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Abstract

Canonical systems are differential equations of a specific form which frequently appear in natural

sciences. For example in Hamiltonian mechanics, where they model the motion of a particle

under the influence of a time-dependent potential. A canonical system is given by a locally

integrable function taking positive semidefinite real matrices as values, its Hamiltonian. Several

types of scalar second-order equations can be rewritten as two-dimensional canonical systems.

Among them Schrödinger equations, Krein-Feller operators, or Jacobi operators.

With a two-dimensional canonical system there is associated a chain of reproducing kernel

Hilbert spaces of entire functions, its de Branges chain. This construction is of outstanding

importance in the spectral theory of canonical systems. For example it is the basis for the

Inverse Spectral Theorem which states that a Hamiltonian is essentially uniquely determined

by its spectral function.

The elements of the de Branges spaces being entire functions naturally brings up the task

to relate the growth (in particular order and type) of these functions to properties of the

Hamiltonian H of the system. A classical result is the Krein-de Branges formula which evaluates

the maximal exponential type of functions in the de Branges chain as the integral of
√

detH.

This formula can be used to determine spectral asymptotics (in the limit circle case where the

spectrum is discrete), or to determine the type of the spectral measure (in the limit point case

where the spectral measure will in general be non-discrete).

There is a large variety of examples where detH vanishes identically. Such occur for instance

from Krein-Feller operators on fractal subsets of the real line, from birth-and-death processes

in probability theory, or from special functions in number theory and orthogonal polynomials.

For these systems the Krein-de Branges formula does not give any significant information. For

example (thinking of the limit circle case) it cannot be distinguished whether the spectrum

behaves asymptotically like n3 or en; the first corresponding to order 1
3 , the latter to order 0.

This project aims at establishing relations between the Hamiltonian and growth of functions

in the de Branges chain referring to orders different than 1. These relations shall be exploited

to obtain information about concrete spectral problems, notably such occurring in probability

or number theory. In the context of direct spectral problems we shall be interested in spectral

asymptotics, in the context of inverse problems we shall focus on the “order problem for a

measure” which we pose as a generalisation of the type of a measure studied in harmonic analysis

to orders less than 1. Methods of various fields will come into play, including: classical complex

analysis (growth vs. zero-distribution, estimates of canonical products), differential operators

(growth estimates for solutions, Levinson-type theorems), operator theory (reproducing kernel

Hilbert spaces, Krein’s theory of entire operators, indefinite inner product spaces).

The present proposal is a follow-up of the Joint project “The Order Problem for Canonical

Systems” funded by the FWF (I-1536-N25) and the RFBR (13-01-91002-ANF).



Classification

This project belongs to the scientific area of mathematical analysis. It is related to mathematical

physics, in particular to quantum mechanics, and to probability theory. In the classification

categories of Statistik Austria the topics that correspond to the project are: Analysis (101002,

70%), Mathematical physics (103019, 20%), and Probability theory (101024, 10%).



1 Introduction

A two-dimensional canonical system is a differential equation of the form

y′(x) = zJH(x)y(x), x ∈ (a, b), (1)

where −∞ ≤ a < b ≤ ∞, where H takes real and nonnegative 2×2-matrices as values, is locally

integrable in (a, b) and does not vanish on any set of positive measure, where z is a complex

parameter (the eigenvalue parameter), and where J is the symplectic matrix J :=
(

0 −1
1 0

)
. The

function H is called the Hamiltonian of the system. Canonical systems arise in mathematical

physics when applying variational principles to Newton’s equation of motion. In fact, applying

the Legendre-transform to the Euler-Lagrange equation leads to a (2n×2n-dimensional where

n is the space-dimension) canonical system, e.g. [Arn89].

Several types of first-order systems and second-order equations can be rewritten in the form

of a canonical system.

CANONICAL

SYSTEMS

Sturm-Liouville
equations

−(py′)′ + qy = λwy

Krein-Feller
operators

−DmDxy = λy

Jacobi operators

ρnun+1(z) + qnun(z) + ρn−1un−1(z) = zun(z)

Dirac
systems

−Jy′ + V y = zy

Schrödinger
equations

−y′′ + V y = λy

y′ = zJHy

Given a canonical system, one can construct a Hilbert space L2(H), a minimal differential

operator Tmin(H), and its adjoint, the maximal operator Tmax(H)1. By a selfadjoint realisation

of the system (1) we mean a selfadjoint extension of Tmin(H) in L2(H).

The spectral characteristics of Tmin(H) and its selfadjoint extensions depend on the growth

of H towards the endpoints a, b of the interval. We say that H is in Weyl’s limit circle case at a

(or at b), if H is not only locally integrable in (a, b) but remains integrable up to the respective

endpoint. Otherwise one speaks of Weyl’s limit point case at a (or at b, respectively). We shall

abbreviate the four different possibilities by saying that H is lc↔ lc, or lc↔ lp, etc.

Consider a Hamiltonian H which is in limit circle case at its left endpoint. Making a

parameter change, we can achieve without loss of generality that a = 0. Let W (x, z), x ∈ [0, b),

1In general this will be a multivalued operator (in the language of [Sch12], a linear relation). We shall suppress

throughout that operators might be linear relations, and always simply speak of operators.

1



be the (transposed of the) fundamental solution of (1), i.e., the unique solution of

d

dx
W (x, z)J = zW (x, z)H(x), x ∈ [0, b), W (0, z) = I.

The entries W (x, z)ij , i, j = 1, 2, are entire functions of bounded type in the upper- and lower

half-planes which are real along the real axis.

If H is lc↔ lc, this system has a solution up to b. The matrix W (b, z) is called the mon-

odromy matrix of H. The operator Tmin(H) has defect index (2, 2). Removing a certain bound-

ary condition at 0 leads to a symmetric extension S(H) of Tmin(H) with defect (1, 1) which is an

entire operator. The monodromy matrix is Krein’s resolvent matrix of this operator. Selfadjoint

realisations A(H) have simple spectrum and compact resolvents.

If H is lc↔ lp, the limit W (b, z) does not exist. The operator Tmin(H) has defect (1, 1) and

S(H) is selfadjoint. Selfadjoint realisations A(H) have simple spectrum. For each τ ∈ R∪{∞},
the limit

qH(z) := lim
x↗b

W (x, z)11 · τ +W (x, z)12
W (x, z)21 · τ +W (x, z)22

, z ∈ C \ R,

exists and is independent of τ . The function qH is called the Weyl-coefficient of H. It is a

Herglotz-function, i.e., analytic with qH(z) = qH(z) and Im z · Im qH(z) ≥ 0. The measure

µH in the Herglotz-integral representation of qH (appropriately including a possible point mass

at ∞) is the spectral measure of S(H). A famous theorem of L.de Branges says that (up

to reparameterisations) this construction gives a bijection between lc↔ lp Hamiltonians and

Herglotz functions.

Making an order-reversing reparameterisation, yields that the case H is lp↔ lc is analogous.

