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Pontryagin spaces of entire functions V

MICHAEL KALTENBACK, HARALD WORACEK

Abstract

The spectral theory of a two-dimensional canonical (or ‘Hamiltonian’)
system is closely related with two notions, depending whether Wey!’s limit
circle or limit point case previals. Namely, with its monodromy matrix
or its Weyl coefficient, respectively. A Fourier transform exists which
relates the differential operator induced by the canonical system to the
operator of multiplication by the independent variable in a reproducing
kernel space of entire 2-vector valued functions or in a weighted L?-space
of scalar valued functions, respectively.

Motivated from the study of canonical systems or Sturm-Liouville
equations with a singular potential and from other developments in Pon-
tryagin space theory, we have suggested a generalization of canonical sys-
tems to an indefinite setting which includes a finite number of inner sin-
gularities. We have constructed an operator model for such ‘indefinite
canonical systems’. The present paper is devoted to the construction of
the corresponding monodromy matrix or Weyl coefficient, respectively,
and of the Fourier transform.

AMS Classification Numbers: 47E05, 46C20, 47B25, 46E22
Keywords: canonical system, Pontryagin space boundary triplet, maximal chain of
matrices, Weyl coefficient

1 Introduction

A two-dimensional canonical (or Hamiltonian) system is an initial value problem
of the form

y/(t) =zJH(t)y(t), te€ [5—78-‘:-)7 y(S_) =Yo, (1'1)

where z is a complex parameter, J denotes the symplectic matrix

0 -1
J = (1 . ) |
and H is a 2 X 2-matrix valued function with H(t) > 0 for ¢ € (s_,s;) a.e.,
which is locally integrable and does not vanish identically on any set of positive
measure. The function H is called the Hamiltonian of the system (1.1). A
Hamiltonian H is called regular, if [* tr H(t) dt < co, and singular otherwise.
One also speaks of Weyl’s limit circle or limit point case instead of regular or
singular, respectively.

The interpretation of (1.1) as a differential operator takes place in a cer-
tain L2-space of 2-vector valued functions. In fact, in order to investigate
the spectral theory of a canoncial system, one constructs a boundary triplet
B(H) = (L*(H), Tmax(H),T(H)). This operator theoretic viewpoint goes back
to [K], for a more recent compilation see [HSW].



Depending whether limit circle or limit point case prevails, the system (1.1)
shows significantly different behaviour. In the following we denote by W (¢, z) =
(wi;(t, )i j=1,2 the unique solution of the initial value problem

0

EW(t,z)J =:W(t, z)H(z), t € [s_,s4+), Wi(s_,z)=1. (1.2)
Limit point case: The function W (¢, z) admits a continuous extension to $;.
The matrix function W (s, z), sometimes also called the monodromy matrix
of H, belongs to the class My, i.e. the entries of W (s, z) are entire functions
which are real for real z, det W(sy, z) = 1, and

W(st,2)IW (s4,2)* —J

z—Z

>0, Imz>0. (1.3)
The family wg := (W(t, 2))te[s_,s,] 18, in the language of §3.b below, a fi-
nite maximal chain of matrices going downwards from the monodromy matrix
W(sy,2).

The symmetric operator Timin(H) := Tmax(H)* has defect index (2,2), is
completely nonselfadjoint, and r(Tmin(H)) = C. The selfadjoint extensions of
Tmin(H) have compact resolvents, in particular, their spectrum is discrete. The
monodromy matrix is a (regularized) u-resolvent matrix of a certain symmetric
extension of Tin(H) with defect 1. A Fourier transform exists which maps
L?(H) isometrically onto the reproducing kernel Hilbert space generated by
W (s+, z) via the kernel (1.3). The elements of this reproducing kernel space
are entire C%-valued functions, and the operator Ty, (H) corresponds to the
operator of multiplication by the independent variable z.

Limit point case: We have lim; ~,, tr(W(t,0)'J) = 4o00. The family wy =
(W(t, 2))te[s_,s4) 18, in the language of [KW/III], a maximal chain of matrices.
Write W (t, z) = (w;; (¢, 2))i j=1,2. Then, for each 7 € RU {oo}, the limit

t t
qu(z) := lim w1 (t, 2)7 + wia(t, 2)
t/sq wa (t, 2)T + waa(t, 2)

(1.4)

exists locally uniformly on C \ R and does not depend on 7. The function qp
is called the Titchmarsh-Weyl coefficient associated to the Hamiltonian H. It
belongs to the Nevanlinna class Ay, i.e. is analytic on C \ R, satisfies qg(z) =
qu(z), z € C\ R, and

Imgy(z) >0, Imz>0. (1.5)

The symmetric operator Tiin(H) := Tmax(H)* has defect index (1,1) and is
completely nonselfadjoint. However, the selfadjoint extensions of Ty, (H) may
have continuous spectrum. The function gy can be viewed as a @Q-function of
Tmin(H). A Fourier transform exists which maps L?(H) isometrically onto the
space L?(o) where o is the measure in the Herglotz—integral representation of
qu (appropriately including a possible point mass at oo). Thereby, the operator
Tmin(H) corresponds to a restriction of the operator of multiplication by the
independent variable t.

In [KW/IV] we have, as a generalization of the notion of a Hamiltonian func-
tion H to an indefinite setting, introduced the notion of general Hamiltonians
h which involves a finite number of singularities, cf. Definition IV.8.1 or §3.e



below. For each general Hamiltonian we have constructed a Pontryagin space
boundary triplet B(h) = (P(h),T(h),I'(h)), which is an indefinite analogue of
the boundary triplet B(H ), and showed that it shares the most important oper-
ator theoretic properties of B(H). Our aim in the present paper is to establish
the indefinite analogoues of the above mentioned items related to the chain wgy
and to the Weyl coefficient g .

The main difficulty is to actually construct a (finite) maximal chain wy for a
given general Hamiltonian h. Most of this paper is devoted to the construction of
wy and to the development of the machinery needed for it. Unlike in the positive
definite situation, where wy is simply obtained as the solution of (1.2), in the
indefinite case it is not at all clear how to define wy. Of course, in between each
two singularities we should have a solution of the differential equation in (1.2),
the problem is to understand how to ‘jump over an inner singularity’. In order
to construct wy, we will combine indefinite analogues of the classical differential
equation oriented approach interpreting W (¢, z) as boundary values of defect
elements, and the more operator theoretic approach via the (generalized) u-
resolvent matrix of a certain selfadjoint extension of the minimal operator.

Besides constructing wy and proving that it indeed is a (finite) maximal
chain (and thereby in particular associating a monodromy matrix to a regular
general Hamiltonian), we will also prove in this paper existence of a Fourier
transform in both cases, regular and singular. Moreover, we will show that in
the singular case the Weyl-coefficient gy can be identified as a @-function of the
minimal operator.
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Let us outline the content of these sections. In Section 2 we consider entire
matrix functions of the class M. We construct, for each W € M., a
boundary triplet B(W) and investigate its properties. Moreover, we recall some
relations of M, to other classes of functions. In Section 3 we deal with
maximal chains of matrices and general Hamiltonians. We prove some results
which supplement [KW/III] and [KW/IV]. In Section 4 we associate to each
boundary triplet 98 an entire matrix function w(2B) by means of boundary values,
and make the connection with another line of approach by showing that it is a
(generalized) u-resolvent matrix in the sense of [KW/0], ¢f. Theorem 4.20. The
matrix w(B) and its properties is vital for our purposes. We will pay particular
attention to the situation that 9B is of the form B(h) with a general Hamiltonian
. Moreover, it is a noteworthy fact that for boundary triplets of the form B (W),
the construction of w(B) is converse to the construction introduced in §2. In
fact, w(B(W)) = W whenever W € M. In Section 5 we give the definition of
wy for a general Hamiltonian h, and prove that wy actually is a (finite) maximal
chain, cf. Theorem 5.1 which can be regarded as the main result of this paper.
Moreover, in the singular case, we give a representation of ¢, as a Q-function



associated with a certain selfadjoint extension of the minimal operator. Finally,
in Section 6, we construct the Fourier transforms for both cases, regular or
singular. In the singular case, thereby the space L?(o) is substituted by a
Pontryagin space induced by a distribution which represents gy by application
to Poisson-kernels.

Through all levels of development, some operations can be defined; rotation,
reversing, and the splitting-and pasting method, cf. §2.b,c. §3.c,e, §4.a,e, §5.d.
These operations are a somewhat technical, but essential, tool throughout our
considerations.

In its flavour, this paper is operator theoretic. Our methods are based on
the theory of Pontryagin space boundary triplets which possess some specific
properties as introduced in [KW/IV]. There is a vast literature on boundary
triplets, mainly in the Hilbert space case. We refer e.g. to [DHMS] for the
Hilbert space case, and [D], [B] for the indefinite case.

Let us close this introduction with a technical notice: References to [KW/0]-
[KW/IV] will be given as the following examples indicate. E.g. Lemma 0.2.1
refers to Lemma 2.1 of [KW/0], (I.2.1) refers to the equation (2.1) of [KW/I],
or Theorem IV.8.6 to Theorem 8.6 of [KW/IV].

2 Matrices of the class M__

In this section we discuss entire 2 x 2-matrix functions for which a certain
kernel function has a finite number of negative squares. After having recalled
the definition of M, this section is divided into five subsections:

a. We show that each nonconstant function W € M., generates a boundary
triplet B(W) in the sense of Definition IV.2.7.

b. We introduce two operations, namely O, and rev, with functions from
Mo as well as with boundary triplets, and provide some of their properties.
Though elementary, these operations will be a very practical tool throughout
the whole paper.

c. Matrix polynomials do belong to M« ,. Here we discuss the boundary
triplet generated by matrix polynomials of specific form.

d. The class M., is closed with respect to products. In this subsection we
make the relation between the boundary triplets B(W;), B(Ws), and

%(Wl WQ) explicit.

e. The class M. is closely related to other classes of functions. We recall
some results on the relationship with indefinite Hermite-Biehler functions and
with generalized Nevanlinna functions.

Let us come to the definition of M. For a complex valued function f defined
on some subset D of the complex plane, we denote by f# the function f#(z) :=
f(Z), which is defined on the set D# := {z € C: zZ € D}. We call f real, if
D#* = D and f#(z) = f(2), 2 € D. If W is an analytic 2 x 2-matrix valued
function defined on some open subset D of the complex plane, and satisfies
W(z)JW (z)* = J, z,Z € D, we consider the kernel Hyy defined as

W) JW(w)* —J

Z—w

Hy (w, z) := , Z,w€E D.

For z = w this formula has to be interpreted appropriately as a derivative, which
is possible by analyticity.



2.1 Definition. Let W = (wj;)i j=1,2 be a 2 x 2-matrix valued function, and
let k € Ng. We write W € M., if

(M1)  The entries w;; of W are real and entire functions.
(M2)  We have det W(z) =1, z € C, and W(0) = I.
(M3)  The kernel Hy has & negative squares on C.

Note in this place that the conditions (M1) and (M2) together imply that
W(z)JWZ)* = J.
We will moreover use the notation

Mo = U My,

veNU{0}

and write ind_ W = Kk to express the fact that a matrix function W € M
belongs to M. For W € M, set

{W) = tr(W'(0)]) .
/

a. The boundary triplet associated with W € M_ ..

A matrix function W € M, generates via the kernel Hyy in a standard way
a reproducing kernel Pontryagin space (W), cf. [ADSR]. In fact, K(W) is the
Pontryagin space completion of the inner product space defined by

L(W) := span { Hw (w, .)v: w € C,v € C*},

[Hw(wl, Jvr, Hw (wa, .)vﬂ = vy Hyy (wy, we)vy .

The elements of this space are entire 2-vector valued functions. Besides its
Pontryagin space structure, (W) carries a conjugate linear and anti-isometric
involution: Consider the map .# defined on the set of all entire 2-vector valued

functions by
N\ # - #
G) ~\G#*)’

Since the entries of W(z) are real, we have

and

o o SNV T
[Hw (wz, 2)vz, Hw (W1, 2)v1| = 1" Hw (W2, 01)vz = (01" Hw (W3, W1)02)" =

— oy (WEIWER) = JyT, W) I+,
2 wy — Wy ! 2 w1 — Wa '

= vy Hy (w1, we)vy = [HW(’LUl,Z)Ul,HW(U)Q,Z)’UQ} .



Hence .# maps £(W) conjugate linearly and anti-isometrically onto itself. With
a standard continuity argument, it follows that .# maps &(W) conjugate linearly
and anti-isometrically onto itself.

It is a deeper result that (W) is closed with respect to difference quotients,
cf. Proposition 1.8.3: Denote by R(w) the operator

Then, for each w € C, we have R(w)R(W) C K(W), and

G(u)"JF(w) = [F,R(u)G] = [R(w)F, G] + (w = u)[R(w) F, R(w)G],  (2.2)
whenever w,u € C and F,G € &W).
2.2 Definition. Let W € M., W # I, be given. Define T(W) C &(W)? as

T(W) = cls {(Hw (w, Jv;wHw (w, .)v) : w € C,v € C*},

and (W) C T x (C% x C?) as

L(W) = cls { (Hw (w, .)o; wHw (w, .)v); (v; W(w)*v)) : w € C,v € C*}.
Moreover, set S(W) := T (W)*. /

2.3 Proposition. Let W € Moo, W # I, be given. Then B(W) =
(RW), T(W),T(W)) is a boundary triplet which has defect 2 and satisfies (E),
¢f. Definition IV.2.8, Definition IV.2.16. The symmetry S(W) is completely
nonselfadjoint and r(S(W)) = C.

Proof.
Step 1: First we show that T(W) and T'(W) respect the involution .# on &(W),
and that the abstract Green’s identity holds.

From the computation (2.1) we obtain

((Hw (w, 2)0)#; (WHw (w, 2)v)#) = (Hw (@, 2)7; wHw (W, 2)7) € T(W),

((Hw (w, 2)v)#; (@Hw (w, 2)v)*); (7; W (w)*v)) =
= ((Hw (w, 2)v; wHw (w, 2)v); (v, W (0)*v)) € T(W).

It follows by continuity that
(fi9) €T(W) = (f*;9%) e T(W)

((f:9); (a;b)) e D(W) <= ((f#:97); (@;b)) e (W)

The abstract Green’s identity (2.2) follows with the help of linearity and conti-
nuity from

[WrHw (w1, 2)v1, Hw (w2, 2)v2] — [Hw (w1, 2)v1, WeHw (w2, 2)v2] =

= (W1 — wa)vy Hy (w1, we)vy = —vsW(we) JW (w1)*v1 + v3Jvy .



Step 2: We turn to a closer inspection of S(W). It is apparent from the definition
of T'(W) that

SOV) = {(F(2):2F(2)) : £(2),2(2) € ROW)}
Since R(n) maps K(W) into itself, we obtain
ran (S(W)—n) ={f € &W): f(n)=0}, neC.
In particular, ran(S(W) — n) is closed and
ran (S(W) — 77)L ={Hw(n,.)v: veC?}. (2.3)

Obviously, ker(S(W) —n) = {0} for all € C. Hence r(S(W)) = C. Moreover,
we see that S(W) is completely nonselfadjoint. Using (I1.8.4), we obtain

S(W) € {(R1(0)g;9) - g € RW)} C S(W)* =T (W),

i.e. S(W) is symmetric. The defect index of S(W) is, by (2.3), given as

(2,2) , {Hw(O0, .)((1)),HW(07 J(9)} linearly independent
(1,1) , {Hw(O, )((1))7HW(07 J())} linearly dependent, Hy(0,.) # 0
(0,0) , Hw(0,.)=0

The case of defect (0,0), however, cannot occur, since W is not constant.

By (2.3) and r(S(W)) = C, the dimension of ker Hy (n,.) does not depend
on 1 € C. Let us show that actually ker Hyy (7, .) is independent of n € C. To
this end assume that m € ker Hy/ (0, .), i.e.

(W(z)J —J)m=0, zeC. (2.4)
Using W (z)~1J = JW(2)*, we obtain
m=W(Z)"m, z€C, (2.5)
and hence
(z =M Hw(n,2)m = (W(2)JW(n)* = J)m =0, z,n € C.

Step 3: Next we establish the required properties of T'(W). To start with note
the following consequences of the Green’s identity: If J denotes the Gram-matrix

J:= (g _OJ> on C? x C2, then
(i) mulT(W) is J-neutral and ran T'(W) C mul T'(W)+3;
(1) kerI'(W) C T(W)* = S(W).

By () we are left with the possibilities

dimmul (W) =0,1,2



and, correspondingly,
4, dimmulT'(W) =0
dimranI'(W) < {3 |, dimmulI'(W) =1 .
2, dimmull'(W) =2
Since, for any linear relation G C X x Y with dimY < co and dom G = X, the

inequality
dim(X/kerG) < dimran G — dimmul G

holds, it follows that

4, dimmul (W)
dim(T(W)/kerT'(W)) < <2 | dimmul (W)
0 , dimmulT(W)

0
1.
2

Note here that by (i) in particular mulT(W) C mul[(W)+3. It follows from
(1) that the case ker I'(W) = T cannot occur, and that

dim(T(W)/S(W)) =4 = mull(W)=0kerT'(W)=5(W)

Assume that dimT'(W)/S(W) = 2. Then there exists m € C?\ {0} such that
Hw (0,.)m = 0. Hence we obtain

((0;0)5 (mym)) = ((Hw (0, 2)m; 0); (m;m)) € T(W),
ie. (m;m) € mulT'(W). It follows that dimmulT'(W) = 1 and thus also that
dimT(W)/kerT'(W) < 2. Combining this with (i) yields ker (W) = S(W),
and mul (W) = span{(m;m)}.

Let us state explictily that, in any case,

mul I'(W) = span{(m;m)} where span{m} = ker Hy (z,0) . (2.6)

Step 4: So far we have shown that B(W) is a boundary triplet with defect 2,
that S(W) is completely nonselfadjoint, and that »(S(W)) = C. It remains to
show that (E) holds.

We have

ker (T(W) —n) =ran (S(W) — ﬁ)J' ={Hw®@,.)v: veC?}.
Let v € C? be such that Hy (7,.)v # 0, and let a,b € C? be such that
((Hw (7, 2)v; nHw (7, 2)v); (a;)) € T(W) .
If mul (W) = {0}, it follows that
a=v, b=W(@)v.

Since Hw (7,.)v # 0, certainly v # 0, i.e. a # 0. Since det W(7) = 1 this
also implies that b # 0. Consider the case that mulT' (W) # {0}, and write
mul (W) = span{(m;m)} with span{m} = ker Hy (7,.). It follows that, for
some p € C,
a=v+pum, b=W (@) v+ um.

By (2.5), actually b = W (7)*(v+ wm). Since Hy (7, .)v # 0 but Hw (7, .)m = 0,
the elements v and m are linearly independent. In particular, a # 0. Since
det W (7) = 1, it follows that also b # 0. 0



b. Operations with matrix functions and boundary triplets.

We will frequently employ two elementary operations on M.,. Before we
come to the definition of these operations, let us fix the following notation.
Throughout our discussions, products and pairings of maps will appear. We
shall be accurate and distinguish these concepts also notationwise: Let fi :
Y - Xy and fo : Y — Xy, then f; X fo : Y — X; x X5 denotes the direct
product of the maps f1, fo. That is the unique map with

Y
\

XlﬁXlXXQ?XQ

Let g1 : Y1 — X5 and g2 : Y2 — X5, then g1 W gs : Y7 X Yo — X7 x X5 denotes
the pairing of the maps g1, g2. That is the unique map with

Yi=—Y1 xYs > Y3
gll 291|Z|92 \LQQ
Y
Xl <—X1 X X2 —>X2

The first operation Oy: Mcs — Mo which we will introduce can be thought
of as a rotation of a matrix by the angle a.

2.4 Definition. Denote

N, = ( cos o s1na> . a€R, 2.7)

—sina  cos«
and define for each 2 x 2-matrix W
Oa W= N,WN;. (2.8)

For boundary triplet B = (P,T, I‘) and a € R we define a rotated boundary
triplet O, B: Denote by v, : C? — C2 the isomorphism v, () := N,x and set

Oa B := (P, T, vaWrvy)oT). (2.9)
/
The matrix N, is unitary and J-unitary, ie. N;! = N = NI and

NoJN: = J, and we have N;' = N_,. Clearly, N_z = J. Moreover, let
us note the following simple properties of O, which are seen by straightforward
computation:

Oo=1id, Oq 0 Op=0a+s, t(Oa W) =t(W).
Oa=0 = a= modm.
Oa (W1 - Wa) =04 Wi+ On Wa, (2.10)

For boundary triplet B the rotated boundary triplet O, B is in fact a
boundary triplet and (idp, v, X v4,) is an isomorphism from B to O, B, cf.
Remark IV.2.14.



2.5 Lemma. Let W € M. and a € R. Then also Oq W € M., and
ind_ O W =ind_ W .

Denote by v, : C2 — C2? the map vox := Nazx, and let wf = v, o f for
C2%-valued functions f. Then (w,ve W vy) is an isomorphism of the boundary
triplets B(W) and B(Oq W).

Proof. The kernel relation
He, w(w, z) = NoHw (w, 2) N: (2.11)

shows that O, W € M if and only if W € M, and that ind_ O, W =
ind_ W. Moreover, the map w : f — N, f is an isometric isomorphism of K(W)
onto R(Oq W), cf. [ADSR]. Since the entries of N, are real, w is compatible
with the respective involutions.

Again by (2.11), we have

He.w(w, )vev = wHy (w, v, w € C,v € C?.

Hence, the sets of elements written explicitly on the right side of the definition
of T(W) and T'(W) will be mapped to the respective sets for T(0, W) and
I'(Oa W) when applying w X w and (w X w) X (v, K v,), respectively. By
continuity, it follows that

(wR@)T(W) =T(0q W), [(w Kw)X (v, B Va)]F(W) =T(0a W).

0

We will next introduce another operation rev : Mo, — M 4. The mean-
ing of this operation will become clear later, when it will be applied to chains
of matrices and Hamiltonians rather than to single matrices, cf. §3.c-e.

1 0
vie (5 )

and define for each 2 x 2-matrix W

2.6 Definition. Denote

reviW :=VW-v.
Denote by ¢ : C? x C2 — C? x C2 the map
¢(a;b) := (Vb Va).

Let B = (P,T,T') be a boundary triplet. We define the reversed boundary
triplet rev*® as
rev®B := (P, T,¢ol).

/

The matrix V satisfies V = V~! = V* and VJV = —J. Moreover, the
following relations are checked by simple computation:

revirevW) =W, t(reviW)=¢t(W),

10



rev(Wy - Wa) =revWa -rev Wy, 1ev O W =0_4 revW.

Clearly, ¢ is an isometric isomorphism of (C? x C2,(J.,.)) onto itself such that
¢po¢ = id. Therefore, by Remark IV.2.14, rev 9B is a boundary triplet and (id; ¢)
is an isomorphism between B and rev ‘B. Moreover, it is easy to check that

rev Og B =0O_, revB
2.7 Lemma. Let W € Mcy. Then also revW € M., and
ind_revW =ind_ W .

Let wf = VW=Lf for C2-valued functions f, and set ¢(a;b) := (Vb;Va) for
(a;b) € C2 x C2. Then (w, ¢) is an isomorphism of the boundary triplets B(W)
and B(revW).

Proof. The kernel relation
Hyeww (w,2) = [VW(2) '] Hw (w, 2) [VW (w) ] (2.12)

is verified by a simple computation. Thus revW € M, if and only if W €
M. Moreover, in this case, ind_revW = ind_ W. It also follows that w is
an isometric isomorphism of &(W) onto &(rev W). Since the entries of VIV !
are real, w is compatible with the respective involutions.

The relation (2.12) can be written as

Hiovw (w, )[VW(0)*lv = wHw (w, .)v, w € C,v € C?,

and hence (w X @)T (W) = T'(rev W). Finally, a straightforward computation
will show that ¢ actually is an isometric isomorphism of (C? x C?,J) onto itself,
cf. Definition IV.2.12, and that ((w X w) X ¢)I' (W) = T'(rev W). O

c. Polynomial matrices.

If W = (wij)7 =, is a real polynomial matrix with W(0) = I and det W =1,
then the space £(WW) is finite-dimensional. Actually,

fi
f2

In particular, it follows that W € M and ind_- W < 2max; j—1,2 deg w;;.

Frequently it will be necessary to have a detailed description of R(W) for
polynomial matrices W of a specific form at hand. This result is implicitly
contained in several earlier works, e.g. in [dB]. However, in view of our later
needs we give an explicit proof.

LW) < {(

) € Clz]?: max deg f; < Jnax, degw;; } .

2.8 Proposition. Let p € R[z], write p(z) := a1z + ... + a,2" with a,, # 0,
and consider the matriz function

Wiz) = (—p1<z> (1)) |

n 1 , nodd,a, <0
_}_i_

Then W € M. and

ind- W = | (2.13)

2

0 , otherwise
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The space R(W) is spanned by the functions

(1)+0) ()

and the Gram-matriz of R(W') with respect to this basis is of Hankel type, i.e.
of the form (ye+1)i 2o Thereby

Yo=--=Yn-2=0,
and Yp—1, - - -, Yon—2 are the unique real numbers which satisfy
O e r-)/n71
(at,...,an) : : = (1,0,...,0). (2.14)
Tn—1 °°  Y2n-2

Proof. A computation shows that

Z—w

W (2)JW (w)* — J (0 0 ) |

cf. (I.8.2). Hence, the reproducing kernel functions of K(W) are

Hw (1, 2) (;) _ g 22T (i’) .

It follows that (W) is contained in the set {q(z) ((1)) : g € Clz]l,degqg <n—1}
of polynomials. Moreover,

Hyw (0, 2) (2) = (a1 +agz+...+a,2" ") ((1)) € _/AW). (2.15)

Hence, there exists a polynomial of degree n — 1 in the space K(W).
Since R(W) is invariant under R(0) and contains a polynomial of degree
n — 1, it contains a polynomial of each degree <n —1, i.e.

AW)={q(2) <(1)> :q €Clz],degg<n—1}=

0\ (0 (0
o (()o(0) (O
Moreover, by (2.2) we have

[z’f(?),zl((l))} = [z’”l((l)),zl—l((l))}, k=0,....n—21=1,....,.n—1.

