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Chapter 1

Introduction

Domain decomposition expands the application range of finite element methods in different ways
by splitting the solution domain into two or more subdomains. For example, the decomposition
of a large problem into smaller ones might make its solution feasible for certain solvers, or it could
facilitate computation on a parallel architecture. Some domain decomposition methods require
the finite element discretization (i.e. the mesh) to match on different sides of the interface (i.e.
the shared boundary of two subdomains). Others, such as the method described in this thesis,
do not. One significant advantage of the latter type in particular arises when different parts of
the domain move in relation to each other.

Consider, for example, a simulation of the magnetic field inside an electric motor. Typically for
many types of motors, a current-carrying armature rotates in the static magnetic field of the
field magnet or field coil. Thus, the configuration of the parts changes continually. In order
to obtain a matching discretization of the space between rotor and stator for different stages of
the simulation, the mesh would have to be recomputed at every time step. With non-matching
domain decomposition, however, one could split off a cylindrical subdomain around the armature
and rotate the subdomain. Because the submeshes remain the same, we will also see that only
the coupling equations of the system matrix have to be reassembled.

One standard approach to non-matching domain decomposition is the mortar method, where
the continuity of the field is enforced by Lagrange multipliers on the interface. This leads to an
indefinite system of equations.

Unlike some mortar methods, the approach described in this thesis does not utilize a saddle-
point problem for the variational formulation. Instead, it bears a relation to Nitsche’s method
of enforcing Dirichlet boundary conditions, where additional stabilization and symmetry terms
are introduced to the variational equation. These fit the problem into the Lax-Milgram / Strang
framework for convergence of non-conforming, coercive formulations. This technique was intro-
duced for the Poisson problem in [1].

In order to arrive at a practicable method, one also has to consider the process of finite element
system assembly. Specifically, element matrices at the interface need to be computed indepen-
dently from the elements of any other subdomain. To that end, we modify the method and
introduce degrees of freedom on the interface similar to those found in hybrid discontinuous
Galerkin methods, as described in [2] for the Poisson problem. The convergence results for this
hybrid method allow for great flexibility in the choice of the finite element space for the hybrid
degrees of freedom on the interface. We propose a space spanned by B-spline basis functions, and
analyze the hybrid method for the Poisson problem in some detail.

This technique is applied to Maxwell’s equations for electromagnetic fields. As it turns out, a
directly equivalent treatment of the boundary conditions that arise from Maxwell’s equations

9



10 CHAPTER 1. INTRODUCTION

leads to an over-penalization of certain components of the solution field. This causes the energy
norm induced by the bilinear form to scale poorly, which has a negative impact on convergence.
We address this problem by imposing weaker transmission conditions using a Helmholtz-type
decomposition of the field. This yields a stronger norm for convergence at the cost of additional
degrees of freedom on the interface.

The methods for the Poisson problem and Maxwell’s equations were implemented in the open
source software package NETGEN / NGSOLVE to demonstrate their feasibility. Numerical ex-
periments were carried out to verify the theoretical results and examine the behavior of the
methods in practical applications.

We begin this thesis by reiterating some of the theory of Sobolev function spaces which forms the
basis for the analysis. Next, the general framework of finite element methods is introduced, in-
cluding standard methods for Maxwell’s equations and some results for non-conforming methods
pertinent to our domain decomposition method. We go on to discuss spline spaces and some of
their properties, before introducing the domain decomposition method for the Poisson problem
in the following chapter. After some numerical results, the method is applied to Maxwell’s equa-
tion. We close with the discussion of a more complex numerical simulation employing domain
decomposition.



Chapter 2

A Short Introduction to function
spaces

We begin with an introduction to function spaces, from Lebesgue spaces to general Sobolev spaces
and vector valued function spaces, where only certain differential operators exist. This chapter
adheres to [6], chapters 4 and 5.

2.1 The L, space

The Lebesgue function space [La]™ is a superset to all function spaces utilized in this thesis, and
all differential operators are derived from the properties of its Lebesgue integral. The system of
subsets of R™ that integration will be defined on, must form a o-algebra.

Definition 1 A set X of subsets of R", such that
(a) R" € X2
(b)) Ac Y= A°ec X
(c) Ay eX, keN =2, Ar e X

1s called a o-algebra.

Integration on R™ induces a volume function i : R™ — R via u(A) := [, 1. Contrarily, we
will proceed by prescribing certain properties of a volume function and using it to construct the
Lebesgue integral.

Definition 2 For a o-algebra 33, a measure is a function p : X — ]R(J{ U {oo}, such that
(a) w(A) >0 forall Ac X
() n(UpZy Ak) = 22521 (Ag) for Ax, € ¥ and Ay N A =0 for k #1

Property (a) is called non-negativity, (b) is called o-additivity.

We call a measure p normed, if p([0,1]") = 1, and p is translation-invariant, if p(qg + A) = p(A)
for all A € X, ¢ € R™. It can be shown that there exists no non-negative, sigma additive,
normed, and translation invariant measure on P(R"). For a box E, i.e. an interval of the form
E = [a1,b1) X [ag,b2) X ... X [an,byn), let po(E) :=[[;~,(bi —a;). Then we can define a measure on
the set X of finite unions of discrete boxes via uo(Ui~; Ei) :== Y vy po(E;). Note that although

11



12 CHAPTER 2. A SHORT INTRODUCTION TO FUNCTION SPACES

>0 is not a o-algebra, we can construct a measure p on a g-algebra X, such that ¥y C ¥ and
w(A) = uop(A) for A € Xy by applying an extension argument to pg. We call N C R™ a null set,
iff u(N) = 0. See [7] for a proof of the following result:

Proposition 1 There exists a o-algebra ¥ on R™ and a measure p on X, called Lebesgue mea-
sure, such that

(a) All open subsets of R™ are in 3.
(b) For every A € ¥ and € > 0, there exists an open set B D A, such that (B\A) <.
(c) ACBand Be X, u(B)=0 = Ae¥ andp(A)=0
(d) A={z eR" : ap <z <bg, k=1,...,n} €3 and pu(A) =1p_;(br — ax)
(e) p(A) = p(z+a) for Ac ¥,z € R"?
Using the Lebesgue measure, we can identify a class of functions we will assign an integral to.