If H is lp↔ lp, the operator Tmin(H) is selfadjoint. Its spectrum may have multiplicity 2.

For the study of properties related to exponential type, the function
√

detH(x) plays the

decisive role. Consider a Hamiltonian H which is in limit circle case at its left endpoint. The

Krein-de Branges formula states that for each c ∈ [0, b)

1

π

∫ c

0

√
detH(x) dx =

1

π
· exponential type of W (c, z)ij . (2)

This result goes back to M.G.Krein in [Kre51] and L.de Branges in [Bra61]. It gives information

about the spectral measure of the system. If H is lc↔ lc, the integral in (3) is always finite.

Selfadjoint realisations A(H) have discrete spectrum and their eigenvalue asymptotics are given

as (the limit of a finite or empty sequence is tacitly understood as 0)

lim
n→∞

n

|λ±n |
=

1

π

∫ b

0

√
detH(x) dx, (3)

where λ±n denote the sequences of positive and negative, respectively, eigenvalues of A(H)

arranged according to increasing modulus. If H is lc↔ lp, the integral (3), which now may be

+∞, gives the type of the spectral measure µH . That is2 the supremum of all a ≥ 0 such that

the linear span of the exponentials {eiτz : |τ | ≤ a} is not dense in L2(µH).

2For the purpose of explanation, we assume here that µH is finite and not supported at a single point.
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â What can one say about systems with detH(x) = 0 a.e. ?

In the lc↔ lc case, the Krein-de Branges formula only yields that eigenvalues are sparse com-

pared with integers. Eigenvalues may behave, for instance, like nγ with γ > 1, and no distinction

of such cases can be made. In the lc↔ lp case, we only know that L2(µH)-functions can be

approximated with linear combinations of exponentials with arbitrarily small frequency. It may

occur, however, that L2(µH)-functions can be approximated already with entire functions of

much slower growth, and no knowledge about such possible approximants is obtained.

Zero-determinant systems occur in many places: Jacobi operators always lead to zero-

determinant systems, and Krein-Feller operators may lead to zero-determinant systems.

1 Example ([Fre00], [FL04]). Let S1, S2 : [0, 1]→ [0, 1] be the affine functions S1(x) := 1
3x and

S2(x) := 1
3x+ 2

3 . Then there exists a unique subset C of [0, 1] which is self-similar w.r.t. S1, S2

in the sense that C = S1(C) ∪ S2(C), namely the Cantor set. For each ρ ∈ (0, 1) there exists a

unique probability measure µρ which is self-similar with weight ρ in the sense that

µρ(M) = ρµρ
(
S−11 (M)

)
+ (1− ρ)µρ

(
S−12 (M)

)
, M ⊆ [0, 1] Borel set.

Let mρ be the distribution function of µρ, and consider the Krein-Feller operator A := −DmρDx.

The spectrum of A consists of a sequence 0 < λ1 < λ2 < . . .. Assume that log(ρ3)
/

log(1−ρ3 )

is irrational, and let γ ∈ (0, 1) be the unique solution of (ρ3)γ + (1−ρ3 )γ = 1. Denote by Nρ

the counting function of the sequence (λn)∞n=1, i.e., Nρ(r) := #{n : λn ≤ r}. Then the limit

limr→∞Nρ(r)/r
γ exists and is finite and positive.

The growth of the counting function of a sequence (λn)∞n=1 reflects in the growth of the

canonical product P (z) with zeroes λn. Example 1 thus hints that it might be useful to express

spectral properties in terms of the growth of the canonical product having the eigenvalues as

its zeroes (of course, this is a common method when dealing with compact operators, e.g.,

[GK69]). In this language Example 1 says that P has order γ with finite positive type. To make

the connection with the entire functions in the monodromy matrix, observe that the spectrum

interlaces with the zeroes of the right lower entry. Thus Example 1 says that W (b, z)22, and

hence every entry W (b, z)ij , has order γ with finite positive type.

2 Example ([Val99], [Rom17]†, [BS17]). A birth-and-death process is a particular type of station-

ary Markov process having the nonnegative integers as state space, see [KM57]. The parameters

determining the transition probabilities are called the rates of the brith-and-death process. The

Chapman-Kolmogoroff equation associated with the process is (up to rescaling) the eigenvalue

equation of a Jacobi operator.

Let p be an integer p ≥ 3, and consider a birth-and-death process with polynomial rates

λn =
∏p
k=1(pn + bk), µn =

∏p
k=1(pn + dk). Assume that 1 < 1

p

∑p
k=1(bk − dk) < p − 1. Let J

be the Jacobi operator associated with this process, and let P be the canonical product having

†Publications marked with a dagger were carried out within the precursor project I-1536-N25.
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the eigenvalues of a selfadjoint extension of J as its zeroes. G.Valent conjectured in [Val99] that

P has

order ρ =
1

p
and type τ =

∫ 1

0

du

(1− up)2/p
. (4)

The conjecture about the order ρ was verified in [Rom17]† , the conjecture about type is an

open problem. It is known that π
p sin(π/p) ≤ τ ≤

π
p sin(π/p) cos(π/p) , cf. [BS17]. The elliptic integral

(4) lies between these bounds.

In the above examples we witnessed growth of positive order with finite and positive type.

Let us give two examples which show that consideration of a finer growth scale than usual

order and type is necessary. Both are related to orthogonal polynomials and, hence, to Jacobi

operators.

3 Example ([KW05]). Let ξ denote the Riemann ξ-function, and consider the entire function

E(z) := ξ
(1

2
+ i
√
iz
)
. (5)

The measure dµ(x) = |E(x)|−2dx has all power moments, and the space of all polynomials is

dense in the de Branges space generated by the Hermite-Biehler function E.

The canonical product P built from the eigenvalues of (some) canonical selfadjoint extension

of the corresponding Jacobi operator has order 1
2 with infinite type. In fact, it has finite and

positive λ-type w.r.t. the growth function λ(r) :=
√
r log r. By this we mean that

inf
{
β > 0 : log max

|z|=r
|P (z)| ≤ βλ(r) for r large

}
∈ (0,∞).

4 Example ([BP07]). The theory of special functions is a vast source for examples of orthogonal

polynomials and corresponding Jacobi operators. Often the eigenvalues of the corresponding

operators are very sparse.

Consider a random variable X which follows a normal distribution, then exp(X) follows

a lognormal distribution, i.e., a distribution with density 1√
2πσ2

1
x exp

(
− (log x)2

2σ2

)
. The power

moments are sn = e
1
2
n2σ2

. The orthogonal polynomials with respect to this distribution are

known as Stieltjes-Wigert polynomials; explicit expressions in terms of hypergeometric series

were given in [Wig23]. Consider the Jacobi operator associated with the symmetrised Ham-

burger moment sequence, and let P again be the canonical product built from its eigenvalues.