Hence, the Gram-matrix of (W) with respect to the basis (?) , z(?), o2l (?)

is of Hankel type (”ykJrl)Zj:lO. Again by (2.2) we have

[zk(2),<2>} = [zk“((l)),o} =0, k=0,....,n—2,

12



and hence v9 = ... = y,—2 = 0. We have

(o (- 52

Since, by (2.15),

(1= ) S (- Ee

we conclude that (2.14) holds true. Formula (2.13) for the negative index of
K(W) follows from the already established form of the Gram-matrix. 0

Proposition 2.8 can be used to characterize the occurance of a nontrivial
multivalued part of T'(W) explicitly in terms of W. For o € R denote by &, the

vector
€= (COS O‘> . (2.16)

sin «

It is useful to collect the following elementary relations:

Ntbga = 5&—(257

Noto = ((1)) NoJ€y = <(1)> N, <(1)) — ¢ Na <(1’> — s,

J§a=§g+aa Satrn = —Ea-
&, &p linearly dependent <= o= modnw

2.9 Corollary. Let W € Moo, W # I. Then mulT'(W) £ {0} if and only if
W is of the form

W(z) =0 (_ 1 (1)) (2.17)

p(2)

with some a € R. In this case

mul (W) = span {(—a;€-a)} (2.18)
and RW) = span{&z _q,..., 298P 1z}
Proof. Assume first that W is of the form (2.17). Then we have

0 0
HW(’LU?Z) =0a H(}p?)(waz):N‘l < p(2) w)) Noa .

0 —
Thus
0 0
Hw(o, Z)g_a =N, 0 p(zz:? N—ag—a =0,

=(o)
and we conclude from (2.6) that mul['(W) # {0} and, actually, that (2.18)
holds.

13



Conversely, assume that mulT'(W) = span{(m;m)} # {0}. Clearly, we can
choose m such that m = £_,, with some appropriate o € R. Remembering (2.4)
it follows that

(O—a W(2)) (2) = N_o,W(z)N, (?) =N_oW(2)éz—a =

= N_oW(2)Jé-a=N_gJé a=N_obz_o= ((1)) .

As det(O_q W(z)) = 1 we also have (1,0) O_, W(z) = (1,0), and by Lemma
11.5.6

with some polynomial p.
By Lemma 2.5, the map f — N, f is an isomorphism of R((,lp (1))) onto
K(W). Proposition 2.8 implies that (W) is of the desired form. O

d. Products of M_-functions.

It is an immediate consequence of the kernel relation

Hw,w,(w, z) = Hw, (w, z) + W1 (z) Hw, (w, 2) W1 (w)* (2.19)
that the class M is closed with respect to products:
2.10 Lemma. Let Wy, Wy € M. Then also Wy - Wy € M., and

ind_ (W1W2) S ind_ W1 + ind_ WQ . |:|
It is a more involved task to figure out how, for given Wy, Wy € M., the
boundary triplet B(W; - Wa) is related with B(W;) and B(W2). If one of W;
is equal to I, the matters are trivial. Hence, assume that Wy, Wy # I. Let A be
the mapping
A { RWa) — Wi R(Wa)
L fe) e M(R)f(2)
and define an inner product on Wi - R(W3) so that A is isometric. Note here
that A is injective since det W1 (z) = 1. On Wy - R(W3) we have the conjugate
linear involution Wy f — (W1 f)# = Wi(f#). Clearly, A respects the respective
involutions, and the involution on Wi - 8(W>) is anti-isometric.
Denote by By, (W2) the boundary triplet defined on Wy - &(Ws) by the
requirement that (), idc4) is an isomorphism between B(Ws) and By, (Wa), cf.
Remark IV.2.14. Then Bw, (W2) has defect 2 and satisfies (E).

2.11 Proposition. Let W1, Wy € M, Wi, Wy £ 1. Assume that there exists
no nonzero constant u with u € KWs) and Wi (z)u € R(W1). Then

B(W1) W By, (W) = B(Wy - Wa).
In the proof of this result we employ the following general statement:

2.12 Lemma. Let By, = (P,T1,T1) and Bs = (P, T3,T'2) be boundary triplets
defined on the same space P. Assume that either both have defect 2 or both have
defect 1. If Ty C T'a, then already B1 = Bo.

14



Proof. The hypothesis I'y C I'y implies
T1 = domF1 g dOHlFQ = TQ,

Tl* :kerI‘1 g kerFQ :T;

Thus T = T», and hence in particular dim 7T} /Ty = dim T /Ty . Since B; and
85 have the same defect, it follows that

mull'; # {0} <= mull's # {0}

If mulT'; = mulTy = {0}, then I'; = I'y since their domains coincide. Other-
wise, we obtain from dimmull'y = dimmulTls = 1 and mull’y € mulT's that
actually mull'; = mulT's. Again we end up with I'y = I's. Il

Proof (of Proposition 2.11). Our first task is to show that B(W;) and By, (W2)
satisfy the condition (LI), cf. Proposition IV.6.2. Assuming the contrary yields

mulT'(W7) = mulT'(Bw, (W2)) = span{(m;m)}

with some m € C? \ {0}. However, mulT'(Byw, (W2)) = mul['(Ws), and we
conclude from (2.4) and Corollary 2.9 that

Wi(z)Jm = Wa(z)Jm = Jm € K(W1) N R(W2).

This contradicts the assumption of the present proposition. Thus (LI) holds,
and by Proposition IV.6.2 B(W;)WByw, (Ws) is a well-defined boundary triplet,
has defect 2, and satisfies (E), cf. Lemma IV.6.7.

The boundary triplet B(W71) & By, (W2) acts in the space

R(Wr) & Wh - R(Wa) .

However, by the present assumption, this space is isometrically equal to
KW Ws3), cf. [ADSR, §1.5]. In order to prove that B(W7) W By, (Wa) =
B(W1W3) it is, by Lemma 2.12, enough to show that

T(W1Ws) C T(W1) W T(Bw, (Wa)). (2.20)
The relation I'(W;Ws) is the closed linear span of the elements

((HWIW2 (w, 2)v; WHw, w, (w, z)v); (v; Wa (w)* W1 (w)*v)), veC?wecC.
(2.21)

However, we have
Hw,w, (w, 2) = Hw, (w, 2) + Wi(2) Hw, (w, 2) W1 (w)"
and

((HW1 (w, 2)v; WHw, (w, 2)v); (v; W (w)*v)) e (W),

(W (2) - Hw, (w, 2) - Wi (w) v; W1 (2) - WHw, (w, 2) - W1 (w)*v);
(Wl (w)*v; WQ(U})* . W1 (’LU)*U)) S F(%Wl (Wg)) .

We see that each element of the form (2.21) belongs to I'(W7) W I'(Bw, (Wa)),
cf. Definition IV.6.1. Thus (2.20) holds. O
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It is sometimes practical to note that pasting is compatible with operation rev.

2.13 Lemma. Let Wi, Wy € Mo, Wi, Wy # 1, be given. Then Wy and W
satisfy the hypothesis of Proposition 2.11 if and only if rev Wy and rev Wy do
s0.

Assume that Wy and Wy do satisfy this hypothesis, set W := W1 Ws, and let

wy : KW) — K(rev W),
ww, : RAW;) — RrevWj), j=1,2,
be the respective isomorphisms constructed in Lemma 2.7. Then
ww (R(W1)) = rev Wa R(rev W),  ww (W18(W2)) = K(rev Wa),
i.e. we are in the situation
&W) = &) [+ WKW)
wwl s

~ ~
A

AL
RrevW) = RK(revWs) [+] revWs K(rev Wh)
Proof. Assume that u is constant with v € KR(W2) and Wyu € R(W7). Then
Vu = VW, 'Wiu = ww (Wiu) € R(rev W),

rev Wy - Vu = VW, 'V - Vu = @y, (u) € Rrev Wa).

Since rev is involutory, the first assertion follows.
In order to show the remaining part of the lemma, it suffices to compute

owf=VWy Wt f=VW, 'V - VW[ f =rev W -ww, f, f€RW),

ow(Wif) = VW, "Wt Wif = VW, ' f = ww, f, [ € R(Wa).

e. Relation with other classes of functions.

If E: D — C is an analytic function defined on some open subset D of the
complex plane, we define a kernel Kg as

Kg(w,z) := %E(Z)W;_E;(Z>E#(w), z,weD.

Again, for z = w, this formula has to be interpreted appropriately.

2.14 Definition. Let F be a complex-valued function, and let k € Ny. We
write £ € HB,, if

(HB1) F is entire;
(HB2) FE and E* have no common nonreal zeros;

(HB3) The kernel Kg has s negative squares on C.
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We use the notation
HBeoo:= | J HMBx,

~ENU{0}

and write ind_ F = k to express that a function £ € HB., belongs to HB,.
The class HB« is called the indefinite Hermite-Biehler class. /

Let us recall some facts which can be found in [KW/I]. By means of
the reproducing kernel Kp, each function F € HB. . generates a Pontrya-
gin space P(F) which consists of entire functions. This space is referred to
as the de Branges Pontryagin space generated by E. In the space P(E) we
can consider the operator S(E) of multiplication by the independent vari-
able. This operator is closed, symmetric, has defect index (1,1), and the set
r(S(E)) of its points of regular type equals the whole plane. Moreover, we have
dim(P(E)/dom S(E)) < 1.

The relations A C PB(E)? which extend S(E) and have nonempty resolvent
set can be described in terms of the set

AssocPB(E) := {S(z): I F,G € B(E), S(z) = F(z) +2G(2)} .

This correspondence is given by the formula

F(2) — 505 F(w)
p(As) = {w € C: S(w) £ 0},

where S € AssocB(E). The relation Ag has a nontrivial multivalued part if
and only if S € P(F) and, in this case, mul Ag = span{S}. The relation Ag is
selfadjoint if and only if S = Sy, for some ¢ € [0, 7), where

(As — w)ilF(z) =

, w e p(As), F € B(E),

Sy =eVE+e WE 4 c0,r).

If S € AssocB(F) and S(0) = 1, then Agl is a bounded operator which extends
S(E)~L. Tt is clear that there exists a one-dimensional perturbation which turns
Agl into a selfadjoint operator. We will in our later discussions need this fact
in an explicit form for functions S € P(F).

2.15 Lemma. Let E € HB<o, E(0) = —i, and let S € P(F), S(0) = 1.
Define Bs : P(E) — P(E) as

BsF := AG'F — [A5'F, S)KR(0,.), F € P(E).
Then Bg is a bounded selfadjoint operator in B(E). We have
Bs 0 S(E)|dom s(B)nspan{s}+ = id,
(BsF;F — F(0)S) € As,, F € B(E).

Proof. The fact that Bg is bounded is clear. We only need to check symmetry.
To this end, note that Kg(0,.) € ker Ag,, and hence

F(z)— F(0)S(z)

(BsF; F— F(0)5) = ( JF(2) — F(0)S(2)) -

eS(E)
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—[AsF, S|(KE(0,.);0) € Ag, -

Moreover, we have S | ranBg. Thus we can compute
[BsF,G] = [BsF,G — G(0)S] = [F — F(0)S, BsG] = [F, BsG] .
1l

Matrices of the class M« give rise to indefinite Hermite-Biehler functions
as follows: If W = (w;;)i j=1,2 € M<oo, define

EW = W1 — iwgg .

The kernel relation

l(Ew(uuz)::(?)*fhy(uhz)(g) (2.22)

shows that Fyw € HB<s and ind_ Ey < ind_ W. Moreover, the projection

o : (ﬁ) — fo2 onto the second component induces an isometric isomorphism

0
7o : cls { Hw (w, )(1) HENNS C}/cls{HW(w,.)(‘f):wec}o — B(Ew),

cf. Lemma 1.8.6. In particular, if
0
R(W) = closg(w) span {Hw(w, 2) (1) fw € (C} , (2.23)

then 7o is an isometric isomorphism of R(W) onto PB(Ew ).

Let W € Mo, and assume that (2.23) is satisfied, so that we can identify
RK(W) via mo with P(Ew). Let us record that T (W) and S(Ew) are related.
To this end denote by m 1 : C2 x C* — C, 7, : C? x C? — C? the projections

m’l(@)’ (zD) = ar, m(a,b) :="b,

Tl(W) := ker (7Tl71 o F(W)), Sl (W) = T1 (W)* .

Then S1 (W) = ker((m1 X mp) o I'(W)), and Sy is symmetric with defect index
(1,1).

2.16 Lemma. Assume that W € Mc satisfies (2.23), then

and set

(71'2 & WQ)Sl(W) = S(Ew) .

We are thus in the situation

KW) T(W) 2T (W) 2 S (W) 2 S(W)
ﬂ'Ql lﬂ'g&ﬂ'z
B(Ew) S(Ew)* 2 S(Ew)
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Proof. The relation T1 (W) contains all pairs (Hw (w,.)(3); wHw (w,.)(?)), w €
C. Thus, cf. (2.22),

(KEW(U}, .);EKEW (w, )) S (7T2 X 7T2)T1(W), we C.
We conclude that [(me K 72)T1(W)]* C S(Ew), and hence
(71'2 |Z| WQ)Sl(W) g S(Ew) g S(Ew)* g (71'2 |Z| 7T2)T1(W) .

Since dlm(S(Ew)*/S(Ew)) = dim((ﬂg X 7T2)T1(W)/(7T2 X 7T2)Sl (W)) = 17 the
assertion follows. O

If ¢ : D — C is an analytic function defined on some open subset D of the
complex plane, we define a kernel N, as

Ny(w, z) == q(zz:ww), z,weD.

Again, for z = w, this formula has to be interpreted appropriately.

2.17 Definition. Let ¢ be a complex-valued function, and let x € Nyg. We
write ¢ € N, if

(N1) q is real and meromorphic on C \ R;

(N2) The kernel N, has s negative squares on the domain of holomorphy
of q.

Once more, we set N5 1= Usenugoy N, and write ind_ ¢ = & to express that
q € N<o belongs to N. /

Matrices of the class M, give rise to generalized Nevanlinna functions as
follows: For a 2 x 2-matrix valued function W(z) = (wq;(2))7 -, and a scalar
function 7(z), we denote by W x 7 the scalar function

w11 (2)7(2) + w12(2)
w21 (2)7(2) + waz(2) |

(WxT)(z) :=
wherever this expression is defined. For the parameter 7 = co, we set W x 7 :=
wgllwu. A straightforward computation shows that

(W1W2)*T = Wl*(WQ*T).

The kernel relation

(Wx1)(2) — (W *7) (W)

zZ—w

(w21(2)7(2) + wa2(2)) (w21 (W)7(W) + wa2 (W)) =

zZ—w

=\ (VW) IVW W) (w) = T (—r(@)\ | 7(2) — T(W)
-(7) ()=
shows that W 7 € N provided that W € M_,, and 7 € N . Actually,
we have ind_ W7 <ind_ W +ind_ 7.

Indefinite Hermite-Biehler functions give rise to generalized Nevanlinna
functions as follows: If E is an entire function, write £ = A — iB with
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A= YE+ E#), B := {(E — E¥). Assume that E and E# have no com-
mon nonreal zeros. The kernel relation

Kg(w,z) = A(z)N% (w,2)A(w), z,we C A(z), A(w) #0,

implies that £ € HB« if and only if % € N<s, and that in this case ind_ E =
ind_ %.
On the set N<o we can also introduce an operation (O, namely as

an::Na*Q7 a€R7q€N<oo'

From the above kernel relation it follows immediately that O ¢ € N<s and
ind_ O, ¢ =ind_ gq. Clearly, we have

Oﬁ (Oa Q) :O(a—i-ﬁ) q, Oaq 0 O_a= id, Oa (QI + (J2) =0a q1+ O« q2 -
Moreover, a simple computation shows that

(Oa W) * T =0q (W * (O—q *7)) . (2.24)

3 Maximal chains and general Hamiltonians

In this section we deal with chains of matrices and with positive definite and
general Hamiltonians. We set up the necessary notation, give some supplements
to earlier results, and provide some tools which are essential for the present work.
The content of this section is arranged in five subsections:

a. We recall definition and properties of a maximal chain of matrices, which is
the indefinite analogue of the fundamental matrix solution of a canonical
system in the limit point case. Moreover, we recall the notion of its Weyl
coefficient, and the corresponding variant of the Inverse Spectral Theorem.

b. Finite maximal chains are the indefinite analogue of the fundamental
matrix solution of a canonical system in the limit circle case. Besides recalling
the definition and the corresponding variant of an Existence/Uniqueness
Theorem for finite maximal chains, we give a condition for a function to be a
finite maximal chain which will be used later.

c. We formalize the idea of splitting-and-pasting for (finite) maximal chains.
This procedure is a technical tool whose use is, at the present stage of
development, inevitable. Moreover, we introduce operations O, and rev on
(finite) maximal chains analogous to those introduced in the previous section
on M<00.

d. We revisit the positive definite situation, and recall some results concerning
positive definite Hamiltonians. We discuss their relationship with (positive
definite) maximal chains, and provide the analogues of the previously defined
operations on maximal chains.

e. Here we recall the definition of a general Hamiltonian, investigate the
splitting-and-pasting procedure for such, and introduce corresponding
operations O, and rev.

a. Maximal chains of matrices and their Weyl coefficients.

Let us recall the definition of a maximal chain of matrices, cf. [KW /III].
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3.1 Definition. A mappingw : I — M is called a maximal chain of matrices
if the following axioms are satisfied:

(W1)  Theset I is of the form ;" (04, 0i41) for some numbers n € NU{0}
and og,...,0p4+1 € RU{zxoo} with o9 < 01 < ... < 0pt1-

(W2)  The function w is not constant on any interval contained in I.
(W3) Foralls,t €1, s <t, the matrix w(s) 'w(t) belongs to M, and
ind_ w(t) = ind_ w(s) +ind_ w(s) tw(t).
We will refer to w(s)"'w(t) as the transfer-matrix from s to ¢.

(W4) Lett € land W € Mcoo,, W # I. If Wlw(t) € Mcy and
ind_ w(t) = ind_ W + ind_ W~tw(t), then there exists a number
s € I such that W = w(s).

(W5)  We have lim; o, , t(w(t)) = +o00. If I is not connected, i.e. n > 0,
there exist numbers s,t € (0, 0,41) such that w(s) lw(t) is not a
linear polynomial.

The points o1, ..., 0, are called the singularities of w. /

It is apparent from the axiom (W5) that points s,¢ € I where the transfer
matrix w(s)~w(t) is a linear polynomial play a special role. For [,¢ € R, we

set
(1 —lzsingcos¢ Iz cos? ¢
Wig)(2) = ( “lzsin®¢ 1+ lzsingcos

Note that (see (2.8))
Oa Wiig)(2) = Wig—a) (2) (3.1)

A short argument shows that a linear polynomial W belongs to M., if and
only if W = W, 4) for some [ € R and ¢ € [0, 7). In this case we have

0 ,1>0

ind_ W =ind_ W(17¢) = {1 1<0

An interval (s,t) C I is called indivisible of type ¢ € [0, 7), if for all ', ¢’ € (s,¢)
w(s) (') = W 0).6) -

The number sup{l(s’,t') : s < t/,s',t' € (s,t)} is called the length of the
indivisible interval (s,t).

If (s1,t1) and (sq,ts) are indivisible intervals of types ¢1 and ¢2, respec-
tively, which have nonempty intersection, then ¢; = ¢ and their union is again
an indivisible interval of the same type. Hence every indivisible interval is con-
tained in a maximal indivisible interval. We will denote by Isne the union of
all indivisible intervals, and set Iy := I \ Lsing.

A singularity o of a maximal chain w is called of polynomial type, if for some
s_,s+ € I the intervals (s_, o) and (o, s4) are both indivisible.

Let us recall some basic properties of maximal chains which were proved in
[KW/III]. For (i) and (i¢) of the following statement see Lemma II1.3.5, the
assertion (4i%) is Proposition II1.3.16, and (iv) follows from the construction in
Theorem II.7.1.
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3.2 Proposition ([KW/III)). Let w be a mazimal chain of matrices.

(4)

(i)

(iid)

The function ind_ w(t) is nondecreasing, constant on each connected com-
ponent of I, and takes different values on different components. In par-
ticular, it is bounded and attains its mazimum on (o,,0n41). Moreover,
ind_ w(t) =0 fort € (0g,01).

The function t(w(t)) is continuous and strictly increasing on each interval
(04,0i11). We have

li t) = i=1,... 1
t}ﬁt(“’()) +oo, i=1,...,n+1,

lim t(w(t)) = — i=1,... li t)y=1. 3.2
Jim Hw(t)) = —co, i=1,...,n, lim w(t) (32)
The condition required in (W5) for the interval (opn,0n+1) holds auto-
matically for intervals between two singularities, i.e. none of the intervals
(04,0i41), 1 = 1,...,n— 1, is indwisible. The interval (o, 01), however,
might be indivisible.

Lett € Lieg and s € I, s > t. Then R(w(t)) C RK(w(s)) and the inclusion
map is isometric. The map f +— w(t)f is an isometric isomorphism of
R(w(t) tw(s)) onto Kw(s)) © K(w(t)).

Let i € {1,...,n}. Then there exists a unique angle ¢(o;) € [0,7) such
that

/

tl}HUIT [ Og(os) w(t)]1,(0) < o0
We have
. / . /
tlir{.l, [ Op(o) w(t)] 12(0) = tl}n; [od’(mﬂ) w(t)] 12(0)-

[

3.8 Remark. Let us explicitly state the following consequences of the above item
Proposition 3.2, (i):

(4)

The notation ind_ w := maxsesind_ w(t) is meaningful. The set of all
maximal chains w with ind_ w = x will be denoted by 9. As usual we
will use the notation

Moo i= U m,,

veNuU{0}
and write ind_ w = & to express that a chain w € M, belongs to M.
If s,t € I, s < t, are such that (s,¢) is an indivisible interval, then
ind_w(t) = ind_w(s). Hence the number [ in w(s)'w(t) = W4 is
positive. In particular, the length of an indivisible interval is a positive
number or equal to +oo.

It might happen that for some s,t € I, s < t, we have w(s)tw(t) = W(; 4
with some [ < 0. In this case (s, ) cannot be contained in I. Nevertheless,
we shall speak of (s,t) as an indivisible interval of negative length 1.

/
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Chains which can be obtained out of each other by a change of variable will
share their important properties. This is formalized by the notion of reparam-
eterization.

3.4 Definition. Let Ji,Js C R and let w; : J; > M<, @ = 1,2, be functions.
Then we say that wy is a reparameterization of w; if there exists an increasing
and bijective map « : Jo — J; such that wy = w; o a. In this case we write
W e W1. //

Clearly, the relation «~ induces an equivalence relation on the set M. o,
and thereby wy «~ wy implies ind_ w1 = ind_ ws.

A central role in the theory of maximal chains of matrices is played by
the Weyl coeflicient associated to a maximal chain. Let w : I — M be a
maximal chain of matrices. Due to the fact that lim; ~gup 1 t(w(t)) = 400, for
each function 7 € Ny the limit

Goo(W)(2) := lim (w(t) *7)(2) (3.3)
t,/'sup I
exists locally uniformly on compact subsets of C\ R with respect to the chordal
metric, cf. [KW/II]. Moreover, it does not depend on 7. Obviously, if wy «~ wa,
then goo (wl) = {0 (w2)'

3.5 Definition. If w € M., the function ¢ (w) is called the Weyl coefficient

of w. /

The main result in connection with this notion is the Inverse Spectral Theorem
for matrix chains which is obtained by combining Theorem II1.8.7 with Theorem
I1.7.1.

3.6. Inverse Spectral Theorem; chain version ([KW/II]): For each k €
NU{0} the assignment w — qoo(w) establishes a bijective correspondence between
the sets My, e and N;.

b. Finite maximal chains

Finite maximal chains are bounded analogues of maximal chains.

3.7 Definition. A mapping w: I — M is called a finite maximal chain of
matrices if

(W1y) the set I is of the form I = [0¢, 0n41] \ {01, ..,0,} for some num-
bers n € NU {0} and 09,...,0n41 E Rwithop <01 < ... <0, <
Un+1;
and w satisfies the axioms (W2), (W3) and (W4). Again, o1, ..., 0, are called
the singularities of the chain w. /

Again we will denote by Iy the union of all indivisible intervals, and set
Lieg i =1 \ Ling. With the obvious modifications the statements of Proposition
3.2 remain true.

3.8 Proposition ([KW/III)).

(1) The function ind_ w(t) is nondecreasing, constant on each connected com-
ponent of I, and takes different values on different components. We have
ind_ w(t) =0 fort € [0g,01).
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(it) The function t(w(t)) is continuous and strictly increasing on each compo-
nent of I. We have

lim t(w(t)) = 400, lim t(w(t)) = -0, i=1,...,n,

t o; t\oi
and w(og) = 1.
(i4i) None of the intervals (0;,0i41), i = 1,...,n—1, is indivisible. The inter-

vals [0, 01) and (op, 0nt1], however, might be indivisible.

(tv) Ift € Lieg, then R(w(t)) C R(w(sy)) isometrically, and the map f — w(t)f
is an isometric isomorphism of R(w(t) lw(sy)) onto K(w(sy)) © K(w(t)).

Note that this includes, as trivial cases, the pointst = o9 and t = op41.-

(v) Let i € {1,...,n}. Then there exists a unique angle ¢(o;) € [0,7) such

that ,
Jlim [ o) w(t)] 1,(0) < 00
We have
. / . /
Am [ Ogo) w(t)]15(0) = Jim [ Op(o) w()]15(0)-

g

Again we will write ind_ w := maxey ind_ w(t) = ind_ w(op,41), denote the
set of all finite maximal chains w with ind_ w = k by 9tf, and set

ml = | ml.
veNU{0}

Clearly, if wy € E)ﬁéoo and wo «~ w1, then also wy € SDT'QOO and ind_ wi = ws.

W e M, andw : I - M is afinite maximal chain with w(maxI) = W,
we speak of w as a finite maximal chain going downwards from W. Let us recall
the following fundamental result, cf. Theorem II.7.1.

3.9. Existence/Uniqueness of finite maximal chains (KW/II]): Let W €
Moo be given. Then there exists an, up to reparameterizations, unique finite
maximal chain w going downwards from W.

Note in this place that, clearly, w; ¢~ wy implies that wi(maxl;) =
wo(max I). Hence, if W € M is given, the set of all finite maximal chains
going downwards from W equals exactly one equivalence class of E)J?ifnd7 w mod-
ulo e,

Next we give an easy-to-check set of conditions for maximality of a given
chain. This result will be of good use later on.

3.10 Proposition. Let w: I — M, be given, where the set I is of the form
I = [o0,0n41]\ {01, yon} with g < 01 < 02 < ... < oy < Opt1, and let
W e Mco. Then w is a finite mazimal chain going downwards from W if and
only if the following conditions hold:

(i) We have w(og) =1 and w(op41) = W.
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(i4) The function ind_ w(t) is nondecreasing on I, constant on each component
of I, and takes different values on different components. For each t € I
we have w(t)"'W € Mco and ind— w(t)"'W =ind_ W —ind_ w(?).

