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Adaptive hp-FEM for the contact
problem with Tresca friction in linear
elasticity: The primal formulation

P. Dorsek and J.M. Melenk

Abstract We present an a priori analysis of the hp-version of the finite el-
ement method for the primal formulation of frictional contact in linear elas-
ticity. We introduce a new limiting case estimate for the interpolation error
at Gauss and Gauss-Lobatto quadrature points. An hp-adaptive strategy is
presented; numerical results shows that this strategy can lead to exponential
convergence.

1 Introduction

We study the hp-version of the finite element method (hp-FEM) applied to a
contact problem with Tresca friction in two-dimensional linear elasticity. In
contrast to the more realistic Coulomb friction model, Tresca friction leads to
a convex minimisation problem, which is simpler from a mathematical point
of view. Nevertheless, the efficient numerical treatment of Tresca friction
problems is important since solvers for such problems are building blocks for
solvers for Coulomb friction problems (see [20, Section 2.5.4]).

The mathematical formulation of the frictional contact problem as a min-
imisation problem is provided in [12] and can be shown to be equivalent to
a variational inequality of the second kind. First order h-version approxima-
tions have been available since the 1980s, see [16, 15], where the approxi-
mations can actually be chosen to be conforming and the nondifferentiable
functional can be evaluated exactly. When moving to higher order discretisa-
tions, it is highly impractical to retain these properties. For the closely related
variational inequalities of the first kind stemming from non-frictional obstacle
and contact problems, Maischak and Stephan analysed hp-boundary element
methods in [24, 25], and obtained convergence rates under certain regularity
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2 P. Dorsek and J.M. Melenk

assumptions on the exact solution; they also presented an adaptive strategy
based on a multilevel estimator. Results for the frictional contact problem
in the hp-boundary element method were next provided in [6]; however, the
variational crimes associated with approximating the nondifferentiable fric-
tion functional j, which is clearly necessary in a high order context, were not
addressed. In [18], this discretisation error was analysed.

In the present article, we focus on two issues: Firstly, we provide an a priori
analysis for the errors arising from a discretisation of the non-differentiable
friction functional j. We proceed in a different way than it was done in [18]
and base our analysis on a new limiting case interpolation error estimate
for functions in the Besov space B;/ (a,b). Secondly, we show numerically
for a two-dimensional model problem from [19] that hp-adaptivity can yield
exponential convergence.

2 Problem formulation

Let £2 C R? be a polygonal domain. We decompose its boundary I" with
normal vector v into three relatively open, disjoint parts I'p, I'n and I¢c.
On I'p with |[I'p| > 0 we prescribe homogeneous Dirichlet conditions, on I'y
Neumann conditions with given traction t, and on I'c contact conditions with
Tresca friction, where the friction coefficient g is assumed to be constant. The
volume forces are denoted by F. Furthermore, we assume that contact holds
on the entirety of I'c. For simplicity of exposition, we will assume that I a
single edge of (2.

We denote by H*(£2) the usual Sobolev spaces on {2, and similarly on the
boundary parts, with norms defined through the Slobodeckij seminorms (see
[29]). Hyo' (I'c) denotes the dual space of H*(I'c). The Besov spaces B3 ,(£2),
s € (k,k+1), k € Ny, g € [1,00], are defined as the interpolation spaces
(H*(£2), H*T1(82))s—k 4 (note that the J- and the K-method of interpolation
generate the same spaces with equivalent norms, see e.g. [30, Lemma 24.3]).
For ¢ = 2, the Besov space B3 5(f2) and the Sobolev space H*({2) coincide
with equivalent norms, which yields that fractional order Sobolev spaces can
be defined by interpolation.

2
denotes the small strain tensor and o(v) := Ce(v) the stress tensor. Here, C
is the Hooke tensor, which is assumed to be uniformly positive definite. For a
vector field p on I'c, py, := p - v is its normal component and p; := p — (p
v)v its tangential component. With the trace operator vo ry, : (H!(£2))? —
(H'/2(I'p))?, we set

Applying standard notation of linear elasticity, €;;(v) = % (% + %)
i i

Vi={ve H(2)": vomv) =0} (1)
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hp-FEM for Tresca friction 3

and define the bilinear form a: V x V — R, the linear form L : V — R and
the convex, nondifferentiable functional j : V' — R by

atvow)i= [ ov): e(w)dx )
o) = [ Bovixs [ Ctvds V) = / Colvds @)

The primal version of the continuous version of the linearly elastic contact
problem with Tresca friction then reads:

1
Find the minimiser u € V of J(v) := ga(v, v)—L(v)+j(v). (4)
As is well-known, this minimiser can also be characterised by (see [12])
a(u,v—u)+j(v) —j(u) > L(v—u) YWweV (5)

The unique solvability of (4) follows by standard arguments since the Hooke
tensor C is uniformly positive definite and I's has positive measure, see [20,
19, 22].

Choosing a discrete finite-dimensional subspace Vy C V and a discretisa-
tion jn: Vi — R of j, we obtain the discrete primal formulation:

1
Find the minimiser uy € Vi of Jy(v) := §a(v,v) —L(v)+jn(v). (6)

Let 7y be regular shape regular triangulations of 2 consisting of affine
triangles or quadrilateral elements K € 7y with diameter hy x. Assume
that the boundary parts I'c, I'D and Iy are resolved by the mesh. For each
K € Ty, let py x € N be a polynomial degree. We assume that neighboring
elements have comparable polynomial degrees, i.e.,

DN,K ~ DN,K’ VK,K' € Ty with K N K’ # 0. (7)
Set
VN :={vny € V:vy|x € I’V¥(K) for all K € Ty}, (8)

where IT?(K) is the space of polynomials of (total) degree p if K is a triangle
and ITP(K) is the tensor product space QP of polynomials of degree p in each
variable if K is a quadrilateral.