Definition 3 Let Q@ C R™ be measurable and u :  — RU{oco}U{—o0}. We call u measurable,
iff {z : w(z) > a} is measurable for all a € R.

The integral is first introduced on the simple class of step functions.

Definition 4 We call s : R" — R a step function, iff s(x) = >_}" | axxa, for some measurable
sets Av,..., Ay CR™, and a1, ..., am € R. Let Q C R™ be measurable and s(x) = Y"}" | apxa, a

step function. Define
/ s(z) == Zak,u(Ak)
@ k=1

Proposition 2 To every measurable function u > 0, there exists a sequence of monotonically
increasing step functions (s), such that si(x) — u(z) for every x € Q.

Now we extend integration to all measurable functions:

Definition 5 For a positive measurable function u, let

Aa@yzym{lf@):seTm%ogsga}

For a measurable function u, let [uy(x) < oo or [, —u_(z) < co. Then we define

AM@:Aﬁ“@A“@)

If both integrals are bounded, u is said to be integrable.

In order to construct a complete space from the Lebesgue-measurable functions, we must identify
all functions that are identical up to a null set under the Lebesgue measure.

Definition 6 Let 1 < p < oco. The set of equivalence classes w of measurable functions on )
under the equivalence relation

U~V S u=v ae onfl,

such that |ulP is integrable on ), is called the space LP(S).
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Proposition 3 For 1 < p < oo, LP(Q) with the norm

1/p
el == (/Q \u<x>\p) i p<oo

Ul|loo := inf  sup |u(z
ol = iut s fu(o)

is a Banach space.

Note that L?(2) together with the inner product (u, v)r2(q) = Jqu(z) - v(z) is a Hilbert space.

2.2 The Weak Derivative

To approximate partial differential equations with finite element methods, we need appropriate
function spaces on which the differential operators that appear in the PDE are well-defined. The
construction of such spaces requires a more general definition for differentiation of Lebesgue-
measurable functions than classic differentiation.

Definition 7 The space of smooth functions with compact support is defined as
D(Q) :=={u e C(Q) | u has compact support in 2}

The dual space D'(Q) of continuous functionals on D(Q) (i.e. continuous linear mappings from
D(Q) to R, see 15) is called the space of distributions.

Definition 8 The space of all measurable functions that are integrable on every compact subset
of Q is called L} (Q). In other words,

loc

Llloc(Q) ={fe L' () : Q cCQ, Q compact}

Definition 9 For f € L}, define Ay € D' via

loc’

Af(q’):/Qq’f
for ® €D

If f € C*>(Q), then integration by parts holds:
/Daf @ = (—1)l /f-DO‘<I>
for all ® € D(2). Or, in the distributional formulation for f:
Apas(®) = (—=1)*Ap(D®)

We can use this relation to generalize differentiation to all distributions in D’:

Definition 10 (Differentiation of distributions) For a multi-index o and a distribution A €
D'(QY), the ath distribution derivative of A is the linear functional D*A on D'(Q2) with

(D*A)(@) = (~D)IA(D®)

for all ® € D(N).
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Partial differentiation shows that DAy = Apay for f € C°°. The equality does not hold for all
functions that are not continuously differentiable, however. A distributional derivative can be
assigned to every locally integrable function, but not every derivative can be assigned a function.
With this in mind, we arrive at a definition for differentiation that is more general than classical
differentiation but more restrictive than distributional differentiation:

Definition 11 (Weak derivative) If there exists g € Llloc, such that Ay = DAy for f € Llloc,
then D®f := g is the ath weak derivative of f.

In similar fashion, we can define weak differential operators for gradient, curl, and divergence,
respectively:

Definition 12 For w € L9(Q2), g = div w € Lo(R2) is called the weak divergence of w, if

/g.U:/wdivv for all v € [DQ)?

For u € [La())3, ¢ = curl w is called the weak curl of w, if

/c-q;_/u curl v for all v e [D(Q)

For g € Ly(Q), d = Vw is called the weak gradient of w, if

/d-v:/qu for all v e D(Q)
Like the weak differential, these operators coincide with their strong counterparts for classically
differentiable functions.
2.3 Sobolev Spaces

Using the weak derivative, we can now construct Banach spaces for finite element methods where
the differential operators are well-defined. We begin with the general Sobolev spaces WP,

Definition 13 For m,p € N we define the spaces
WmP(Q) ={u e LP(Q) | D € LP(Q) for 0 < |a] < m},

where D%u is the distributional partial derivative of u. Because the case p = 2 is of special
interest, we write

H™(Q) := W™2(Q)

Proposition 4 W™P(Q) is a Banach space w.r.t. the norm:

1/p
fullmp={ > Duly for 1< p <o,
0<]a<m
[ullmoo = max [ D%l|cc.

0<|a|<m
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Proof Let v;,j € N be Cauchy in WP*(Q). From the definition of WP*(Q), it follows that D%v
is Cauchy in L,(€2), and converges to some v® € [P(€2). Let K be the (compact) support of ¢.

Then,
/(Davj — M) = / (D%j —v*)¢
Q K
< [1D%05 = vl () 19l Lo

< [[D%0j = v, () [[#l| Loc = O

Now, we show that D% = v*:

/ v*¢ = lim Do‘v]qb
Q

J—00
= lim ( | |/v D%
j—>OO

= —1)|°‘/QUD°‘¢

This proves WP(Q) is complete, which makes it a Banach space.