(i4i) The function t(w(t)) is continuous and strictly increasing on each interval
contained in I. Moreover,

tl\l\Igll t(w(t)) = —oo, tl}r‘rjll t(w(t)) =400, i=1,...,n.

(tv) For each i =1,...,n there exist functions 74,7 € Ny such that

tl{g w(t) * 14 = tl}lg w(t)*7_ .
Proof. Necessity of the conditions (iv) is clear from what we have recalled in
Proposition 3.8 and Theorem II1.5.6.

We need to establish sufficiency. Thus let w be given, and assume that (i)—
(iv) holds. Let & : I — Moo, I = [60,64:1]\{61,...,64}, be a finite maximal
chain going downwards from W. We shall show that w is a reparameterization
of w.

By our assumption (i) on the factorization of W and by the maximality
(W4) of &, for each t € T there exists a number s € I such that w(t) = &(s), i.e.
ranw C ran®@. Since & is injective, we can define a := &' o w, then o maps I
into 1.

Write I = {oo} Uy U...UI, U{0on41} where I; := (0j,0;41). Similarly,
let f = {6’0} U jo U...u jfl @] {6’ﬁ+1} with fj = ((Afj,OA'j_H). Let ¢ € {0, . ,n}
and assume that for some I € {0,...,7} we have a(I;) N I; # . Then, by our
assumption (i4) on negative indices, and the property Proposition 3.8, (i), of @,
we have a(I;) C I;. Hence, there exists a map [ : {0,...,n} — {0,...,7n} such
that «(I;) C fl(l-). Moreover, the map [ is strictly increasing.

By our assumption (#ii), tow|s, is continuous and strictly increasing. More-
over, for ¢ = 1,...,n, it maps I; bijectively onto R. In the case that ¢ = 0 or
i =n+1, we obtain from (i¢¢) and (¢) that tow|y, is a continuous and increasing
bijection of Iy onto (0, 00) or of I,, onto (—oo, t(W)), respectively. The map tow
has the same properties. Since tow = to@oa, we have a = (toab|fl)_1 o(towl|r,),
and conclude that «af;, is an increasing bijection of I; onto jl(i)~

By (i) and (¢9), we have ind_ w(t) = ind_ w(og) = 0, t € Iy. Since also
ind_&(s) =0, s € Io, it follows that 1(0) = 0. Let i € {0,...,n — 1} be given.
By our assumption (iv), Proposition II1.5.1 and Theorem IIL.5.6, we have

ind_ dj(fl(i)) =ind_ w(l;) =ind_ lim w(t)*oco =

tN\Tit1
=ind_ lim (Doa)(t)*oo=ind_ lim &(s)*oo=
tN\Tit1 SN\G1(i41)

= ind- ©({y(iy1)-1) -
It follows that {(i + 1) — 1 = I(4). Recursively, we obtain {(i) = i for all i €
{0,...,n}. Since, by (i), ind_w(t) = ind_w(opy1) = ind_W, ¢t € I,, and
correspondingly ind_ &(t) = ind_ &(6441) = ind_ W, t € I, we obtain that
I(n) = f. This shows that n = 7 and that [ is an increasing bijection.
_ Altogether it follows that « is an increasing and bijective map of I onto

I 0
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Since each matrix W € M, induces a de Branges Pontryagin space, a
(finite) maximal chain of matrices induces a whole family of de Branges spaces.
In essence, this is actually a chain of spaces.

3.11 Proposition ([KW/II]). Let w € ML, and assume that w(t) satisfies
(2.23). Denote Ey := E,u) fort € I. Then the set of all nondegenerated
dB-subspaces of PB(Es, ) is equal to

(P(E) : t & Ling)} -

If t € Lng, and (t_,t4) is the mazimal indivisible interval which contains t,
then P(F:) contains each space P(Es), s < t_, isometrically, and is contained
in each P(Es), s > ty, as a set but not isometrically. For s € (t_,t1)\ {t} we
have B(E,) = B(FE:) as sets, but not isometrically. O

c. Splitting-and-pasting, and other operations.

The operations O, and rev, which were introduced previously for matrices W €
M, can be applied to chains of matrices. One can think of (O, as rotation
of the whole chain by the angle «, and of rev as reading the chain backwards,
i.e. reversing the order in which the chain is run through.

3.12 Definition. Let w € SDIQOO UM<, and let o € R. Then we define

. I — M<oo
Oaw.{t — Qaw(t)

If we ML, define

. -1 - M<oo
v t = rev (w(—t)'w(ong1))

/
3.13 Lemma.
(i) Letw € ML, and let « € R. Then Oy w € M.

(1) Let w € My, and let o € R. Then Onf w € My, and ¢oo(On w) =
Ny * @oo(w).

(iii) Let w € ML, then also revw € M.
Proof.

(i) As O (W(s)7rw(t)) = (Oa w(s)) HOa w(t)) for s < t the assertion
follows from Lemma 2.5.

(1) Since O W is a linear polynomial if and only if W is, the first assertion
follows from Lemma 2.5 in the same manner. The second is immediate
from (3.3) and (2.24).

(iii) One easily verifies that (revw)(s) (revw)(t) = rev(w(—t)"lw(—s)) for
s < t. Hence, the assertion is an immediate consequence of Lemma 2.7.
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Clearly,
O (O w) =Oa4pw, Oow =w and rev(revw) =w.

For the following keep in mind that I contains o9 and o,41 if w is a finite
maximal chain.

3.14 Definition. Let w: I — Mc be a maximal or a finite maximal chain.
Let r € IU{oo},s € I,r < s. Then we define

Wres(t) == w(r)rw(t), teIn]r,s].
In parallel we will also use the notations w«s := weqes, and wrr 1= Wresg,, ;-

/

Because of t(WV) = t(W) 4+ t(V), it is easy to show that w,.s is a finite
maximal chain or a maximal chain, depending whether s € I or s ¢ I. Moreover,
we have

(Wreos)rros = Wrros, T, relu {oo}, s, €l r<r < <s.

The following remark shows that one can often reduce statements about maxi-
mal chains to corresponding statements about finite maximal chains. Its proof
is again obvious from the respective definitions.

3.15 Remark. Let w: I — M< be a function which satisfies (W1) and (W5).
Then the following are equivalent:

(i) w is a maximal chain.
(i7) For each s € I, the function w«s is a finite maximal chain.

(i4i) There exists a sequence (Sp)neN, Sn € I, with s, /' 0n41, such that for
each n € N the function w«s, is a finite maximal chain.

/

Although the definition of pasting two chains of matrices is most natural, the
properties of this operation are more involved.

3.16 Definition. Let J1,Jo C R, and let wy : J; =& Moo, wo 1 Jo — M.
Assume that inf Jy = sup J; € Ji, and that with s; := sup J; we have

wz(inf Jz) =1 y inf Jy € Jo
limt\inf Jo wz(t) =1 s inf J2 g J2

Then we define wi Wws : J; U Jo — Moo by

wl(t) , 1€ J1
w1 (Sl)wz(t) , 1€ Jo

(w1 Wwsa)(t) := {

/
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Note that W is associative whenever all operations are defined. From the
considerations in [KW/II, §7] we obtain the following statement.

3.17 Proposition ([KW/II]). Let wy : [ — Mcs belong to ML, wy : I —
Mo belong to SDI-]; UM,,, and assume that sup Iy = inf I so that wi Wwa is
well-defined. Assume that the following condition does not hold:

(—link) w;y ends with an indivisible interval of type ¢ € [0,7) and we starts
with an indivisible interval of the same type ¢.

Then wi Wwq € 93?{1_‘_&2 or w1 Wwy € M., 44,, depending whether wy € Dﬁiz or
wo € Sﬁm . [l
3.18 Remark.

(i) The fact that wy starts with an indivisible interval of type ¢ is equivalent
to the fact that for some (and hence for all) ¢t € I \ {inf I5} there exists
a nonzero element &, € R(wa(t)), see (I1.5.10), Remark II1.3.2.

Applying this fact to ¢ = —inf I; and revw; we obtain from Lemma 2.7
that the fact that wy ends with an indivisible interval of type ¢ is equivalent
to wi(sup I1)Ey € R(wi(sup I1)).

Therefore, the condition (—link) is equivalent to the following condi-

tion:

(—link’) For some ¢ € I there exists a nonzero element u € £(ws2(t))
such that wq(sup I1)u € R(wi(sup I1)).

(i4) If, in the situation of Proposition 3.17, wy € M., then

oo (W1 Wwa) = wi(sup I1) * goo(w2) .

/

The operations of splitting and pasting are converses of each other. The
following statements are easily seen from Proposition 3.17 and Proposition 3.8,
(797). We will thus not elaborate their proofs.

3.19 Lemma. Assume that w : I — Mc is a finite mazimal (or mazimal)
chain, and let F be a finite subset of Leg. Write F = {ri,...,rm} with og <
< ...<Tpy < 0Opt1, and set ro := 09, Tm+1 ‘= Opit1-

Then Wy esr,yy € Moo, 7 =0,...,m—1, and wy,, —r,_, belongs to zmioo
or Mcoo depending whether w has the corresponding property. For each two
consecutive chains Wy, | .y, ,Wr,r,; ., the condition (-link) fails, and we have

m
w = H—J wererrl .
Jj=0

g

3.20 Lemma. Let 0g,...,0p4+1 € RU{xo0}, 09 < ... < opy1, set I =
Ui_o(0i,0i41), and let F be a finite subset of I. Write F = {r1,..., 7y} with
00 <11 < .oo < Ty < Opa1, and set vy := 09, Tm+41 ‘= Ont1-
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Assume that there are given finite mazimal chains wj : [rj, rj+1)N] = Mcoo,
j=0,....,m—1, and a finite mazimal (or mazimal) chain wp, : [Tm, Pmy+1] —
Mceoo (07 Wi 2 [Py Tma1) — Mcoo, respectively). Assume that for each two
consequtive chains wj and wji1 the condition (-link) fails, and setw = L-ij;.nzo wj,
so that w is a finite mazimal or mazimal chain depending whether wy, has the
corresponding property.

Then F :={r1,...,rm} C Lieg and

Wrsorip = Wi, 7=0,...,m.

O

Let w € zmﬁoo UMco. Then, by virtue of Proposition 2.3, we obtain a family
of boundary triplets, namely B(w(t)), t € I. It follows by induction from
Proposition 2.11 and Remark 3.18 that a splitting of the chain w corresponds
to a splitting of the associated boundary triplets.

3.21 Corollary. Assume that w: I — M is a finite mazimal (or mazimal)
chain, and let F be a finite subset of Leg. Write F = {ri,...,rm} with og <
r < ...< 7Ty < Opy1, and set rg := 0g, Tm+1 = Ont1. Moreover, fort € I, let
i(t) € {0,...,m} be such that t € (ri),Tit)+1]. Then we have

i)
%(w(t)) = H_J %w(mfﬂ(wrwu—vm (Tl)) & %W(Ti(t))(wri(t)Hri(t)+l (t)) .

i=1

d. Positive definite Hamiltonians

Let I = (s—,sy) be an interval on the real axis where s_ < sy, s_,s4 €
RU{+oc0}. A Hamiltonian on I is a measurable function H defined on I which
takes real and nonnegative 2 x 2-matrices as values, is locally integrable on I,
and does not vanish on any set of positive measure.

An important role is played by the primitive t(H) of tr H. It is determined
up to an additive constant. Since tr H is nonnegative, locally integrable, and
does not vanish on any set of positive measure, t(H) is locally absolutely con-
tinuous and strictly increasing. Thus t(H) maps I bijectively onto some interval
(L—v L-‘r)‘

We say that a Hamiltonian H is regular at the endpoint s_ if, for some
€ >0,

s_+e
/ tr H(t) dt < oo. (3.4)

If f;:ﬂ tr H(t)dt = oo, it is called singular at s_. The terminology of reg-
ular/singular at the endpoint s is defined analogously. Sometimes one also
speakes of Weyl’s limit circle and limit point case, instead of regular and singu-
lar, respectively.

3.22 Remark. Let F : [a,b] — [c,d] is increasing, bijective and absolutely con-
tinuous, and assume that F’ does not vanish identically on any Borel-subset of
[a, b] with positive measure. Then F~! : [c,d] — [a,b] is absolutely continuous,
and (F7!) = 72— ae. /
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Therefore, since tr H does not vanish on any set of positive measure, also the
inverse function t(H)~?! is locally absolutely continuous.

We also see that H is regular or singular at the endpoint s4 in the sense of
(3.4) if and only if Ly is finite or infinite.

Intervals where H is of a particularly simple form play a special role. An
interval (a—,y) C I, a— < g, is called H-indivisible of type ¢ € [0,7) if

ran H(t) = span{{y}, t € (a—,a4) a.e.

In this case we have, with an appropriate measurable, scalar and a.e. positive
function h(t),
H(t) = h()€s€D, tE (a_,ay) ac.

If (a—,ay4) is H-indivisible, the difference t(H)(a4) — t(H)(a=) € (0,00] is
called the length of this H-indivisible interval.

It is clear that, if («—,a4) and (o ,«/,) are H-indivisible intervals with
nonempty intersection, then their types must coincide and their union is again
H-indivisible. Hence, every H-indivisible interval is contained in a maximal H-
indivisible interval. Similaras in the setting of chains of matrices, we will also
here denote by Iing the union of all indivisible intervals, and set reg := I \Ising.

Two Hamiltonians H; and H, which are defined on intervals (s, s!) and

(s? 53_), respectively, are called reparameterizations of each other, if there exists

—
an increasing bijection a of (s%,s%) onto (sl,s}) such that a and a~! are

locally absolutely continuous and Hz(t) = Hi(a(t))a/(t). In this case we write
H, «~ Hs. Clearly, this relation is an equivalence relation on the set of all
Hamiltonians.

It is a classical result that positive definite Hamiltonians are related to posi-
tive definite maximal chains of matrices. Let us state this fact in a comprehen-

sive formulation suitable for our purposes.
3.23 Proposition ([GK], [HSW], [dB]).

(i) Let H be a positive definite Hamiltonian defined on an interval (s—,s4)
which is regular at s_. Then there exists a unique solution W (t, z) of the
initial value problem

0

&W(t,z)J =2W(t,z)H(t), for a.e. t€ (s—,s4), Wi(s—,z)=1,

where z is a complex parameter. Set

_ H lar at
wn(t) = Wt ), te {[s 84, reqular at s

(s—,s4+) , H singular at si

If H is regular at sy, then wy(t) belongs to Sﬁg. If H is singular at sy,
then wgr (t) € M.

The function towy and its inverse are both locally absolutely continuous.
In fact, towy = t(H) when t(H) is chosen such that it takes the value 0
at s_.

If Hy e~ Hy, and wy, ,wh, are defined correspondingly, then wg, e~ wHh, .
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(i7) Letw € sm-guzmo, and assume that tow and its inverse are locally absolutely
continuous. Then there exists a unique Hamiltonian H which is reqular at
s_, and regular or singular at s; depending whether w € Sﬁg or w € My,
such that w = wy, i.e. such that w(t) is the solution of (3.5).

If wy and wo are mazimal chains or finite maximal chains which give rise
to Hamiltonians Hy and Hs, respectively, and if wi «~ws, then Hy «~ Hy.

O

Each equivalence class of chains modulo reparameterization contains elements
which do have the property that tow and (tow)™! are locally absolutely con-
tinuous, and hence give rise to a Hamiltonian. Thus Proposition 3.23 can be
stated, in a somewhat less detailed form, as follows.

3.24 Remark. Denote by $o the set of all Hamiltonians which are regular at their
left endpoint. Then the assignment H ~— wp induces a bijective correspondence
between $g/... and (Emé U MMp)/ ers, where Hamiltonians which are regular at
54 correspond to finite maximal chains, and Hamiltonians which are singular
at s4 correspond to maximal chains. /

A classical result, which lies at the basis of the operator theory of canonical
systems, says that a Hamiltonian H generates a boundary triplet B(H) =
(L?(H), Tyax(H),T(H)). Thereby mull'(H) # {0} if and only if (s_,s;) is
H-indivisible. These facts were formulated in a suitable way for our present
purposes in [KW/IV, §2.1]. If H is regular at s_ and at s;, the boundary
triplet B(H) has defect 2, if H is regular at s_ and singular at s, it has defect
1. In any case, it satisfies (E).

The boundary triplet generated by H can be related to gy or wg(sy), re-
spectively. We start with the case of a singular Hamiltonian.

3.25 Proposition ([HSW)). Let H be a Hamiltonian which is regular at s— and
singular at sy. Then the Weyl-coefficient qi is a Q-function of the symmetry
S(H):=T(H)*. O

Assume that H is regular at s_ and at si. It is well-known that then there
exists an isomorphism between the Hilbert spaces L?(H) and &(wpg (s4)). Let us
complete the picture and show that this isomorphism actually is an isomorphism
of boundary triplets.

3.26 Proposition. Let H be a Hamiltonian which is reqular at both endpoints
s_ and sy. Denote

©F)(2) = / " ont ) HO () dt, f € LA(H).

Then the pair (©,idca) is an isomorphism between the boundary triplets B(H)
and B(w (s4)).

Proof. Assume first that mulT'(H) = {0}, i.e. that not the whole interval
(s—, s4) is indivisible. Note that this is equivalent to assuming that wpy(s;) #
Wii,¢) with some [, ¢, and hence equivalent to mulT'(wg(s4)) = {0}.

Since Tax(H)* is completely nonselfadjoint, and since for each w € C the
space ker(Tyax(H) — w) is spanned by the functions ¢ — wy (t)(w)Tu, u € C?,
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we have

L*(H) = cls {wp()(w)"u: ue C?*weC},

Tmax(H) = cls {(wH()(w)Tu,wwH()(w)Tu) cueChwe C},

I'(H) = cls{ ((wH(.)(w)Tu; wwp () (w) u); (u; wH(s+)(w)Tu)) :
uweCtwe (C} .

The function wy satisfies the differential equation (3.5), and hence, as a com-
putation shows, we have

HMH(H)(w, z) = /S+ wg (t)(2)H )wy () (w)* dt,

cf. [dB]. Therefore,

(©wr()(w) u)(z) = /S+ wr ()(2)H(Owr (1) (@) wdt = Hyyy (s, (W, 2)u,

) (3.6)
and we obtain

O (span {wp () (w)"u: ueC*,weC}) = span {H, (w,.): ueC*,weC} .

H(s4)

Moreover, by the abstract Green’s identity in B(H),
(w1 —w3) [(AJH(.)(’IU1)TU1,(UH(.)(’LUQ)T’U,Q} L) =

=ubJuy — (wH(s+)(w2)Tu2)*J(wH(s+)(w1)Tu1) =
= —us (wn (s+) (@) usJwp (54 ) (Wr) "ur — J)ur =
- —U; (U)_Q - wl)HwH(s+)(w_17 w_Q)Ul -
= (wl - w_2) I:Hu.)H(s+)(w_l7 ')ulu HwH(s+)(w_27 )UQ} A(wr (s4)) =
= (wl — ’w_g) [9 wH(.)(wl)Tul, GWH(.)(U/Q)TUQ} R (ss))

Thus, O is isometric. With a standard continuity argument, we obtain that
O(L*(H)) = A(wn (s+)), (ORI O)Tmax(H) = T(wa(s+)).

Moreover, it is clear that © is compatible with the respective involutions. From
the definition of the boundary relation I'(wg (s )) we see that also

(0RO)Rides )T(H) = T(wn(st))

The case that (s_, s4) is indivisible can be checked explicitly from the form of
L?(H) and R(W(4)), cf. [KW/IV, §2.1.¢], Proposition 2.8. We will not carry
out the details. 0

Later on we will need a more general formulation of this result.
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3.27 Corollary. Let H be a Hamiltonian defined on (s—,s;), and let w :
(s—,8+) = Mcoo be a solution of the differential equation in (3.5) (without
imposing any conditions on boundary values, they even need not necessarily ex-
ist). Moreover, let r_,ry € [s_,s¢], r— <ry, be such that H|(,._ .y is reqular
at both of its endpoints r+, and denote

O r NE) = [l S AHO W S € Pl ).

Then the pair (©,_ ., ,idcs) is an isomorphism between the boundary triplets
B(H|;_ r,)) and B(w(r-)tw(ry)).

Proof. This follows immediately from Proposition 3.26, since w(r_) " tw(t), t €
(r_,ry), is the solution of the initial value problem (3.5) for the Hamiltonian

H|(r_ry)- d

The operations OO, and rev, defined above on the level of chains of matrices,
have their analogues for Hamiltonians.

3.28 Definition. Let H be a Hamiltonian defined on (s_, s4).

(i) For a € R define Oy H : (s—,51) — R**? as
(o H)(t) =00 (H(B), t€ (5_,54).
(ii) Define rev H : (—s4,—s_) — R?*? as

(rev H)(t) :=VH(-t)V, t € (—s4,—5_).

/

3.29 Lemma. Let H be a Hamiltonian defined on (s—,sy). Then also On H
and rev H are Hamiltonians. If H is regular/singular at sy, then On H is
regular/singular at s+, and rev H is regular/singular at sx.

If H is regular at s_, then we, g =0Oq wg. If H is regular at s_ and at sy,
then wrey H = I'eVWwy.

Proof. The proof of these assertions is done by elementary computation, namely
by checking that the functions O, wg and revwy satisfy the respective differ-
ential equations. We will not carry out the details. O

3.30 Remark. The construction of the boundary triplet B(H) in [KW/IV, §2.1]
also shows that (w, v, K v,) is an isomorphism of the boundary triplets B (H
and B(O, H). Hereby, v, : C? — C? is the map v,z := Nyx and (wf)(t) =
N, f(t) for f € L*(H).

Similarly, (w,¢) is an isomorphism of the boundary triplets B(H) and
B(rev H), where (wf)(t) = Vf(—t), and where ¢ and V are as in Definition

2.6. /

Also the splitting-and-pasting method has an analogue for Hamiltonians. Let
(s—, s4) be given, and let F be a finite subset of [s_, s4] with s_, s, € F. Write
F ={ro,...,rm+1} with ro < ... < rppy1. If H is a Hamiltonian defined on
(s—,s4), set

Hycory = H

(Ti 7Ti+1) :
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Conversely, if H; are Hamiltonians on (r;,7;41), i =0, ...,m, define a function
Wito Hi: (s—,s4) — R**? a.e. by

(@HO(t) = H;(t), te(ririy1), 1=0,...,m.

The following is immediate from the definitions:

3.81 Remark. If H is a Hamiltonian on (s_,s), then H, .., are Hamilto-
nians on (r;,7ri+1), which are regular at the endpoints r;, j = 1,...,m, and
regular/singular at ro or r,,+1 depending whether H is regular/singular at s_
or s;. If H is regular at s_, then we have (see Definition 3.16)

m

wWH = L‘H wHTi‘—"‘i+1 . (37)
=0

Conversely, if H; are Hamiltonians on (r;,7;+1), which are regular at the end-
points r;, j =0,...,m, then H := ¢ H; is a Hamiltonian on (s_, s4) which
is regular at s_, and (3.7) holds. /
Similar as in Corollary 3.21, we can pass to boundary triplets. It is straightfor-
ward to verify the following remark.

3.32 Remark. Let H be a Hamiltonian defined on (s_,sy), and let F' =

{ro,--s"m+1}, 70 < ... < Tynt1, be a finite subset of [s_,s;] with s_,s; € F.
Assume that 7; & Lgng, 2 = 1,...,m. Then

/

3.33 Remark. Let H be a Hamiltonian defined on (s_,s;). From (3.5) it is

easily seen that H starts (ends) with an indivisible interval von type ¢ if and
only wy does.

Therefore, the condition that r € (s_, s;) is contained in I,z is equivalent to

the fact that (—link) from Proposition 3.17 for wq = wy and wp = wH, ...,

fails. /

It is interesting to note the following compatibility with the isomorphisms ©.

s_r

3.34 Lemma. Let H be a Hamiltonian defined on (s_,sy), and let w :
(s—,8+) = Mcoo be a solution of the differential equation in (3.5) (without
imposing any conditions on boundary values). Moreover, let r—_,ry,r’  r, €
[s_,s4], = <" < v < ry, be such that H|._ .y is reqular at both of its
endpoints vy, and assume that r!, & Ling. Let us denote

(1) byt 4 L*(H,, or,) = L*(H,_ ., ) be the natural embedding operator,

(1) by pyr . L*(H, or,) — L2(HTQHT/+) the restriction operator (we then

%
have prl,r; - LTL7T’+)7

(i11) by P v, the orthogonal projection of A(w(r-)"tw(ry)) onto its subspace

w(r) Tl (r ) Rw(r) T tw (),
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(iv) and by
Or_ry t LA(Hr_ ) = R(w(r) Mw(ry)),

(“)r’,,rjr : LQ(HT’,HTLF) - ﬁ(w(ﬂ—)ilw(r;))
the respective isomorphisms as in Corollary 3.27.

Then we have

Or_ry SV
wrl)Trw(r-) P
Rwlr_) tw(ry)) Kw(r) tw(r)))

frowlro) el f

Proof. The fact that the restriction operator Pr g f— f|(rg,r’+) is the adjoint
of the natural embedding operator ¢, o is obvious.

By Corollary 3.27 we have for f € L*(H,, HT;)

Orre 0t (1) = [l )l )W (10 =

=w(r_, ,z)flw(r’_,Z)@TL’T/+ (f).
Since ¢,/ o is isometric and both operators ©,_,, and ©,/ r/, are unitary, also
the assignment f — w(r—) *w(r"_)f maps K(w(r’ ) *w(r’,)) isometrically into
R(w(r_)"tw(ry)). Its range, namely

w(r,)71w(r’_)ﬁ(w(r’_)flw(rf~_)) = {w(r,)flw(r/_)f :f € ﬁ(w(ﬂ_)flw(r;))},

is thus a closed subspace of &(w(r—) 'w(ry)). Hence, the adjoint of f

w(r-)"'w(rL)f is the projection P .. onto w(r—) 'w(rl)&(w(rl) " w(r)))
followed by multiplication with [w(r_)"tw(r" )] =L, O

e. General Hamiltonians

The notion of positive definite Hamiltonians admits a generalization to an in-

definite setting. The definition of this generalization requires some preliminary

notation. Let H be a Hamiltonian defined on the interval (s_, s).

~ If H is regular at s_ a number A(H) € NU {0, 00} is associated with H
which measures in a certain sense the growth of H towards s, cf. Definition
IvV.3.1.