Then P has logarithmic order 2 with type 1
σ2 . Here we mean by the logarithmic order of an

entire function P the infimum ρ := inf{α > 0 : log max|z|=r |P (z)| ≤ (log r)α for r large}, and

by its logarithmic type τ := inf{β > 0 : log max|z|=r |P (z)| ≤ β(log r)ρ for r large}.

Examples 1, 2, 4, are typical direct spectral problems. Contrasting this, in Example 3 it is

rather the inverse spectral problem which generates interest. The function E is known in great

detail, and information about the Hamiltonian of the corresponding system would be welcome.
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2 Proposed research

The proposed research shall, and needs to, deal with growth properties w.r.t. arbitrary growth

functions, in other words, proximate orders, cf. [LG86, p. I.6], [Lev80, §I.12]. Examples of

growth functions are function of the form λ(r) := crρ(log r)α1(log log r)α2 or similar, and such

were already studied by E.Lindelöf in [Lin05]. Axiomatic consideration of proximate orders goes

back to G.Valiron, cf. [Val23]. Working with type w.r.t. a proximate order includes ordinary

order and type, cases which of course deserve particular attention.

In order to reduce introduction of technical terms, we will throughout the subsequent ex-

planations speak only of ordinary order and type and ask the reader to keep in mind that we

aim at corresponding results in the framework of growth functions.

2.1 Systems in the limit circle case. Computing order and type

Starting point is a recently developed method to estimate the growth of the mon-

odromy matrix. It is based on finding weighted piecewise constant approximations of

the Hamiltonian adapted to the variation of its angle function.

In [Rom17]† a pointwise upper estimate for the fundamental solution of a canonical system in

the limit circle case was given. The moral of the result is: The better H can be approximated

with Hamiltonians consisting of finitely many indivisible intervals (intervals where H has a

constant nontrivial kernel) only, the slower the fundamental solution will grow. It fits intuition,

for example the fundamental solution of a Hamiltonian which itself is made up only of finitely

many indivisible intervals is a polynomial, hence of slowest possible growth. Using piecewise

constant approximations is natural; working with such approximants is in the mainstream of

studying spectral asymptotics for differential operators. The proposed research discussed in this

section revolves around Romanov’s Theorem.

To formulate this theorem in a quantitatively precise way, we introduce a notation.

5 Definition. Let N ∈ N, let (ln)Nn=1 be a finite sequence of positive numbers, and let (φn)Nn=1

be a finite sequence of real numbers with φn+1 6≡ φn mod π, n = 1, . . . , N − 1. Set

x0 := 0, xn :=

n∑
k=1

lk, n = 1, . . . , N. (6)

Then we call the function H : [0, xN )→ R2×2 defined by (ξφ := (cosφ, sinφ)T )

H(x) := ξφnξ
∗
φn , x ∈ [xn−1, xn), n = 1, . . . , N,

the finite rank Hamiltonian with lengths (ln)Nn=1 and angles (φn)Nn=1. It can be pictured as
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6 Theorem ([Rom17]† ). Let b ∈ (0,∞), and let H : [0, b) → R2×2 be a Hamiltonian (w.l.o.g.

assume trH = 1 a.e.). Let d ∈ (0, 1], and assume that there exists a family of finite rank

Hamiltonians

H?(R), R > 1
(

lengths (l?n(R))
N?(R)
n=1 , angles (φ?n(R))

N?(R)
n=1

)
and a family of sequences of weights(

an(R)
)N?(R)

n=1
, R > 1 with an(R) ∈ (0, 1],

such that ( O-notation is understood for R → ∞, ‖.‖ denotes any matrix norm, and x?k(R) is

defined as in (6) from l?k(R))

(i)
∑N?(R)

k=1
1

ak(R)2

∫ x?k(R)

x?k−1(R)

∥∥H(x)− [H?(R)](x)
∥∥ dx = O

(
Rd−1

)
,

(ii)
∑N?(R)

k=1 ak(R)2l?k(R) = O
(
Rd−1

)
,

(iii)
∑N?(R)−1

k=1 ln
(
1 +

| sin(φ?k+1(R)−φ?k(R))|
ak+1(R)ak(R)

)
= O

(
Rd
)
,

(iv)
∣∣ ln a1(R)

∣∣+
∣∣ ln aN?(R)(R)

∣∣+
∑N?(R)−1

k=1

∣∣∣ ln ak+1(R)
ak(R)

∣∣∣ = O
(
Rd
)
.

Then the monodromy matrix W (b, z) of H satisfies log ‖W (b, z)‖ = O(|z|d).

The conditions in this theorem are sufficiently general to give useful estimates for the order

of W (b, z). However, applying it to concrete Hamiltonians often requires a tricky choice of

approximants and parameters which may differ very much from one example to another.

ââ In all known examples Theorem 6 can be applied to compute the order of the monodromy

matrix as the infimum of all d such that appropriate approximants can be found.

Research goal 1. We plan to investigate whether the order of the monodromy matrix of a lc↔ lc

Hamiltonian can always be computed using Theorem 6.

The challenge in Goal 1 is to invent a generic construction of approximants.

ââ Tracing the proof of Theorem 6 shows that the constant appearing in the O(.) of the

conclusion depends in a simple way on the constants in the O(.)’s of the hypothesis. A certain

quality of approximation thus yields an estimate for the type of W (b, z) w.r.t. order d. However,

this will in general not give the correct type, cf. [Pru]† . A good test piece is the Valent conjecture

about type, cf. Example 2.
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Research goal 2. We plan to improve Romanov’s Theorem so to be able to compute type. A

particular aim is to prove (or disprove) the Valent conjecture about type.

The challenge in Goal 2 is to refine the estimates used in the proof of Theorem 6. This requires

to find a new method for estimating some critical parts in the bounds.

2.2 Systems in limit point case I. Pointwise order and type

The notions of pointwise order and type are of relevance in the context of inverse

spectral problems. They occur as generalisations of the type of a measure studied in

harmonic analysis to orders less than 1.

The definition is straightforward.

7 Definition. LetH be a lc↔ lp Hamiltonian on (0, b). The pointwise order ρp is the supremum

of the orders of all fundamental solution matrices W (x, z), x < b. The pointwise type τp(ρ) w.r.t.

ρ is the supremum of the types w.r.t. ρ of all W (x, z), x < b.

Note that τp(ρ) = 0 for ρ > ρp, and τp(ρ) = ∞ for ρ < ρp. The pointwise order ρp lies

between 0 and 1. Examples can be constructed to show that for given ρ ∈ [0, 1] and τ ∈ [0,∞]

there exist Hamiltonians H with ρp = ρ and τ(ρp) = τ . In fact, for each given ρ, τ there is

a big variety of examples. The corresponding spectral measures may have arbitrary measure

theoretic characteristics, e.g., they can be chosen to be discrete, pure point, singular continuous,

absolutely continuous, have spectral gaps, etc., and also any combination of these types may

appear.