We denote the set of edges on the contact boundary by £c n, that is,

Eon={E: ECIcisanedgeof Tn}. 9)
We see that for every E' € £c v, there exists a unique Kg € Ty such that E

is an edge of K.
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4 P. Dorsek and J.M. Melenk

3 A priori error estimates

We obtain the discretisations jy of the functionals j by a quadrature for-
mula: Given an element E € £c n, let Gg,4 be the the points of either the
Gauss or Gauss-Lobatto quadrature on E with ¢ + 1 points, together with
the corresponding weights wg ¢ x for x € E, obtained by applying an affine
transformation from the reference edge E to E. Then, for vy € Vy, and
choosing a vector (qn E)Eeec, v, We define

jN(VN) = Z jN,E(VN)u where (10)
Eecéc,N
ineEVN) = Y gVNX)WE.gy - (11)

XGGE"?N,E

Note, in particular, that jy is well-defined, as vy is continuous on 2, and thus
also on I'c. We shall assume that there exists a constant C' > 0 independent
of N and F such that

C'pnky < ane < Cpn k- (12)
The main result of this section is:

Theorem 3.1. Let u € H32(2) be the solution of (4) and uy € Vi be the
solution of (6) where jn is chosen as in (10), (11). Assuming (12), we have
the a priori error estimate

[ — w2 < Cu max hfiepy'' (1 + /mpy ). (13)

N

3.1 An interpolation error estimate for B;/lz -functions

In [3], error estimates for the one-dimensional Gauss-Lobatto iy and Gauss
interpolation operators jy are proved, namely, for u € H/2%(E),

l[u— Z'NUHL2(E) + [lu— jNU‘HIﬁ(E) < CEN_1/2_E|“|H1/2+E(E) (14)

where F := (—1,+1) is the reference element and & > 0 arbitrary. As func-
tions in H'/2(F) are not necessarily continuous, the choice ¢ = 0 is not ad-

missible. Thus, we consider the Besov space B;/f (E) = (LQ(E’), H! (E))1/2 L

which is defined as the J-method interpolation space of L2(E) and H'(E)
with parameters § = 1/2 and ¢ = 1, and consists of continuous functions.
The main result is:
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hp-FEM for Tresca friction 5

Theorem 3.2. For all u € B;/E(E) we have

lu = inullace + = inuliae S N7 lullgyzg, (19)

We shall only provide proofs for the case of Gauss-Lobatto interpolation;
for Gauss interpolation, one proceeds analogously.

The following result is a multiplicative variant of [2, Lemme III.1.4] ob-
tained by applying the Gagliardo-Nirenberg-Sobolev inequality instead of the
Sobolev imbedding theorem.

Lemma 3.3. Let ¢ € H(a,b). Then,

1
[N o () S m”wﬂi?(a,b) + 1Lz o) 1¥ 2 (a,0)- (16)

Let ny; = cos(én) and pni, @ = 0,..., N, be the nodes and weights
of Gauss-Lobatto quadrature with IV 4 1 points. Define the Gauss-Lobatto
interpolation operator iy : C([-1,+1]) — PV by

N

ivui=Y_u(nn;)Ln;, (17)
j=0
where Ly ;j(t) = [[14; % is the Lagrange interpolation polynomial

at nn,;-
By applying the sharper estimate given in Lemma 3.3 in the proof of [2,
Théoréme I11.1.15], we obtain the following multiplicative result.

Proposition 3.4. For every u € H'(E),
linull?s gy SN2 (lu(=1)F + (D)) + [[ulfs 5,
Nl VT = 2 (18)

Remark 3.5. Proposition 3.4 is a special case of the following, more general
result. Let H*“(E) be the space of all functions with

k +1
[y =3 [ WO@PO =) e <00, (19)
=0 "

and set L>*(E) := H%*(E). These spaces were also considered in [17, Sec-
tion 3]. One can show (see Appendix 5)

||i%u”i2,a(ﬁ‘) S||u||iQ,Q(E) + N_lHUHLZW(E)HUIHL2va+1(E)
+ N7272% (u(=1)* + u(+1)?) (20)
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6 P. Dorsek and J.M. Melenk

for all w € HY*(—1,+1) N C([-1,+1]) and all @ > —1, where i% is the
Gauss-Jacobi-Lobatto interpolant. Additionally, Appendix 5 shows that the
Chebyshev-Lobatto interpolation operator i;vl/ % is stable on H=1/ 2(—1,+1)
as well as the interpolation space (L?~1/2(E), Hl'f’1/2(l:7))1/2 L
Combining Lemma 3.3 with Proposition 3.4 yields:

Corollary 3.6. For u € H'(E),
. 1 2 1 2
linulliaay S Hulliags, + N2 lullio gl (21)
A key step towards the proof of the main result of this section, Theo-

rem 3.2, is the following theorem:

Theorem 3.7. Let Ty: C([-1,+1]) — PN, N € N, be continuous linear
operators satisfying

Tnp=p forpePY and (22)

1/2 1/2 -
1Tl S Nullaey + N2l 2, orwe HA(E). (23)

Then,

u—Tnullp2p SN 1/2||u||Bl/2 for all u € B2/2(E) (24)

E)

Note that Ty : B;/ 12 (E) — PV is well-defined and continuous as we have the
continuous injection Bé/f(EA) — C([—1,+1]) (see [30]).