~» If H is regular at s_ and singular at s, we say that H satisfies the condition
(HS) if resolvents of selfadjoint extensions of Tyax(H)* are Hilbert-Schmidt
operators, cf. [KW/IV, §2.3.a]. In this case there exists a unique number ¢(H)
such that [ &5 ) H(t)€s(m) dt < oo, cf. [KW] or Theorem IV.2.27.
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~» Let H be singular at both endpoints s_ and sy, and fix sp € (s—,sy4). We
say that H satisfies the condition (HS, ) or (HS_), if H| (s, s,y or H|(s_ 5,)(—2),
respectively, satisfies (HS). Moreover, we define

Ay (H) = A(H|(50,5,)), A—(H) = A(H|(s_ 50)(—7)),
¢+ (H) = ¢(H|(s9,5,)), ¢—(H) := ¢(H|(s_ s0)(—T))-

It was shown in [KW/IV, §2.3.c, (i)] and Lemma IV.3.12 that these numbers
do not depend on the choice of so € (s_,s4).

Now we can state the definition of a general Hamiltonian. It consists of a
Hamiltonian function H, which has in a sense certain singularities, and some
additional data associated with each singularity.

3.35 Definition. A general Hamiltonian § is a collection of data of the following

kind:

(1) ne NU{0}, 0o,...,0n+1 € RU{too} with 09 <01 < ... < Opt1.

(i) Hamiltonians H; : (04,0,41) — R**2 for i =0,...,n,

(#41) numbers 61,...,0, € NU{0} and b;1,...,b,5,41 € R, i =1,...,n, with
bi,1 # 0 in case 6; > 1,

(tv) numbers d; o, ...,di2a,—1 € R, where A; := max{A (H;_1),A_(H;)} for
1=1,...,n,

(v) a finite subset E of {00, 0n41} U Ul o(0i, 0i41),

which is assumed to be subject to the following conditions

(H1)

(H2)

(H3)

(H4)
(H5)

(E1)

(E2)

The Hamiltonian Hy is regular at o¢ and, if n > 1, singular at o;.
Each Hamiltonian H;, i =1,...,n—1, is singular at both endpoints
o; and 0;41. If n > 1, then H, is singular at o,,.

None of the intervals (¢;,0441), i = 1,...,n — 1, is indivisiblef. If
H, is singular at 0,41, then also (o, 0,11) is not indivisible.

We have A; < 00, i = 1,...,n. Moreover, Hy satisfies (HS.), H;
satisfies (HS_) and (HSy),¢=1,...,n—1, and H, satisfies (HS_).

We have (bJr(Hi,l) = (b,(Hl), = 1, oy n.

Let i € {1,...,n}. If both of H;—1 and H; end with an indivisible
interval towards o;, then d; = 0. If additionally b; ; = 0, then also
dy < 0.

00,0n+1 € FE, and EN (0;,0i41) # O fori =1,...,n— 1. If H,
is singular at 0,41, then also E N (op,0n41) # 0. Moreover, E
contains all endpoints of indivisible intervals of infinite length which

lie in U?:O(O—iv Ui+1).

No point of F is an inner point of an indivisible interval.

TNo typo: The interval (oo, o1) may be indivisible.
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The common value of ¢4 (H;—1) and ¢_ (H;) will be denoted by ¢;.

The general Hamiltonian § is called definite if n = 0, and indefinite otherwise.
It is called regular or singular, if H,, is regular or singular, respectively, at o,1.
Moreover, we set

ind_ =Y (A;+ [%]) +{1<i<n:é 0dd,c;n <0}.  (3.8)
i=1

We will denote the set of all general Hamiltonians by $<o., and set 9, := {h €
Neoo tind_bh = K}' /

Let us introduce some more generic notation. Let h be a general Hamil-
tonian. The subset E is called an admissible partition and will be written as
E = {s0,...,8n+1} with sg < ... < syy1. The function H : I — R?*2 where
I:=J!" ,(0i,0i41), which is defined by

H(t) = Hi(t), te (Ui,O'H_l),i =0,...,n,

is referred to as the Hamiltonian function of f. For technical reasons we add to
I the points o and o,41. If ¢ is one of these points we choose H(t) to be the
identity matrix. Since we consider H only almost everywhere this choice is not
relevant.

We will denote by Iging the union of all H-indivisible intervals, and set I,cg =
I\ Ling. Moreover, we will often write a Hamiltonian h which is given by the
data N, 00y...,0n41, Hl, ‘e ,Hn, 51, ‘e ,én, bi,j, di,j and F as

b= (H,c0)

where the Hamiltonian function H includes the number n and the points oy,
where ¢ represents the numbers 6; and b; ;, and where 0 represents the numbers
d;; and the subset E.

Intuitively speaking, a general Hamiltonian models a canonical system on
[60, 0n+1) Wwhose Hamiltonian is allowed to have singularities, namely o1, . . ., 0,
and which is in the limit circle or limit point case at 0,41 depending whether
b is regular or singular. The behaviour of H at a singularity is not too bad in
the sense of (H3). A singularity itself contributes to the equation in two ways:
Firstly, a contribution concentrated inside the singularity; passing the singu-
larity influences the solution. This is modelled by the parameters ¢. Secondly,
interface conditions which connect before and after each singularity. This is
modelled by the parameters d, and by the condition (H4). We can picture the

situation as follows (E = {s¢,...,Sn+1}):
h: b1 ba; bnj
o1 b2 6m,
Hyp $ Hy s Ha Hp 1 s Hn
g0 } f .- - i { On+1
s PN e
S0 81 dy 52 83 dy; SN ;s SN+1
¢ (Ho) ¢ 4(H1) G rHp 1)
1" 1" 1"
¢_(H1) ¢_(Ho) ¢_(Hn)

Let h be a general Hamiltonian. In [KW/IV] a boundary triplet B(h) =
(P(h),T(h),I'(h)) has been associated to b, cf. Definition IV.8.5.
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3.36 Remark. Let us briefly recall the construction of B(h) = (P(h), T(h),'(h)),
cf. Lemma IV.8.4.

For I € {0,...,N} let i(l) € {0,...,n} be such that either (s;,s;+1) C
(Tiy» Tiy+1) or o) € (s1,8141) and o; & (51, 8141), @ # (1)

In the first — definite — case ! := Hi(l)|(sl_’sl+1) is a positive definite Hamil-
tonian which is regular at s;. It is also regular at s;41 if and only if it is not
true that b is singular and [ = N.

If the second — indefinite — case occurs, then the data

O%(l) Hi(l)_l |(Sl>‘7i(l))’ O‘151'(1) Hi(l) |(<77;(L)>Sz+1) ’

0i1)s Ci(1),15 - - - > Ci(1), 6,00y » Di(1),00 - - > Di(1), 2,y —1 5

constitutes an elementary indefinite Hamiltonian h! of kind (A), (B) or (C), see
Definition IV .4.1.

For each [ € {0,..., N} boundary triplets B(h') := (P(h'), T'(h"),T'(h')) are
well defined by [KW/IV, §2.1, §4.1]. If b is regular, then all these boundary
triplets are of defect 2. If b is singular, then B(h°),...,B(HNV 1) are of defect
2, and B(hY) is of defect 1.

The boundary triplet associated to b is defined as

N
B(h) = (P(h).T(5).T(h)) = [ Oy, B0, (3.9)
1=0
where
_J0 . b! is positive definite
= -0 h! is elementary indefinite
remember Definition 2.4. /

Also a mapping ¥(h) : P(h) — M(I)/=, has been defined. Here M(I)
is the set of all measurable functions f : I — C? such that on any indivisi-
ble interval of H of type ¢ the complex valued function fg f is constant a.e.,
and M(I)/=,, denotes the set of equivalence classes of M(I) induced by the
equivalence relation f =g g < H(f —g) =0 a.e.

The mapping ¢ (h) has a finite dimensional kernel. Hence, ¥ (h)(f) reflects
the major part of the information about a given element f € P(h). Neverthe-
less 1(h)(f) does not describe f entirely. Some information is hidden in the
singularities.

The following facts have been established in Theorem IV.8.6 and Theorem
IV.8.7:
~» We have

ind_P(h) =Y (A; + [g]) +{1<i<n:éodd,cin <0}.  (3.10)
i=1
~» The triple B(h) is a boundary triplet which has defect 2 or 1, depending
whether b is regular or singular. Moreover, it satisfies the condition (E).
~ If h = (H,¢c,0) is regular, the adjoint S(h) := T(h)* is a completely non-
selfadjoint symmetric operator which satisfies (CR), cf. Definition IV.2.15, and
has the property that r(S(h)) = C. Moreover, S(h) has defect index (2,2) and
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mulI'(h) = {0} unless the Hamiltonian function H is almost everywhere of the
form h(t)€,€7 for a constant +. In the later case we have n € {0,1}, S(h) has
defect index (1,1) and mulT'(h) # {0}, where

mulI'(h) :span{(Jf,y;Jf.y)}. (3.11)

Note that if h(t){“VfVT almost everywhere, n = 0 means that § is definite and
indivisible, and n = 1 means that (04, H,¢,?) is elementary indefinite of kind
(B) or (C). Hereby ¢y = — 3.

~ If b is singular, the adjoint S(h) := T'(h)* is a symmetric operator. More-
over, S(h) has defect index (1,1) and mulT'(h) = {0} unless the Hamiltonian
function H is almost everywhere of the form h(t)§¢§$ for a constant ¢. In the
later case n = 0, S(h) is selfadjoint and mulT'(h) # {0}.

In the case that the Hamiltonian function H is not almost everywhere of the
form h(t)f&g for some constant ¢, i.e. I'(h) is a function, in Remark IV.8.9 a
mapping ¥*(h) : T(h) — AC(I U{op}) x M(I)/=pn was defined such that

Ueeh)((f39)1 = JHE*(b)((f:9))2, a.e. onl.

We have U*°(h)((f;9))1(c0) =T(h)(f; ¢9)1 and, in case of a regular Hamiltonian
also U2°(0)((f;9))1(on+1) = T(H)(f; g)2. Moreover, ¥¢(h)(f;g) is such that its
entries are equivalent (with respect to =g ) to ¥(h)(f) and ¥(h)(g), respectively.

For later use we bring the following assertion. We will say that h = (H,¢,?)
starts with an indivisible interval of type « if H starts with an indivisible interval
of type a.

3.37 Lemma. A general Hamiltonian = (H,c,0), such that it is not the case,
that it is positive definite and just one indivisible interval of infinite length,
starts with an indiwisible interval of type « if and only if there exists g € P(h),
such that ((0;g); (J€a;0)) € T'(h).

Proof. The proof is similar to the arguments in the proof of Theorem IV.8.6. We
first construct elementary general Hamiltonians h°, ..., h" from b as in Remark
3.36.

Assume that for some g € P(h) we have (0;9) € T'(h). We write g = go +
...+ gn according to (3.9), i.e. P(h) = P(h°)@---@P(h™). Then (0;4,) € T(h")
and there exist ag, a1, ...,ay € C? with

(a0; a1) € (y, M wyy) o T(H°)(05 go), (a1;a2) € (v, Rry,) o T(51)(0; g1),
s (ansantr) € (V’YN X VWN)F(bN)(O§gN) )

or equivalently,
(N—r5a0; N—yya1) € T(§°)(0; go), (N—,a1; N—sy,a2) € T(h)(0: 1),
ooy (Noqyan; Negyan) € D(0Y)(0; ) -

In the case that h! is positive definite we have v; = 0 and we know from Corollary
1V.2.25, that

oy (Hl(sy,s;,.1))>51
SpaD{J€¢f} ) ¢; type of (SL’QI(H‘(SLvSL+1))) (312)
{0} ? al_ (H|(SL,SZ+1)) = Sl
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Ot+(H|(s 5;01)) <5141,
span{J ! Lol
1% { €¢l+} ) ¢L+ type of (af(H\(Sl,SlJrl)),Sprl) (313)

{0} ) O‘ii_ (H|(SL>5H»1)) = Si+1

In the case that b is indefinite we see from Proposition IV.5.16, that

aj41 €

O‘I(O*WZH|(31,SZ+1))>SZ>

span{J¢ - _ _
N_maz c P { g’l/)l } 4 type of (s;,a; (Q*WZHI(SZ’SZ+1)))
{O} ) O‘; (O*’n H|(sl,sl+1)) = S
+
a; (Of’qu(sl,sl 1))<Sl+1>
span{J -
N_,ai+1 € pan{ ey}t ¥ type of (o (O—ny Hl ()54 1))55141)

{O} ) af(o*’n H|(SL>SZ+1)) = Si+1

Note that if h! is indefinite of kind (B) or (C), then the type of (s;,s;41) for
Oy Hl(s),5141) 15 always 7.

Applying 9, we see that in fact (3.12) and (3.13) hold for all [ =0, ..., N.

If we have of (H|s, 5.1) < sip1 and of (H|(s1.640) > Sip1 for
some index ! € {0,...,N — 1}, then the types of the indivisible intervals
(of (H|(s,,5141))s S1i+1) and of (siy1, 07 (H|(s,,,.5,,))) must be different because
8141 € Ireg. Hence, ay = -+ =ay = 0.

By (3.12) for [ = 0 the fact that ((0;g); (J€4;0)) € I'(h) implies that h starts
with an indivisible interval of type .

If, conversely, b starts with an indivisible interval of type « then h° starts
with an indivisible interval of type a + p.

According to Corollary IV.2.25, Proposition IV.2.24 (see also Section 2.1.e
of [KW/IV]) in the definite case or Proposition IV.5.16 in the indefinite case
we have ((0;9); (J€at;0)) € T'(h°) for some g € P. As Ny JEatyy = JEa we
obtain ((0; g); (J€4;0)) € (Ve B ry) o T'(HY), and further

((0;9); (J€a30)) € T(h).
|

3.38 Remark. Positive definite Hamiltonians which are reparameterizations of
each other share their important properties. This fact holds true also for indefi-
nite Hamiltonians, only, that the definition of ‘reparameterization’ is a bit more
tricky. It proceeds in several steps:

(i) First we define a relation ~; which directly generalizes what we are famil-
iar with from the positive definite case. We say that § ~1 b, if n = n/,
if there exists an increasing bijection « of |07, 07, 1] onto [0g, 0 41] such
that a and a~! are locally absolutely continuous,

CY(O'Z/-):O'i,’L.::l,...?n, H/:(HOOC)OO/ a.e. ,

andifc=¢ and 0 =0'.

(i) Next we write h ~o B’ if all the data of h and h’ with exception of
the numbers di,QAiflvd;QAi—l and bi7b’i+17b;)6i+l are the same. These
parameters should satisfy

I / _— . J— [
i208;—1 — Vi g1 = di2n,—1 — bisi 41
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(i4) Finally, and this is the most involved step, we write h ~3 b, if H = H’
and ¢ = ¢, but the sets F' and E' may differ, and the numbers d}; are
those used in the proof of Proposition IV.8.11 to perform the change from
FE to E’ as admissible partitions.

It is obvious that each of these relations is reflexive and symmetric. Hence, the
transitive closure «~ of (~1 U ~g U ~3) is an equivalence relation. If f «w b/,
we say that h and b’ are reparameterizations of each other. Inspecting the
proof of Proposition IV.8.11, and using the relation between dy, and dj, given in
[KW/IV, §7, p.812], shows that

howh <= Tbi,br€Heo: h~i b ~a by~ b

In particular, if h «~ b’, there exists an increasing bijection « : I’ — I such
that o and o~ are locally absolutely continuous and H' = (H o ) - o/'. /

The following statement is an immediate consequence of Proposition IV.8.11
and Proposition IV.8.13. It indicates that general Hamiltonians which are repa-
rameterizations of each other will behave essentially the same.

3.39 Remark. Let h and h’ be general Hamiltonians, and let B(h) and B(h’)
be the boundary triplets associated to h and b’, respectively, by Definition
IV.8.5 (a review of the most important properties of B(h) will be given in §3.d).
Assume that h «~ b, and denote by a the increasing bijection of |07, 07, ]
onto [0y, op+1] which satsifies H' = (H o o) - o',

Then there exists an isomorphism of B(h) to B(h’), which has the form
(w,id) and satisfies ¥(h)(w(x)) = Y(h)(z) o, z € P(h). If H is not al-
most everywhere of the form h(t)&z,f;f for a constant ¢, then ¥*¢(h)(f;9) =
W () (@ (); () for all (f:g) € T(h). /

We have already encountered the operations O, and rev in various settings.
It is no surprise that these operations also have their analogues for general
Hamiltonians.

3.40 Definition. Let h = (H,¢,0) € Hcoo-
(i) For a € R define a general Hamiltonian O, h as

Oa b :i=(0n H,c,0).

(ii) If b is regular, define revh as revh = (rev H,¢,0), where rev H is defined

as in Definition 3.28 together with the singularities &; = —Opti1-i for
1 =20,...,n+1, where the data ¢ consist of the numers 6; := 6,414,
bij := bpy1—4; for i = 0,...,n 4+ 1, and where the data 0 consist of the

numbers d;; := dp41-4,; for i =0,...,n 4+ 1 and of the subset FE:=—F.
/
3.41 Lemma.
(i) Leth € Heoo, then On h € Heoo andind_ O b =ind_ . b and O4 b are

together reqular or singular. Moreover, i «~ b’ implies O h «>Oq b’

(1) Let h € H< be regular, then rev b is reqular and belongs H<oo. We have
ind_revh =ind_ §. Moreover, b «~ b’ implies revh « revh’.
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Proof. Tt is elementary to check that with h also (O, and, in case of a regular
Hamiltonian, rev b satisfy all conditions in Definition 3.35. Also the compatibil-
ity with «~ is verified in a straightforward manner. Moreover, it is immediately
seen from (3.10) that ind_ O, b = ind_ b and ind_ rev h = ind_ b. O

3.42 Remark. The boundary triplets B(O, h) and B(h) are isomorphic. To see
this, we first construct elementary general Hamiltonians §°,...,h" from b and
(Oa §)2, ..., (O h)Y from O, b as in Remark 3.36.

If b is definite, then obviously (Oq h)! =04 (h'). By Remark 3.30
(w!, v R u,) with (! f)(t) := Nof(t) for f € L2(h') is an isomorphism from
B(b!) onto B((Oa b)).

If ! is indefinite, then (04 h)! = bh! because ®i1y(Oa b) = diy(h) — a (see
Remark 3.30). Hence B(h') = B((Oq h)!), and further

an*dﬁ(z)(h) %(bl) ZQf@m(oah) %((Oa b)l)

Thus, (@', va Kve) with @ = id |pg) is an isomorphism from O (b) B(h')

onto O—¢i(z)(0ah) %((Oa b)l)

Defining @ : P(h) — P(On h) by @ = K ;o' we see that (@, v, K vy) is
an isomorphism from B(h) onto B(Oy h).

Moreover, by the definition of ¢ (h) and (O, h) in Definition IV.8.5 we find
Y(Oa h)ow = Natp(h), and by Remark IV.8.9 we find ¥“(0q h)o(wNw)|p) =
(N X N, )Wec(h).

3.48 Remark. Assume that b is regular. Similarly as in Remark 3.42 the bound-
ary triplets B(rev h) and B(h) are isomorphic. As before we first construct ele-
mentary general Hamiltonians h°, ..., H" from b and (rev )?,..., (rev h)? from
rev h as in Remark 3.36.

If hV=! is definite, then obviously (revh)! = rev(hV~!). By Remark 3.30
(w!, ¢) with (@' f)(t) := V f(—t) for f € L2(h"V~!) and ¢, V as in Definition 2.6
is an isomorphism from B(hN~!) onto B((rev h)!).

If V=1 is (elementary) indefinite, then (revh)! = rev(hN~!), since by Re-
mark 3.30 ¢;;)(revh) = —d;v—y)(h) and rev O— gy (rev ) =iy (rev h) T€V.

If hV~! is elementary indefinite of kind (B) or (C), then by Definition
IV.4.1 (see also Remark IV.4.2) rev(hV~!) = pN~I. From the construction
of the corresponding boundary triplet in [KW/IV, §4.2], one can easily derive
that (@', ¢) with @' = —id|p@~v-r) is an isomorphism from B(h ') onto
B(HV!) = B((revh)!), and because of by (revh) = —dinv—)(h) also from
Qd,i(Nfl)(h) %(bNﬁl) onto Odﬁi(z)(re\'h) %((rev f))l)

Assume now that hV—! is elementary indefinite of kind (A). We know from
Remark 3.30, that f(t) — V f(—t) is an isomorphism from L?(H |y, sx_141))
onto L2(rev H| (55 sy 1.1))- I 0x(6Y 1) and rog(rev hV ) are defined as in
the end of [KW/IV, §4.1] for h~! and revh™¥ !, respectively, then it follows
from Lemma IV.3.10, that Vo, (hV 1) (—t) = —tos(rev N ~1)(¢).

From this it follows that @' defined by (for the notation see [KW/IV, §4.2])

)= Vi(=t), feXL(N ),
pj(hNil) = _pj(reVbNil)v .7 =0,.. '7A(hN7l) -1,
(BN Y = —gp(revhN Y, k= AGN Y, AGN T +6(pN T -1,
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extends to an isometric isomorphism from P(h¥=!) onto P(rev(h™~!)). More-
over, (!, ¢) is an isomorphism from B(h™~!) onto B((revh)!), and because
of ¢;y(revh) = —¢;n—1)(h) also from Oy (5) B(HY1) onto O (revh)
B (rev b)),

Defining @ : P(h) — P(revh) by w = KN ¥~ we see that (w,¢) is an
isomorphism from B(h) onto B(revh). Thus, (w,idczxc2) is an isomorphism
from rev B(h) onto B(rev h)

Moreover, by the definition of () and ¢ (rev §) in Definition IV.8.5 we find
(Y(revh) o wf)( ) = V(@(h)(f)(=t)) for f € P(h), and by Remark IV.8.9 we
ud ¥*(ex) o (2 82)15)0) = (VB V)P0)0)1) o (7z9) € T0)

Also for general Hamiltonians a splitting-and-pasting method can be intro-
duced. However, in this setting, splitting up is the more involved matter. It is
obtained by an inductive application of Corollary IV.8.12.

3.44 Lemma. Assume that by is a general Hamiltonian, and let {ro,...,"m+1},
ro <711 <...<Tmy1, be a finite subset of I such that

o = 00, T"m+1 = On+1, TiEIreg,izl,...7m.

Then there exist general Hamiltonians b, i = 0,...,m, defined on (14, 7i11),
respectively, such that there exists an isomorphism (w,id) between the boundary
triplets

B(h) and |H B, (3.14)
i=0
which has the property that

v(h) = (B2 v(h)) o, () = (B ¥(1)) o (@B @)|rgy) - (3.15)

Moreover, b?, is reqular fori =0,...,m —1 and ™ is reqular (singular) if and
only if b is regqular (singular).

Proof. We use induction on |F|. If |[F| = 2, i.e. F = {00,041}, we set h* := b.
Then the desired properties are trivially satisfied.

Assume that |F| = m + 2 > 2, and consider the set F’ := F \ {rp,}. By
the inductive hypothesis there exist h?, ¢ = 0,...,m — 1, which are defined on
(riyrig1), 1 =0,...,m—2 and on (ry—1,7m+1) for i =m — 1, and possess the
stated properties. By Corollary IV.8.12 we can further split ™! in two general
Hamiltonians bgl_l, =1 defined on (71, 7m) and (rm, my1), respectively,
such that (3.14) and (3.15) hold for h~!, and b~ ', h7*~*. Note here that, by
(3.11), the condition (LI) is satisfied. O

More interesting than the proof just given is that we actually know the general
Hamiltonians h? quite explicitly. The following notice is obtained from the
formulas given in Corollary IV.8.12 by carrying out the above inductive process
step by step.
3.45 Remark. For the Hamiltonians h?, ¢ = 0,...,m, in Lemma 3.44 we can
choose the ones described as follows:

For i € {0,...,m} let k(i) denote the smallest number such that o) > r;.
Then

(T, rix1) \ I = {ok(i)s - - s O(it1)—1} -
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Note that this set might be empty, actually this is the case if and only if oy,;) >
riy1 or, equivalently, k(i) = k(i + 1). In this case the Hamiltonian h? shall be
positive definite and given by the Hamiltonian function

H(bz) = Hk(i)fll(ri,ri+1) .

If k(i) < k(i + 1), then h* shall be given by the data

E(i41) = k(i) €N, 74,053y, Ok(i41)—1, Tir1 € RU {Fo0},
| Hyiy-1ltriony) , 1=0

H(Y) == Hiiysi-1 Jl=1,...k@+1)— k(i) —1
Hy(iv1)~1l(orsny iz » L =k(E+1) = k(@) >0

8(0")1 := Op(iyri—1, 1=1,...,k(i+1)—k(i),

b1y = bryri—1,gs L=1, . k(i +1) = k(i), j=1,...,0k0)41-1+ 1,

E' = {ri,rig1} U (E N (Ti,Ti+1)) ,

A0 = di(yriorjs =2,...,k(i+1)— k@) —1, j=0,...,2A0h"), — 1,

and some appropriate numbers
d(h);, l=1landl=k(i+1)—k@), j=0,...,2A(h"); — 1

according to Corollary IV.8.12. Note here that A(h"); = A(D)k@yri—1, | =
1,...,k(i+1) — k(4). We can picture the situation as follows:

E- S0 S1 82 S3 S84 S5 S6 S7 SN—1 SN SN+1
I ‘ o1 |02 |03 o4 ‘ ‘ On—1 On ‘ "
oo —— VAR K H — On+1
I ‘ ‘ ‘ I
F: r r1 ro T3 Tm Tm41
i), j Ay, 5 Aigitn-2,j A1,
b: b, by, b2, 5 b1,
[2¥0) Okfiy+1 Okfit1)—2 Okfit1)—1
Hypa § Hyg { Hign fOHggya b Higpy
K@) ko) Ko Kit1) K1)
0] T ki1 T Kit1)-2 T i) -1
r; Tit+1
Hypaleione) 1 Hig s Hign ¢ Higrya ¢ Higr ey ora
) 0 Oy Oit1-2 O kfit1)—1
h" b5 Biit,j biin—25 biD-1,5
(), A, D27 dO) -k

/

The following observation, which is obtained by a closer inspection of the con-
struction in [KW/IV, §7], turns out to be quite important.