Note that H™(S2) is a Hilbert space with the inner product

(u, v) gm(q) = Z (D%u, D*v)12(q) = /Dau D%v.

|| <m lo|<m

The spaces H™(£2) are natural solution sets for PDE’s where the differential operators manipulate
the components of the field symmetrically, such as the Laplace, elasticity, or the bi-harmonic
problem.

2.4 Vector-Valued Function Spaces

Some PDE’s feature differential operators that couple only certain components of the solution
field. The Maxwell equation, for example, that will be considered in this thesis, uses the curl
operator.

The spaces

' = w2 (Q)
H(curl,Q) = {u € [La(Q)]? | curl u € [Ly(Q))?}
H(div, Q) = {q € [La() | div g € Ly(2)}
together with the norms
[l = [[wll2 = [wliz, + [Vl
lull t(eurt,y = lullL, + [l curl ullL,

lallzr(aiw,0) = llgllzo + [l div ul|z,,

are appropriate solution spaces to problems dominated by the respective differential operators.
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2.5 Trace Theorems

In this section we examine the behavior of Sobolev space functions at the boundary of the domain
Q. In the following we assume €2 to satisfy a certain restriction to the shape of its boundary that
makes it feasible for analysis:

Definition 14 A domain ) is Lipschitz-bounded, if there exist open sets O;, such that O; N OS2
is the graph of a Lipschitz function ¢; : R*—1 = R

We will also need the following result for the analysis:

Proposition 5 A domain Q is Lipschitz bounded, iff there exist open sets U; € R", 092 C U;
together with diffeomorphisms g; : U; — B1(0)

At a glance, extension of functions in H'(£2) to 92 seems like a contradiction of terms, as Sobolev
functions are only defined up to a null set, and the boundary of the domain is, in fact, a null set.
It can be shown, for example, that C§°(Q) is dense in H*(Q) for Lipschitz bounded domains. As
it turns out, extension to the boundary is possible, however, in the sense that a completion for
the extension operator on C'*° exists:

Proposition 6 (Trace Theorem) For a Lipschitz-bounded domain ), there exists a well-defined
continuous operator

tr :© HY(Q) = Ly(09Q)
with
ulgg =tru  for ue CY(Q)

In order to prove the trace theorem, it can be shown that the operator
tr : CY(Q) = Ly(00)
u— ulgn

is bounded. Because C'*(Q) is dense in H'(€2), it follows that there exists a unique completion on
the whole space. First, we map the norm of the continuous trace to the reference domain (0, 1)?
using the transformation from proposition 5:

M
lor ull?, o0 = 3 / u()?
=1 i

M
= U\ Ss; 2
= ;_1 /1“ (si(¢,0))

The norm in the domain is transformed in the same way:
M
ey 2 3 [ (Vaul?
i=1"5i
M
=3 [ ¥aluo )P det(s)
i=17@Q

M
c V.. ()]?
zizl/Q| ()]

The boundedness of the operator now boils down to the estimate on the reference domain. See
[13] for the two-dimensional case, while [6] has the proof in greater generality.
The Range of the trace operator is a Banach space:

Si
05 0)‘ ac
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Proposition 7 The space
W= {tru|uec H(Q)}

with the norm
tr ullw = inf{|Jv]| | v € HY(Q), tr u = tr v}

is a Banach space.

It is possible to define spaces H*(2) for non-integer values s € R via the broken Sobolev norm.
Let s=m+ o0, m €Ny, 0 <o < 1. Define

2 ju(z) — u(y)l®
uls o = ————%—dx dy.
o= f, e

Then, the broken Sobolev norm of v € H?(Q) is
lulia = llullho+ D> IDulzq
|ae]=m

Using the Lipschitz property, we can define broken Sobolev spaces on the boundary of our domain.
As it turns out, the trace space W from proposition 7 is identical to the Sobolev space H'/ 2(00).
In fact, there exist continuous trace operators from H*(Q) to H*~/2(5Q) for all s > 1. On the
other hand, there also exist continuous extension operators F' : H*~1/2(9Q) — H*(), such that
tr F'=1d.

The dual space of H*(Q2) is referred to as H*(€2). The following trace theorems for the vector-
valued Sobolev spaces hold:

Proposition 8 For a Lipschitz-bounded domain ), there exists a well-defined, continuous oper-

ator
tr, : H(div,Q) — H'/2(0Q)

such that for v € [C(Q)]> N H(div)
trn u = [u(.) - n()]oo
The inverse normal trace theorem also holds for H(div, Q).
Proposition 9 For every q, € H=Y2(09Q), there exists ¢ € H(div), such that
trpu = gqn.

Proposition 10 For a Lipschitz-bounded domain §2, there exists a well-defined, continuous op-
erator

tr, : H(curl,Q) — H~Y2(8Q)
such that for u € [C(Q)]> N H(curl)
trr u = [u(.) x n(.)]|sn

Proposition 11 For a domain decomposition 1, — 2,...,Qp,, let T'y; = 0Q; N0y, If u; €
H(curl, ), i =1,...,m, such that tr.r u; = 7, Tijuu;, then

u € H(curl, Q) and (curl u)|q, = curl u,,
where ulq, == u;.

This last result is useful because it allows us to construct finite dimensional subspaces of H (curl)
on a partition of 2. These will be the solution spaces for the finite element method.
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Chapter 3

Finite Element Methods

3.1 Variational Equations

Finite element methods compute a numerical solution to a PDE in the weak form, i.e. they
operate on a variational equation that is equivalent to the differential problem. Thus, the theory of
variational equations provides the basic framework for the analysis of the method’s approximation
behavior. We begin with some elementary concepts from functional analysis.