Proof. We shall first prove the multiplicative error estimate

1/2 1/2
lu = Twvull oy S N2 lull ol 5 el o ¢ (25)

By [26, Proposition A.2], there exists a sequence of operators 7y : L? (E) —
PN with

NTnullpzm S ullies for all u € L*(E), (26)
(B) (B)
lu—mnull 2 S N Hullg s for all u € HY(E), (27)
(B) (B)
and [lmvullg ) S el s for all u € HY(E). (28)

As Ty oy = 7y, we see by (23) that

lu—=Tnullzp) < llu—7mnullpzm) + TN (= 7vu)llpe g
1/2 1/2
L2(E) E)

— 1/2 1/2
SN 1/2Hu|\Lé<E)HuHHé(E). (29)

S lu = mnvullpy + N7V — mvull s e — vl g,
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hp-FEM for Tresca friction 7
A careful analysis of the proof of [30, Theorem 25.3] shows that this yields

= Tovully ) S N2 fullgy: (30)

L(E)
that is, the claimed estimate. a

Theorem 3.2 follows by combining Corollary 3.6 and Theorem 3.7.

3.2 A polynomaal inverse estimate

We need the following inverse estimate:

Lemma 3.8 (Generalised B, 12 -Hl/2 p-version inverse inequality). There
exists a constant C' > such that for all polynomials g € PP and all k € R,

llal = w20y < CO+vIp) (lalgaqay +In—al) . (3D

where @ := %f:r11|q(ac)|d:v is the integral mean of |q|.
The particular choices kK = § and kK = 0 lead to

llal = allgy 20 < €+ VIP) (laho /sy ) -
lalllgs 2 < €+ VIP) (lah 2z +1al) < CO+VInp)lalg/aqa)

Proof. We use the K-method of interpolation (see [29, 30]). Let

) 1/2
K(t,u):= inf [Hu—un |+ 2 ]l% ] . (32)
veHL(E)

By [7, p.193, equation (7.4)], we see that for arbitrary e € (0, 1],
1
dt
~1/2
Il = #llayzcey ~ [ €K eIl =T
c dt ! dt
= [ K@l -0+ [ ORG-S 63)

0 €

For the first integral, choose v = |q| — k in K so that, by the Deny-Lions
Lemma (see [11, Theorem 6.1] for the version used here),
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8 P. Dorsek and J.M. Melenk

e dt € de¢
/ ¢ 1/2K(t,|q|—n)7§/ 2 [llal = ll s iy 7
0 0

= 2vE|lal = llgs ) < 2V ([l =l ) + 21 — )
< 2V (|lallyps gy +2n — 1) (34)

Note that HqHHl
I11.4.2] implies

&) = |q|H1(E)' The inverse inequality in [1, p. 100, Theorem

\/E|Q|H1 (B) < \/Ep|Q|H1/2(E)- (35)

For the second integral, we see that, by applying the Cauchy-Schwarz
inequality for the measure % to the functions t +— 1 and t — t~Y2K (t, |q|—r),

and the definition of H|q| — IiHHl/Z(E) by the K-method,

1 ' '
/ V2K (L || H)ﬁ < \// %\// (t=12K(t, |q — H))Q dt
. t € t € :
< V—Inelllgl = ]|y S V-Ine (Hlfﬂ = llggrso gy 17 - Cﬂ)
SV ([lallgg oz + 15— l) - (36)

where the last step again follows by the Deny-Lions Lemma. Additionally,

by the definition of the H'/?2-seminorm, we see easily that ‘|q||H1/2(E) <

|9l 51/2( 5y, Which yields

L dt _
/ t 1/2K(t,|q|—m)75\/—lna(|q|H1/z(E)+|H—Q|), (37)
g

We set ¢ := # and obtain

[|lal — 'fHB;/f(E) S L+ V1np)lalgise sy + (7 + VInp)|k — gl

< 1+ vIp) (lalgssaey + 5 —al) . O (38)

3.3 Conwvergence rates: Proof of Theorem 3.1

We now prove a convergence rate result for the primal formulation of the
friction problem. We follow in style the article [5]. A similar estimate was
derived in [18, Lemma 4.1] using different techniques.

In the following, u and uy denote the solutions of (4) and (6).

Proposition 3.9. Define Su(v) := a(u,v) — L(v). Then, for all vy € Vy,
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hp-FEM for Tresca friction 9

a(u—uy,u—uy) <alu—uy,u—vy)+ Su(vy —u)

+in(vNn) —j(vn) +j(un) — jn(un) + (v —u). (39)
Proof. It follows from (6) that

a(lu—uy,u—uy) =
alu—uy,u—vy)+a(u,vy —uy) —aluy,vy —uy)
<a(u—uy,u—-vy)+a(u,vy —uy) - L(vy —un) + jn(vn) — jn(un)

< a(u —upy,u— VN) =+ SU(VN — uN) —I—jN(VN) —jN(uN).
Since for all v € V' we have

Su(vy —upy) = Su(vy —u) 4+ Su(u—v) + Su(v —uy)
< Su(vy —u) +j(v) —j() + Su(v —uy),  (40)

we obtain

alu—uy,u—uy) <a(u—uy,u—vy)+ Su(vy —u) + Su(v —un)
+in(vn) = j(u) +5(v) = jn(un). (41)

Choose now v = uy and note that j(vy) < j(vy —u) + j(u), and thus
—j(u) < —j(vn) + j(u — vy). The claim then follows. O

Proposision 3.9 shows that the main task is to estimate the error intro-
duced by approximating j by jx on V. This will be done now.