3.46 Remark. The numbers d(h?); ; for I = 1 and | = k(i + 1) — k(i), depend
only on the points r; and r;41, respectively. More exactly: Let F = {rg,...,mm}
and F = {#0,...,7m} be two finite subsets of I which qualify for the above
construction, and denote the corresponding general Hamiltonians resulting from
Remark 3.45 by b, i =0,...,m, and 6’“, k=0,...,m, respectively. If, for some
i and k, we have r; = 74, 7,41 = x41, then h? = 6’“ /
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Let us now introduce notation similar as we did for maximal chains.

3.47 Definition. Let r € TU{oo} and s € I, 7 < s, and assume that 7, s & Lsing.
We divide five cases:

(i) r = 00,8 € I: Let h° and h! be the general Hamiltonians constructed in
Remark 3.45 for the set F := {00, 8, 0n+1}, and set

hr<—>s = bo .

(ii) 7 > 00,58 = 0nt1: Let b and h! be the general Hamiltonians constructed
in Remark 3.45 for the set F' := {00, 7, 0n41}, and set

br<—>s = bl .

(iii) r > 0o and s € I: Let h° b, h? be the general Hamiltonians constructed
in Remark 3.45 for the set F := {00, 7, s, 0n+1}, and set

br<—>s = bl .

(iv) r =00 and s € I: Let ' € {1,...,n+ 1} be such that s = o,,/, and let
Boo—o,, the general Hamiltonian comprised of the data

n'—leN, 0'0,...7Un/€RU{:|:OO}, H; i=0,...,n'—1,
61', i:l,...,n’—l, bij; i:1,...,n/—1,j:1,...,6i—1
(Eﬂ[do,dn/])U{Un/}, dij, z':1,...,n’—1,j=0,...,2Ai—1

(v) r> 00 and s € I: Set hres = (Droo, ) )ros-
We will also write hyyens =: has and brco, ., =: bypp. /

According to the definition of the negative index of a general Hamiltonian,
we have

. 0; . .
ind_ b, s = ._12 (Ai + [5]) + ‘{1 <i<mn:é;odd, i1 < O}‘ )
(71'6)(7‘,?9)
3.48 Remark. It immediately follows from our construction that
(1) If 5,t € Lieg, s < t, then
(hat)as = bas,  (bse)ae = (har)sr = hsot -
(1) If s,t,u € Leg, s <t < u, then
(b"\u)s<—>t = (bs&»u)ﬁt = bs<—>t7 (bsﬁ)tHu = (bSHu)tV = bt<—>u .

(i4i) From the construction which led to Definition 3.47 and from Definition
3.40 it is immediate that for s,¢ € I.es, s <t and a € R, we have

(oa b)"ls :Oa (b"ls)a (Oa b)r’s :Oa (bl"s)a (Oa b)s<—>t :Oa (bs<—>t>a

(I‘GV b)"lfs = rev(bl"s)a (I‘er))r,S = I‘eV(f)qS), (revb)ftﬁfs = rev(bs<—>t)~
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/

Also an operation of pasting of general Hamiltonians can be defined in a natural
way.

3.49 Definition. Let h; = (Hy,¢1,01) and ha = (Ha, c2,02) be general Hamil-

tonians, and assume that b is regular. Let their respective domains be such

that ar(Llle = 082), and assume that the following does not hold true:

(—paste) bh; ends with an indivisible interval of type ¢ € [0, 7) and b starts
with an indivisible interval of the same type ¢

Then let h; W bha be the general Hamiltonian constituted by the data

n:=mnj + ns € Ny, U((Jl),... o) U§2),... o? 1 ERU{xo0},

yYnq s y Yno+

Hy(t tel

H(t) = D0 e
Hg(t) , te

op:=0(b1), L=1,...,n1, 06,:=06(b2)i—pny, Ll=m1+1,...,n,

bl,j = b(bl)l,j7 l=1,...,nq, bl)j = b(f)g)l_nh]‘, l=n1+1,...,n,
E:=E(h1)UE(h2),

dij=dbi);, 1=1,...,n1, dij=dB2)i—n,j, l=m1+1,...,n,

/

The fact that actually hy W bo is a general Hamiltonian, is obvious. Note here
that the assumption that (—paste) fails is necessary to ensure (H2). Moreover,
h1 W b2 is regular or singular depending whether b9 is regular or singular.

The operations of splitting and pasting are converses of each other. The
following statement is easily seen from the definitions.

3.50 Remark. If § € H<oc and F = {ro,...,"mi1}, rj < 7j41, be a finite subset
of Ieg U {00,0n41} with 09,0541 € F, then by, p.,, € Heoo for i =0,...,m.
For each two consecutive general Hamiltonians the condition (—paste) fails, and
we have

b = H'J bm<—>h+1 .
1=0

/

3.51 Remark. Let h; be general Hamiltonians defined on (r;,741) \ {04, :
j =1,...,n;}. If (—paste) fails for each two consequtive Hamiltonians, then

Lﬂ;zo bi € *6<007 and

(L:Jm) =b;, 1=0,...,m.
=0

Ti<Ti41

In particular, we obtain from (3.14) that

B(|l4H bi) and |[H B(h,),
1=0 1=0
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are isomorphic. Moreover, it is straight forward to check that (o € R)

Oa LIJbl— U Oa i, revLﬂbl— tl-Jreme i
1=0

=0

/

4 Boundary triplets and matrix functions of the
class M _

In this section we will construct for each boundary triplet 8 = (P, T,T") of defect
2 in the sense of Definition IV.2.7, Definition IV.2.8, which satisfies the condition
(E) of Definition IV.2.16, a 2 x 2-matrix function w(2B) which is analytic on r(T*)
and is such that the kernel H, () has a finite number of negative squares. As
for a converse, we are content to show that each matrix function W € M., is
realized as w(B(W)). For boundary triplets B = (P, T,T") of defect 1 an object
v(*B) playing a similar role will be constructed.
The content of this section is arranged in five subsections:

a. Here the definition of w(B) is given, and some compatibilities of the
assignment B — w(B) are provided.

b. Here the definition of v(9B) is given, and some of its properties are
discussed.

c. In this subsection we show that w(28) can be considered as a u-resolvent
matrix in the sense of [KW/0]; this is a central result.

d. We show that w(B(W)) =W for W € M.

e. The construction of w(.) will later be applied to the boundary triplet B(h)
associated with a general Hamiltonian . Here we collect some properties
specific for this situation.

Throughout this section we will keep the following notation: If 8 = (P, T,T)
is a boundary triplet, the adjoint of 7" will be denoted by S := T™. Moreover,
T, Ty Tj, T4, Tr,; denote the following projections of C? x C? (or C?) onto C?

(or C):
(o)) = () G b =)
j (Z;) = aj, Wj((Z;)? (2)) = ay, Wr,j(c;)? (2)) =b;, j=1,2.

a. Construction of w(B).
The definition of w(B) is based on the following observation.

4.1 Lemma. Let B = (P,T.T) be a boundary triplet which has defect 2
and satisfies (E). Moreover, let z € r(S). Then there exist unique elements
#(2),%(z) € P and unique vectors a(z), 3(z) € C2, such that

((6r20:1)s ()i )
(w2 (?)76

We have ker(T — z) = span{¢(z), ¥(2)}
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Proof. Put N, := {(f;2f) € P?: f € ker(T — 2)}, and consider the linear
relation m; o T'| 5, . By the condition (E) we have

ker (m o T'|n,) = {0}. (4.2)

This already shows the uniqueness of ¢(z) and ¥(z).

Let us first consider the case that mull’ = {0}. Then S has defect index
(2,2), i.e. dimker(T'—z) = 2 for all z € r(S). In this case moI'|n, is an injective
linear map between spaces of dimension 2. Therefore, it is bijective, and hence
elements ¢(z), 9 (2), a(z), B(z) with the desired property (4.1) exist. Moreover,
#(2) and v(z) span ker(T — z), since their images span C2.

In the case that mull' # {0}, mull' =: span{(m;m)}, the symmetry S
has defect index (1,1), i.e. dim N, = 1, z € r(S). Choose fo € N, \ {0} and
ag, by € C? such that ((fo;2f0); (ao;bo)) € I'. Clearly, then

((fo; z1fo); (mag + Am; pbo + Am)) € T, A\, p e C.

By (4.2), the elements ag and m are linearly independent and thus span C2.
Again we see that elements ¢(z), 9 (2), a(z), 8(z) with the desired property (4.1)
exist. If both ¢(z) and ¢ (z) were equal to 0, we would obtain the contradiction

() ()36 € mur = spangmsmy.

Thus, also in the present case, ker(T — z) = span{¢(z), ¥(2)}.
Finally, note that a(z) and 3(z) are uniquely determined by (4.1) since mul T’
has the form span{(m;m)}. O

4.2 Corollary. Let notation be as in Lemma 4.1, and let p1, p2 € C be given.
Then there exist unique vectors x(z) € ker(T — z) and c(z) € C? such that

((X(Z);ZX(Z)); (<Z;>;C(2))) er. (4.3)
In fact, x(2) = p1é(2) + p2¢(2) and c(z) = p1o(2) + p2B(2).

Proof. Set x(z) := p1d(z) + p210(z) and ¢(z) := p1a(z) + p2B(z). Then the
relation (4.3) follows immediately from Lemma 4.1.

In order to see uniqueness, assume that (4.3) also holds for elements x(z)
and ¢(z). Then

(((x(2) = %) 2x() = %(2)); (0s¢(2) — &(2)) ) € T

X
By property (E) we obtain x(z) — x(z) = 0, and the fact that mulT" is spanned
by a vector of the form (m;m) gives ¢(z) — é(z) = 0. O

4.3 Definition. Let B be a boundary triplet which has defect 2 and satisfies

(E). Let
0= (o) e o= () <

be the elements constructed in Lemma 4.1. Then we define
w(B)(2) = (a(2)| B(2))" = @81 ggj@ , zer(S).
/
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To start with let us collect some properties of w(9B) which follow by elementary
computation.

4.4 Proposition. Let ‘B be a boundary triplet which has defect 2 and satisfies
(E). Then ¢(Z) = ¢(2), ¥(Z) = ¥(2), a(z) = a(z) and B(Z) = B(z). Moreover,
detw(B)(z) =1 and

s gy [ 10(2)0(w)][(2), P (w)]
w(B)(z)Jw(B)(w)* —J = (2 — W) <[¢(2)7¢(w)] W(Z)a%/’(w)]) . (4.4)

Proof. The relation I' is real with respect to the involution * in the sense of
(IV.2.5). Hence we obtain from (4.1) that

((W;EW);(G);W)) er.

The uniqueness statement of Lemma 4.1 yields ¢(Z) = ¢(z) and «(Z) = a(z).
The relations ¥(z) = ¢(z) and 3(z) = B(z) follow in the same way.

In order to show (4.4), we use the abstract Green’s identity (IV.2.6). It
gives:

(z = w)[¢(2), p(w)] = [2¢(2), p(w)] — [¢(2), wh(w)] =

(z =)[¢(2), Y(w)] = [z¢(2), Y(w)] = [¢(2), wp(w)] =

_ @ J@ — B(w)* JB(z) = B(2)2Bw)r — A=) Blw):

Computing w(B)(z)Jw(B)(w)* — J from the definition of w(B), cf. (1.8.2) with
‘S =1, and comparing with the above relations yields (4.4).

If we put w = Z in (4.4) and use that a and 8 are symmetric with respect
to the real line, it follows in particular that detw(B)(z) = 1. O

4.5 Corollary. We have ind_ H,, () < ind_ P.
Proof. By (4.4) the map © defined by linearity and

O : Hom)(w,.) <2) e A\G(T) + () (4.5)

is an isometry of the linear space span{H,,)(w, )(;\L) A p e Cwer(S)}
into P. O
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4.6 Remark. Assume that S is completely non-selfadjoint, i.e. that we have
clsU,eq(s) ker(T' — z) = P or, equivalently,

cds{d(2),¥(z): z€C} =P, (4.6)

compare Lemma 4.1. Then the map © defined above has dense range and
therefore admits a continuation to a unitary mapping © : R(w(%B)) — P. /

Our next task is to establish two compatibilities of the assignment B +— w(B).
The first one deals with isomorphisms (w, ¢) of boundary triplets, where ¢ is

of the form ¢ X ¢, cf. Definition IV.2.12 and Remark IV.2.13, (iii). The second
one with pasting of boundary triplets.

4.7 Proposition. Let B and Bs be boundary triplets, and let (w, (Jgﬁgz;) be an
tsomorphism between By and ‘By. Denote by N¢3 € C?*2 the matriz such that

b(x) = Ngz, © € C2. If By has defect 2 and satisfies (E), so does Bz, and we
have
w(By) = N;Tw(%l)N;{.

Proof. As it was noted in Remark IV.2.13, (4i7), and Remark IV.2.17, the pres-
ence of the isomorphism (w, $X¢) implies that also Bs has defect 2 and satisfies

(E).
Let ¢j(2),v,(2),a;(2), B;(2) be defined for B,, j = 1,2, as in Lemma 4.1,
and let (m;;); j=1,2 be the inverse of N,;. Then
((m11(2) + majihr (2); 2lmajéu(2) + majin (2)]);
((m“);mljal(z) +m;fi(2)) €1, j=1,2.

maj

Hence

((wlmajdr(2)+ma;r(2)]; zwma;dr(2) + majibi (2)));

(32) st myssom) e sy g=r.2, 7
and we obtain from the uniqueness assertion in Lemma 4.1
$2(2) = wlmi11(2) + ma1h1(2)], P2(2) = wlmiadi(2) +maoth1(2)]
a2(s) = Ny(ar(2) | 512) (1), ae) = Nyfan(a) |32 (11
By uniqueness in Lemma 4.1, it follows that
(az(2) | B2(2)) = Ny(ai(2) | 51(2))]\[(;1 :
Taking transposes we obtain the desired result. O

The above Proposition 4.7 applies to the isomorphism (idp, vy Kv,) from B
to the rotated boundary triplet (94 B, see (2.9). Recall also the notation ©, W
from (2.8).
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4.8 Corollary. We have w(O B) =0 w(B).

Proof. As already noted, (id, v, X v, ) is an isomorphism from B to O, B. The
desired equality follows from Proposition 4.7 and the fact that N~ = N:{ .0

For the following recall Definition 2.6.

4.9 Lemma. Assume that the boundary triplet B has defect 2 and satisfies (E).
Then also revB has these properties. Moreover, in this case, we have

w(revB) = rev(w(B)). (4.8)

Proof. Assume that B = (P,T,T") has defect 2 and satisfies (E). The base space
and the relation 7" in revB is just the same as in B, and

mul T’ = span{(m;m)} = mul(¢ o T") = span{(Vm;V'm)} .

Thus also the boundary triplet rev®B has defect 2. Since ((f;zf); (a;b)) € ¢poT
implies that ((f;zf); (Vb;Va)) €T, also the condition (E) transfers to rev B.

Denote by ¢'(2),9'(2),a/(z), 5'(z) the elements constructed in Lemma 4.1
for rev B, and let

() 2 = aate)

C21 (Z) C22 (Z)

so that ci1a + co18 = (é) and ciaa + o8 = (?) We have

((¢:20); (((1));04)), ((w;zw);(G);ﬁ)) er

and hence
(((611¢+6211/1) (011@54‘6211/1 (CH) <(1)> el
(((012¢ + C220); 2(C1260 + c220)) ( ) (?) el.
Thus )
(((611¢+0211/1) (011¢+6211/1 <0>7 ( > €gol,

o

(((612925 + c220); 2(c120 + c221))); (<

S eeer

¢ =cno+cenh, o = < o ), Y = —(c12¢ + c0v), B = <_612) .

and we conclude that

—C21 C22

Hence,

C21 (22

() = (2 02) = Vi)

Taking transposes yields (4.8). 0
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Though elementary, it is important that B +— w(2B) is compatible with pasting
of boundary triplets.

4.10 Proposition. Let 81 = (P1,T1,T1) and By = (P2,T%,T2) be boundary
triplets which have defect 2 and satisfy (E). Assume that the condition (LI) of
Proposition IV.6.2 holds true, so that the pasting B := B W By is well-defined,
has defect 2, and satisfies (E), cf. Definition IV.6.1, Proposition IV.6.2 and
Lemma IV.6.7, (iii). Denote by ¢;(2),vi(z) € P; and a;(z);,5i(2); € C those
elements and numbers, such that

((9i(2); 204 (2)); ((é); (Zlgzt))) el i=12,
(2)

v

(=@ ): (5 ) erni=1.2,
Then the elements ¢(z), v (z) € P1 WPy defined by Lemma 4.1 for the boundary

triplet B, are given as

Moreover, we have
wW(B)(2) = w(B1)(2)w(B2)(2), z€r(S)Nr(S1)Nr(Ss).

Proof. By the definition of I'} W I'e, we have

((01(2) + [a1(2)102(2)+1(2)202(2)];2¢1 (2) + [@1(2)12¢2(2) +an (2)2292(2)]);

() (i Ty ervor.

((W1(2) + [B1(2)102(2)+B1(2)2t2(2) ;2901 (2) + [Bu(2) 1262 (2) +B1(2)22902(2)));

1(2)102(2)1 + B1(2)262(2)1 !
(< ) ( Bi(2)1az2(2)2 + Bi(z )252(z)2>)) el Wl

By Lemma 4.1 this shows that the relation (4.9) holds, and that

W(B)(2) = <a1(z)1oz2(z)1—|—a1(z)252(z)1 aq(2)102(2)2+a1(2)282(2
Br(2)102(2)1+B1(2)282(2)1  Bi(2)102(2)2+B1(2)282(2

b. Construction of v(*B).

~—
NN
N———
I

ar(2)1 ai(2)2) [a2(2)1 aa(z2)2)
Pr(z) 51(2)2> (52(2)1 52(2)2)_w(%l)(z)w(%ﬁ(z)-

In Definition 4.3 we have associated to each boundary triplets B with defect 2
satisfying (E) a 2 x 2-matrix function w(B). In this subsection we will carry
out a similar construction for boundary triplets with defect 1.
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4.11 Definition. Let B8 = (P, T,T') be a boundary triplet with defect 1 satis-
fying (E). For z € r(S), let v(B)(z) be the subspace of all vectors u in C? such
that there exists (f; zf) € T such that ((f;zf); (—Ju;0)) € T, i.e.

v(B)(2) = JmL({(f;2f) : f € ker(T — 2)}).
We call v(8B)(z) the Titchmarsh-Weyl subspace of 8. /
Note that, by property (E), r(S) is not empty.
4.12 Remark. We immediately see, that v(9B)(z) = v(B)(2). /

4.13 Remark. In case that mull' = {0}, S is a symmetric relation with defect
(1,1). If in this situation (f;2f) € T and z € r(S), then (f;2f) € S = kerT.
Hence v(B)(z) is one-dimensional.

In case that mulT' # {0} we have T'= T* = S and mulT" = span{(m;0)}.
Therefore, ker(T — z) = {0} for z € r(S). We obtain v(B)(z) = span{Jm}.
Hence also in this case v(B)(z) is one-dimensional.

4.14 Lemma. Let B = (P,T,T) be a boundary triplet with defect 1 satisfying
(E). Set A := ker(m 1 o). Then A is selfadjoint. If mulT' # span{((?);0)},
then )

p(A) = {z € r(S) : mv(B)(z) # {0} },

where p(A) = () implies mul S # {0} and mulT = {0}.
Under the condition that mull' # span{(( );0)} for every z € p(A) there

exist f. € ker(T — z) and q(z) € C such that ( (12)) spans v(B)(z). Moreover,
((f: = fuw)i (zf: —wfw)) € A .

If, in addition, mulTl' = {0}, then f, is a defect family for (S, A) and q(z)
is the corresponding Q-function.

Proof. Selfadjointness of Ais easily checked using Green’s identity. Note also
that p(A) C 7(S) and that a point z € r(S) belongs to o(A) if and only if
ker(A — 2) £ {0}.

Assume first that mov(B)(2) = {0}. Let w € C? be such that span{Jw} =
v(B)(z). By definition there exists (f;zf) € T such that ((f;zf); (w;0)) € T,
and as mw = 0 we have (f;2f) € A, ie. f € ker(A — z). If we had f = 0,
then (( );0) € mulI’ = span{(m;0)}, a contradiction to our assumption. Hence
ker(A —z) # {0}.

Conversely, assume that f € ker(A—z)\ {0}. Then there exists w € C2\ {0}
such that ((f;zf); (w;0)) € I' with myw = 0, hence mv(B)(z) = {0}.

If mull' # {0}, then because of A = S we have p(A) # (. Now assume
that mull' = {0} and that p(A \) = 0. Tt is well-known, e.g. from [DS], that
then (\f;uf) € A for some f # 0 and all \,u € C. As S is a subspace of A
with codimension one, we get (Af;puf) € S for some (\;pu) € C?\ {(0;0)}. By
property (E) we must have A = 0 and, hence, mul S # {0}.

As v(B)(z) is one-dimensional the condition mav(2B)(z) # {0} implies that
v(B)(2) is spanned by a vector of the form (q(lz)), and hence

1
—q(Z)>’0)) b

for some f, € ker(T — z). As (((fz fw); (2f. —wfw)); (( )+q(w)) 0)) €T,
we find ((f fw) (Zfz_wfw))

(2
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If mull" = {0}, then S is symmetric with defect (1,1) with S* = T and
f. # 0. Hence f, € ker(S* — z) is a defect family for (S, A). Moreover, by
Green’s identity

= wllfe ful = et ol = vt = (_ ) 9(_ ) = o) —tn

q( q(2)

This shows that ¢(z) is a Q-function of (S, A) corresponding to the defect family
2 O

The following proposition is the analogue of Proposition 4.7.

4.15 Proposition. Let B7 and By be boundary triplets, and let (w,qgﬁ (;3) be
an isomorphism between By and By. Denote by Nqu € C2%2 the matriz such

that ¢(x) = Ngz, x € C2. If B has defect 1 and satisfies (E), so does B, and
we have
’U(%g) = N&U(%l) .

Proof. As it was noted in Remark IV.2.13, (ii7), and Remark IV.2.17, the pres-
ence of the isomorphism (w, X ¢) implies that also B has defect 1 and satisfies

(E).
The relation v(B2) = Njv(B1) immediately follows from ((f;zf); (u;0)) €
Iy & ((wf;zwf); (Nju; 0)) € Ta. O

The above Proposition 4.15 applies in particular to the isomorphism (idp, v, K
vy) from B to O B, cf. (2.9).

4.16 Corollary. We have v(0, B) = N,v(B). O

For Titchmarsh-Weyl subspaces a similar multiplicativity property as in Propo-
sition 4.10 holds true.

4.17 Lemma. Let B; be a boundary triplet with defect 2 and By be a boundary
triplet with defect 1 both satisfying property (E).

Assume that the condition (LI) of Proposition IV.6.2 holds true, so that the
pasting B = (P, T,T) := B, WBy is well-defined, has defect 1, and satisfies (E).
Then

v(B1 W Bo)(2) = w(B1)(2)v(B2)(2), z € r(S)Nr(S1) Nr(Ss).

Proof. For v € v(B2)(z) we have ((f;zf); (—=Jv;0)) € 'y for some f € ker(Ty —
z). Corollary 4.2 applied to 9B; gives we have

(w16(2) + w2t (2); wrz¢(2) + wazeh(2)); (W(B1)(2) ™ (=Jv); —Jv)) € Iy
with (w1 w2)T = w(B1)(2)"T(=Jv). As w(B1)(2)Jw(B1)(2)T = J we have
w(B1)(2)"T = —Jw(B1)(2)J and hence (w; wa)? = —Jw(B1)(2)v. As T =
'y W'y we have

(w1(2) + w2t (2) + f;w120(2) + w2zt(2) + 2f); (= Jw(B1)(2)v;0)) € T.
Therefore, w(B1)(z)v € v(B1 W B2)(2). O
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Note that a boundary triplet of the form B = 9; W By the assumptions of
Lemma 4.14 are satisfied, since mulT' = {0}, cf. Proposition IV.6.2.

4-18 Remark. With the same notation and assumptions as in Lemma 4.17 con-
sider A :=ker(m,; oI'). By Lemma 4.14, for z € r(S), we have z € p(A) if and
only if mv(B)(z) # {0}. In our situation this means that for the entries £;(z)
and f2(z) in the lower row of w(B1)(z) we have By (2)v1(2) + f2(2)r2(2) = 0,
where (v1(z) v2(2))7 is any non-zero element of v(%83)(z). This, in turn, is the
same as Z?EZ = —Z;Ez; In particular,

vo(2) _ Pulz)
v1(2) Ba(2)’

p(A) =0 —

/

c. Realization as a u-resolvent matrix.

We will now prove that the matrix w(8) can be viewed as a u-resolvent matrix
in the sense of [KW/0]. This is a crucial result; it provides us with several con-
clusions of great value. Also, it establishes a connection between the viewpoint
of the classical theory of differential equations and the viewpoint of the operator
theory of the associated symmetry, namely the following: In the particular situ-
ation that the boundary triplet B under consideration is the maximal operator
of a positive definite canonical system, cf. Theorem IV.2.18, the matrix w(B)
above is defined as the boundary values at the right endpoint of the pair of
fundamental solutions. The below theorem then says nothing else but the well-
known fact that this matrix is a u-resolvent matrix of the symmetry associated
to the problem.

4.19 Theorem. Let B = (P,T,T') be a boundary triplet which has defect 2
and satisfies (E), and assume that the symmetric relation S := T* is completely
nonselfadjoint. Moreover, assume that

i (1
Iz €7(S): Blzo)2 #0.

Then the restriction S1 of T' defined as Sy := ker ((7rl71 X TTp) 01") is a symmetric
and real extension of S with defect index (1,1). Its adjoint Ty := ST is given as
T1 = kel‘(ﬂ'l_l @) F)

Let P_ be the space constructed from S1 as in [KW/0, §3], and let u be the
element of P_ which is defined by

[(f;9),u], = (maoPol)(f;9), (f;9) €T, (4.11)

where

o [(asn) , mull’ = {0}
P((a;0)) := {(a;b) — M9 (em) , mull = span{(m;m)} # {0}

Then 1,(S1) = r(S) and w(B) is a u-resolvent matriz of S1. Moreover,
ind- H, ) = ind_ P, and the map = defined as
- [f, ¢(Z)]
Ene = (100 rer. (112)
[/, 4 ()]
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is an isometric isomorphism of P onto the reproducing kernel space R(w(B)).
The relation (EXZ)(S) is the multiplication operator £(z) — zf(2) in this space
with domain {f € RK(w(B)) : z£(z) € R(w(B))}.

Proof. The proof of this theorem is quite elaborate and will be carried out in
several steps.

Step 1: Due to the abstract Green’s identity (IV.2.6), the relation S; is sym-
metric. Moreover, S is real with respect to the involution . In particular, the
defect indices of S are equal.