Definition 15 A functional is a linear mapping ! : v — R, where V is a Vector Space. A linear
mapping A : V xV — R is called a bilinear form. A is called symmetric, if A(u,v) = A(v,u)
for allu,v e V.

Every element x of a Hilbert space V' can be mapped to a functional f, on V via f,(y) := (y, x).
Riesz’s representation theorem demonstrates, that j : V' — V', x — f, is a bijective mapping
from V to the space of continuous functionals on V, called the dual space V.

Proposition 12 (Riesz Representation Theorem) For every continuous linear functional | on a
Hilbert space V, there exists u; € V, such that

l(v) = (u,v) forall veV,

and
1]

ve = [luglv.

Definition 16 A bilinear form A on a Hilbert space V is called coercive, if there exists ¢c; > 0,
such that
Alu,u) > ci||lul|®*  forall uweV.

It is bounded, if there exists co € R, such that
A(u,v) < collullv||vlly  for all u,v e V.
A wariational equation is an equation of the form

Proposition 13 (Lax-Milgram) Let V be a Hilbert space, A a bilinear form, and f a functional
on V. If A is coercive and bounded, then there exists a unique u € V, such that

A(u,v) = f(v) forall veV,
i.e. the variational equation is uniquely solvable.

Proof According to Riesz’s representation theorem, there exits an isomorphism Jy : V¥ — V,
such that:

(Jvg,v)v = g(v)

19



20 CHAPTER 3. FINITE ELEMENT METHODS

3.2 The Galerkin Approximation

Finite element methods methods solve a variational equation on a finite-dimensional subspace of
V', the finite element space:

Definition 17 For a closed subspace Vy, of a Hilbert space V', the Galerkin approzimation of the
solution u to the variational problem

A(u,v) = f(v) forall veV,
with a coercive and bounded bilinear form A is the unique solution uy of the variational problem
A(up,vp) = f(up)  for all vy €V
Proposition 14 (Cea’s Lemma) For u,uy as above, it holds that

co .
. <2 inf fu—u.
lu —up|v < o ot |u — vp|

Proof For the Galerkin approximation, the so-called Galerkin orthogonality holds:
(w —up,vp) = (u,vn) — (up,vp) = f(vp) — f(vn) =0
Now, let vy, € V},
lu—unl* < ey

Thus, a framework for basic finite element methods is almost complete. If a weak form of a PDE
satisfies coercivity and boundedness, it is uniquely solvable, and the Galerkin approximation is
bounded by the best approximation to the solution in the finite element space. What is left is
to choose a finite element space, so that the best approximation is sufficiently close to the exact
solution.

3.3 Finite Elements
A finite element method (FEM) consists of a Variational equation

A(u,v) = f(v),

where A and f are defined on some finite-dimensional Hilbert space V}, spanned by basis functions
;. The solution of the FEM is a function up € Vj, such that

A(up,vp) = f(vg) for all vy, € V.
If the exact solution u of the problem that is to be approximated satisfies
A(u,v) = f(v) forall velV. (3.1)

for some Hilbert space V, and V}, is a subspace of V, then the FEM is called conforming. The
basis functions are generally derived from finite elements, i.e. triples (7', Vp, Ur), where

e T is a bounded set in )

e V7 is a function space on T of finite dimension Np
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o Up = {@D%F, ces ,wJTVT} is a set of linearly independent functionals on V.
The element basis {¢h, ..., @?T} of Vp is the dual basis to ¥, i.e.
V() = ;5 for 1<i,j < Np. (3.2)

For v € C(9), the local nodal interpolation operator defined as

Nt
Ipv =) ¥ (v)¢F. (33)
a=1
is a projection into Vp. A triangulation 7" = {T1,..., T} is a subdivision of  into bounded

subsets Tj, such that |JT; = Q, and Tl NT; = 0. We can define a global Interpolation Operator
on all of  via

Itv|lp = Irvlp forall T eT. (3.4)

Then the finite element space V}, is the range of the smooth functions C™ () under the projection
Operator I7:

Vir={v=ILrw|weCm™"Q)}
Vr is said to be of regularity r, if Vo C C". The regularity of V7 depends on the choice of

functionals 1% and the local function space V7.

3.4 Nédelec Finite Elements

We can use 11 to construct H(curl)-conforming finite elements (T, Vi, ¥r), beginning with the
lowest order Nédelec finite element in 2D. Here,

e T is a Triangle

o Vr =Ny, where

Ny = {U:T—>R2 : <;)j) —> (ZSC) +b<_y$>, @xaawbeR}

e the functionals for each edge F,z of the triangle are

wE&ﬁ:UH/ VT
Eogp

Note that [P%]? € Ny C [P!]%. The local space and the functionals are chosen to fulfill certain
properties that give Curl-conformity:

e The 2d curl (curl v = %L; - %—ZI) is constant for functions in Nj:

curl Ny = P°

e The tangential component of a function in Nj is constant along a line.
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The resulting local basis functions are
Pap = AaVAg — AgV g,

where A\, and Ag are the barycentric coordinates associated with the vertices V,, and V. (Here,
E, is the edge from V, to Vj3.) For the global finite element space, the local basis functions that
belong to the same edge are identified. Because the tangential components of the local basis
functions are constant along the shared edge, and the integral along that edge is the same as
prescribed by the local functionals, the tangential components of the global basis functions are
continuous across the edge. With 11, we have

Proposition 15 The finite element space defined by the lowest order Nédelec elements is a sub-
space of H(curl).