Theorem 3.10. Let E € Ec,n and K € Ty be such that E is an edge of
Kg. Let wy € Vi, and set

Jje(WN) ::/Eg|WN|dsx. (42)

Then, we have the estimate

iE(WN) — N e(Wa)| S A (1 + VDN k) dn 5 IW i (k)
S v s (1+ VI N 00 )Py e W i (s (43)

Proof. 1t is clear that

inp(WN) =g / 1B.gn oW |, (44)
E

where ip 4, , denotes the local interpolation operator on E at the gy g + 1
Gauss-Lobatto points. Theorem 3.2 provides a constant C' > 0 such that

1191 = igWll 2 gy < Ca™ 2 Wl Ya€N. (45)
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10 P. Dorsek and J.M. Melenk

Apply now a scaling argument: Let @p: E — E be an invertible, affine
mapping. As ig 4y , reproduces constant functions, we have for any x € R,

Wl —izqy e Walllze = (W] = &) = iggy s (W] = 8)llL2 ()
L/

= %HQWN 0 Pp| — k) —igy g (|WN o Pp| — H)HLZ(E)

/2 —1/2
< Ch]\%,EqN,J/E [[wx o ®r| - KHB;/f(E‘)'
With the choice £ := 3 [|wny o @p|dz, Lemma 3.8 gives

w0 @5 = klgy2 s S (1 + vlnpN,E) (WNPEl1/2 ()

Thus, again by scaling,

. 1/2 —1/2
Wl = iE.gn o Wi lltam) S Chy e+ VIl 2)dy o W /2 (m)-

We obtain by the trace theorem and (12) that

ip(wa) = jne(W) S hys(l+ VInpy p)ax b (W2
< s (L VNP 1 N 5 W 111 e
< e (L+ VI K0)PN s W bt (1) O

Let Ay, py and g be the local mesh width, polynomial degree and quadra-
ture order and introduce the local approximation quantification

wy = hpy 21+ VInpy). (46)

Corollary 3.11. Set Sy := UEEEC v Ke. Let wy be given by (46). Then:
For every wy € Vi, Y

lJ(Wn) = in(WN)| S lwon VWi lLeisy) < lwnVwille(e).  (47)

Proof. Applying Theorem 3.10 to w and summing over £ € £c v, we obtain
by the discrete Cauchy-Schwarz inequality and the trace theorem that

in(wn) —G(wa)l < Y Lis(wa) = G(wy))

Ecéc, N
1/2 ,1/2 —1/2
Y hy sl (L + VIpN g )dn £ W b (1)
Ecéc, N
1/2 1/2
< Z hn.E Z hv,5(1+ PN K )N e WN i ()
Ecéc,N Ee€éc,N

Page: 10 job:main macro: svmult.cls date/time: 26-Jan-2010/9:29



hp-FEM for Tresca friction 11
1/2

=T [ . A+ Inpy kp)an ke, Wi (k)
Ecéc,N

S Iny* 0+ Vinpn)ay PV wallasy) O
Theorem 3.12. Set Sy := UEegc N Kg, and let uy and u be the solutions
of (6) and (4), respectively. Let wyn be given by (46). Then:
o —un|ln (o)

< inf (||WNV11NHL2(5N)+||WNVVN||L2(SN>
vNEVN

1/2
+ = vl ) + = Vol o) + |Sa(a = va))

< it (llonVanllie) + lonVvaliz
vNEVN
) 1/2
+ = varlln ) + = Vol o) + [Sala = va)])

Before proving Theorem 3.12, we remark that estimating the L?(Sy)-norm
by the L2(£2)-norm is typically very pessimistic. Heuristically, the strip is of
area O(h), so we expect to obtain another power of h in this estimate.

Proof. We employ Proposition 3.9. By the V-boundedness and V-ellipticity
of a and the V-boundedness of j, we see that

[u—unllfn o) S llu—unllm@la—vala e + vy = allmw o)

+in(vN) = j(vNn) +j(un) = jn(un) + Su(vy —u),
from which it follows by applying the e-trick that

[u— uNH%Il(Q) S flu— VNH%Il(Q) +lu = vyl (o)
+in(vn) = (v + [iv(an) = F(un)| + Su(vy —u).
Applying Corollary 3.11 to uy and vy, the result now follows by the local
equivalence of py and gy . a

Clearly, choosing vy € Vy to be the best approximation of u with respect
to the H!'-norm proves that Hh%z(l + \/lnpN)p;/vl/QVN”Hl(Q) stays bounded

and converges with a rate of h}\{2(1 + \/lnpN)p;Vlﬂ, and lu—vy|ui) — 0
if hy/py — 0. It still remains to show that [[un||g1 (o) stays bounded.

Lemma 3.13. The norms in H'(£2) of the solutions uy of (6) stay bounded
for N — oo.

Proof. Choose vy = 0. Then, as jy(wy) > 0 for all wy € Vi,

a(uN,uN) S L(uN) —jN(U.N) S L(U.N). (48)

Page: 11 job:main macro: svmult.cls date/time: 26-Jan-2010/9:29



12 P. Dorsek and J.M. Melenk

The result now follows by the coercitivity of a and the boundedness of L. O

Remark 3.14. Lemma 3.13 shows that the primal method converges if | Vi
is dense in V. This can also be shown similarly as in [18] using Glowinski’s
theorem.

Finally, Theorem 3.1 now easily follows from Theorem 3.12 together with
the interpolation operators in [26].