Within the scope of direct spectral problems, pointwise order and type are equally accessible

as order and type of limit circle Hamiltonians; any result about the latter can be applied in a

pointwise manner. When thinking of inverse spectral problems, the role of pointwise order and

type is much more intriguing. To explain this, let us revisit the classical type problem for a

measure.

Let µ be a positive Borel measure on the real line, and assume (for simplicity) that it has

finite total mass. Then the type of µ, denoted as T [µ], is the supremum in [0,∞] of all numbers

a ≥ 0 such that the linear span of the exponentials {z 7→ eitz : |t| ≤ a} is not dense in L2(µ). It

is a famous problem in harmonic analysis, called the type problem, to compute T [µ] from µ. Its

origins lie in the work of Kolmogoroff and Wiener about stationary Gaussian processes. The

vast literature on this problem culminates in the celebrated paper [Pol13].

To make the connection with the presently studied circle of ideas, recall the following fact:

Let µ be a finite positive Borel measure on R, and let H be the Hamiltonian corresponding to

µ via de Branges’ inverse spectral theorem. Then T [µ] is the pointwise type of H w.r.t. order

1. Thus, in the definition of T [µ] we may substitute the increasing chain {z 7→ eitz : |t| ≤ a},

7



a ≥ 0, of testing spaces by the chain of de Branges spaces in L2(µ) containing the constant

function 1.

Using a space of exponentials as testing space is obviously bound to the study of exponential

type. The approach via the chain of de Branges spaces immediately allows a treatment of

arbitrary growth behaviour.

8 Definition. Let µ be a finite positive Borel measure on R. The order ρ[µ] of µ is the pointwise

order of the Hamiltonian H corresponding to µ by de Branges’ inverse spectral theorem. For

ρ ≥ 0, the type τ [µ; ρ] of µ w.r.t. ρ is the pointwise type τp(ρ) of H w.r.t. ρ.

There exist only few results which evaluate or estimate the order of a measure. In fact, we

know only a couple of fairly simple ones.

(1) Any condition on µ which ensures that the space of all polynomials is contained in L2(µ)

and is dense (for example ∃ δ > 0 :
∫∞
−∞ e

δ|x| dµ(x) <∞) implies that ρ[µ] = 0.

(2) If µ is semibounded then ρ[µ] ≤ 1
2 .

(3) If µ is discrete then ρ[µ] does not exceed the convergence exponent of the sequence suppµ.

In [BW]† stability of de Branges chains under perturbations of the spectral measure is studied.

The admissible perturbations are composed of an additive part and a part which allows to redis-

tribute mass within intervals of limited size. They arose as generalisations of the perturbation

introduced in [BS11], where stability of the type of a measure was investigated.

9 Definition. Let σ and ν be finite positive Borel measures on R. We say that σ is majorised

by ν w.r.t. (λ1, λ2) and write “σ � ν w.r.t. (λ1, λ2)”, if

∃ c0, c1, c2 with c1 ≥ 1, c0, c2 ≥ 0 ∀x ∈ R :

σ
(
(x− e−λ1(|x|), x+ e−λ1(|x|))

)
≤ c0ν

(
(x− c1e−λ1(|x|), x+ c1e

−λ1(|x|))
)

+ c2e
−λ2(|x|).

The functions λ1, λ2 in this definition are supposed to be subject to certain regularity con-

ditions. Any growth function is admissible, and these are the examples of highest interest. The

majorisation relation used in [BS11] is reobtained as

∃ δ > 0 : σ � ν w.r.t. (δr, 2δr)

The main result of [BW]† is a Fast Growth Theorem: when the spectral measure is perturbed,

the union of the spaces in the de Branges chain either remains dense or its closure contains fast

growing functions.

Stability of the de Branges chain obviously implies stability of order and type, and this

leads to the following result; we formulate a somewhat simplified version. Thereby we say that

a measure µ has infinite index of determinacy, if the union of its de Branges chain is dense

in any space L2(µ + ν) with ν being finitely supported (cf. [BD95] in the context of moment

problems, [Worar]† for arbitrary measures, and [BS11] where it appeared as stable density).
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10 Theorem ([BW]† ). Let µ and µ̃ be finite positive Borel measures on R with infinite index of

determinacy. Denote by L and L̃ the union of all spaces of the de Branges chains corresponding

to µ and µ̃, respectively. Let ρ ≥ max{ρ[µ], ρ[µ̃]}, assume that τ [µ; ρ], τ [µ̃; ρ] < ∞, and set

c := sup
{

lim sup|x|→∞,x∈R |x|−ρ log |f(x)| : f ∈ L ∪ L̃
}

. Moreover, let δ > 0. If µ � µ̃ and

µ̃ � µ w.r.t. ((2c+ δ)rρ, (4c+ 2δ)rρ), then ρ[µ] = ρ[µ̃] and τ [µ; ρ[µ]] = τ [µ̃; ρ[µ]].

This theorem turns a priori estimates into equalities. Observe that the required a priori

knowledge is always present when ρ ≥ 1, in which case c = 0.

In Theorem 10 mutual majorisation of µ and µ̃ is required and equality is concluded. For

the case of exponential type a one-sided theorem holds, cf. [BS11]: If µ � µ̃ w.r.t. (δr, 2δr),

then τ [µ; 1] ≤ τ [µ̃; 1]. This is because the automatic presence of bounded type implies regular

growth and zero distribution. For growth w.r.t. orders < 1 monotonicity need not hold. On

the very low end of the growth scale, namely for logarithmic orders < 2, monotonicity (of type

w.r.t. the logarithmic order) again holds. This is because for functions of such slow growth the

connection between growth and zero distribution is again better accessible.

ââ We pose the order problem for a measure as the task to compute ρ[µ], i.e., the pointwise

order of the Hamiltonian corresponding to µ by de Branges’ inverse spectral theorem.

Research goal 3. We plan to tackle the order problem for a measure. In view of its complexity,

this is a start for a potential long term direction of research. For the beginning it is expected

to obtain some examples and results within classes of well-behaved measures.

The challenge in Goal 3 is that the connection between µ and H is in general highly implicit,

and even if the passage from µ to H can be handled, pointwise order needs to be evaluated. We

propose two possible approaches.

(1) A perturbation approach: In the first stage working in classes of well-behaved smooth mea-

sures where solutions of the inverse problem in the (perturbative) flavour of the Gelfand-Levitan

method exist. The hope being that compressions of transform operators can be controlled. In

the second stage extending these results to larger classes of measures by using perturbation

results (as Theorem 10) to smoothen measures or turn estimates into equalities.

(2) An approximation approach: Working with approximations of sections of H by piecewise

constants. This approach is motivated by the fact that de Branges’ construction of H from µ

works by approximations of the measure by finitely supported measures. The hope being that

the approximations of H occurring from approximations of µ can be controlled quantitatively

up to a sufficient extent.