3.4.1 High Order 3D Nédelec elements on tetrahedra

For a multi-index o = (aq, a2, 3), we define the total degree by |a| = a3 + @ + a3. Then we
define the space of polynomials of mazimum total degree k via

P,={p:R* =R : px)= Z anx]r5?25%, ag €R B,
la|<k
and the space of homogeneous polynomials of total degree exactly k via
P,={p:R* =R : pz)= Z aqx] 5?25, aq €R
|a|=k

Then we have the subspace 3
Sp:={pe [P : z-p=0}

of [Pg], i.e. Sy is the kernel of the linear map p — z - p from [P3] to Py, which is unto. Thus,
dim(S;) = 3dim P, — dim P,y = k(k + 2)
The following subspace of [ﬁk]S will be important for curl-conforming elements:
Ry =[PP @S,

For the dimension of Ry, we have
1
dlm(Rk) = 3dim(Pk_1) + dlm(Sk) e 5(]6 + 3)(]{} + 2)]{}

Because R NV Py = {0}, and dim([P]?) = dim(R;) 4+ dim(V Py1), the space Ry, is part of a
Helmholtz-decomposition of [P]3:

Proposition 16 The following algebraic decomposition holds:
[Py]® = Ry, ® VDPji1.

If curl u = 0 for u € [L2(Q)]?, then u = Vp for some p € H'(Q). The polynomial spaces Ry and
Py, reflect that property:
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Proposition 17 If u € Ry satisfies curlu = 0, then u = Vp for somep € P — k.
We will first define the Nédelec curl-conforming elements on the reference tetrahedron.

Definition 18 (Curl-conforming reference elements) The Curl-conforming Nédelec reference el-
ements consist of

e The reference tetrahedron T
e The local finite element space Ry
o Three types of degrees of freedom:

(1) Edge degrees of freedom:
M) = { [a54 : 4e Pste), e B
é
Here, E(T) is the set of edges of T, and for é € E(T), T is a unit vector in the direction

of €.
(2) Face degrees of freedom:

Mj(a) = {mim/f“q : feF(D), q€ [P, w=0}

F(T) 1s the set of faces of T, and U is the unit normal of a face f
(3) Volume degrees of freedom:

M) = { 44 5 ae P}

Let Br be the Jacobi matrix of the transformation from the reference element 7' to a general
element T. Then, the following transformation maps a H(curl)-function from T to T while
preserving its H (curl)-property:

uwo Fr = (BR)™la (3.5)

The curl of w is related to the curl of 4 via

curl u = —————Bpcurlu.

det(BT)
An edge tangent vector 7 is transformed as follows:

 Br#
| Br7|

T

The next result demonstrates the advantage of choosing Ry as the local finite element space:

Proposition 18 Ry is tnvariant under the transformation 3.5, i.e. if 4 € Ry, then u € Ry, if
4 and u are related by 3.5.

Now we define the Nédelec finite element on a general tetrahedron:

Definition 19 The curl-conforming finite element consists of
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o A tetrahedron T
e The local finite element space Ry,

o Three types of degrees of freedom.:

(1) Edge degrees of freedom:

Me(u):{/eu-ﬂ] L g€ Pey(e), eeE(T)}

Here, E(T) is the set of edges of T, and fore € E(T), T is a unit vector in the direction
of e.
(2) Face degrees of freedom:

Mf(U)Z{are;(f)/qu : fE€F(T), q= Brj q € [Po_a(f)?, é-ﬁ=0}

F(T) is the set of faces of T, and ¥ is the unit normal of a face f, the face of the
reference tetrahedron corresponding to f.

(8) Volume degrees of freedom:
Mr( ={ [ wa g0 Fr = (0 det(Be) Bra. 1€ (PalD)P

Because we use the transformation 3.5, the following relation holds:

Proposition 19 If det(Br) > 0, then the sets of degrees of freedom for u on T equal those of U
onT.

To see that the global finite element functions are curl-conforming, we will need the following
proposition:

Proposition 20 If for u € Ry the degrees of freedom of a face f and its edges vanish, then
uxv=0onf.

Now, let V}, be the finite element space induced by the Nédelec elements on a triangulation 7 as
described in section 3.3. If u € V}, then u; := u|p, € Ry and ug := u|p, € Ry, for two neighboring
tetrahedra T and T5 that share a face f. We can extend u; and us to the full domain, and
u; — uz € Rj holds as well. The degrees of freedom associated with the face f and its edges
vanish for u; — us. Thus, according to the preceding proposition, u; X v = ug X v on the face f,
and it follows from 11 that u € H (curl).

3.5 Approximation Theorems

According to Cea’s lemma, the approximation error ||u — uy|| for the Galerkin approximation uy
of an H (curl)-function w is linearly bounded by the best approximation error inf,cy, [[u — v in
the finite element space V},. Thus, now that we have defined an appropriate curl-conforming finite
element space, we must examine its approximation properties.
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3.5.1 The H1-conforming space

To establish an error estimate in the Sobolev norm we will need the Bramble-Hilbert lemma:

Proposition 21 (Bramble-Hilbert Lemma) Let the bound of @ € R™ be Lipschitz continuous,
t > 2, and L a bounded, linear Operator from H'() into a normed space Y. If P,y C ker L,
then there exists ¢ = c¢(Q)||L|| > 0, such that

| Lo|| < clv|yw € HY(Q) (3.6)
To establish the relationship between the mesh size h of a triangulation 7 and the approximation
error ||u — Ipul|m,0 we will need the following transformation formula for affine transformations:

Proposition 22 Let ¢ : T — T, x — xo+ Brx be bijective for a non-singular matriz Br. For
ve H™(T) and v := ® ow, it holds that

[0],,,7 < ¢ [|Br|™ - | det Br| ™"/ |v]mr (3.7)
Now we can prove the following upper bound for the approximation error:

Proposition 23 Let I, be the interpolation operator induced by HI-conforming finite elements
of piecewise polynomials of order s — 1 on a Triangulation Tn. Then, it holds that

v = Ihullmea < c-h*"u

ERY

Proof We decompose the approximation error into element-wise contributions and map to the
reference element using the transformation formula 3.7. Then we apply the Bramble-Hilbert
Lemma to L := (id — I;) and map back to the global element.