4 Numerical experiments

4.1 A posteriori error estimation

One way to realise numerically the minimisation problem (6) is by dualisation.
Specifically, we assume that the quadrature points G Eqn.p are the Gauss
points and that

qN,E 2 PN, K — 1 VE € Ec N (49)

We introduce the bilinear forms b and by by

b(uu /\) = g/ u, bN(uu /\) =g Z Z wE#ZN,E,Xut(X))‘(X)?
I'c Ecéc,N xeéE,qN 5

Wy = {)\ S LQ(FC) : )\|E e pINE VYE € 5@_]1\]},

Ay ={ eWyn: Ax)| <1 Yx€Gpe, YEEEen}

where, in the present 2D setting, we view the tangential component u; of u as
a scalar function in the definition of b and by. It is easy to see that jy(u) =
Supye 4, On(u, A). Hence, the minimisation problem (6) can be reformulated
as a saddle point problem of finding (un,Any) € Vv x Ay such that

a(uy,v) +bn (v, AN) = L(v) Yv e Vi, (50a)
bN(uN,,u—/\N) <0 V,UGAN. (50b)

(50) has solutions; the component uy is the unique solution of (6), which
justifies our using the same symbol. Any Lagrange multiplier Ay can be used
for a posteriori error estimation. Indeed, exploiting the fact that b(v,\) =
by (v, A) for all v € Vy and A € Wy, one can proceed as in [8, Sec. 4] to
show the following result (see [9, Appendix] for the details):

Theorem 4.1. Assume (49). Let u, uy solve (4), (6), and let Ay be a Lan-
grange multiplier satisfying (50). Then ||u — uNH%p(Q) < Cnj;, where the

error indicator
2 2
N = Z "IN, K (51)
KeTn
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hp-FEM for Tresca friction 13

is defined in terms of element error indicators
—2 -1
0%k =h kPN kIt T2 r0) + hv, kPN K Z IREl2(m) (52)
ECOK
+ joxnre (un) = baxare (un, An) + AN = An[|Z 1/ ;
Ho,'/?(0KNIG)

where the element residuals v and the edge jumps Rg are given by

Lo(uy) -], ifEC 0,

. A if B C I

rg = —dive(uy) — F, Ry = (o(un) - v) +9An lf Clc
ouy)-v—t if B C Iy,

0 ifECFD.

Finally, Ay is the L2(I'c)-projection of Ay onto Ax.

Remark 4.2. In our numerical experiments, we estimate the error indicator
ny further by replacing the H&)l/ *_norm by the L?-norm and estimating
rather generously the contributions of jorxnr.(un) — barxnre (uN,S\N) for
those edges F C I'c where A\y|g # 5\N|E We refer to [8, Remark 4.3] for
details.

4.2 Numerical examples

We consider the two-dimensional numerical problem of [19, Example 6.12].
Let 2 = (0,4) x (0,4), assume homogeneous Dirichlet conditions on I'p :=
{4} x (0,4), frictional contact on I'c := (0,4) x {0}, and Neumann con-
ditions on Iy := ({0} x (0,4)) U ((0,4) x {4}), where t(0,s) = (150(5 —
s), —75)daN/mm? for s € (0,4) and t = 0 on (0,4) x {4}. The elasticity
parameters are chosen to be E = 1500daN/mm? and v = 0.4, the friction
coefficient is g = 450daN/mm?. We assume plane stress conditions.

We perform 6 numerical experiments: hA-uniform and h-adaptive methods
with polynomial degrees 2 and 3; a p-uniform method starting with polyno-
mial degree 2; and an hp-adaptive method starting with polynomial degree
3. The initial meshes are uniform and consist of 16 squares.

Quadrilateral meshes with hanging nodes are used. We require the “one
hanging node rule” and that all irregular nodes be one-irregular. Differing
polynomial degrees on neighbouring elements are resolved by using the mini-
mum rule on the edge. For the discretisation of j, we choose Gaussian quadra-
ture and gy g = PN,k — 1 for E € Ec v, i.e., we use py, i, quadrature points
n (11). As described in Section 4.1, the minimisation problem (6) is recast in
primal-dual form and the resulting first kind variational inequality is solved
with the MPRGP algorithm (see [10]). As a by-product, we obtain a Lagrange
multiplier Ay € Wy, which is used to define error indicators of (51). These
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14 P. Dorsek and J.M. Melenk

are plotted in Figure 1. All calculations were done using maiprogs ([23]). For
the static condensation of the internal degrees of freedom, pardiso was used
([27, 28, 21)).

In the hp-adaptive scheme, each adaptive step refines those 20% of the
elements that have the largest error indicators (52). The decision of whether
to perform an h-refinement or a p-enrichnement is based on [8, Alg. 5.1] with
0 = 1. The essential idea of that algorithm is similar to Strategy II of [13]: A
p-enrichment for an element K can only be done if two conditions are met:
(i) the coefficients of the Legendre expansion of the displacement field decay
sufficiently rapidly and (ii), if K has an edge E on the contact boundary
I'c, then Ay satisfies [[Ay|[z=(g) < 1. This last condition [[Ay||re~(m) <
1 is strictly enforced by ensuring that an upper bound for [[Ay|[pe(z) is
bounded by 1. This upper bound is obtained by expanding the polynomial
An|E into a Legendre series, computing the extrema of the leading quadratic
part explicitly and estimating the remainder with the triangle inequality; we
refer to [8] for details, where a similar strategy is employed in the context of
a primal-dual formulation.