2.3 Systems in limit point case II. Uniform order

The notion of uniform order occurs when taking an operator theoretic viewpoint. It

is of relevance in the context of direct spectral problems.
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Starting point is the following fact: Assume that H is lc↔ lc, then the order of the monodromy

matrix is the infimum of all numbers α > 0 such that the resolvents of selfadjoint realisations

of the canonical system belong to the Neumann-van Schatten class Sα. Now the following

definition comes naturally.

11 Definition. Let H be a lc↔ lp Hamiltonian. The uniform order ρu is the infimum of all

α > 0 such that the resolvents of the selfadjoint realisation A(H) belong to Sα.

Our choice of terminology is motivated by the following fact which is proved (up to a

rotation) in [PW]† : If ρu < 1 then a certain linear combination of the columns of W (x, z) has

a limit when x↗ b and satisfies, for each α > ρu, a pointwise estimate of the form ≤ c1e
c2|z|α

which is uniform in x. Observe that the uniform order of a Hamiltonian is always larger or

equal than its pointwise order. Examples show that ρu can be any number in [0, 1] while ρp = 0.

For canonical systems arising from a Krein-Feller operator −DmDx (equivalently, for diag-

onal Hamiltonians), uniform order is fairly accessible. For simplicity we present the case that

the string has finite total mass.

The probably first result in this direction is a characterisation of trace class.

12 Theorem (M.G.Krein ≈1952). 3Assume m(b) <∞. Then the resolvents of the Krein-Feller

operator are of trace class if and only if
∫ b
0 x dm(x) <∞.

Another early result characterises discrete spectrum.

13 Theorem ([KK58]). Assume m(b) < ∞, b = ∞, and
∫∞
0 x2 dm(x) = ∞ so that limit

point case prevails. Then the Krein-Feller operator has compact resolvents if and only if

limx→∞ x
(
m(∞)−m(x)

)
= 0.

Only much later it was shown that belonging to Sα can be characterised also for α < 1.

14 Theorem ([Kac86]). Assume m(b) < ∞,
∫ b
0 x dm(x) < ∞, and let α ∈ (0, 1). Then the

resolvents of the Krein-Feller operator belong to Sα if and only if (for one and hence for all

l ∈ (0,∞)) ∫ b

0

∫ sx(l)

0
(ux(t))α−1 dt dm(x) <∞, (7)

where

ux(s) := s
(
m(x+ s)−m(x− s)

)
, s ∈ [0,min{x, b− x}),

sx(l) := sup
{
s ∈ [0,min{x, b− x}) : ux(s) ≤ l

}
.

3This theorem is stated without a proof in [KK58, p.140], restated in [KK68, 11.10◦], and ever since regarded

as common knowledge. It is attributed to lectures of M.G.Krein, and we cannot appoint an original paper

including a proof. However, it can be deduced easily from Theorem 17 below.
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This theorem allows in principle to compute uniform order, provided the a priori knowledge

that it is < 1. Unfortunately, the integral (7) is a rather awkward expression. For example, if

m is a step-function with jumps mj located at distances lj , i.e., models a Stieltjes string, (7)

equals
∞∑
j=1

mj

j∑
k=1

(( j∑
i=k

mi

)α−1 · [( j∑
i=k

li

)
+
( j∑
i=k+1

li

)α])
.

Under a smoothness assumptions on the mass function, (7) can be rewritten in a more accessible

form.

15 Theorem ([Kac90]). Assume m(b) < ∞, b = ∞, and
∫ b
0 x dm(x) < ∞. Assume further

that the distribution function M(x) :=
∫ x
0 dm(t) is concave with M ′(x2 )

/
M ′(x) bounded above

and away from zero. Then the resolvents of the Krein-Feller operator do not belong to S 1
2
, and,

for α ∈ (12 , 1) they belong to Sα if and only if
∫∞
0 M ′(x)αx2α−1 dx <∞.

For large α, belonging to Sα is characterised only for integer values.

16 Theorem ([Kac62]). Assume m(b) < ∞, b = ∞, that
∫∞
0 x2 dm(x) = ∞ so that limit

point case prevails, and that limx→∞ x(m(∞) − m(x)) = 0 so that the Krein-Feller operator

has compact resolvents. Moreover, let α ∈ N. Then the resolvents of the Krein-Feller operator

belong to Sα if and only if∫
Q
U(x1, x2)U(x2, x3) · · · · · U(xn−1, xn)U(xn, x1) dx1 · · · dxn <∞,

where

U(x, s) :=

m(∞)−m(s) , x ≤ s

m(∞)−m(x) , x > s
, Q :=

{
(x1, . . . , xn) ∈ Rn : 0 ≤ x1 ≤ · · · ≤ xn

}
.

As a general rule treating canonical systems with a diagonal Hamiltonian is much simpler

than dealing with general ones. The obvious reason being that the differential equation involves

less terms and is less intertwined. For instance the above Theorem 13, when reformulated for

diagonal Hamiltonians, says that for a diagonal lc↔ lp Hamiltonian selfadjoint realisations have

compact resolvents if and only if either

b∫
0

h1(x) dx <∞ , limx↗b

( b∫
x
h1(t) dt ·

x∫
0

h2(t) dt
)

= 0

or b∫
0

h2(x) dx <∞ , limx↗b

( b∫
x
h2(t) dt ·

x∫
0

h1(t) dt
)

= 0.

If H has nonvanishing off-diagonal entries it is a long standing open problem to determine

whether the model operator has compact resolvents. The best known result is [Kac95] which

gives some necessary conditions and some sufficient conditions (which do not coincide).

The only general result about uniform order which includes non-diagonal Hamiltonians is

the following characterisation of Hilbert-Schmidt resolvents.

11



17 Theorem ([KW07]). Let H be a lc↔ lp Hamiltonian on the interval I = [0, b). Then the

resolvents of selfadjoint realisations are of Hilbert-Schmidt class if and only if there exists an

angle φ ∈ [0, π) such that (G(x) :=
∫ x
0 H(t) dt)∫ b

0
ξTφH(t)ξφ dt <∞,

∫ b

0
ξTφ+π

2
G(t)ξφ+π

2
ξTφH(t)ξφ dt <∞.

ââ For Neumann-van Schatten classes an extensive perturbation theory is available. We ex-

pect that the relation between the Hamiltonian and its operator model is sufficiently controllable

to allow invoking this theory.

Research goal 4. We plan to find perturbation results which yield stability of uniform order

under small perturbations of the Hamiltonian.

The challenge in Goal 4 is to obtain quantitative conditions on the smallness of a perturbation of

a Hamiltonian which imply smallness of the corresponding perturbation of model operators.

ââ The method of approximating H with piecewise constant Hamiltonians corresponds on

the operator side to approximating the (resolvents of the) model operator with finite rank

operators. Thus we expect it to be suitable to study Neumann-van Schatten class properties.

Research goal 5. We plan to find conditions on the quality of approximations which provide

estimates for the uniform order of a system. Such conditions are expected to be of similar type

as in Theorem 6 with an additional condition on decay or smoothness of tails.