The following proposition follows from local scaling:

Proposition 24 For vy, € Vy, it holds that

n| 20’
on

< C1lIVonl72(0,)- (3.8)
o;Nr

Proof For the edge F of an element T, transforming to the reference element gives:
ol < b6l

where E is the edge of the reference element T corresponding to E. This is straightforward to
verify for the 2D case (i.e. n = 2):
Without loss of generality let £ = [0,1] x {0}. Then, for p := ® ((0,0)), and ¢ := ® ((1,0)), we
have ®((s,0)) = p+ s(q — p), and

o[, = /
[0,1]

)

(00 B)2((,0)) - ['(-,0)] = /EA p—dal < hlol2

Because |.|gy,r is a semi-norm on Vj, and all norms are equivalent on finite dimensional spaces,

it holds that
(%h 2

on

. < ‘Vvh‘% < C”VUh”iQ(f)
E
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Now, using the transformation formula to transform to the reference element and back, we have

vy, 2

2
o < [Vunlga,ar

o;Nr

= > Vulp
ECT

W
ECT

< Z h"710||VUh||L2(f)
TeT

<> h"'C(det Br) [Vl Lyt
TeT

< Ch*lHV”H%?(Qi)

2
E

Here, we also used the Hadamard inequality, which implies det By < h™

3.5.2 The H(curl)-conforming space

Let I, be the projector into V}, induced by the Nédelec high order finite elements on a regular
triangulation 7 as described in section 3.3. Note that due to the edge functionals, [; is not
well-defined for all H (curl)-functions. The trace theorem only provides a tangential trace on the
face of the tetrahedron. Thus, we need to impose additional regularity:

Proposition 25 Let u € [H(T)]3, curlu € [LP(T)]* with p > 2 for every T € T. Then Inu is
well-defined and bounded.

The following upper bound for approximation of certain H (curl) functions by polynomials of
degree k holds:

Proposition 26 Let T be a Lipschitz domain, k € N. There exists a constant C, such that for
ve [HYT)]3, curlv € [HY(T)]3

piengk v _pHH(curl,T) < CHUHH(curl,T) (3.9)
Mapping the norm to the reference element and using estimates like the above gives the following
result:

Proposition 27 Let Tj, be a reqular Triangulation of Q. Ifu € HY(Q) and curlu € H*(Q), then
lu = Ihull g (ean,0) < Ch(llullgo) + || carlul[1(a) (3.10)

Thus, we have established h-convergence of an elliptic and bounded problem on H(curl) using
Nédelec high order finite element.

3.6 Non-Conforming Methods

As it turns out, it is possible to drop or weaken certain assumptions we made on the finite element
space and the variational equation without losing convergence. Strictly speaking, the term non-
conforming FEM refers to methods that utilize finite element spaces that are not contained in
the solution space of the PDE. We will also use it, however, to describe classes of finite element
methods that violate one or more of a variety of such assumptions. These so-called variational
crimes include, but are not limited to:
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e As mentioned, the finite element space S; does not necessarily have to be a subspace of
the solution space V. For example, a function that is C'°°-smooth on the elements of a
triangulation 7 is in H'(Q) if and only if it is continuous on the whole domain Q. Thus,
S}y, is not a subset of V' for discontinuous finite element basis functions.

e Instead of the exact variational equation a(u,v) = f(v), one might solve an approximation

ah(uv 'U) = fh(v)'

The following is a tweaked version of Strang’s second lemma (see [5]), which we will use in the
convergence analysis of our domain decomposition method. It serves as a generalization of Cea’s
lemma for a certain class of non-conforming methods:

Proposition 28 Let ay, be a bilinear form on on a space V 4+ S, and u € V, such that
ap(u,v) = f(v) forall vevV. (3.11)
If for a norm ||.||, on V + Sy, it holds that

an(vn,vp) > alloplz for all vy, € S, (3.12)
ap(u~+ vp,wp) < Cllu+ vp||nl|wnlln  for all vy, wy, € Sh (3.13)

then the solution up of the Variational Problem
ap(up,vp) = f(ug)  for all vy € Sy, (3.14)

satisfies

lu—uplln <c inf |Ju—wvy|p+ sup lap (u, wy) — a(u, wp)|
v €S whES), HwhHh

Proof Let v, € Sj,. Then it follows from boundedness and stability, that
allup, — vplli < an(up — va, up — vp)
= ah(uh —u+u— Vp, U, —’Uh)
= ap(u — vp, up — vp) + ap(up, up — vn) — ap(u, up — vp)

= ap(u —vp,up — vp) + alu, up, — vy) — ap(u, up — vp)

< Cllu—onlln - llun, — vnlln + alu, un — vn) — an(u, up, — vp)
Dividing by ||up — vp|| gives

a(u,up, — vp) — ap(u, up — vp)
[[un — vn|

C
lun — valln < EHU — vl +

for all v, € Sp. Using the triangle inequality, we get

|u —uplln = l|u—vn +vp — uplln
< lw—=vpllp + lon — uplln

C ap(u,wy) — alu, w
< <1 + ) HU _ vhHh + sup ’ h( h) ( h)|
o whESH [lwh [

for all vy, € S},.
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Chapter 4
Spline Spaces

The finite element space used for the domain decomposition is a product space V; x My of a
standard finite element space V}, and a finite-dimensional subspace of Ly(I") on the interface. For
the latter, we will implement spline spaces, which possess certain properties that are beneficial
to the accuracy and computational efficiency of the method. We follow the outline of [9].

