u(z, t) (v(z, 1)),
Brv(@, 1) = (do Oz — o) v(@, 1) + ulz, t) (v(z, 1)),

(8.2)
dy =0.001, dy=0.0001, cy=0.04, c,=0.1,

w(@,0) = e 2% | o(z,0)=0.1+e 4" (2,6) € (—1.5m,1.57) x (0,1),

subject to periodic boundary conditions. We make use of the fact that a splitting of
the nonlinear part into

{&gu(x,t) = —u(z,t) (U(:v,t))2, {&gu(:ﬂ,t) =0

Orv(z,t) =0, Orv(w,t) (®3)

(2, 1) (v(z, 1)),
permits to determine the exact solutions to the subproblems in an easy manner. For
space discretization, we use a Fourier spectral method at M = 512 grid points. For
time discretization, we apply the first-order Lie-Trotter splitting method (p = 1),
the second-order Strang splitting method (p = 2), a four-stage third-order splitting
methods involving complex coefficients (p = 3), and a fourth-order splitting method
involving complex coefficients, obtained in analogy to Yoshida’s scheme (p = 4).

In Figures 1 and 2 the global errors versus the constant time stepsizes are displayed.
In addition, the global errors of the numerical approximations obtained through a
correction of § according to

S-P

in each time step are included; as usual, S denotes the splitting approximation of
order p and P the a posteriori local error estimator. The numerical results show that
the improved approximation is of global order p + 1, which confirms asymptotical
correctness of the a posteriori local error estimator.
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Fig. 1 Time integration of Gross—Pitaevskii equation (8.1). Global errors versus time stepsizes
of different splitting methods (left) and associated corrected approximations (right).
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Fig. 2 Time integration of Gray—Scott equations (8.2). Global errors versus time stepsizes of
different splitting methods (left) and associated corrected approximations (right). First (first
row) and second (second row) component of the solution.
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A Auxiliary identities and results

The commutator

X, Y]=XY-YX (A.1)

satisfies the following fundamental identities:
XY, Z| =X|Y,Z]+ [ X, Z]Y, (A.2a)
0=[[X,Y],Z]+ Y, Z],X] + [[Z,X],Y] (Jacobi identity). (A.2b)

Lemma 4 Let A, K denote operators not depending on t and G = G(t) a time-dependent
inhomogeneity. Assume that X is the solution of the initial value problem

d y_
de*.AX—Fg’ (A.3)
X(0) given.
Then the commutator Y := [X, K] satisfies the initial value problem
SGY=AY+[A KX +[G,K], (A4)
Y(0) = [X(0), K].

Proof We differentiate using identity (A.2a):
X K] = [§ X, K] = [AX, K] + (G, K]
= A[X, K]+ [A, K] X +[G, K],
which completes the proof. O

Lemma 5 [8, Lemma 1]. Let B,C, K denote operators not depending on t and G = G(t) a
time-dependent inhomogeneity. Consider the inhomogeneous Sylvester equation

4y —
GX=XBHCOX 4G, (A.5)
X(0) given.
(i) The initial value problem (A.5) admits the solution representation
t
X(t) =Ec(t)X(0)Ep(L) + / Ec(t—1)G(r)Ep(t—T)dT. (A.6)
0

(ii) Provided that X satisfies the Sylvester equation (A.5), the time-dependent operators
and Z, defined by
Yt)=Xt)K, Z(t)=KX(t), (A.7a)

are solutions to the Sylvester equations

{§y=y3+cy+X[B,K]+gK, (A.7H)
Y(0) =X(0)K,
and B
{(“Z:ZB—&-C’Z—HK,C]X—FKQ’, (AT0)
Z(0) = KX(0),
respectively.

(iii) Provided that X satisfies the Sylvester equation (A.5), the commutator Y = [X, K] is
the solution of the Sylvester equation

(A.8)

{ LY=YB+CY+X[B K|+ [C,K|X+[G, K],
Y(0) = [X(0), K].

Proof See [8]. O
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B Proofs of Lemmas 2 and 3

In the following, we prove statements about the quantities Hj, S][.k] ..., etc. However, for

convenience of notation we suppress the index j. In particular, §(-), p(+), o(-) are to be identified
with §;5(-), p;(-), 0;(-) defined in (2.4).
With (cf. (2.4b),(2.4¢))

p(X)=Fx—Ax,
oX)=%tx-xB-Cx,
the identities (A.4) and (A.8) take the form
p([X, K]) = [A, K] X + [p(X), K],
o([X,K]) =X [B,K|+ [C,K|X + [0(X), K].
We will make repeated use of these identities in the proof of Lemma 3 below. Furthermore,

(A.2a) is used several times.