The challenge in Goal 5 is to find a way to estimate a certain linear combination of the columns

of W (x, z) while accepting that separate entries blow up.

Note: The straightforward idea, namely applying Theorem 6 to the sections H|[0,x], x < b,

and requiring uniformity in x, is not suitable to study uniform order. Having approximants with

O(.)-constants uniform in x implies that W (z, x) has a limit when x approaches L, and hence

that H is lc↔ lc. This problem is intrinsic, the proof of Theorem 6 is bound to estimating all

entries of W (z) at once.

2.4 The power moment problem and Hamburger Hamiltonians

Power moment problems lead to canonical systems of a very particular – simple –

form. This gives hope that for power moment problems more detailed knowledge can

be obtained than in the general case.

The Hamburger power moment problem is the question:

Given a sequence (sn)∞n=0 of real numbers, does there exist a positive Borel measure on R with

sn =
∫∞
−∞ x

n dµ(x), n = 0, 1, 2, . . .. If yes, what is the totality of all such measures ?

The answer goes back to work of T.-J.Stieltjes, M.Riesz, R.Nevanlinna, and H.Hamburger, and

reads as follows:

12



(1) There exists a measure which has (sn)∞n=0 as its power moments if and only if for all N ∈ N
the quadratic form

∑N
i,j=0 si+jξiξj is positive semidefinite. If (sn)∞n=0 has this property, we say

that (sn)∞n=0 is a moment sequence and speak of every measure having (sn)∞n=0 as its moments

as a solution of the moment problem.

(2) Assume that (sn)∞n=0 is a moment sequence. Then the set of solutions of the moment problem

either has one element or is infinite. If there is only one solution, the moment sequence is called

determinate, otherwise it is called indeterminate.

(3) If the moment problem is indeterminate, there exist four entire functions wij(z), i, j = 1, 2,

of minimal exponential type such that the formula∫ ∞
−∞

dµ(x)

x− z
=
w11(z)τ(z) + w12(z)

w21(z)τ(z) + w22(z)
, z ∈ C \ R,

establishes a bijection between the set of all Herglotz-functions τ (including the constant ∞)

as parameters and the set of all solutions µ of the moment problem. The matrix W (z) =

(wij(z))
2
i,j=1 is called the Nevanlinna matrix of the moment problem.

We know only one result which estimates the growth of wij directly in terms of the moment

sequence (sn)∞n=0.

18 Theorem ([Liv39]). Let (sn)∞n=0 be an indeterminate moment sequence. Then the order of

the functions in the Nevanlinna matrix is not less than

lim sup
n→∞

2n lnn

ln s2n
,

the order of the Livšic series
∞∑
n=0

z2n

s2n
.

It was an open question whether this lower bound always coincides with the order, which

only recently was answered in the negative, cf. [PRW16]† .

Moment problems allow for an operator theoretic interpretation. Under a suitable normali-

sation, they are in a one-to-one correspondence with Jacobi matrices, i.e., tridiagonal matrices

of the form

J :=


q0 ρ0

ρ0 q1 ρ1

ρ1 q2
. . .

. . .
. . .

 (8)

with qn ≥ 0 and ρn ∈ R. This correspondence is given via the three-term recurrence associ-

ated with a moment sequence: the orthonormal polynomials Pn(z) associated with a moment

sequence (sn)∞n=0 satisfy a recurrence of the form

zPn(z) = ρnPn+1(z) + qnPn(z) + ρn−1Pn−1(z), n ≥ 0,

where ρ−1 := 1, ρn ≥ 0 and qn ∈ R for all n ≥ 0.

13



A Jacobi matrix generates a closed symmetric operator in `2(N0), called the Jacobi operator

with parameters (ρn)∞n=0, (qn)∞n=0. The deficiency indices of this operator are equal and cannot

exceed 1. The distinction whether the moment problem is determinate or indeterminate cor-

responds to the alternative whether the corresponding Jacobi operator J is selfadjoint or has

defect index (1, 1). In the indeterminate case, the Jacobi operator is entire and the Nevanlinna

matrix is Krein’s resolvent matrix of this operator. Finding the order of the functions wij thus

means to find the convergence exponent of the eigenvalues of J , equivalently, the infimum of all

α > 0 such that its resolvents belong to Sα.

Under the assumptions that J is a small perturbation of a zero-diagonal operator and that

(ρn)∞n=0 is not oscillating, order can be evaluated in terms of the Jacobi parameters.

19 Theorem ([Ber56]). Let ρn > 0, qn ∈ R, and let J be the Jacobi matrix with parameters ρn

and qn. Assume that the Carleman condition
∑∞

n=1
1
ρn
<∞ holds, and that

ρ2n ≥ ρn−1ρn+1 (log-concave parameters),
( qn
ρn

)∞
n=1
∈ `1 (small diagonal).

Then J has defect index (1, 1) and the order of the functions in the Nevanlinna matrix of the

corresponding moment sequence is equal to the convergence exponent of (ρn)∞n=1.

For a long time this remained the only result computing order for the indeterminate case in

terms of the Jacobi parameters. Recently, two extensions of Berezanskii’s theorem were given,

cf. [PW]† , [Pru]† . The first paper deals with (possibly) oscillating parameters; “angles φn” (see

below) are allowed to perform a random walk on a grid. The second paper studies parameters

having power-like asymptotics of the form nβ(x0 + x1/n+ O(n−2)). It turned out that in both

situations Berezanskii’s formula evaluating order as the convergence exponent of ρn remains

valid. Also when diagonal parameters are small only in the sense that | qnρn | ≤ n−ε with some

ε > 0, and even in some situations where lim supn→∞ |
qn
ρn
| > 0.

Jacobi operators can be considered as discrete canonical systems. Namely, they correspond

to Hamiltonians made up of countably many indivisible intervals accumulating only at their

right endpoint: H(x) := ξφnξ
∗
φn

for x ∈ [xn−1, xn), n ∈ N,

We call a Hamiltonian of this form Hamburger Hamiltonians with lengths (ln)∞n=1 and angles

(φn)∞n=1.
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Under an appropriate normalisation, the correspondence between Jacobi parameters and

Hamburger Hamiltonians is one-to-one and given by the formulae

ln = Pn(0)2 +Qn(0)2,
1

ρn
= | sin(φn+1 − φn)|

√
lnln+1, n ∈ N,

qn = − 1

ln

[
cot(φn+1 − φn) + cot(φn − φn−1)

]
, n ∈ N.

This connection can be exploited to give very efficient deductions of nearly all known results

about moment problems. Notions introduced for moment problems have their correspondence

on the canonical systems side. For example the moment problem is indeterminate if and only

the Hamburger Hamiltonian is lc↔ lc. If the moment problem is indeterminate the Nevanlinna

matrix of the moment problem is the monodromy matrix of the Hamburger Hamiltonian. The

order of the functions wij(z) in the Nevanlinna matrix thus equals the order of the corresponding

Hamburger Hamiltonian. Riesz’ theorem [Rie23] that the entries have minimal exponential type

is now immediate from the Krein-de Branges formula.

