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Convergence of adaptive FEM for élliptic obstacle problems

Michael Feischl®, Marcus Page'*, andDirk Praetorius®

! Institute for Analysis and Scientific Computing, Vienna University of Technology, Wiedner HauptstraRe 8-10, A-1040
Wien, Austria

We treat the convergence of adaptive lowest-order FEM for some elliptic obstacle problem with affine obstacle. For error
estimation, we use a residual error estimator which is an extended version of the estimator from [2] and additionally controls
the data oscillations. The main result states that an appropriately weighted sum of energy error, edge residuals, and data
oscillations satisfies a contraction property that leads to convergence. In addition, we discuss the generalization to the case of
inhomogeneous Dirichlet data and non-affine obstaglesH?(Q2) for which similar results are obtained.

1 Introduction and Mode Problem

In the past decades, adaptive finite element methods for elliptic boundary value problems have been intensively studied and
are now a popular tool in science and engeneering, see [1] and the references therein. In recent years, the analysis has bee
extended to cover more general applications, such as mixed methods, non-conforming elements, and obstacle problems [2]
The latter is a classic introductory example to study nonlinear problems characterized by variational inequalities. The aim
of our work is twofold: First, we provide a numerical scheme for variational inequalities that arise from many physical
phenomena [5]. Second, by extending the mathematical analysis to new problems, we contribute to the understanding of the
method itself.

Throughout, we consider the following model problem: Ketc R? be a bounded domain with polygonal boundary
I' := 09. We prescribe an obstacle énby an affine functiony with y < 0 onT'. The setA of admissible functions reads

A:={ve H}Q) : v>yxae. inQ}. (1)

It is closed, convex, and non-empty. For givere L?(€2), we consider the energy functiondl(v) = (v, v)/2 — (f,v),
where the energy scalar product redds v) = [, Vu - Voda for all u,v € Hj(2) and whergf,v) = [, fvdxz denotes
the L?-scalar product. By - ||, we denote the energy norm @fy} () induced by(-, -). The obstacle problem then reads:
Find u € A such that

J(u) = min J(v). (2)

veEA

It is well known, that this problem admits a unique solution that is equivalently characeterized by the variational inequality
(u,u—0) <(f,u—wv) forallve A (3)

For discretization of (3), we consider conforming and shape regular triangul&fiais? and denote the standard P1-FEM

space of globally continuous and piecewise affine functionshy7;). The finite dimensional problem then readsnd

Uy € Ay := AN SY(Ty) such that7 (Uy) = Vmiﬁ J(Ve). Again, this problem can equivalently be stated in terms of a
(ASM.Y)

variational inequality (3).

2 RediableError Estimator and Convergence of adaptive FEM

Now, let&{! (resp £) denote the set of all interior (resp. all) edgegpfForE € £, the patch is defined By, p := T+UT~
with T+ € 7, andTt NT~ = E. To steer the adaptive mesh-refinement, we use some residual-based error estimator that has
basically been introduced in [2]

np = p; +osc;  with p? = Z pe(E)*  and osc} = Z oscy(E)?. 4
Ee&P} Eeé&,

First, po(E)? = hEH[c’)nUg]HQLQ(E) for E € & denotes the weightei>-norm of the normal jump, wherer = diam(E)
and|-] the jump over an interior edge. Seconsk,(E)? := |Q ||| f — fQZWEH%Z(m ) are the oscillations of over £, for
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Fig. 1 Numerical results for uniform and adaptive mesh Fig. 2 Numerical results fox/z, for uniform and adaptive
refinement with adaptivity parametér= 0.6 mesh refinement with € {0.2,0.4, 0.6, 0.8}

E € &, wherefqo, ., denotes the corresponding integral mean. Finally, for edges the boundary, involves the weighted
element residualsscy(E)? := [T||| | 212 for E € E\E, whereT € Ty is the unique element withh € 97 N T. Itis
already observed in [2] that is reliable.

We can now state our main result from [6] for a standard P1-AFEM algorithm of the form

|Sol ve| — |Esti mat e] — [Mar k| — |Refi ne]

Theorem 2.1 Using the strategy proposed by Dérfler [4] for marking, i.e. determine (minimalMeC &, s.t.

O < > pe(E)Y+ > osc(E) (5)

E€EPNM, Eec&nM,

for some fixed adaptivity parametér< 6 < 1 and halving at least the marked edgEsc M/, the adaptive algorithm
guarantees the contraction property

App1 < kA, forall €N, whereA, := J(U) — J(u) +yn?. (6)

The constant8 < v, x < 1 depend only o and the shape of elementsTg. In particular, this impliesélim J(Uy) = T (u)
—00
as well aslim flu—Ue| =0= 1im .

Remark 2 2 In the case of non- homogeneous Dirichlet boundary data or non-affine obstacle&? (1), we get the
slightly weaker resuIAgH < ,‘iAg + a for a certain zero sequenag > 0 with limy oy = 0. Elementary calculus then also

proveslim A, = 0. Here,A, denotes a similar combined error quantity that additionally involves estimator terms that control
the approximation of the given Dirichlet data, see [7].

3 Numerical Experiment

We consider an example from [2,6] with constant obstgcte 0 on the L-shaped domain := (—2,2)2\[0, 2) x (-2, 0] with

a corner singularity at the origin. In Figure 1, we compare efyoe= (j(Ue) — j(u)), estimaton,, and oscillationssc, of

uniform and adaptive refinement fér= 0.6. Figure 2 additionally shows a comparison of the errors of adaptive refinement,
wheref varies betwee.2 and0.8, and uniform refinement. We can see that the convergence rate for adaptive refinement
almost coincides for all choices 6f
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