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Numerics of PDEs: instationary problems

Problem Set 1

Problem 1. We prove the spectral theorem for compact, self-adjoint operators in an elementa-
ry fashion. Let A : X → X denote a compact, self-adjoint, linear operator on a real Hilbertspace
X. Show that R(x) := (Ax, x)X/(x, x)X attains its maximum (we already know boundedness
from the lecture), i.e., there exists x0 ∈ X such that R(x0) is maximal and ‖x0‖X = 1. Hint:
take a maximizing sequence xn ∈ X with ‖xn‖X = 1 and use weak-convergence as well as
compactness of A).

Problem 2. Give a counterexample for Problem 1 for non-compact operators A.

Problem 3. Let x0 denote the maximizing element from Problem 1. Show that x0 is an
eigenvector of A with corresponding eigenvalue R(x0). Hint: R(·) is Gateaux-differentiable and
for fixed x, v 6= 0, there holds with g(t) := R(x+ tv) that

g′(0) = 2
(Ax, v)X −R(x)(x, v)X

‖x‖2X

Problem 4. Let x0 ∈ X denote the maximizing element from Problem 1. Let P0 : X →
span{x0} denote the X-orthogonal projection, i.e., P0x = x0(x, x0)X . Define X1 = span{x0}

⊥ ⊂
X and the operator A1 = A− µ0P0 with µ0 = R(x0) denoting the eigenvalue corresponding to
x0 (Problem 2). Show

• A1|X1
= A|X1

• A1 : X1 → X1

• A1 : X1 → X1 is compact

Problem 5. If A1 6= 0, we may repeat the procedure from Problem 1–4 and obtain an eigen-
value µ1 of A1 corresponding to x1 ∈ X1. Show

• x1 ⊥ x0 in X

• (x1, µ1) is an eigenpair of A

• µ1 ≤ µ0

• ‖A1‖X = µ1 (use the Rayleigh-Quotient Lemma from the lecture)



Problem 6. Mathematical induction (vollständige Induktion) shows that we may construct a
sequence of eigenvalues µn, n ∈ N as well as a sequence of operators An := A−

∑n
i=0

µiPi with
‖An‖Xn→Xn

= µn. The sequence is decreasing and non-negative. Show that limn→∞ µn = 0 by
using 0 = Anxj = Axj −µjxj for j ≤ n, the pairwise orthogonality of the xn and hence xn ⇀ 0
in X, as well as compactness of A.

Problem 7. Argue that Problem 6 shows the following:

• A =
∑

∞

i=0
µiPi

• x−
∑

∞

n=0
(x, xn)xxn ∈ ker(A)

• dim(ker(µi −A)) < ∞.