In [PRW16]† some results were shown which estimate or evaluate the order of a Hamburger

Hamiltonian H in terms of its lengths and angles4. Throughout, we denote the lengths and

angles of H as ~l = (ln)∞n=1 and ~φ = (φn)∞n=1, and assume that H is in limit circle case, i.e., that

~l is summable.

20 Theorem ([PRW16]† ). Generic region:

Measure the speed of decay of lengths and angle-differences on the power scale by

∆+
l := max

{
1, sup

{
τ ≥ 0 : ln = O(n−τ )

}}
, ∆φ := sup

{
τ ≥ 0 : | sin(φn+1 − φn)| = O(n−τ )

}
.

Assume that ∆+
l + ∆φ ≥ 2 and (∆+

l ,∆φ) 6= (1, 1). Then

ρ(H) ≤ 1

∆+
l + ∆φ

. (9)

21 Theorem ([PRW16]† ). Critical triangle:

Set Λφ = 0 if ~φ does now converge, and

Λφ := sup
φ∈[0,π)

sup
{
τ ≥ 0 : | sin(φj − φ)| = O(n−τ )

}
if φ = lim

n→∞
φn exists.

Assume that ∆+
l + ∆φ < 2. Then

ρ(H) ≤
1−∆φ + 1

2Λφ

∆+
l −∆φ + Λφ

. (10)

4We do not formulate the most general variants; some quantities could be substituted by arithmetically

averaged ones.
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22 Theorem ([PRW16]† ). Evaluating order in the generic region.

Define geometrically averaged measures for the of decay of lengths and angle-differences:

δl := lim inf
n→∞

−1

n lnn
ln
(√

ln

n−1∏
k=1

lk

)
, δφ := lim inf

n→∞

−1

n lnn
ln
( n−1∏
k=1

| sin(φk+1 − φk)|
)

To rule out heavy oscillations and sparse peaks assume the regularity conditions that at least one

of δl and δφ exists as a limit, that ln = O
(∏n

k=1 lk

) 1
n

, and that either δφ = 0 or | sin(φn+1 −

φn)| = O
(∏n

k=1 | sin(φk+1−φk)|
) 1
n

. Further assume that δl+δφ ≥ 2 and (δl, δφ) 6= (1, 1). Then

ρ(H) =
1

δl + δφ
. (11)

It was shown by examples that non of the above regularity conditions can be dropped.

Translated back to a moment problem, the value in (11) is the order of the Livšic series.

Translating back to a Jacobi operator, one can deduce Berezanskii’s theorem using the case

“δφ = 0”.

A theorem of a different kind evaluates order of an indeterminate moment problem in terms

of orthonormal polynomials, cf. [BS14].

23 Theorem ([BS14]). Let (sn)∞n=0 be an indeterminate moment sequence, and let Pn(z) =∑n
k=0 bk,nz

k be the corresponding orthonormal polynomials. Then the order and type of the

Nevanlinna matrix coincides with the order and type of the entire function

Φ(z) :=

∞∑
k=0

( ∞∑
n=k

bk,n

) 1
2
zk. (12)

It is important to compare Theorems 22 and 23. Since order and type of an entire function

can be calculated from its power series coefficients, (12) can always be used to compute order

and type from the coefficient sequence
(∑∞

n=k bk,n
)∞
k=0

. Knowing these coefficients, however,

means to know all orthonormal polynomials Pn(z). In order to apply Theorem 23, one has to

solve the direct problem, i.e., the recurrence

zAn(z) = ρnAn+1(z) + qnAn(z) + ρn−1An−1(z), n ≥ 0, A−1(z) = 0, A0(z) = 1, (13)

for all z ∈ C, and be able to handle all series
∑∞

n=k bk,n. This makes it very hard to apply

Theorem 23 in practice. One successful application to symmetric moment problems, i.e., qn = 0,

n ≥ 0, was given in [BS17], cf. Example 2.

The conclusion of Theorem 22 is in a way weaker, since it evaluates order for reasonably

regular data and outside the critical triangle. However, incomparably less knowledge is needed

to apply Theorem 22. In order to make the passage from Jacobi parameters to lengths and

angles of the Hamburger Hamiltonian one only has to solve the recurrence

0 = ρnan+1 + qnan + ρn−1an−1, n ≥ 0,
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i.e., the recurrence (13) at the single point z = 0. This passage can indeed sometimes be

undertaken in practice, for instance, when the Jacobi parameters have a powerlike asymptotic

behaviour, cf. [Pru].

ââ For the class of Hamburger Hamiltonians there is lot more machinery available than in

general. Test-pieces like the Valent conjecture or moment problems induced by special functions

as in Examples 3,4, fall in this class.

Research goal 6. We plan to investigate the question how to compute type in the situation of

Hamburger Hamiltonians. The hope being that explicit formulae are more likely to be found

than in the general case, due to the simple structure of a Hamburger Hamiltonian. It is expected

that type will obey the general intuition that fast decay of lengths and slow variation of angles

implies slow growth.

The challenge is to either qualitatively (asymptotically) understand approximations suitable for

an application of the to be found version for type of Romanov’s Theorem, or to find a way to

quantitatively handle the power series coefficients in the Berg-Szwarc series.

ââ The upper bound given in Theorem 21 for the critical triangle is larger than the bound in

Theorem 20 for the generic region. Almost no explicitly computable examples are known whose

lengths and angles fall into the critical triangle. In particular, the role of Λφ in the estimate

(11) is unclear.

Research goal 7. We plan to investigate the situation in the critical triangle. Either bounds

shall be improved or examples shall be constructed to show sharpness of the known bounds.

The expectation is not clear, however, we regard it as slightly more probable that bounds are

already sharp. Classes of well-behaved Hamiltonians shall be found which fall in the critical

triangle, yet their order can be computed.

To explain the challenge, let us first take a philosophical point of view: Looking at the bound

in (9), and remembering that (10) is not smaller, we see that the critical triangle in a way

corresponds to orders larger than 1
2 . It is a fact in complex analysis that functions of order < 1

2

behave simpler than functions of larger order, especially when it comes to growth properties

and distribution of zeroes. Thus it would not be surprise if the behaviour in the critical triangle

is different than in the generic region. There is also a more concrete reason to believe that

much finer instruments are necessary to treat orders in (12 , 1) than small orders. Namely, Kac’s

results [Kac90, Theorems 1,2] about the order of a Stieltjes string with monotone masses and

lengths. From the form of the series appearing in these theorems it is seen that in the case

ρ < 1
2 behaviour on the power-scale determines the order while for ρ ∈ (12 , 1) behaviour on a

logarithmic scale must be taken into account.
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3 Methods and approaches

We will use methods from different areas of analysis. Their interaction will be a central feature.

â Complex analysis – entire functions:

De Branges spaces of entire functions, general theory of entire functions, growth- vs. zero-

distribution, Cauchy-integrals.