ProOF oF LEMMA 2. For k = 0, identity (5.8) is the same as S0 = WOl VIO, For the general
induction step k +— k + 1, by (5.5) and the inductive assumption (5.8) we have

Sk = (M, H) + 5(S1M)
k
k
— [k—£]y)[e] [k—£]y)[e]
_;O(E)([w Vi H] 4+ sowlk=Ay )),

with (using (A.2a))
WE=Apl g 4 s(wlk—aple)y
=W, H] + =, gl
+ 517 (W[k*f] vy — gwlk=ayld
= WA, by 4 pyid, gyt
d k—¢ 4 k—¢ d 4 k—¢ 4
+EW[ 1.opld ol ]'&VH—HW[ Tyl
= WA, m] 4 py=d, gyl
+ WkE=A4B + oWkt 4 gwlk=ay)pl
+ wlk=4 (AV[Z] + p(V[l])) — gwlk—dyld]
= WA (W, 1]+ p(v)) + (WIS, H) + o () VI
L wlk=d pyld L owlk=ayple _ rylk—yle]
= W, B+ p(01) + (W4, B+ D]+ o (W) Vid
+wlk=d pyld ¢ owlk=ayple _ k=t pyld L pylk—=adple _ pryylk—dyl

=0

— W=l k-l

by definition of VI and WIk+1-8_ Altogether,

Slk+1] i( )W[k qyle+1] +Z( ) wlk+1-£])[¢]

£=0
k41 k41

_ Z (5 k )W[k+1 ayle 4 Z( ) wlk+1-€ ;04
=0 —
k+1

(k : 1) Wlk+1—€] le+1] ,

~
Il
<}
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which completes the induction step. O

Proor or LEmMA 3.
(i) Proof of (5.9a):
For k = 0, identity (5.9a) follows from

LYl = APIYOT e, p(VIO) = 0.

For the general induction step k — k41, by the definition of VIE+1] and due to Lemma 4
(A) we have

p(VEH) = p(VIH, H]) + p(p(VIH]))
= AWV 4 [pWI), 1] + (5 p(VH) — Ap(VI)).
Together with the inductive assumption (5.9a) this yields

pVIH) = AV 4 (55 p(VIM) — Ap(VIH) + [p(VIH), 1))
1] plk] ~ (k d (plelplk—1] (€ ylk—1] (€] ylk—2]
= AUV 37 () (G (AFIVI) — ATyt (Al k=, p).
£=1

with
% (A[Z]V[k—fl) — AAYE=a 4 (Al plk=0) )
= Al4 %y[kff] — AAAYE=a L Al =4[] 4 1A gk
= Al (Aylk—/-’] + p(ylk—f]) — AAAYE=a L Al =4[] 4 (A8 gk
= (Al A= Al ppl=ay o Al [pIE=8 g 4 (A4 g4
= [AW H + A|VFE- 4 Al ([V[k—é]’ﬂ] + p(V[k—Z]))
= Al k=8 4 plaplk+1-€

by the definitions of A+l and VIk+1-4 Altogether,

PV = ATV 4 3 (’Z) (AL Y=t | A ylkt1-0])
=1

(k) Al plk—1] +i(k> Al ple+1-1]
l =t l

Il
M=

Tr
= o

(fﬁ 1) Al plk+1-0 4 jz:l (];) Al plk+i-2

(k: —é— 1) Al ple+1-1] ,

|
(]

TS
+
e

o~
Il
—

which completes the induction step.
(ii) Proof of (5.10a):
For k = 0, the identity (5.10a) follows from

LWl = Wl Bl cOIWIO e, o (W) = 0.

For the general induction step k — k+1, by the definition of W11 and due to Lemma 5
(A) we have

(WD) = o (WM, H + D)) + o (a(WIH))
=W B 1 oW oWk 1 4 D]
+ (V) — o) B — Co(WIH)).
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Together with the inductive assumption (5.10a) this yields

oWk
= (W[k]BU] + ¢l W[k])
+ (& oW — o(WIF) B — Co (W) + [o(WIM), H + D])
= (Wzik]B[I] + cllwlIk)
+>° (’;) (% (WE=ABlA 4 ol k=) _ (wlk=apl0 4 cldywlk-a0) g
=1 g (W[k*é]B[f] L+l W[kff]) + wlk=AaplAa 4 cldwk=4 g 4 D]) ,

with
% (W[k—Z]BV] +cl W[k—l]) — (W[k—Z]B[f] +cl W[k—l]) B
—C (W[k—f]B[é’] +cl W[k—f]) + [W[k—f]B[ﬂ + ol wk=a 4 D]

— % wlk=apld | ol %W[k*f] _ (W[k*Z]BV] +cl W[k—é]) B
—c(wWABl 4 cldwlk=a)y L wik=A0pll [ 4 D)+ [cl W4 H + D]
(W[k*é]B + Cwlkfé]g(w[k*f])) Bl 4 ¢l (W[k*f] BCowlk—4 U(w[k*l]))
— (W[’c*Z]B[@] +cliwlkk—hyB_ ¢ (W[k%]g 1+l W[k*@])

+ w481, i + D] + W, 1 + D] B
+clwlE=4 g 4 D] + [, H + D)Wk~
= (W[k—f] (B, B + Wik Bl g + D))
+ (e, cywt=4 1[04, 5 + Dywik—1)
+ (WF H + D] + o(Wlk=4)) B
+ (W= H + D] + o(Wlk=1))
=WrBY B+ A+ [0, B + HYWI-1
+ (W H + D]+ o(WE=)) B 4 ¢l (W= 1 + D] + o(WIk=1))
= (W= glet1] | glttlylk=ty o (wik+1=4 gl 4 cllyylk+1-4y

by the definitions of B+, U+ and Wik+1-4 Altogether,

BL g
wlk+1ly — wlk+1=4 gl 4 ol ylk+1-1]
o (WIk+1)) 22:‘;( ) + )
follows in the same same way as in the proof of (5.9a) above, which completes the

induction step. 0O
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