T T
1000 b
¥
100 b
= T
[=}
IS
k]
g 10 o
S °
5 .
‘s,
;\G\
1f ° i
)
h-uniform, p=2 —+— o
h-adaptive, p=2 ---%---
h-uniform, p=3 - %--- .
h-adaptive, p=3 --&-- Q
01rp p-uniform — - o ]
hp-adaptive ---c--
1 1
100 1000 10000 100000

displacement degrees of freedom

Fig. 1 Error indicator ny vs. problem size

Figure 1 shows the error indicators for the two uniform and adaptive h-
methods, the uniform p-method and the hp-adaptive method. Assuming that
the error behaves like ||[u — un|lgi() = CN™® in the uniform A- and p-
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hp-FEM for Tresca friction 15

versions and the adaptive h-versions, we obtain by a least squares fit rates
of about o = 0.44 for the h-uniform and « = 0.33 for the p-uniform methods
and about a = 0.64 and o = 0.87 for the adaptive schemes with polynomial
degrees 2 and 3, respectively. For the hp-adaptivity, we obtain v = 0.35,
assuming an error behaviour of the form [[u — uy || (o) = Cexp(—yN/3).

Acknowledgements The first author gratefully acknowledges partial support by the
FWF grant W8.
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5 Appendix A: Interpolation in weighted norms

Let &y ; = cosOy y_;: 7 =0,..., N, be the Gauss-Lobatto-Jacobi quadrature
points, and py ;, j = 0,..., N the corresponding weights. Recall that the
(fj‘\‘,_’j)jzo,mN are symmetric with respect to 0.

The following results are well-known (see [4, (IV.19.24) and (IV.19.28)]).

Lemma 5.1. For 1 <j < [&] and o > —1,

(2j — D
2N —2

< 27+ 1)m

SRR 2N -2

(53)
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hp-FEM for Tresca friction 17

and forao> -1 and1 <j< N -1,

pN,] < <N~ 20¢+1 ea N (54)

Forj=0andj=N
PR = Py SN (55)
For the quadrature of Jacobi polynomials, we have (cf. [2, Lemme I11.1.12]):

Lemma 5.2. Fora > —1 and N > 1,

N

o 20+ 1 o
>l Pos = (24 25 ) I e iy (56)
7=0

Proof. By [4, (IV.19.30)],

22TID(N + a+1)?
NNII'(N +2a +2)

TN (&) 5 = (57)

and by [4, (IV.19.1) and (IV.19.31)],

220 P(N 4+ a +1)?
NNII'(N +2a +2)

TN (=1)pf = JR (+1)%p = (@+1). (58

As, by [4, (IV.19.8)],

17202 220FIP(N 4+ o + 1)2

2, ( =

NJALEELED ™ 9N £ 20 + )NIT(N + 2a + 1)
NN +2a+1)2%T (N +a+1)>

59
IN+2a+1 NNT(N+2at2) 9
we see that
s 2N +2a+1
ZJN(@) pj = (N+2@+1)m||JNHL2a “1,41)
2N +2a+1
ZTHJNHLM(A,H)' o (60)

As the (J%)n are orthogonal in L2%(—1,+1), we obtain similarly as in [2,
Corollaire 111.1.13]:

Lemma 5.3. There exists a constant C > 0 such that for every pn € Pn,

N
oz 141y < D en (€205 < Cllionfa <1 41)- (61)
7=0
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18 P. Dorsek and J.M. Melenk

With the Gauss-Lobatto-Jacobi interpolation operator at (£ ;)j=o
denoted by i%;, we obtain:

Theorem 5.4. Let a > —1/2. For every u € HY*(—1,41) N C([—1, +1]),

lifullEee 141 S lullfea1 g + N ullize e lu'lzes 14
+ N7272% (u(=1)? + u(+1)?) . (62)

Note that by [17, Lemma 3.1], Hb=Y/2(=1,4+1) € C([-1, +1]).

Proof. Set (f) := u(cos). Define the open intervals Iy j, j = 1,..., N —
1, by IAN,j = (22]]\}:1271', 22]{,'51277) for j < L%J, and by IAN,J- =T — IAN,N,J-
otherwise. It follows by Lemma 5.1 that 0% ; € Iy j, and that there exists
a constant C' > 0 independent of N or j such that C~!sin Hj'\‘,)j < sinf <
Csinfy ; for 6 € IANJ-. Furthermore, |IANJ-| ~ N~1, and the intervals overlap

at most near %

Set Iy := cos Iy j. By Lemma 5.3,

N
il Fee( 1 1) < D ul€h,;)p
7=0

= u(=1)*pf o+ u(+1)?p% v + szl WOy )Py (63)
j=1
Lemma 3.3 yields
0% < Vil % 77 |n oy + oy o180y, (64
Now, by sin 9]0\‘,)]4 <sinf < C'sin 9?\‘/,3‘7

[P0 SN[ () st (0)a

=N_1/ u(z)?(1 — 2%)%dx (65)
In;
and
1112, 5, P S N / @ (0)? sin 1 (9)d9
N,j 7 IAN,J
=N71/ u/ (cos )% sin®* 3 (9)dd
In,;
= N_l/ o (x)%(1 — 2?)*da. (66)
In;
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hp-FEM for Tresca friction 19
As [[Inll ~ N7,

w(O%,;)2%; < Iulfe iy ;) + N ullize gy 16 lieetiay,), (67)
from which the result follows.

We single out the special case a = —1/2, for which we can show stability of
Z.11[1/2 o (L2,—1/2(_17+1)7H1,—1/2(_17+1)>1/211:

Corollary 5.5. The operator z';,l/2 is uniformly (in N ) stable on HH=1/2(—1,41)
and the interpolation space (L*>~1/2(—=1,+1),HV=1/2(=1,+41));)9.;.