Consider first the case that mulT' = {0}. Then I is an isomorphism of T'/S
onto C? x C?, and the abstract Green’s identity yields T} = ker(m;; o I'). We
also see that dim7T1/S; = 2, i.e. S has defect index (1,1). The relation I" is a
closed, and thus bounded, operator defined on T'. Hence, the right hand side of
(4.11) is bounded linear functional on Ty = S}, which is, by definition, nothing
else but Py, c.f. [KW/0, §3]. By its definition, [KW/0, p.290], [., .|+ is a duality
between P and P_. Therefore, an element u € P_ is well-defined by (4.11).

Assume now that mulT' = span{(m;m)} # {0}. By our assumption, mym #
0. This implies T' = ker(m; 1 o I'). Together with the abstract Green’s identity
we get

S Q Sl g kef(ﬂ'[)l Ol—‘)>k =T*= S,

and conclude that S; = S and Ty = T = ker(m,1 oI'). Thus, also in this case
S1 has defect index (1,1). Since P is nothing else but the projection of C? x C2
onto ({0} x C) x C? with kernel span{(m;m)}, we have mul(PoT) = {0}. The
same reasoning as above yields that the right hand side of (4.11) is bounded
linear functional on 73, and hence that v € P_ is well-defined by the relation
(4.11).

Clearly, r(S1) C r(S). If z € r(5), then ran(S — z) is closed, and hence
ran(S; — z) is closed. By (E), we have ker(S; — z) = {0} for all z € C, hence
z € r(S1). Let f € ker(Th — z), and assume that [(f;zf),u]+ = 0. Then
((f;21); (0;b)) € T and hence, again by (E), f = 0. Thus, r,(S1) = r(S1).

Step 2: Consider the relation
A = ker ((m,l X Tpg) O F) .

By the abstract Green’s identity we have A C A*, and thus certainly A C T7.
However, dim 77 /A < 1. Hence, A is selfadjoint. Let us show that

p(4) = {z € n(S) : B(z)a #0}.

In particular, by (4.10), it will follow that p(A) # (. To see this formula for
p(A), note that a point z € 7(S) belongs to o(A) if and only if ker(A—z) # {0},
and that p(A) C r(S). Assume first that §(z)2 = 0. Then (¥(z); 2¢(2)) € A4, i.e.
P(z) € ker(A—z). If we had 9(z) = 0, then ((?),ﬂ(z)) € mulT" = span{(m;m)},
a contradiction to (4.10). Hence ker(A — z) # {0}.

Conversely, assume that f € ker(A — z) \ {0}. Then there exist a,b € C>
such that ((f;zf);(a;b)) € ' and ma = meb = 0. By (E) we have maa # 0.
Again by (E) the fact that

(f;2f) —maa - (Y(2); 2¢0(2)) € ker(m o),
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implies f = m2a - ¥(z). Thus,

(0;6 — mea - B(2)) = (a;b) — maa - (<0

and we conclude that b — moa - 5(2) = 0. In particular, 0 = m2b = ma - §(2)2,
and thus 3(z)2 = 0.

Step 3: For z € p(A) define elements ¢(z) and v(z) as

We show that

(I —(w—2)(A- z)_l)w(w) =(z), z,w € p(A), (4.13)
where 0 # ¢(z) € ker(T} — z) and
(T = (w0 = (A= 2 )r(w) = 1(2), 2w € p(A) (1.14)

and y(z) € ker(ker(m, 2 oT') — 2).
For the first relation note that, for z € p(A),

(3, e eve) ;((_;3_52); (‘?%33) )Jer. @)

which yields ¢(z) € ker(Ty — z). As ¢(z) = 0 would give 9(z) = 0 and further
mull’ = span{((?); (?))}, we conclude that ¢(z) # 0. Moreover, for z,w € p(A)

—1
(Grag; ks wbw)) -

Hence
(p(w) = p(2);wp(w) = zp(2)) € A,

which implies (4.13).
As detw(B)(z) = 1 we have

(52 ey - (e (o, )i (TP ) er. a

Q
n

which implies v(z) € ker(ker(m,2 0o T') — 2).

(ZEZ?E ()i w(w)) - (D) wd(w)) ~ 22 (p(z); 2(2)) + (6(2): 20(2) :




and hence
(v(w) = y(2); wy(w) — 27(2)) € A,
which yields (4.14).

Step 4: By the previous step ¢(z),7v(z) span the defect space ker(T — z). The
corresponding Q-function is

a(z)2 N
Q(z) = ( 5(222 gg%gi) . (4.17)

In fact, if we consider (z € r(9))

—a(z)

o _ 2 o(2h
W(z) = —w(B)(z)J = <—5(2)2 B(- 1> , (4.18)
then for z € p(A) its Potapov-Ginzburg transform is Q(z), cf. [KW/0, §6]. Note

here that detw(B) = 1. By Lemma 0.6.2, for all z,w € p(A),

AR - (3 ) SR (V)

However, by (4.4),

W)W (w)* = J _ w(B)(z)Jw(B)(w)" —J ([QS(Z)az(w)] [¢(23ﬂ£(w)]) ,

P W [0(2), 6(w)] (), (w)]
and, hence,
Q) ~ Qw)" _
(1 -5 ([qs(z) o(w)]  [6(2) wwn) AR
0 sy ) \G)ew)] W) ew)]) 0 5l
[6(2), 6(w)] + S22 (22 [y (2), p(w)) = (55 [6(2), v(w)]—
(502)[6(2), Y (w)] — 52 [(2), B(w)] (i) 5 (), o (w)]

_ (h(zm(w)] [7(2)7@(10)]) _ (h(zm(w)] [w(Z),v(w)])
[p(2),7(w)]  [p(2), p(w)] (), e(w)]  [p(2), p(w)])
(

The last equality sign holds since the off-diagonal entries of ¥(W(z)) are equal.

If we compare this formula with the expression for % obtained from
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the explicit form (4.17) of @, and keep in mind that o and § are symmetric
with respect to the real line, we obtain

_ a(z)s _ a(@)s
[(z) v (w)] = ——= w(ﬂ(z)2 5 _)2) , (4.19)
1, -1 -1
[1(2), p(w)] = [p(2), v(w)] = — _w(ﬁ(z)2 - 6@)2)’ (4.20)
_ 1 =Bz —pw)
[p(2), p(w)] = ——=( B~ B ) (4.21)

In particular, we obtain from (4.21), that % is a Q-function of (S7,A)

corresponding to the defect family ¢(z), and (4.19) shows that ggzgj is a Q-
function of (ker(m, 2 o I')*, A) corresponding to the defect family v(z).

Step 5: We show that v(w) = Ryu, w € p(A), and that 282 is a generalized

u-resolvent of Sy induced by A where R, is defined as in [KW/0, §3] and
generalized u-resolvents as in Definition 0.4.2: By the definition of R} and

relations (4.13) and (4.14),

Rip() = ——(¢(2) — ol@); 20(z) ~ Wp(m)
Rin(2) = —= (3(2) ~ +(m); 21(2) — () .

We compute for z,w € p(A)

(), Rgt] = [Rir(2),ule = [-2= (3(2) ~ 2(@); 29(2) — Ty (), ], =
_ 1 a(z) a(@)ay ) vl
(6(2), Ryl = (R (=), uls = [ (9(2) — p(m); 29(2) ~ W) u] , =
1 -1 =1

Since S is completely nonselfadjoint, by Lemma 4.1, the linear span of all el-
ements ¢(z),v(z), z € p(A), is dense in P. Hence, v(z) = R, u. The fact,

that ggzgj is a generalized u-resolvent of S; induced by A now follows from

(4.19), Proposition 0.4.5 and its proof, where we saw that any such generalized
u-resolvent is a Q-function corresponding to the defect family R u.

Step 6: Because of

~1
[(p(2); 2p(2)), u]+ = 3 € p(4),

the u-resolvent matrix of Sy constructed by means of Definition 0.4.8 with the

selfadjoint extension A, the regularized u-resolvent O‘Ezgz, and the Q-function
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75[25)21 corresponding to the defect family (¢(z)).ep(4) is now nothing else, but

W (z) in (4.18) and, hence, w(B)(z) = W(z)J, z € p(A4).

Step 7: We know from [KW/0, §4], that the matrix W(z) has an analytic
continuation W (z) to r,(S1) = r(S). Hence, also the functions

a(2)1]pays (2)2lpa), B(2)1lpa)s B(2)2]pca)

are analytic and have analytic continuations &(z)1, &(z)2, 5(2)1, 8(2)2 to r(S).
Consider the functionals P(z), Q(z), z € p(A), as defined in (0.5.1) and
(0.5.2). We compute for f € P and z € p(A)

[f, ¢(Z)]
[u, (0(2); Z¢(2))]+

P(2)f = = [, (=8E)2)e(@)] = [, ()] (4.22)
Q(z)f = [RI f.ulx — (P(2)f)r(2) = [f, Rz u] — (P(2)f)r(2) =

— @) - (PEHE) = SR 11 @) - [1.6@)] - (PR ).

@
—~
I\
N
(V]

By Lemma 0.6.4, (4.17), and Q(z) = Q(z) we have

(2)2
(2)2

Q

=r(z).

=®

Together with (4.22) this yields

QR)f =~1f,0()], feP,zep(A).

By Lemma 0.5.1, the functions P(z)f and Q(z)f have analytic continuations to
r,(S1) = r(S). Hence, for every f € P, the functions

2= [[Y@E)], 2= 1f,0E)],  zep(4),

have analytic continuations to r(S). Therefore, also the functions

2 P(2), 2= 0(2),  zep(4),

have analytic continuations to r(S). We shall denote these continuations by
¥(z) and ¢(z), respectively.
Since p(A) is dense in r(S) and T is closed, we obtain

(@ (o) (7)) er. zers),

d(Z)z

i) (1 er. zens.

By the uniqueness assertion in Lemma 4.1 we get
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We conclude that w(B) is analytic on r(S) and is a u-resolvent matrix of Sy,
namely

w(B)(z) = W(2)J, z € r(S).
Since S is completely non-selfadjoint, the function Q(z) = ¥(W(z)) is a gen-
eralized Nevanlinna function with ind_ @ = ind_ P. Therefore, ind_ Hy, =
ind_ Hw(%) =ind_ P.
Finally, by Theorem 0.5.4,

o (26 - ([0,

P(z)f [f,4(2)]
is an isometric isomorphism from P onto R(W) Since the kernels Hy;, (w, 2)
and H,(p)(w, ) coincide, we however have A(W) = R(w(B)).

The fact that, S is mapped to the multiplication operator by =X =, follows
from Theorem 0.5.3 and its proof. 0

Using rotation isomorphisms it is easy to deduce a variant of Theorem 4.19
which is not bound to (g) and ((z)2. The original formulation corresponds to
the case v = 0 in the following statement. Recall the notation &, from (2.16).

4.20 Theorem. Let B = (P,T,T) be a boundary triplet which has defect 2
and satisfies (E), and assume that the symmetric relation S := T* is completely
nonselfadjoint. Moreover, let v € R, and assume that

mul T # span {(&y43:6,43)}

3zer(S): L zw(B)(2)é45 #0. (4.23)

Then the restriction S7 of T defined as Sy := ker(([¢X'm] x 7)o T), is a sym-
metric and real extension of S with defect index (1,1). Its adjoint T} = (S7)*
is given as ker(¢X'm oT).

Let P_ be the space constructed from S7 as in [KW/0, §3], and let u” be the
element of P_ which is defined by

[(fi9),uw], = (&1 smo PYoT)(f;9), (f;9) €17, (4.24)

where PY is the identity, if mulT' = {0}, and the projection of C? x C? onto
span{&, 4z } x C* with kernel mulT" = span{(m;m)}, otherwise.

Then ry~(S7) = r(S) and O w(B) is a u”-resolvent matriz of S]. More-
over, ind_ He_,(») = ind_ P, and map Z7 defined as

[ 6(2)]
[, 4 (2)]

is an isometric isomorphism of P onto the reproducing kernel space R(CO~ w(B)).
The relation (EY K EY)(S) is the multiplication operator £(z) — z£(2) in this
space with domain {f € R(O w(B)) : 2f(z) € R(Oy w(B))}.

& =105, sep,

Proof. We wish to apply Theorem 4.19 to the boundary triplet 4 B, cf. (2.9).
In order to do so, we must make sure that the corresponding hypothesis (4.10)
is satisfied: Since mul{(v, K v,) o'l = (N, K N,)mulT, the first condition in

61



(4.10) for O B is equivalent to mul T’ # (NT R NT) span{((?); (!))}, and hence
equivalent to the first condition in (4.23). We have

GRS

and hence, the second condition in (4.10) for (4 B is equivalent to the second
condition in (4.23).

Next we identify all the quantities appearing in Theorem 4.19 for O, ‘B.
First

S1(0y B) = ker ((m,1 xmp)o (v, Ky )oT') = ker (([(1 0)N4]x Ny)o(m X7, )ol') =
= ker (([(cos~y sinvy)m] x m)oT) =57,
and
T1 (O B) = ker(m 1 0 (vy Kvy) o) =ker((1 0)m o (vy Kvy)ol) =
=ker((1 0)Nym oT') = ker((cos~y sinvy)m o) = (S7)" =T} .
The equation (4.11) reads as
[(f:9),u(Oy B)] . = (m20Po(vy®uvy)oD)(f9), (fi9) €T,

where P is the identity map, if mulT" = {0}, and the projection of C? x C? onto
({0} x C) x C? with kernel mul[(v, K v,) o I'] = span{(N,m; N,m)}, otherwise.
Moreover, we have

(m20Po(vyRuy)ol) = ((0 1)Nyom o (NI ®N)P(N,KN,)ol). (4.25)
The linear mapping P7 := (N$ X N$)P(N7 x N.,) obviously is the projection
with ker P7 = span{(m;m)} and ran P* = span{¢,yz} x C?. The relation

(4.25) thus shows that the right side of (4.24) for B equals the right side of
(4.11) for Oy B and, hence,

u(Oy B) =u".
Finally, by (4.7), we have
B(Cy B) = cosy - p+sin - = 7, (O, B) = —siny - ¢+ cosy v = 7,

and hence

£ (04 B)(

$(Oy B)(2)]
[f:9(Oy B)(

[/, ¢(?)]>
=N .
)]) V([fﬂ/)(i)]
Theorem 4.19 now yields that r,~(S]) = r(S), that w(0, B) is a uY-resolvent

matrix of S}, that ind_ H, (s, ») = ind_ P, and that Z7 is an isomorphism of P
onto K(w(O~ B)). However, by Corollary 4.8, we have w(O B) =0, w(B). 0O

SIS

(50 B)/(2) = (

Looking at Theorem 4.20 from a little different angle, we obtain the following
corollary.
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4.21 Corollary. Let B = (P,T,T) be a boundary triplet which has defect 2
and satisfies (E), and assume that the symmetric relation S := T* is completely
nonselfadjoint. Moreover, assume that for some v € R the conditions (4.23) are
satisfied.

Then ind _ H,() = ind_ P and the map Z defined as in (4.12) is an isomet-
ric isomorphism of P onto the reproducing kernel space R(w(B)). The relation
(EXE)(S) is the multiplication operator £(z) — 2f(z) in this space with domain
{f € RW(W)) : 2f(z) € Kw(B))}. In fact, = = O, where O is defined in
Remark 4.6 by (4.5).

Proof. We can apply Theorem 4.20 with the number v given by the present
hypothesis. The fact that = is then an isometric isomorphism follows from
(2.11) and the remark made after it. Finally, by the definition of = and by the
fact that R(w(B)) is a reproducing kernel space E maps A¢(wW) + uy(w) onto
H ) (w, )(2) Therefore, = = O~ 0
4.22 Remark. Let us have a closer look at the set £ of all values v € R for which
(4.23) fails. If w(B) = +J, trivially, $+% (£J)&y+7 =0, and thus € = R.

Let us show that otherwise |[0,7) NE] < 3. The condition in the first line of
(4.23) fails for at most one value of v € [0, 7). Assume that the condition in the
second line fails for three different values v1,72,73 € [0,7), and let z € r(95).
Since span{{“v_k%}J- = span{J&, 4z }, this implies that &, 1=, j = 1,2,3, are
eigenvalues of the matrix w(B)(z). Since each two of these vectors are linearly
independent, this yields that Jw(B)(z) = 1, i.e. w(B)(z) = £J.

Finally note that if w(%8) = £J and if S = T* is completely non-selfadjoint,
then due to Remark 4.6 P = {0}. /

As a consequence of Theorem 4.20, we can compute the reproducing kernel space
generated by the matrix constructed from a pasting of two boundary triplets.

4.23 Corollary. Let B1 and By be boundary triplets which have defect 2 and
satisfy (E) and (LI). Assume that S(B1), S(Bz), and S(B1WDB3) are completely
nonselfadjoint, and that non of the matrices w(B1), w(B2), and w(B1 W By) is
equal to £J. Then

R(w(%l (] %2)) = ﬁ(w(%l)) D [w(%l) ﬁ(w(%Q))] .

Proof. Due to Remark 4.22, we can choose a value v € R such that (4.23) holds
for each of B, By and B := B WB5. Denoting the corresponding isomorphisms
given in Corollary 4.21 by =1, =2 and =, we have

P(%l) X P(%Q) :P(%1 H’J%Q)

21XE, =

R(W(TB1)) X R(W(Bg)) oo > R(w(B1WB,))

Zo(2;XE=,) "t

However, if f1 € P1, fa € P2, we obtain from (4.9) that

i (200N _ (1frar@NY o (FdaE)]) _
=i f2)(=) = ([(fl;f2>,w<z>1> - ([fl,m(z)]) Bl )<[f2,w2<z>])
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=Z1f1(2) + w(B1)(2)Z2 f2(2) ,

and, hence,
(E o(E1 X Eg)fl)(F; G)(z) = F(2) +w(B1)(2)G(z), F € R(MB1)),g € K(B2)) .
The assertion follows. O

4.24 Theorem. Let B = (P1,11,T1) be a boundary triplet which satisfies
thehypothesis of Theorem 4.19. Moreover, let By be a boundary triplet with
defect 1 satisfying property (E) such that the condition (LI) of Proposition IV.6.2
holds true. Set

B = (P,T,F) =B, W B,y

and A :=ker(m1 o), and assume that p(A) # 0. For z € p(A) let
(q(lz)> € v(B)(z) and f. € ker(T — 2)

be as in Lemma 4.14. Let z € 7(Ss), and let (v1(2) v2(2))T be any nonzero
element of v(B2)(z). Then

, (4.26)

and this function is a generalized u-resolvent in the sense of Definition 0.4.2
of S1 := ker ((ﬂ'l’l X ) © Fl) induced by A. Here u is the same element as in
Theorem 4.19. Moreover, f, = (R u for some £ € C\ {0}.

If it is not the case that q(z) = 22 2 € ¢(S), and that this function is a

T va(z)

real constant 6 such that mulT'; = span {((:é); (:;))}, then & = —1.

Proof.
Step 1: First of all (4.26) is an immediate consequence of Lemma 4.17.

Step 2: Note that A := ker(m 1 o (I'1 WT'9)) is in fact a selfadjoint extension of
S1 = ker((m1 X mp) oI'q). Let A =ker((m1 X mp2) oI'1) be as in Step 2 of the
proof of Theorem 4.19.
In the following R denotes the extension of the resolvent as defined in
[KW /0] on page 290, where now B is P; and P is P and where 4 = A.
Because of

[g—Ef,Rz_u] = [Rj(g_zf)?u]i = [(f;g)vu]j: ’

cf. Proposition 0.4.5, R, u is an appropriate parametrization of the defect spaces
of the symmetric restriction

Su={(fi9) € A:[(f;9),ul, =0}

of A. AsT =T, WT' and consequently P_ = P_ & (PoP)? and as u € P_
we see that

Su={(fi+ f2591 +g2) : 3 ((f1;91); (a1;b1)) € T'1, ((f2592); (a2;0)) € Ty,
by = az, ma1 =0, [(fi;91),u], =0}
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Since u is defined such that

[(f1;01),uly =m20PoTli(f1591),

cf. (4.11), where P = I in case mulT; = {0} and P is the projection of C? x C?
onto ({0} x C) x C? with kernel mulT';. As ma; = 0 in the above equation it
follows that
Su=A{(f;9) €T :mol(f;9) =0} =T"=:5.

Thus R, u € ker(T — z). By Lemma 4.14 and Lemma 0.4.3 R, u is a constant
multiple of f,.

Note that, since mulT' = {0}, S has defect (1,1), and hence, both R u and
f» do not vanish.

Step 3: For z € p(A)Np(A) let g € Py\ran(S; —z) and set f = (A—z)"1g (€ Py)
and f = (A — 2z)~!g. According to the decomposition P = P; & Py we write
f=fi+ fo. It follows that

i+ ): ("9 )y e (4.27)
for some a(z),b(z) € C. Moreover, ((f;g+ zf); ((&(OZ));O) el =T1wIy, and
hence,

(gt =nsl (o) (S0 D ern Waani () Jiop ere (029
for some a(z),c1(z),c2(z) € C. By Definition 4.11 J(Z;gzg) € v(B2)(z). More-
over, from (4.27) and (4.28) we obtain

(fr=fiz(fr = 1)) (<&(Z) E a(z)); <Cl(2(_z)b(z)>)) er;. (4.29)

By the definition of w(B1)(z) = ((2222) | (gigi;))T (see Lemma 4.1 and Corollary
4.2)

(m(Z(;)b(Z)) = (a(z) — a(z)) (Z;ZD (4.30)

On the other hand we have by Green’s identity (¢(z) is defined in Lemma 4.1
applied to B)
l9:0(2)] =g+ 2f, 0 ()] - [f, 20 (2)] =
0 B2\ (b(2) T
(0 1)J<a(z)> - (52(5)) J( 0 ) = —[2(2)b(z) = —P2(2)b(z).
Hence, with the notation from the proof of Theorem 4.19, Step 3, we have
[9,¢(2)] = b(2). For a(z) — a(z) # 0 we obtain from (4.30)

ci(z) = [9,0(2)] + (@(2) — a(2))B1(2), c2(2) = (a(z) — a(2))Ba(2)-

As z € p(A) we have (2(z) # 0, compare the proof of Theorem 4.19, Step 2,
and hence cz(z) # 0. Therefore,

alz) _ l9, £(2)] L Oiz)

c2(2)  (a(2) —a(2)) Ba(z) ~ Pa(2)’
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und further [ ()] )
o g, Pz
(a(z) —a(2)) = : :
ci1(z) _ Bi(z)
ag - ag »e)

By (4.29) and Lemma 4.1

) z 1 ) z
h=F+ a<[§> (i(z)l](z) Bt = % #(2): (4:31)
ca(z)  Pa(z) ca(z)  Pa2(z)

o

If a(z) —a(z) = 0 for some z € p(A)Np(A), then by property (E) of B; we have
f1 = fand ¢1(2) = b(2), ca(z) = 0. By property (E) of B2 we have ¢1(z) # 0.
Thus, also in this case (4.31) holds true.

However, since —Z;Ej; is the @Q-function of (S, A) corresponding to the

defect family ¢(z), cf. Step 3 of the proof of Theorem 4.19, the formula (4.31)
is nothing else, but Krein’s fomula for generalized resolvents of Sy, see (0.2.4).

Step 4: Let W(z) be the u-resolvent matrix of S; constructed by means of
Definition 0.4.8 with the selfadjoint extension A, the regularized wu-resolvent

r(z) = gjg;, and the Q-function —g;g;;, see Step 5 of the proof of Theorem
4.19

By Theorem 0.4.9 and (4.31) we get that

is a generalized u-resolvent of S7 induced by A. Moreover, by Step 6 of the
proof of Theorem 4.19 W(z)J = w(%B1)(z), and hence,

F(2) = w(B1) () * —28 —w®B)() A ) @

Step 5: In Step 2 of the present proof we saw that f, = ER; u for some & €
C\{0}.

To compute the actual value of ¢ we employ (0.3.8) and the fact that ((4 —
2)71)7u = (2), cf. Step 5 of the proof of Theorem 4.19. This gives

- u, (p(2); 2e(2))]+
PRu=A(z) - | £1((z)) 61(<z3)] wolz) =
c2(2) ~ B2(2)

el e L
&+ 55 ol 50 p(z) = 7(2) + 0T~ Ai(2) ¢ (2)-
Since v(z), p(z) € P1 we obtain
[v(2), PLR,u] = [v(2), v(w)] + . [v(2), p(w)]
(28 Ba(@) - 61 (@)
and
[p(2), PLR,u] = [p(2), y(w)] + . [p(2), p(w)]




On the other hand, by the definition of f, and by Corollary 4.2, we have

1

(wzmfg(_ )

) (o

)_
)_

q(2)01(2)

q(2)62(2)>)) €h-

Hence, by Green’s identity, and by (4.15) and (4.16),

w

w)y(2), Pufw] = [2

) ?(s8) - (o

(z -
Casfe)
B2(2) Ta(®)

— w)[p(2), P1 fu] coincides with
0

(o) ()~

Ba(z)
52—(2) — al(ﬁ}) +

1

’U}

and (z

1
q(w)

g (w) —
a9 (U)) —

q(w)pr(w)

(az(w) — q(w)Ba2(w)) -

+ (ao(w

From (4.32) and the fact that det w(%B1)(w) =

= p1(w)) +

V(2), Prfwl = [v(2), wPLfu] =

= q(w)Br(w)
— q(w)Ba2(w

)()-

1 we get

042(“1)
2 w)

Bi(w) —

ﬁ2<w> ald -
1

B (w)

1

Qg (W)
B2 (w)
1

()

B2(z)

P2(@) By (w)

c1(w)
c2 (’lf))

~ Bi(w)

1

c1 (117)
c2 (’lf))

0) Gy ()

1

—Bi(w)

Bo(@) 20— 3y () Pz

-1 -1

c1 (117)
c2 (’lf))

B2 (w)

a2(w)) ~ Bal(w)

= Pr(w) (

Balz) 62(15)) '

-1

()

Ba(2)  Ba(w)
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Therefore, according to relations (4.19) and (4.20), [v(2), P fu] coincides with

[v(2), —PiR,u] and [p(z), P1 f] coincides with [p(z), —P1 R,u]. By the com-

plete non-selfadjointness the vectors v(z), ¢(z) span Py and, hence, —P) R,u =

P fy,. If this vector does not vanish for at least one w € r(.5), we get £ = —1.
If this vector always vanishes, then ((0;0); ((qzul))); (2;))) €T’y and

(I=P1) fu; w(I=Py) fu); ((32);0)) € s for some by, by € C. Therefore (,,,)) =

(Z;) and mull'y = Span{((ﬂ;(iu)); (7;&)))} for all w € r(S). From this see

that ¢(w) is constant. Moreover, J(q(j)) spans v(B2)(z) and, hence, ¢(w) =

vi(w) D

va (w)*

4.25 Remark. Assume that in the previous theorem it is the case that ¢(z) =

Z;EZ’ z € r(S5), and that this function is a real constant such that mully =

Span {((7;(1))? (7;(1z)))}'

If in addition mulT's = {(0;0)}, then, since according to Lemma 4.14 ¢(z) =
Z;Ej; is a @Q-function corresponding to the defect family (I — P1)f, € ker(Tz —z),
the span of these defect vectors is a neutral subspace. In particular, P must
have at least one negative square.