â “Hard” analysis:

Estimates for solutions of differential equations, growth estimates for canonical products, asymp-

totic methods to study solutions of difference equations.

â Operator theory:

Compact operators and Neumann-van Schatten classes, perturbation theory, Volterra operators.

â Indefinite inner products: Spectral theory in Krein- and Pontryagin spaces, strings with an

indefinite weight.

Although the subjects and questions under consideration are pure “Hilbert-space topics”,

indefinite inner product spaces occur in several places. Among them a procedure to diagonalise

a Hamiltonian, cf. [PW], and study of equations with singular potential, cf. [LW], [Wor15].

The first two mentioned fields will certainly appear within each of our research goals. Oper-

ator theoretic aspects are expected to play a role mainly within Goals 3-5. This expectation is

motivated by the reformulation of order and type via Neumann-van Schatten class properties,

which invokes the powerful theory of compact (Schatten-class) perturbations. Indefinite inner

product spaces are expected to appear within Goals 6 and 7. This expectation is motivated by

our previous work and the recent work [FW17] from which an operator theoretic interpretation

of some arguments in [PW] can be obtained.

4 International and national cooperations

â Roman Romanov (St.Petersburg State University, St.Petersburg, Russia): R.Romanov is

member of the Russian team in the precursor project. He is a specialist in inverse problems,

classical analysis and operator theory, and has very close connections to mathematical physics

working formerly as a senior researcher at the Institute for Physics, Laboratory of Quantum

Networks, of the St.Petersburg State University.

â Anton Baranov (St.Petersburg State University, St.Petersburg, Russia): A.Baranov is the

leader of the Russian team in the precursor project. He is a specialist in de Branges spaces and

complex analysis.

â Matthias Langer (University of Strathclyde, Glasgow, UK): M.Langer is a long time collab-

orator of the project applicant, and a specialist in differential operators and indefinite inner

product spaces.

â Michael Kaltenbäck (Vienna University of Technology, Vienna, Austria): M.Kaltenbäck is
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a member of the Austrian team in the precursor project. He is a specialist in spectral theory

and indefinite inner product spaces.

5 Project planning and dissemination strategy

â Project planning:

A strict dependency between the stated research goals is that Goal 6 will depend on a partial

solution of Goal 2. Further, some techniques employed in Goal 4 might be useful for Goal 7.

We plan to start with work on the complex formed by Goals 2,6,4,7. Work on Goals 1,3,5, shall

be started independently and proceed in parallel.

Our collaboration partners shall be fully involved in the research as a whole, however, we

expect contributions mainly as: Roman Romanov/Goals 1,2,6,7, Anton Baranov/Goals 3,4,

Matthias Langer/Goals 3,7, Michael Kaltenbäck/Goal 3.

â Dissemination strategy:

We plan to regularly publish papers in established international journals. Expected are three

papers per year focussing on the topics of the project. All publications will be made publically

available on the website of the project and will clearly mention the project. We will promote

our research by giving talks on international conferences and in seminars whenever there is a

possibility for it. We will continue the website http://asc.tuwien.ac.at/∼woracek/JP.html of the

precursor project to report about the progress and popularize the topic.

6 Human resources

â Harald Woracek: In my recent scientific work I deal with de Branges spaces of entire functions,

canonical systems, spectral theory, and geometry and operator theory in indefinite inner product

spaces. Ever since I found the richness of interactions of different disciplines, which occurs when

dealing with canonical systems and their connection with de Branges spaces, canonical systems,

and inverse problems, a fascinating feature. During work on the precursor project, the focus of

my research turned more towards the topics described in the present proposal. Funding of the

present proposal would give my the opportunity to concentrate on these topics and devote the

major part of my future research to the described goals.

â Raphael Pruckner: I have started my scientific career with working on the precursor project.

Doing research on this topic and having many stimulating discussions with my supervisor and

the partners of the Russian team is most exciting. Funding of the present proposal would

provide me with the perfect setup to further develop my knowledge, improve my abilities, and

collect experience. Having this possibility, would be an important step towards an international

scientific career which is what I am aiming at.
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7 Financial aspects

â Available personnel at the Institute for Analysis and Scientific Computing: Harald

Woracek (project applicant), Michael Kaltenbäck (national cooperation partner).

â Infrastructure: The infrastructure to carry out the proposed research is fully available at

the Institute for Analysis and Scientific Computing.

â Requested budget:

• Personnel costs: One PostDoc-position (100%) for 31 months. According to the FWF salary

scale: e 167064.

The duration of 31 months is chosen since for legal reasons Mr.Pruckner will not be employed

at the Vienna University of Technology for more than 6 years in total. During the precursor

project, he was employed for 41 months.

• Travel costs: A close cooperation with A.Baranov and R.Romanov will form a vital part of

the project. For each year we plan two trips of 2+1 weeks, where project leader and PostDoc

visit the St.Petersburg State University (in total 9 weeks/2 persons). The expected costs for

the total duration of the project are e 16000.

During the precursor project it has turned out that this number and duration of research

stays is a good measure. The requested travel costs are estimated from our experiences.

•General costs (obligatory): According to the rules of the FWF, the general costs for this project

amount to e 9153. This part of the funding shall be used primarily to attend conferences.

Total: e 192217

8 Ethical Aspects

There are no ethical aspects in connection with the proposed research.
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[KW06] M. Kaltenbäck and H. Woracek. “Pontryagin spaces of entire functions. IV”. In:

Acta Sci. Math. (Szeged) 72.3-4 (2006), pp. 709–835. issn: 0001-6969.

[Wor00] H. Woracek. “De Branges spaces of entire functions closed under forming difference

quotients”. In: Integral Equations Operator Theory 37.2 (2000), pp. 238–249. issn:

0378-620X. doi: 10.1007/BF01192425. url: http://dx.doi.org/10.1007/BF01192425.

x
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2007 - 2011 Bachelor study “Technische Mathematik” (B.Sc.), Vienna University of
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Mr.Pruckner will submit his Ph.D.-thesis during spring. His defense is expected to happen

in October this year.
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By Raphael Pruckner:
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7.8.2016).

• “Spektralsatz für definisierbare lineare Relationen auf Kreinräumen”; Studierendenkonferenz
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â Seminar talks:

By Raphael Pruckner:

• “The order of canonical systems associated with indeterminate moment sequences”; Institute

for analysis of the JKU Linz (Linz, 17.5.2015).
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xxii



6 Development of collaborations

To classify the extent of collaborations, we use the classification scheme applicable to FWF final

reports: high (E3), medium (E2), low (E1).

â Within the joint project’s teams:

E3: A.Baranov, R.Romanov

E2: M.Kaltenbäck

E1: Y.Belov, P.Yuditskii
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Matthias Langer (University of Strathclyde, Glasgow, UK), Henk de Snoo (Rijksuniversiteit

Groningen, The Netherlands)
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