Proof. From [17, Thm. 3.1] we have the existence of an operator IIy :
HY~1/2(=1,+1) — PN with

lu = IINullp2-1/2(211) S N71||U||H1v71/2(—1,1)7 (68)
HHNUHL2~*1/2(—1,1) < HUHL2w*1/2(—1,1)a (69)
||HNUHH1’*1/2(—1,1) < HUHHI,*1/2(—1,1)~ (70)

Furthermore, we have the inverse estimate (see [1, Prop. 6.1])
lanllizsiz10y S Nllanlliz-12-11y  for all gy € PV,

which readily implies
HQN||H1,*1/2(—1,1) S NHQN||L2,*1/2(—1,1) for all gn € PN, (71)

We are now ready to show the stability of i;vlﬂ on HY~1/2(—1,1): Combining
the stability result Lemma 5.6 below with (68)—(71) gives
lin' P ullgs, 372 < 1 Inulnsre + iy (0 = ) s, 172
S Ml sz + Ny’ (w = w172
S lullgr—172 + N{[(u = IInw)||pe.-1/2
+ N2l — yull 5 o lu— Tyl
S lullgr -1/ (72)

In order to see the stability ofi;\,l/2 on (L>~1/2(—1,41),Hb=1/2(-1, +1))1/2,1,

we first consider the operator i;\,l/ ?_ ITn. We have for the interpolation norm
|| |l1/2,1 associated with the space (L*~1/2(—1,+1), H"=1/2(=1,+1)); )51 by
using the inverse estimate (71) and Lemma 5.6 below
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20 P. Dorsek and J.M. Melenk

.—1/2 .—1/2 .—1/2
iy = Inul oy < lliy"*u— Dnullpe-e iy — Dyullg -2

= in"(u = Inw)|pe—e i (u = Tyw)||g -1/

S Nl = Iyu) 22

,S N||u — HNuHiz,,lp + ||u — HNU||L2,*1/2 ||u — HNU”HL*I/?

S llu = Inullgz -1z |lullg-1re S lullpz-azllullg-z;
here we used the approximation property (68) and the stability estimate (70)
in the penultimate step and the stability estimate (68) in the final step.

We conclude with the triangle inequality and the multiplicative estimate
||HNU||§/2)1 S ||HNU||L2,*1/2||HN'UJHH1,*1/2 that

—1/2 _
il 0y S Jullie el 1z Yu€ HYV2,

An application of [30, Lemma 25.3] allows us to conclude ||z';,1/2u||1/2)1 hS
lul1/2,1 for all u € (L2’71/27H1"71/2)1/2,1-

Lemma 5.6. For every u € HY~1/2(—1,41)

||U||%oo(—1,+1) S H“HL2~*1/2(—1,+1) HUHH1w71/2(71,+1)7

—1/2 -
iy / U||iz,—1/2(_1,+1) S Hu|\i2,—1/2(_17+1) +N 1HUHL2,*1/2(—1,+1)HUHHI’*1/2(—1,+1)-

Proof. We start with the L>°-bound. Let u € C*°([—1, 1]). Then for arbitrary
z,y € (—1,1):

WA (z) — ud(y) = /1(u2)’(t)dt - 2/1 wudt

< 2\//1 u2(t)(1 — tz)_l/th\//l |u/(t)|2(1 _ t2)1/2dt

= 2||u||L2v*1/2(—1,1)Hu/HL2v+1/2(—1,1)'

Multiplying by (1—y?)~'/2, integrating in y, and observing f_ll (1—y?)~1/2dy =
7w produces

7W2($) < HUHi%—l/z(q,l) + 27THUHL2’*1/2(—1,1)||u/||L2)+1/2(—1,1)7

which implies the desired L°*°-bound.

The estimate for i;,l/ 24 now follows from Theorem 5.4.

Page: 20 job:main macro: svmult.cls date/time: 26-Jan-2010/9:29



hp-FEM for Tresca friction 21

6 Appendix B: A posteriori error estimation

6.1 Preliminaries

We state a well-known lemma:

Lemma 6.1. Let L CV and A C W be a closed convez subsets of the Hilbert
spaces V and W. Let a : VXV — R and b : VxW — R be continuous bilinear
forms; let L:V — R and G : W — R be continuous linear forms. Let a be
symmetric positive definite. Assume additionally that A is bounded.

1. The functional J given by

J(u) = ilell/)lﬁ(u, A), L(u, \) := %a(u, u) — L(u) + b(u, \) — G(X)

s continuous and strictly convex on K. Hence, there exists a unique min-
imizer u € K of J.

2. There exists a Lagrange multiplier A € A such that (u, \) € K x A solves
the saddle point problem

a(u,v) + b(v, \)
blu, i — )

> L(v—u) Yo e K, (73a)
<G(p—A) Y e A (73b)
Proof.
Proof of Part 1:
1. step: It is not difficult to see that z : u +— supyc 4 b(u, A) is convex. Hence,
J is convex. Furthermore, since u — a(u,u) is strictly convex, we get that J
is strictly convex.
2. step: We claim that J is continuous. To that end, it suffices to see that
the function z is continuous. However, since A is bounded, it is clear that
|z(u)| < Cllully for all u € V and a suitable C' > 0. Since z is convex, the
continuity of z follows (see, e.g., [14, Chap. 1, Lemma 2.1]).
3. step: Since |z(u)| < Cllu|ly and a is symmetric positive definite, we infer
that J is coercive. By general results of convex analysis, J has a minimizer.
By strict convexity of J, this minimizer is unique.

Proof of Part 2: Define the Lagrangian

Llu,\) = %a(u, w) — L(u) + b(w, \) — GOV

Then [14, Prop. V1.2.4] provides the existence of a saddle point (u, A) of L.
This saddle point satisfies (73), and the component « is the minimiser of J.
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22 P. Dorsek and J.M. Melenk

6.2 A posteriori error estimation

Introduce

b(v,p) = / gvi -,
I'c
A={Xe (L=(I0)? [ IAllpe(re) < 13-
We then note that the friction functional j can be written as

j(u) = sup b(u, A).
AeA

Lemma 6.1 asserts that the saddle point problem
a(u,v) +b(v,\) = L(v) VeV, (74a)
b(u,pp— ) <0 Y € A, (74b)

is solvable and that the component u is the minimiser of the minimisation
problem (4). In fact, as is shown in [8], the Lagrange multiplier X is unique.