4.1 The Spaces P;, ;

Splines are piecewise polynomial functions of degree k — 1 on a partition of an interval, that are
k — 2 times smoothly differentiable on the whole interval:

Definition 20 For a sequence 7 = {10,..., 741} satisfying a = 10 < 11 < ... < 741 = b, the

space of k-th order splines is defined as

P = {f € C*2(0,) | Ml € Pior, 00 <1 .

The following result is derived by enumerating the degrees of freedom in constructing a spline
function:

Proposition 29 It holds that
dimPy , =k +1 (4.2)

Thus, Py, - is a finite-dimensional vector space that the polynomials of degree k —1 are a subspace
of.

4.2 B-Splines

Because of the piecewise structure of splines, it is possible to construct convenient bases for Py, -
that are non-zero on a limited set of subintervals [, 7;41). We define the B-spline basis functions
via the de-Boor-iteration, which also allows for an efficient computation of function values:

Definition 21 Let 7 = {79,...,Tn} be a sequence of knots as in definition 20. For 1 < k < n,
let

Nji(z) == X[t ,t41) for 7=1,...,n—1,

x—t; t‘+k — X
T N+ N (@),
j+k—1 J j+k Jj+1

for k=2,....n—1, and j=1,...,n—k

Nj}k(.’L') =

29



30 CHAPTER 4. SPLINE SPACES

The following observations on B-spline basis functions hold:

e We have
supp Njx C [tj, tjrr),

i.e. N; vanishes outside of [t;,t;4x]. This will prove to be a significant advantage of spline
spaces over polynomial spaces when used as a finite element space, because it reduces
coupling in the linear equation system associated with the method.

o Nji(xz) >0 for x € (tj,tj41)
1 (Nj,k?)|[ti,ti+1) € Pk?—].
* Njk € Ck_2([t1’ tn])

The last two items imply that N;; € P, .. However, we have so far defined only n — k different
B-splines for a set of knots 7 = {79,...,7,}. To expand the B-spline functions to a basis of Py, ,,
we add arbitrary knots lower than 71 to 7 as follows (producing a new set of knots T'):

T=A{t,...,t,} where n:=2k+1,
t1 < ... <tk =10,
ty+j=1 for j=1,...,1,
Ti41 = bpgig1 < oo < Lopti
The B-splines associated with the expanded set of knots, restricted to the original interval [a, b],
are still in Py .. Because there are k + [ functions in all, linear independence of the B-splines

implies they are indeed a basis of the spline space (see e.g. [3]).

Proposition 30 Let N;;, be the B-splines of order k associated with the expanded set of knots T
for the interval [a,b]. It holds that

span {Njklap @ 1<j<k+1} =P

Thus, we have a convenient basis for the spline space that is non-zero on a limited set of sub-
intervals of a partition of an interval

0.e6
0.4

0z

0o T T T T T T T T T T T T T T T T T ]
0.1 0.2 0.3 0.4 045 0.6 0.7 0.g R 1.0

+

=
[m]

Figure 4.1: The spline basis functions of order three to a uniform set of knots.
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4.3 Spline Approximation Properties

The next proposition gives an error bound for the best approximation of a function in the space
of k-th order splines (see e.g. [3]):
Proposition 31 For hr = max (741 — 7;), there exists ¢ < oo such that for all f € H°([a,b]),

7=0,...,{
it holds that
in v — Sell e as) < A F e
gklle%HU Sellarap) < ht™ "I o (jap)

This last result allows us to bound the error of the finite element method by the knot spacing h,
thus ensuring convergence for decreasing mesh size.
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Chapter 5

Decomposing the Poisson Problem

5.1 The Poisson Transmission Problem

To introduce the concept of the Nitsche-type domain decomposition presented in this thesis, we
will first apply the method to the model Poisson problem:

—Au=f in Q, (5.1)
u=0 on 01,

where 2 is a bounded two- or three-dimensional domain and f € Ly(2). For ease of notation,
the L? scalar products will denoted by

(u,v)q = / uv dz,
Q
(u, v)p ::/uvds.
r
Then the Poisson equation can be written in the weak form: Find u € H{ (), such that
(Vu, Vo) = (f,v) Yo e H(Q). (5.2)

Let Q be divided into two subdomains € and Qs with Q; N Qs = ) and Q; U Qs = Q. Under
the regularity assumption that u € H*(Q2) for s > 3/2, the Poisson equation is equivalent to the
following transmission problem:

—Aul:f in QZ’, i=1,2,

;=0 on 09, i1=1,2, (5.3)
up —ug =0 on T,
8U1 8u2
e T
8711 ang on

where u; = ulg,. The jump and mean value of a function u on the interface are defined as,
respectively:

[u] := uiny + ugng

1 1
{u} = Ju + U2

33
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Integrating the strong formulation of the Poisson equation over the subdomains separately and
adding them up gives the weak form of the transmission problem.

Z (Vui, Vui)g, = ({Vui}, vy = (fo)g Vo€ Hy() (5.4)

This variational formulation is not equivalent to the Poisson equation on the whole domain,
however, as it is satisfied by any two solutions of the Poisson equations on the subdomains. To
ensure uniqueness of the solution, we must take measures to enforce the continuity across the
interface.

5.2 Nitsche-Type Method for Domain Decomposition of the Pois-
son Problem

The solution u being continuous across the interface according to 5.3, adding symmetry and
stabilization terms to 5.4 retains consistency:

> (Vun, Von)g, — ({Vun}, [on])r — ([un] , {Von})p + % ([unl s [on)r = (f;vn)q (5.5)

This formulation implies a first finite element method for the transmission problem as introduced
in [1]:

Method 1 (Nitsche-Type Method) Find uy, € Vy, such that

> (Vun, Von)g, — ({Vun} ol — ([un] , {Ven})r + % {[un] [ = (£ vn)g (5.6)

for all vy, € Vy,.