If mulT's # {(0;0)}, then according to Remark 4.13 mulT's is spanned by

(q(_u];))' But this is impossible since we impose condition (LI) of Proposition

IV.6.2. /
4.26 Remark. By Remark 4.18 the fact that p(A) # 0 is equivalent to the fact
that the denominator in (4.26) does not vanish identically. /

d. The matrix w(B(WW)) induced by W € M.

We will now show that the constructions of w(.) and 9B(.) are in a sense converse
to each other. First, let W € M. be given. Then the construction of w(.)
can be applied to the boundary triplet B(W). It is easy to compute w(B(W)).

4.27 Proposition. Let W € Moo, W # I. Then w(B(W)) = W.
Proof. We have
1

((tw(z0 (o) stz (5 ) (o) @ (o)) € T,
(

Thus
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Secondly, let a boundary triplet 8 which has defect 2 and satisfies (E) be
given. Then we can consider the boundary triplet B(w(9B)). It is equally easy
to relate it with 8.

4.28 Proposition. Let B be a boundary triplet which has defect 2 and satisfies
(E). Let ¢(z) and ¢ (z) be the elements constructed in Lemma 4.1, assume that
S is completely non-selfadjoint. Moreover, let © : R(w(B)) — P be the unitary
operator defined in Remark 4.6.

Then the pair (0;id) is an isomorphism between the boundary triplets
B(w(B)) and B.

Proof. By Lemma 2.12 and the definition of B(w(B)) it is enough to show that

((@ X ©)(Hy(m)(w, .)v; WH,, ) (w, .)v); (U;w(%)(w)*v)) €l, weCvelC?,

(4.33)

By linearity, it is enough to consider the cases v = ((1)) and v = (?) However,

we have

O () 1)) = @), wB)w) (3) = at),
Oty (1)} )) = (@), wemw)(7) = oo,
and thus (4.33) follows from the defining relations for a and S. 0

e. The matrix w(B(h)) induced by a general Hamiltonian.

Let b € H<oo. The construction of w(.) can be applied to the boundary triplet
B(h). Properties of the boundary triplet B(h) reflect in properties of w(B(h)).

4.29 Proposition. Let h be a regular general Hamiltonian. Then w(B(h)) €
Moo and

(Ai+[g])+\{1 <i<n:d; odd ey <0}|.

v

ind_ w(%B(h)) =

=1

The map Z defined by (4.12) for f € P(h) is an isometric isomorphism of P(h)
onto R(w(B(H))).

Proof. We have r(S(h)) = C, hence w(B(h)) is entire. Moreover, S(h) is com-
pletely nonselfadjoint. We need to show that

w(B(h))(0) =1. (4.34)

In order to establish this relation we first consider positive definite and ele-
mentary indefinite general Hamiltonians, and then use the standard pasting
argument.

If b is positive definite, i.e. h is just a Hamiltonian H(¢), t € (s—,s4),
then any constant C*-valued function f(t) := (}) satisfies f' = JH (8). Hence,
((f;0):((1); (3))) € T(H), cf. Subsections IV.2.1.c and IV.2.1.d. If b is an
elementary indefinite Hamiltonian of type (A), then we see from Definition
1V.4.11 and Definition 1V.4.12 that

((x- <(1)) + X+ <(1)) ;0); ((é); (é) ), ((po; 0); (<2>; (2) ) € T(h).
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Finally, if b is an elementary indefinite Hamiltonain of type (B) or (C), then we
see from Definition IV.4.3 and Definition IV.4.5 that

((0;0); (((1)>; (é))), ((po; 0); (((1)); (?))) e (h).

In all these cases we have w(8(h))(0) = I.

Next let h be an arbitrary regular general Hamiltonian, and let Hamiltonians
h!,1=0,..., N, be defined as in Remark 3.36. By Corollary 4.8 and Proposition
4.10 we conclude from (3.9) that

W(B())(2) =Oq w(BOH”))(2) .- Oy w(BOY))(2).

Evaluating at z = 0 yields (4.34).
The relation (4.34) gives

rzw(B0)(0)& 45 =1,

and hence the hypothesis (4.23) is satisfied for all but at most one value of
v € [0,7). An application of Corollary 4.21 yields the desired assertion. 0

From Remark 3.42, Proposition 4.7 for (), and from Remark 3.43 together
with Lemma 4.9 und Proposition 4.7 for rev we immediately obtain the following
compatibility result.

4.30 Lemma. For b be a regular general Hamiltonian and o € R we have

w(B(Oa b)) =Oa w(B(h)) and w(B(revh)) = revw(B(h)). O

For elementary indefinite Hamiltonians b of kind (B) or (C), the matrix w(B(h))
can be computed explicitly.

4.31 Proposition. Let ) be an elementary indefinite Hamiltonian of kind (B)
or (C) which consists of the data

H(t), t €[s—,0)U(0,s4],

5€NU{0}, bi,...,bs41 €R, dy €R, d; =0,
subject to the conditions of Definition IV.4.1. Then

1 0
w(B(h))(z) = <_Zd0 + 2%bsy1 + ...+ 2920 1) '

Proof. In both cases, kind (B) or (C), we have mulT'(h) = span{((;); (;))}, cf.
Lemma IV.4.19. Hence,

If b is of kind (C), trivially ker(T — z) = span{po}. In fact, (po; zpo) = (po;0) +
2(0; po), which shows that A(po; zpo) = (2‘110), and thus

(s zmor( (1) (730)) v, (4.35)
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Hence

v = 5 = (T50).

Assume now that b is of kind (B). In this case

ker(T — z) = span {po + Z 1565},

Jj=0

with

5—j

— k+1 . .
= g 2" bigs—j—k, §=0,...,0.
k=0

To see this, note that by the definition of p; we have pu;_1 — zp; = 2bs—j12,
j=1,...,6, and remember b = 37" 0,61, 5_;. Hence,

(o + > mibs52po+ > 21565) =
=0 =0

5

= (po;0) + Zz,uj((sj,l; ;) + 2(b; po + dodo) + z(po — do)(0; o) -

j=1
Hence ) )
o o Py d _ /L
Apo + > 1i6552p0 + Y 211565) = ( ( 01 O)> ;
§=0 §=0

and therefore
g g 0\ [—zdo+
((po + Zujéj; zpo + Zzujéj); ((1); ( z 01 zuo))) eT(h).
j=0 j=0
It follows that

B(z) =po+ > pd, Blz) =

(-Zdo + ZZZO Zk+2b1+b‘—k)
=0

1

4.32 Corollary. Let b be a reqular general Hamiltonian given by the data
h(t)£¢€£7 te [5*7 U) U (Ga S+] )
GENU{O}, bl,...,b5+1 eER, dyeR, dy =0,

where h is locally integrable on [s_,0) U (0,s4], [ h= [7" = oo, and where
either by =0 or dg < 0,6 =0, by =0. Then

1 0
w(B(H))(2) :O%ﬂb (—Zdo + 22b5+1 + o+ 202 1>

Proof. Under the present hypothesis the general Hamiltonian Og—z b is ele-
mentary indefinite of kind (B) or (C). The assertion follows from Proposition
4.31 and compatibility with ©,, Lemma 4.30. 0
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4.33 Remark. Let h be a positive definite regular Hamiltonian which consists of
just one indivisible interval, i.e. let h = H where H(t) = h(t)§s65, t € (s—,s4),
where h is some non-negative integrable scalar function. Let us show that

w(B(h))(2) =0z (_Z }Sf h (1)) =Wt e (2)-

The same argument as in Corollary 4.32 shows that it is enough to consider

the case ¢ = 5. Hence, assume that ¢ = 5. Then, by the considerations in

2
[KW/IV, §2.1.¢], we have mulT'(H) = span{((;); (}))}, and therefore
Moreover,

and hence

We conclude that . 0
o80) = (_, ooy )
/

4.84 Remark. Let h be a positive definite singular Hamiltonian which consists of
just one indivisible interval, i.e. let h = H where H(t) = h(t)@,{g, te(s_,s4),
where h is non-negative scalar function, which is integrable on all subintervals
(s—,t) C (s—,sy+). Let us show that

oBO)) =055 (]) =spenda)

Note that the boundary triplet B(h) induced by the singular positive definite
Hamiltonian has defect 1 an satisfies property (E), see [KW/IV, §2.1.e]. There-
fore, v(B(h))(z) is well-defined, cf. Definition 4.11.

The same argument as in Corollary 4.32 shows that it is enough to consider
the case ¢ = 7. Hence, assume that ¢ = 5. By the considerations in [KW/IV,

§2.1.¢], we have mulT'(H) = span{((é);())}, and therefore (see Remark 4.13)

(B (9)(2) = span(7 )} = spanfss ).
J

Let us make explicit the following compatibility of w(.) with splitting of .

4.35 Lemma. Assume that § € H<oo is regular, and let {ro,...,Tm+1}, 1o <
ry < ...<Tmt1, be a finite subset of I such that

0o = 00y, T"m+1 = On+1, TiEIreg,izl,...7m.
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Then we have .

w(B(h)) = Hw(%(bmHm+1))7 (4.36)

=0

ﬁ(w(%(h))) = R(W(%(UTOHH))) D w(%(bﬁﬂ—ﬂ“l)) 'ﬁ(w(%(brn—*w») D...

m—1
D H w(%(hTiHTi+l)) : R(w(%(hTmHTerl))) :
=0

Proof. With the notation from Definition 3.47 by Lemma 3.44 we may apply
Proposition 4.7 with ¢ = id and then Proposition 4.10 to conclude that (4.36)
holds. The relation between reproducing kernel spaces follows from Corollary
4.23. 0

4.86 Remark. According to Remark 3.51 we obtain from Lemma 4.35 that past-
ing of general Hamiltonians is also compatible with building w(.):

Let b;, i = 1,...,m, be general Hamiltonians. If (—paste) fails for each two
consequtive Hamiltonians, then

w(B(H0:) = [[wB®:)
i=0 i=0
Moreover, the reproducing kernel spaces are connected as in Lemma 4.35. /

Let b be a regular general Hamiltonian. Observe that, by Proposition 4.31,
Corollary 4.32, and Remark 4.33, we have computed w(B(h)) explicitly in those
cases when mull'(h) # {0}. If mull'(h) = {0}, this will in general not be
possible. However, w(2B(h)) can be represented with help of the function T*¢(h) :
T(h) — AC(I) x M(I)/=,,, which was defined in Remark IV.8.9.

4.87 Remark. Let b be a regular general Hamiltonian defined on the set I =
Ui_(0i,0i41), and assume that mulT'(h) = {0}. Let ¢(z) and ¢(z) be as in
Lemma 4.1. Then

w(B(h))(2) = (mP*(h)(¢(2); 26(2))(00) | mT*(h) (1(2); 2(2)) (0n41))

This is obvious from the last lines of Remark IV.8.9, cf. the bottom line on
[KW/IV, p.827]. /

T

5 Construction of the maximal chain

In this section we turn to the actual construction of the chain wy : TU {09} —
M o associated with the general Hamiltonian h. After the definition of wy, we
will prove the following theorem:

5.1 Theorem. Leth be a general Hamiltonian defined on I = J;_(0i, 0541). If
b is regular, then wy is the finite mazimal chain going downwards from w(B(h)).
If b is singular, then wy|r is a mazimal chain. In either case, we have ind_ h =
ind_ wy.
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Moreover, by means of this result, the following definition is meaningful, cf.
Lemma I1.8.2:

5.2 Definition. Let h be a singular general Hamiltonian. The function

Gy 7= Goo(wp)
is called the Weyl coefficient of b. /
The content of this section is arranged in five subsections:

a. We give the definition of wy, and prove some of its properties.

b. In this subsection we give the proof of Theorem 5.1 for the case that b is
regular. This is done by invoking Proposition 3.10.

c. The case of a singular general Hamiltonian can easily be reduced to the
regular case.

d. We show compatibility of the assignment § — wy with the previously
defined operations O, rev, and with pasting.

e. We give a representation of gy as a Q-function.

a. Construction of wy.

In the following let h always denote a (regular or singular) general Hamiltonian.

5.3 Definition. In the singular case let ¢ € TU{o¢} be given and in the regular
case let t € I U {0,011} be given. For the definition of wy(t) we distinguish
the following cases. First we deal with the cases that ¢ is not contained in an
indivisible interval.

(i) If t = 09, put wy(t) :=1I.
(1) If b is regular and t = oy,41, put wy(t) := w(B(h)).
(i13) If t € I\ Lsing, define wy(t) := w(B(h+t)).

It remains to define wy(¢) if ¢ is inner point of some indivisible interval. Assume
that (t—,t4+) C I is the maximal indivisible interval which contains ¢, and write
H(t) = h(t)@gi, t € (t_,ty), where ¢ € [0,7) is the type of the indivisible
interval and h is some locally integrable scalar function.

(tv) If t_ € IU{oo}, and hence belongs to Ieg U {00}, define
wy(t) == wy(t-) - Wa_ .0 » (5.1)

where I_(t) := [ h(t) dt.

t_

(v) Assume that t_ ¢ TU{o¢}. Then we must have ty € TU{0y, 11}, cf. axiom
(H2) in Definition 3.35, and hence t; € Ieg U {ont1}, where the case
t = op41 can occur only if § is regular. In this case set [ (t) := fti h(t) dt
(< 0), and define
wy (1) == wy (t4) - Wy 0),0) - (5.2)

/
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First of all note that wy(¢) actually always does belong to M. If ¢t €
(IU{00}) \ Lsing, this was said in Proposition 4.29, otherwise it follows because
M is closed with respect to products and W 4) € Mo U M.

We will frequently employ our standard splitting-and-pasting method. In
order to do so, it is practical to note explicitly:

5.4 Lemma. Let s, s’ € (IU{oo})\ Lsing, s < &', be given. Then
wy(t) = wy(s)wy, (), te (T U{oo})N|[s,s]. (5.3)

Proof. Let t € (I U{oo})N[s,s] be fixed. If ¢t = s, we have wy,__ () = I and
hence (5.3) holds.
Assume next that ¢t € Leg, t > 5. We employ Remark 3.48 to obtain

Wh o (t) = w(%((bw—w’)ﬁt)) = w(%(by—)t)) s

and hence
wp(t) = w(B(har)) = w(B((hat)as)) - w(B((hae)sr)) =

=w(B(h4s)) - w(B(hst)) = wy(s) -wy, (1)
Note here that
Ircg(hs<—>s/) = Ircg(b) N (57 5/) . (54)

since the Hamiltonian functions of hs.,s are just restrictions of the Hamiltonian
functions of b.

Assume now that we are in the case (iv) if Definition 5.3. Note that, by (5.4)
and s € I eg, case (iv) prevails for b if and only if it does for hs.s. Moreover,
we must have t_ > s. Clearly, the magnitudes ¢ and h(t) are the same for h
and hs,s. Hence, by what we have already proved,

wi(t) = wy (L)W (1),6) = wu(s) - wy, ., (E)Wa_@),0) = wy(s) - wy,__, ().

If we are in case (v) of Definition 5.3 for h and thus also for hs,s, we can
proceed in the same manner. We must have ¢ < s’, and the magnitudes ¢ and
h(t) are the same for h and bh,.,s. Hence

wy () = wy ()W, (1),6) = wy(s) - wy,_, ()W 1),0) = wp(s) -wy,_, (1)

[

With the help of Proposition 4.31 — Remark 4.37, we can determine wy ex-
plicitly if mulT'(h) # {0}, and at least represent it in terms of ¥*°(h) otherwise.

5.5 Proposition. Let §) be a reqular general Hamiltonian.

(i) Assume that by is positive definite and consists of just one indivisible in-
terval, and write b = H with H(t) = h(t)€s¢7, t € [s—,54]. Then

wy(t) = Wa_w),¢), t € [s_,54],

where 1_(t) == [' h.

S
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(i1) Assume that b is given by the data
h(t)EsEs, t € [s—,0) U (0,54],

5€NU{O}, bi,...,bs41 €R, dy e R,dy =0,

where h is locally integrable on [s_,0) U (0,54], [7 h= [T h = o0, and
where either by #0 or dy <0, 6=0, by =0. Then

(0 =Wt 00 =050 () 1) telsno).

1 0
w (1)) _Og_¢(—z(l+(t)+do)+22b5+1+. 202D, 1) L€ (oy84],

where 14 (t) := fst+ h.

(131) Assume that mulT'(h) = {0}. Let ¢(z) and ¢ (z) be as in Lemma 4.1 for
B(h). Then

wy(£)(2) = (mP(B)($(2); 20(2)) () | ML () ($(2); 200(2)) (1)
teluU {Uo} .

Proof. The assertions in (i) and (i) are immediate from the definition of wy
and Remark 4.33, Corollary 4.32.

In order to show (4i7), consider first the case that t € (I U{oo}) \ Lsing. For
t = 09, we have by Remark 4.37,

wy(00)(2) = I = (MW" (0)(9(2); 26(2))(00) | TP (H) (%(2); 285(2))(00)) " -
If ¢t > 0p, we obtain from (3.15) and Remark 4.37 that
wy (8)(2) = w(B(har))(2) =
= (@ (H) (@(h40)(2); 26(h0) () () | T (Bar) (% () (2); 26(h40)(2)) () "=

T

= (mP(0)(¢(h)(2); 26(h) () (t) | m L (b)) (¥ () (2); 20(h) (2)) (1))~ -

Next observe that, by Remark IV.8.9, ¢ maps T'(h) into T'(H), and that the
definition of W¢ ensures that

mU(0)(f; 2f) = zmW(b)(f; 2f), [ € ker(T(h) — 2).

Thus the matrix function

Mt z) = (MU (h)($(2); 26(2)) () | mU(h) ($(2); 200(2)) (1)
teIU{op},z€C,

satisfies the differential equation

%M(t,z)(} =zM(t,z)H(t), teI.
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Assume now that t € Ign, is given, so that either case (iv) or (v) of Definition
5.3 prevails. If we have t_ € I U {op}, then M(¢,z) is the (unique) solution of
the initial value problem

0

EW(t, 2)J =W (t,2)H(t), t € [t_,t}), Wt_,z)=M(t_,2).
Since (t_,t) is indivisible, however, this equation is easily solved on this inter-
val and we obtain

M(t,z) = M(t_, Z)W(l,(t),qb)a tet_,ty).
By what we have already shown, it now follows that
wy(t) =wy(t=) Wa_),e) =M({—,.)  Wa_@),e) = M(t,.), t € (I—,t4).

The case that t— ¢ I U {0} can be treated in a completely similar manner,
since then the function M (¢, z) is the (unique) solution of

%W(t, 2)J = 2W(t,2)H(t), t € (t_,t4], W(ty,2z)=M(ty,2).

U

5.6 Corollary. The function wy : I U {0} — Mcoo is locally absolutely con-
tinuous and satisfies the differential equation

%wh(t)(z)J = zwy(t)(2)H(t), t €1, wy(og) =1, (5.5)

and wy(ont1) = w(B(h)) in case by is regular.

Proof. If b is regular, this is obvious from the above proposition and its proof.
Consider the case that f is singular. If s € I;¢g, then

wh(t) = wh“ls(t)7 t<s,

and hence wy satisfies (5.5) on I N (09,s). If suplieg = 0nt1, We are done.
Otherwise, put s := sup lreg. Then s € I, and the interval (s,on41) is a
maximal indivisible interval, cf. axiom (H2) in Definition 3.35. By what we
know for the regular case, wy|(1u{oy})n[00,s] 1 locally absolutely continuous and
satisfies (5.5). However, it is apparent from the definition of wy that wyl(s,0, )
is locally absolutely continuous and satisfies (5.5). Thus also in this case the
desired assertion follows. O

5.7 Remark.

(1) Although the equation (5.5) looks like an initial value problem, actually
it is not: If b is indefinite, the set I is not connected. In particular, wy
is not uniquely determined by (5.5). This is of course no surprise, since a
general Hamiltonian also contains the data 6;, b;;, d;;, and this data does
not appear in (5.5).

(#7) We already see that the function wy is closely related to the general Hamil-
tonian b, namely via the equation (5.5).
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(i4i) If h = H is positive definite, then (5.5) is a proper initial value problem.
Hence, in this case, wy coincides with the chain wy previously defined, cf.
Proposition 3.23, ().

/

b. Proof of Theorem 5.1, h regular.

We will employ Proposition 3.10 to show that, for a regular general Hamiltonian
b, the function wy is a finite maximal chain.

The function wy maps the set I U {0}, which is of the form described in
Proposition 3.10, into M, the matrix w(B(h)) belongs to M, and as we
have already noted the equalities in hypothesis (7) of Proposition 3.10 hold true.
The validity of hypothesis (iéi) is an immediate consequence of the differential
equation (5.5), axiom (H1), and the classical theory of canonical systems:

5.8 Corollary. If s, s’ belong to the same connected component of I, s < s,
then

’

ton(s) = tlan(s) + [ ot

In particular, the function t(wy(t)) is locally absolutely continuous and strictly
increasing on I and

tl;ng t(wy(t)) = +o0, tling t(wy(t) = —c0, i=1,...,n.

g

It is more exhausting to show that hypothesis (i7) of Proposition 3.10 holds
true.

5.9 Proposition. Let ) be a regular general Hamiltonian, and let t € I U{og}.
Then

ind_ wy(t) =
= Z (Ai + [g]) + Hl <i<n:o;<t, 0 odd,c;1 < O}’ , (5.6)
1=1,...,n
o; <t
ind_ (i (1) "w(B(H)) =
= Z (Ai + [g]) + Hl <i<n:o;>t 6 odd,ci1 < O}| . (5.7)
1=1,...,n
o; >t

In particular, ind_ wy(t) is constant on each component of I U{oo}, and
ind_ w(B(h)) = ind_ wy(t) + ind_ (wy(t) " 'w(B(H))) -

Proof (of Proposition 5.9, Case t € (I U{oo}) \ Lsing). We know from Proposi-
tion 4.29 that

ind_ w(B(h)) = _ Z (A + [g]) +{1<i<n:é odd,ciy <0}
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In the cases that t = o or t = 0y,41, the desired formulas (5.6) and (5.7) readily
follow.

Assume that ¢t € (0p,0n+1). By the definition of wy we have wy(t) = wy.,,
and by Lemma 5.4 we have wy (t) "'w(B(h)) = wp,.. Hence (5.6) and (5.7) follow
from Remark 3.45 and Proposition 4.29 applied to h¢; and by, respectively. []

If ¢t € ILgng, three cases may occur: If (t_,¢;) is the maximal indivisible
interval which contains ¢, then

t_,ty € IU{og} or t_e€lU{op},ty ¢ IU{op} or

t_ €IU{O’Q},t+ elu {Uo}

Proof (of Proposition 5.9, Case t_,t; € I U{o¢}). Write H(t) = h(t)@{g, te
(t_,t4), and put l; := f:f h,ly:= :* h. Then, by the definition of wy and by
(5.5), respectively,

wy(t) = wy(t-)Wa,.9), wolts) =ws()Wa, e -

Since I1,l2 > 0 and hence W(;, 4) € Mo, it follows from the subadditivity of
ind_ that
ind_ wy(t4) < ind— wy(t) <wy(t-).

However, by what we have already proved, both of wy(¢{—) and wy(t4) are equal
to the number written on the right side of (5.6).
Similarly, we have

wy(t) " w(B(H)) = Wiea,ywy (t4) ™ w(B(H)) ,

wy(t-) T w(B(h)) = W, gyws (t) " w(B(H)),

and hence
ind_ (wy(t-)"'w(B(h))) < ind- (wy(t) " w(B(H))) <
<ind_ (wy(t4) " w(B(H))
Both numbers ind_ (wy (t—)"'w(B(h))) and ind_ (wy(t;)'w(B(h))) are equal
to the number written on the right side of (5.7). O

The treatment of the case t— € I U {oo},t4 & I U {op} is based on the
following result.

5.10 Lemma. Let (t_,t+) be a mazimal indivisible interval with t— € I U
{oo},t+ & T U{oo}, and let ¢ € [0,7) and h(t) be such that H(t) = h(t)@{g,
te (t_,ty). Then

o € R(wy(t=)'w(B(H))), [£,8s] <0.

Proof. Let s := min(E N (¢4, 0p,+1]), then b :=0¢—z bht_os is elementary indef-
inite, cf. Lemma IV.8.4.
If b is of kind (B) or (C), then by Proposition 4.31 and Proposition 2.8 we

have
(3) € s,
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KO> <0)} ~Jo , bkind (B)

1)1 L fkind (C)

Assume that b is of kind (A). Since (t_, ¢, ) is indivisible, we have y_ ($) =o,
and hence

((0; =60); ((é) ;0)) € T(h).

By the abstract Green’s identity, cf. (IV.2.6),

i0(2) - 0.702) = (3) I (g) —atz0=0.

(=]

[—d0,%(Z)] = [0,Z(Z)] = (O) J(l) —BE)J0=1.
Let Z be the isomorphism of P(h) onto &(w(B(h))) defined by (4.12). Then the

formulas (5.8) give
0 =
() ==

In particular, ((1)) € R(w(B(h))) and

K(1)> <(1)>] = [~80, ~d0] = 0.