Let jn be realised by a Gaussian quadrature with ¢y g+ 1 points on each
edge I/ € £¢ v and assume

gN.E > PNE — 1 VE € &N (75)
Introduce

Wy = {p e (L*(Ic)) | ulp € P72 VE € Ecn},
bn(v,p) =g Z Z we,qN,E-,th(X)/L(X)v

E€€c,N xeCr,qy

Ay = {HEWNZ |[L(X)| <1 VEESCJV VXE@E#ZNYE}.
‘We notice

sup by (v,p) = jn(v) Vv e Vy, (76)
HEAN
by (v, ) = b(v, p) YWweVy, peWn. (77)

Again, by Lemma 6.1, there exists a solution (uy,An) of the saddle point
problem saddle point problem

a(uy,v) + by (v, An) = L(v) Vv € Vi, (78a)
bN(U.N,[,L—AN) <0 V[I,EAN. (78b)

The solution uy is the minimiser of the discrete problem (6).

Page: 22 job:main macro: svmult.cls date/time: 26-Jan-2010/9:29



hp-FEM for Tresca friction 23

For Ay € Wy let Axy € Ayx be the L2 (I'c)-projection onto A. For v € V
let Iv € Viy be arbitrary. Then (74) and (78) yield:

L(v) = b(v,An)

)+ L(v — Iv) — a(uy, Iv) + L(Iv) — b(v, Ay)
= —a(uy,v —Iv) + L(v — IV) + by (Iv,An) — b(v, Ax)

Y+ L(v —Iv) = b(v — IV, AN) + b(v, Ax — An), (79)
where, in the last step we additionally used (77).

We are now in position to provide a posteriori error estimates. The starting
point is [8, Thm. 4.1], which directly gives

2
u—uy|* < C{ sup|lv]|z2 —a(uy,v) + L(v) = b(v, A
I = uxlifo o) < O sup vl (—atan,v) + L(v) —bv. Aw))
+ j(un) = buy, Ax) }.

Inserting (79) yields

= oy < O sup vl g (—alun.v = 1v) + L(v = 1v) = b(v = Iv, Ax))’
ve

+ (b(v, AN — S\N))Q + j(un) — b(un, S\N)}

We recognise that this expression is exactly the same as in [8]. Hence, we
may proceed in exactly the same way as there. For K € 7Ty, we define the
interior residuals by

rg := —Dive(uy) - F (80)

and for E' € £y the boundary residuals by

slo(un) vy it EC {2,
ifECI

Rp = (o(un) - v)e+ g(An): HECTo (81)
O'(UN v —t leCFN,
0 if £ C Ip,

where

[o(uy) V]g :=0o(un)|kp, VK, +0(UN)|Kp,  VEp,

is the boundary jump with £ the common edge of Kg; and Kg 2 and vk, ,
pointing from Kg 1 to Kg2, and vi,, = —Vk, -
We define local error indicators by
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%k ::h?V,Kp]_V?KHrKH%P(K) +hy kPN Z IRE[F2 (g
ECOK

(aKﬂfc)’
(82)

+ joxnre (un) = baxnre (un, An) + g2 An — 5\N||?{501/2

where the last three terms vanish if 9KNI'c = 0, and the global error indicator
by

7712\7 = Z 7712\/,1(' (83)
KeTn

Theorem 6.2 (Reliability). Assume that the meshes Ty are affine and
shape regular. Assume (7).

Assume (75). Then there exists a constant C > 0 such that the following is
true: For Lagrange multiplier An such that (un, An) solves (78) the residual
error indicator given by (82), (83) satisfies

||u — uN||H1(Q) S C’I]N fOT all N. (84)

The efficiency result of [8] is also true as can be checked by inspection:

Theorem 6.3 (Efficiency). Let (u,A) € V x A be the solution of (74).
Assume (7). For each K let Tx € IIPN-X(K) be a polynomial approzimation
of ri. For each edge E, let Rg be a polynomial approzimation of Rg of
degree pg, where pg = min{pg : E is edge of K € Ty }.

For K € Ty denote by Kpaer, the union of elements of T that share an
edge with K. Let Ypaich and Tpgren be defined on Kpaien in an elementwise
fashion by rpatch|K’ =rg and fpatch|K/ =Trg for all K' c Kpatch-

Let 3 € (1/2,1]. Then there exists a constant C > 0 such that the residual
error indicator satisfies

2 —3+2 _
M S P K (pN,KHu —un[IF () + PR PN R I K i — TR IL2 (K

+hnwpg Y, IRe —Raellfzm + ¢°hnxpk | An — )‘”i2(8KﬂFc))

ECOK
+ gh%,zaxmrc lun —ullLzarnre) + gllullLzoxnre) A = AnllL2orxnre)
+ 9| Av - )‘”i2(8KﬂFc) (85)

for all N and oll K € Ty.

Remark 6.4. It is worth pointing out that that the Lagrange multiplier Ay
may not be unique. In the special case considered in Section 4.2, it is, however,
unique: The special choice gy, g = pn,g — 1 and the boundary conditions
(Dirichlet boundary conditions at one end point) ensure that a A € Wy that
satisfies

by(u,A)=0 YueVy
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has to vanish identically. Thus, the Lagrange multiplier Ay is unique in this
case.
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