Referring to Lemma 2.5, we find that

€0 = Noors (g’) € RW(B(h:_ ), (66 66] <0

Finally, since t_,s € I, we may apply Lemma 3.44 with the general
Hamiltonian b;_..s and the set {{_,s,on+1}. It follows that &(w(B(h:_s)))
is contained isometrically in K(w(B(h, r))). However, wy(t_) 'w(B(h)) =

w(B(he_r)))- O

Proof (of Proposition 5.9, Caset_ € I U{oo},t+ ¢ IU{oo}). Let t € (t_,t4),
then wy(t-)'wy(t) = W) where | = f:ﬁh > 0. We see from Lemma

5.10 and Proposition 2.8 that the space R(wy(t—) 'wy(t)) is contained in
A(wy(t-)"'w(MB(h))) and that the inclusion map is contractive. By [ADSR,
Theorem 1.5.6], it follows that

ind— (Hy, (1)~ tw(m () = Huy(t_)1wy (1) =

= ind— Ho,y ey =1 ) — - Hoy ey =1wy () = = Hoy e )-1u(mm)) -

However, we have
Hwh (t,)*lw(%(h))(wvz) - Hwh (t=)twp (1) (’UJ,Z) =

= wi(t-) 71 (2)wy (8)(2) - Houy (1) 100(8 (1)) (, 2) - wi () (w) "wp (¢-) 7" (w) -

Since it is already known that the formula (5.7) holds for ¢_, it now follows that
(5.7) also holds for ¢.
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From wy (t) = wy (t-)W(;,4), we have ind_ wy (t) < ind_ wy(t—). On the other
hand

W(B(H)) = wy(t) - [wy(t) "' w(B(H))] = wy(t-) - [wy(t-) " w(B(h))] .

Using (5.7), which is already known for ¢ and t_, and (5.6) for t_, it follows
that
ind_ w(B(h)) < ind_ wy(t) +ind_ [wy(t) 'w(B(h))] <

<ind_wy(t—) + ind_ [wy(t—)"'w(B(h))] = ind— w(B(h)).
h

Thus equality must hold throughout, and we conclude that (5.6) holds also for
t. O

In the case t— ¢ I U{og},t+ € I U{op} we proceed along similar lines.

5.11 Lemma. Let (t_,t;) be a mazimal indivisible interval with t— & I U
{oo},t+ € TU{oo}, and let ¢ € [0,7) and h(t) be such that H(t) = h(t)§¢§g,
te (t_,ty). Then

wy(t4)8p € Rlwy(t1)),  [wy(t4)€s, wy(t+)Es] < 0.
Proof. Let s := max(E N [oo,t_)), then b :=0O¢—1 hset, is elementary indefi-

nite.
Assume first that b is of kind (B) or (C), then by Proposition 4.31

s (}) = (}):

Combining this with Proposition 2.8, we obtain the desired assertion.
Next, assume that b is of kind (A). Since (t_,¢+) is indivisible, we have
X+ (?) = 0, and hence

((0;80); (0; (é))) eT(h).

By the abstract Green’s identity,
50:6(3) - 0.2 = () J0 - (217 () = —alele,
0.2~ 0,503 = () s0- 520 ) = ~Cahe

Let = be the isomorphism (4.12), then (5.9) yields

It follows that

B0 s = Vo5 BO) () € K(B.r, ),
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and [£y, §g] < 0.

Since t4, s € Iy, we may apply Lemma 3.44 with the general Hamiltonian
ba:, and the set {og,s,t4}. It follows that w(B(has))R(w(B(hser, ))) is con-
tained isometrically in R(w(B(h4, ))). Since wy(ty) = w(B(has))w(B(hser,)),
the assertion follows. O

Proof (of Proposition 5.9, Case t— ¢ I U{og},t+ € IU{0p}). Let ¢t € (t_,t4),
then wy(t) " 'wy(ty) = Wye) with [ := f:* h > 0. Thus, by Lemma 5.11, the
space wy (t4)R(wp (t) " 'wy(t4)) is contained contractively in wy(t4). However,
wy(t)€s = wi(t+) - wy(ts) " w(t) €5 = wi(t4)Es
————

=Wi1.¢)

and hence also wy (t)&(wp (£) "'wy (t4)) is contained contractively in &(wy (t1)).
Appealing to [ADSR, Theorem 1.5.6], we find

ind— (Hy, (1) (w, 2) = w0 (£)(2) Huy (1)~ 100y (1) w0 (1) (0)*) =
=ind- Hy, () (w, z) —ind_ wy(t)(2) Hy, (1)~ 10, (1) W () (W) =
=ind_ H,, (1 )(w,2).
However,
Hy,, ey (w, 2) — wy () (2) Hyyy (1) 100, (14w () (W)™ = Heyy 1y (w, 2),

and (5.6) follows. We have wy(t) " *w(B(h)) = W e - wy(t4) 'w(B(h)), and
therefore

ind_ w(B(h)) < ind_ wy(t) + ind_ wy(t) 'w(B(h)) <
<ind_wy(ts) + ind_ wy(ty) " 'w(B(h)) = ind_ w(B(H)).
We see that also (5.7) holds. O

Finally, we will establish condition (iv) of Proposition 3.10. Thereby we will
use the following simple computation:

5.12 Lemma. Let ¢, € C2, M = (CCL Z) € C?, and q € C. Assume that
det M =1, and

Ai=d—cq#0. (5.10)
Then

6| $)MT (;) — A6~ (M x(—a))¥]

Proof. We have

and hence

ot (1) = i) (%) = (@ capot (~b+ oy =

b__b: “ (5.11)
= (=)o —vg—_ ] =0~ (M x(-a)u].
O
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5.13 Proposition. Let 0 = o; be a singularity of h = (H,c,0). Then there
exists a number 7 € RU {00} such that

1 t * 7 = li t *T.
Y wp (£)(2) + 7 = T wy (£)(2) %7
Proof. Put r := max(E N [09,0)) and s := min(E N (¢,0,,41]). Then b :=0y,
Bros is elementary indefinite. For ¢ € [r, s] \ {0} we have

wh () = wp(r): O, w(t) = wy(N_g, w5 (N,

and hence

wh(t) * (N_@. *T) = wh(r)N_d,i * (WG(t) *T) .
Hence, it is enough to prove the stated assertion for elementary indefinite Hamil-
tonians.

Let h be an elementary indefinite Hamiltonians defined on [r, s] \ {o}. If b
is of kind (B) or (C), then it is apparent from Proposition 5.5 that

wy(t) *0=0, t € [r,s]\{c}.

The situation is more delicate if b is of type (A). By Corollary 5.6 the matrix
function wy(t)(2), ¢t € [r,0), is the solution of the initial value problem

%W(t 2)J =2W(t,z)H_(t), t € [r,0), W(r,z)=1, (5.12)

and wy(s)(2) "twy(t)(2), t € (0, 5], is the solution of

%W(t 2)J =2W(t,z)Hi(t), t € (o,s], W(s,z)=1I.

For each 7 € RU {oo} the limits

o(2) =1 t =1 Yo (t

0o (2) = Jim ey (57, g(z) = = Jim [y (4)(2) e ()(2) 7]

exist and do not depend on 7. By [HSW, Theorem 2.1] and [HSW, (6.5),(6.6)],
respectively, we have (as functions of ¢t € [r, o) or t € (o, s|, respectively)

0@ (L) e e,

1
—4o(2)
on(e)@) G () € ),

where H_ = H,. ,y and Hy := H|(, . Moreover, again by [HSW, (6.5)] the
function ¢(z) is identically equal to oo only if H is of the form h(t) (é) (1,0) for
t € (o,s]. However, since the generalized Hamiltonian b is elementary of kind
(A) this is impossible, cf. (IV.4.1). Similarly, ¢,(z) is not identically equal to
0.

Put ¢(2)(t) := U°(((2); 26(2)))1(t) and P(2)(t) := L*((4(2); 240(2)))1 (1)
By Proposition 5.5 we have (¢(2) ()| (2)(t)) = wy(t)(2)T.

Consider the element ¢(z) — g, (2)¥(z) € ker(T'(h) — z). The relations (5.12)
and (5.13) imply ¢(2)|(0) — 4o (2)0(2)|(r0) € L*(H_). By Lemma IV.5.13 this
implies that also qz(z)|(g_rs} — ¢ (2 )z/;(z)|(g_rs € L*(Hy).

(5.13)
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On the other hand, writing

we obtain from (5.11) that (¢ € (o, s])

1

0 # on(s)®) n O

) =@ () -

q(2)
= (d(2) — e(2)a(2))d(2) (1) + (=b(2) + a(2)g(2))¥(2) (D).
By (5.13) we see that this functiorg belongs to L?(H.). Hence, g?)(z)kms] -

6o (2)0(2)] (5, a0d (d(2) = (2)q(2))D(2) ] (0,5] + (—D(2) +a(2)4(2))$(2)],s] bOth
belong to ker(T'(H;) — z). We know from [HSW] that this space is one-
dimensional. Thus, these functions must be collinear. In particular, A(z) :=
d(z) — ¢(z)q(z) # 0, and by Lemma 5.12

- (é<z><t>;zz<z><t>>wh<s><z>T( ! ) -

3(2)l(0,6) = 4o ()9 (2)|(0,6) = D(2)|(0,5) = (@ (8)(2) % (=a(2))) ()] 9]

i.e. go(2) = wy(s)(2) x (—q(z)). By the definition of ¢, however,

wp(8)(2) * (—q(2)) = lim wy (t)(2) * 7 = ¢(2) .

t\o
U
We have by now shown that all the assumptions of Proposition 3.10 are satisfied,
and conclude that wy is a finite maximal chain. ©®

c. Reduction to the regular case.

It is easy to deduce the desired assertion of Theorem 5.1 for singular general
Hamiltonians from the already established regular case. To this end, let us note
the following: If b is a general Hamiltonian and s € I;eg, then

Wiy (2) = wy(@), @ € (1U{o0}) N[00, 8].

In case x € (I U{oo}) \ Lsing, this is immediate from Remark 3.48, (i). For
Z € Iing, it follows the fact that wy.,(t) and wy(t) are both solutions of the
differential equation (5.5).

Let a singular general Hamiltonian b be given. By what we already know,
for each s € (I U{00}) \ Lsing, the function wy|(;ufse})n[e0,s) 1S @ finite maximal
chain. If sup lieg = 041, it follows from Remark 3.15 that wy is a maximal
chain. Otherwise, put s := sup lreg, then wy|(7ufoe})n[oo,s) 15 @ finite maximal
chain, and wy|[s,, ) is @ maximal chain which consists of just one indivisible
interval. Since s € I;¢q, the assumption of Proposition 3.17 is fullfilled, and we
conclude that wy = wy|(1U{ee})N[00,s] ¥ Whl[s,001) IS @ Mmaximal chain.

Finally, by Theorem 4.20 and (3.8), we have for any s € Lieg N (0p, 0nt1),

ind_ h =ind_ h4s = ind_ wy.,(s) = ind_ wy(s) = ind_ wy .
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d. Compatibilities.

It is important to know that the construction of wy is compatible with rotation,
reversing, and pasting.

5.14 Lemma. If b is a general Hamiltonian and oo € R, then wy p =0q wy.

Proof. If t € (I U {0o0}) \ Lsing, t > 0o or if ¢ = 0,41 in the regular case,
then by Definition 5.3, we,p(t) = w(B((Oa h)«)). By Remark 3.48 we have
(Oa B)at = (Oq bat). Hence Lemma 4.30

W(%((Oa b)ﬂt)) =0a W(%(bﬂt)) =0a Wh (t)

If ¢t is an inner point of an indivisible interval of type ¢ for bh, then ¢ is an
inner point of an indivisible interval of type ¢ — « for O, h. Therefore, using
(2.10) and (3.1) we see from (5.1) and (5.2), that also in the case we have

Wi (t) =Oa wi (t)- O
5.15 Lemma. If b is a reqular general Hamiltonian, then wrevp = revwy.

Proof. Ift € (IU{00,0n+1})\Ising, —t > 00, then by Definition 5.3, wrevp (—1t) =
w(B((revh)q_¢)). By Remark 3.48 we have (rev h)q_; = rev(hp) and according
to Remark 3.50 and Remark 3.51 we obtain

rev(h) = rev(he, & hry) = rev(hes) Wrev(ha).
From Lemma 4.35 and Lemma 4.30 we obtain
revw(B(h)) = w(B(rev(h))) = w(B(rev(hey))) - w(B(rev(h))) =
= w(B(rev(hee))) - revw(B(hw)),
and hence by Definition 3.12

W(B(rev(be))) () = revw(B(h))(2) - (revew(B(ha))(2) ' =
= rev ((@(B(har))(2) " w(B®))(2) = (revey)(=1)(2).

If ¢ is an inner point of an indivisible interval of type ¢ for b, then —t is an
inner point of an indivisible interval of type —¢ for revh. Therefore, using the
fact that rev W 4y = W(; _g) we see from (5.1) and (5.2), that also in the case
we have wrevp (t) = revwy(t). O

In order to consider pasting of general Hamiltonians and linking of chains
we need the following statement.

5.16 Proposition. The following assertions are equivalent:

(1) b starts with an indivisible interval of type a.

(#3) For some r € I with (0¢,r) C I we have wy(t) = W(ﬁo hays U E [o0,7).
(131) €a € R(wy(t)) for somet € 1.

(iv) &€ € R(wy(t)) for allt € I.
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Proof. 1If b starts with an indivisible interval of type «, then on a certain interval
(00,7) C I we have H(t) = h(t)éaEL. Ast — Wit pay tE [o0,7), satisfies
og

0
EW(L:O hooy(2)J = zW(f(:O ha)(2)H(t), a.e.on [og,7), W(f;r(? hay(2) =1,

it follows from (5.5), that wy(t) = Wt 4, o) on [o0,7).
og
If wy(t) = W(f:() ha) =OZ—a W(ﬁo n,z) for at least one ¢ € I, then due to

Corollary 2.9 we have &, € K(wy(t)).

Since wy is a maximal chain, we obtain from Corollary I1.5.15 that if £, €
R(wy(t)) for one t € I, then &, € R(wy(t)) for all ¢t € I.

Assume now that &, € R(wy(t)) for all t € Iieg. Fix t € Lieg.

If mul(On ba) = span{((}); (}))}, then due to Theorem IV.8.6, and
Lemma IV.4.19 and Section 2.e of [KW/IV], Oq—z bq must be elemenatry
indefinite of kind (B) or (C) or positive and indivisible of type 7. In any case
of these cases h«; starts with an indivisible interval of type «.

If mulT(Oq hae) # span{((}); (1))}, then & € &(ws,p(t)) and we can apply
Theorem 4.19.

Due to Theorem 0.5.3 (S; — a)™'=271(&) = 0 for all @ € C, where
S1 = ker((m,1 x m) o M'(wesope,)). Hence, Z71(&) € mulS; or equivalently
((0;271(&0)); (€2;0)) € T(wesnpo,). As £z = J& we obtain from Lemma 3.37
that O b4t starts with an indivisible interval of type 0, and, therefore, h«; starts
with an indivisible interval of type «. 0

5.17 Remark. Let us state explicitly one consequence of the previous proof. We
saw that, if mulT(Oq ha¢) = span{((}); (}))}, then ha; starts with an indivisible
interval of type «. /

5.18 Lemma. Let h; and hy be general Hamiltonians such that by is regular.
Then condition (—paste) from Definition 3.49 fails for b1 and ba if and only
condition (—paste) from Proposition 3.17 fails for the correspoonding chains
wp, and wy,. In this case we have

Whiwhy = Wh; YWy, .

Proof. By Proposition 5.16 ho starts with an indivisible interval of type « if
and only if wy, does, and rev b, starts with an indivisible interval of type —o
if and only if revwy, = wrevy, does, see Lemma 5.15.Therefore, §; ends with
an indivisible interval of type o if and only if wy, does. Hence, the conditions
(—paste) from Definition 3.49 and from Proposition 3.17 correspond to each
other. Finally, wy,wp, = wp, W wy, follows easily from Definition 5.3 using
Remark 4.36. O

e. The Weyl coefficient as Q-function.

If b is a singular positive definite Hamiltonian, h = H : (09, 01) — R?*2 which
does not consist of just one indivisible interval, it was proved in [HSW, Theorem
4.3] that the Weyl coefficient ¢ of H is a Q-function of S(fh). Actually, the
selfadjoint extension of S(h) which gives rise to ¢ as a @Q-function is the one
determined by the boundary condition 7 f(0g) = 0. Using the concept of
Titchmarsh-Weyl subspaces introduced in §4.b we are able to establish the exact
analogue of this result for singular general Hamiltonians.
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First of all note that for a singular general Hamiltonian § the bound-
ary triplet B(h) has defect 1 and satisfies (E), see Theorem IV.8.7. Hence,
v(B(h))(z) is well-defined.

Moreover, by the same theorem, we have mul S() = {0}. Therefore, except
in the case mulT'(h) = span{((?);O)} we may apply Lemma 4.14 to B(h) and

see that A := ker(m,; o I'(h)) has non-empty resolvent set.

5.19 Proposition. Let ) be a singular general Hamiltonian, and assume that
S(h) has defect index (1,1), i.e. that b is not a positive definite Hamiltonian
which consists of just one indivisible interval.

With the notation from Lemma 4.14 applied to B(h) we have

Thus the Titchmarsh-Weyl coefficient of b is a Q-function of (S(b), A)

Proof. Let s € I.eg, then there exists at most one number oy € [0, 7) such that
mull O, bes = span{((); (}))}. Since ¢s.5 =Oa gy, cf. Lemma 3.13, and
since v(B(Oq b)) = Nov(B(h)), cf. Corollary 4.16, we may thus assume without
loss of generality that Theorem 4.24 is applicable.

First we consider the case that there exists a largest number s € Iz N
(0n,0nt1). Since hpg is positive and consists of just one indivisible interval of
some type ¢ we see from Remark 4.34 that

v(B(brs))(2) = span{&y}.

Hence, by (4.26)
q(z) = wy(s) * cot ¢.

By [HSW, Example 2.2] we know that cot ¢ is the Titchmarsh-Weyl coefficient
of hrs. Hence, ¢(z) is the Titchmarsh-Weyl coefficient of b.

If there is no largest number s € IegN(0n, 0nt1), there is a strictly increasing
sequence s, k € NU{0}, in LiegN (00, 0pt1). AS B(has,) = B(has) WB(hsysy )
we have mulT'q,, = {0}, k € N, see Proposition IV.6.2.

Thus we can apply Theorem 4.24 with 81 = B(h«s, ) and Bs = B(hrs, ), k €
N. By (4.26)

Vi (2)

q(z) = wy(sk) * )’ (5.14)

where (v¥(2) v4(2))T is any non-zero element from v($B(hrs, ))(2). By Lemma
2)

4.14 either Z}igz) = 0o or Z{Ez; is a Q-function in the Hilbert space P(hps, ).
2 2
In any case Zkgzg

(5.14) we obtain g(z) = gy (2). 0

is a Nevanlinna function. Hence, letting £ tend to oo in

6 The Fourier transform

Let H be a singular positive definite Hamiltonian which does not start with
an indivisible interval of type zero and is not just one indivisible interval with
infinite length. Denote by p the measure in the Herglotz—integral representation
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of its Weyl—coefficient qg. Then there exists an isomorphism, the Fourier—
transform associated with H, of L?(H) onto L?(p). Thereby, the preimage of
the multiplication operator in L?(p) is a certain selfadjoint extension of S(H).

In this section we will establish the analogous result for singular general
Hamiltonians . The space b is thereby naturally substituted by (). On the
other side, the measure p is substituted by a certain distribution p associated
to gy, and the space L?(u) by the Pontryagin space I(p), cf. [KW/IL, §2, §3].

Before we turn to the definition and investigation of the Fourier transform,
we need a preparatory result.

6.1 Proposition. Let b be a general singular Hamiltonian which is not positive
definite and consist of just one indivisible interval. Then S(h) is densely defined
if and only if b does not start with an indivisible interval.

Moreover, the following assertions are equivalent

(i) b does not start with an indivisible interval of type 0.
(ii) The selfadjoint extension A :=ker(m1 o T'(B)) of S(b) is an operator.

(i7i) For allt € I the projection ma, which assignes to any function in K(wy(t))
the second entry of this function, is injective.

(iv) oo is regular for the corresponding Weyl-coefficient qy, i.e. we have
gy (1y) =0

limy_,_,_oo ”

Proof. First note that, under our assumption on b, we have mulT'(h) = {0}.

The relation S(h) is densely defined if and only if S*(h) = T'(h) is an opera-
tor. Since mul S(h) = {0}, cf. Theorem IV.8.7, by Lemma 3.37 this happens if
and only if h does not start with an indivisible interval.

The multivalued part of A consists of all elements g € mul7T'(h) such that
m,1(T(6)(0;9)) = 0. Thus, again by mulS(h) = {0} and Lemma 3.37, the
assertion that mul A = {0} is equivalent to the fact that h does not start with
an indivisible interval of type 0.

Finally, by Proposition 5.16 this is equivalent to {y & K(wy(t)) for all t € I.
However, by Corollary 1.9.7 together with Proposition 1.8.3, this is equivalent
to kermy = {0}. By Lemma 1.8.6 this means that £(wy(t)) = £_(wy(t)) and by
Theorem I1.5.7 nothing else, but the fact that oo is regular for gy. Il

6.2 Definition. Let h be singular generalized Hamiltonian. We say that an
element f € P(h) is right finite, if for some r € I,o; we have f € P(h«,), when
we consider P(h«,) as subspace of P(h), cf. Lemma 3.44. The set of all right
finite elements of B(h) will be denoted by Pir(h), i.e.

PEb) = U Ploa).

rEleg

/

6.3 Lemma. The space Pi(h) of right finite elements is a dense subspace of
P(b).
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Proof. As the last interval (oy,,0,+1) of I contains regular points we have

P () = U PO

Telregm(0n70n+l)

If Iyeg N (0p,0nt1) contains a maximal element, say r, then P(bp,) = L*(H
with some purely indivisible Hamiltonian H. Hence P(hr,) = {0} and P(h+,) =
P (h) = P(b).

If Leg N (0n,0n+1) does not possess a maximal element, then for each r €
Iieg N (0p, 0ny1) the Hamiltonian he, is not purely indivisible. Still,

Ploe,) =L*(H) = |J L*Hlpy)-

1r<8€ I eg

Therefore,

PRy = |J POw)=Phw)ae |J Pl =P0).

r<S€Leg r<sC€1Ireg

O

Assume that b is a singular generalized Hamiltonian which does not start with
an indivisible interval of type 0. Due to Remark 5.17 we have mulI'(h«;) #
span{((}); (1))}, t € Lig. Therefore, we Theorem 4.19 is applicable, and we
have the isometric isomorphism Z; : P(h«;) — K(w(B(h«:))) defined by (4.12).

Moreover, by Proposition 6.1, the projection 7 onto the second entry is
injective. This implies that condition (2.23) is satisfied, cf. Lemma 1.8.6. Hence,
7o : R(w(B(hat))) — P(E,) is an isometric isomorphism, where E; = waq — w2
and w(B(ha;)) = (wi )i j=1,2- Thus also the map

o, { Plov) = BE)

fo= m(E)

is an isometric isomorphism. For s,t € Ies, s < ¢, we obtain from Corollary
4.23 that ©y|p(y.,) = Os. Therefore a map © : Pin(h) — Utel,.eg PB(E:) is
well-defined by ©f := O.f, f € P(h«). Clearly, © is surjective.

Let o be the distribution in the representation Corollary I1.3.5 of the Weyl-
coefficient g, so that we have

1 t — Re
() =+ o (7= — oot = =F). (6.1)

with some zy € p(A) \ R. Note that, by Proposition 5.19, zy belongs to the
domain of holomorphy of ¢5. Finally, let II(p) denote the Pontryagin space
generated by p, cf. Proposition I1.3.1.

6.4 Theorem. Let b be a general singular Hamiltonian which is not positive
definite and consist of just one indivisible interval. Assume that ) does not start
with an indivisible interval of type 0. Then S(h) is completely nonselfadjoint
symmetric operator with defect index (1,1). The map

A:f=00f) (= 2)
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is an isometry of the dense subspace Pin(h) of P(h) onto a certain dense sub-
seteq of 11(0). We have

AA)(2) = 20(f)(2) - (= = 20), [ €P™(h)Ndom A.

Proof. From Theorem IV.8.7 we know that S(f) is a symmetric operator with
defect index (1,1).

Let t € LiegN (00, 0n41). By Remark 5.17 we can apply Theorem 4.19 to the
boundary triplet B; = B(h;) and see that w(B1) is a generalized u-resolvent
matrix, where u € (Py)_ is given by (4.11).

Now Z; maps 1(w0) to Hy (s, (w,.)(}) and, hence, 6; maps ¢(w) to Kp, (w,.)
(see (2.22)).

The continuation (6;)_ of 6; to (P1)_ maps u to a function in P(F;)_. From
Proposition 1.10.2 we know that B(F;)_ can be identified with AssocPB(E:) by
the relation (1.10.1). Hereby,

- @) = 6w, (e )1 =

~ () s = (20 Po T () = 1.
Therefore, (6;)_(u) is the constant one-function on C.
The selfadjoint extension

A D Si(het) = ker (w11 x ) 0 T(hat))

acting in P(h) satisfies p(A) # 0, because of Lemma 4.14 which is applicable
since mul'(h) = {0}. Let us choose zy € p(A) such that gy is holomorphic
there.

By Proposition 6.1 it is in fact an operator. Therefore, we can apply Propo-
sition 11.4.4 with A = A and see that A is R u-minimal, or equivalently

cs{Rju:z € p(A)} =P(h),

where R denotes the extension of the resolvent as defined in [KW/0, p.290],
where now P is P; and P is P(h) and where A = A

By Theorem 4.24 we have R, u = —f,, where f, is the defect family from
Lemma 4.14. Here we can be sure that actually & = —1 because of Remark
4.25 since for 'y = T'(hp4) either mul Ty # {(0;0)} or P(hps) # {0} is a Hilbert
space.

Thus we showed that S(h) is completely non-selfadjoint. Since gy is the Q-
function of (S(h), A) corresponding to the defect family f,, we see from Proposi-
tion I1.3.4 that there is an isometric isomorphism A : P(h) — II(p), where II(p)
is the model space constructed in [KW/II, §3] from the distribution in (6.1).

In particular, A X A(A) is just the multiplication operator by z. Moreover,
Corollary I1.6.1 it satisfies

A(f) = 0:(f) - (- = 20)

for any f € P(h+;), where t € Lieg N (0, 0nt1). As PiB(h) coincides with the
union of all P(har), ILieg N (On, 0nt1), we see that

f=0(f)- (. —2)
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is an isometric mapping from the dense subseteq Pfi"(h) of P(h) onto a certain
dense subseteq of II(p). O

As a consequence, we obtain one property of S(h) which was missing in
Theorem IV.8.7, cf. Remark IV.8.8.

6.5 Corollary. Let b be a singular generalized Hamiltonian, which is not
Just one positive definite indivisible interval. Then S(b) is completely non-
selfadjoint.

Proof. Apply Theorem 6.4 to the general Hamiltonian O, h with an appropriate
choice of a. 0
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