In the following, we will assume that V}, is a piecewise polynomial finite element space on a shape
regular triangulation 7;, with mesh-size h, such that vy|q, € H'(€;) for v, € V). Furthermore,
let Ij, denote the interpolation operator defined locally by Invsla, = Invn, where Ip; is the
interpolation operator induced by the Hl-conforming finite elements on €;, respectively. Analysis
will be performed using the following mesh-dependent energy norm:

9 1/2

1 ov

lvllap == (Z IVl|d, + E’”%er + hlan%mmr> (5.7)
i=1

Note that the norm ||.||; is well defined only for for functions that have a normal derivative
in Ly(T) on the interface. This is the case for the piecewise polynomial functions v, € Vj and,
according to the trace theorem 6, for functions in H?(Q2). Now we can prove the stability of the
method:

Proposition 32 (Coercivity) For a sufficiently large, there exists a positive constant C, such
that

B (up, un) > Cllull? (5.8)

for all up, € Vy,.
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Proof Inserting into B and applying the Cauchy-Schwarz inequality and Young’s inequality gives:

B (uh, uh)

[ Ouy, 2a
= (Vuh, VU}L) -2 < uh> + — (uh, uh> )
on’ oor b oant

Oup, 2« 9
= IVunlZ2(q,) — 2k ‘ - unlgo,nr + == lunlao,ar
i L (‘) on oQ;NI h in h ‘
i h 8uh 2 C] 2 2
2 ||Vuh||%2(sz-) -2 < a5 |Uh|aQ ar | + 5 lunlaa,ar
p 4C[ on BQiﬁF h
[ C] C[ 2 2
2 IVunll7zq,) — 2 ||Vuh||L2 + - \uh‘aQ ar ) T = [un—la0,Ar
($%) 4Cy @) h

i L

- 1 1
=> <2HVUh!%2(Qi) +@a-Chy ‘uh%ﬂ’m)]

,l: L
=
=5 Un|I1,h
Proposition 33 (Boundedness) There exists a positive constant C, such that
B (u,vn) < Cllullipllonllsn (5.9)
for all u € H?(Q), vy, € V.
Proof From the Cauchy-Schwarz inequality, it follows that

B (u,vp)

ou ovy, 2
Z { (Ve Vonla <a”’vh>aaimr N <U7 3”>aamr * h o Uhlomer }

ou
<> {||U|L2(Qi)||vh||L2(Qi) +

871 |Uh |aQiﬂF

oQ,;Nr

ov 200
+ on [ulaq,Ar + = \U’aﬂ Ar [Vrlaq,nr
oQ;Nr
ou :
< Z { <HU||L2(Q1') Tlan + lulpo,nr + |U|aQ mF) '
i oQ;Nr

2
ovy,

on

<”’Uh\|%2(m) +

ou
< -
_{ ) (HUHLQ(Qi) o,

i

{Z (thlliz(m +

i

90, 3
+ |Uh\an art o ”Uh’afz mr> }
1
90, 3
+ ulgg,Ar + 5 ’U|aﬂ mr) } :

2 2 2 ’
+ vnl30,Ar + T [vnlg0,nr

o;Nr

oQ,;Nr

=

vy [*
on

oQ,;Nr

The following proposition now gives an error bound for the method:
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Proposition 34 For u € H*(Q) with 3/2 < s < p+ 1, it holds that

- _ < Ops1 . 5.10
it Ju = ol < Ol (5-10)

Proof Follows separately for the components of the energy norm from approximation formula
23. For an element T € Ty, it holds that:

_ 2
IVu = IVl o) < llu— Tl fp < (Ch*ulsr)

Let E C T for an edge E of T. Mapping to the reference element and back as in the proof of 24
gives

1 2 1 2 -1 2
7lu = Iyulp, gy < Cosllu = Iyulor < (Ch*Huls,r)
Because the restriction of u — uy to T is in H?(T), it follows from proposition 24, that
0 2 2
hlo-(u = Thu)|g < [|[Vu = I, Vullz
on
Decomposing the approximation error into element-wise contribution thus gives the desired result.

This completes the a priori error estimate:

Proposition 35 For « sufficiently large, and w € H*(Q) for 3/2 < s < p+ 1, it holds that

]”u—uh 1h < ChsilHu—UHHs(Q). (5.11)

Proof Follows from coercivity, boundedness with Strang’s second lemma and 34.

Thus, the method converges to the correct solution of the transmission problem. There is, how-
ever, a difficulty in implementing the matrix assembling for this method introduced by the inter-
face integrals in the bilinear form:

Q

- = {Vunt, [on])p = (fun], {Vor ) + - (un], [oa])p = - (5.12)

These terms introduce coupling in the corresponding system of linear equations between finite
element basis functions defined on elements from different sides of the interface. On the other
hand, matrix assembly for finite elements is done by integrating on the elements sequentially, so
that function values for the basis functions are computed from the local barycentric coordinates
only. In order to calculate the contributions from the interface integrals, one would have to
compute the overlaps of surface elements from different sides of the interface.

5.3 Hybrid Glue Method

In this section we will introduce hybridization to decouple element basis functions across the
interface. Starting from the formulation 1, we introduce the mean values A := {u},pu := {v} of
the solution and the test function as hybrid variables. Then it holds that

[u] =wing +ugng =2 (ug — A\)ny =2 (ug — A) na

[v] = ving +vang = 2 (v — p)ny = 2 (va — p) N2

Now some choice of a finite element space M}, C L? (T') on the interface gives the hybrid method:
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Method 2 (Hybrid Glue Method) Find (up, Ap) € Vi X My, such that

B (un, Aw; Ohs pin) = F (vp)  for all - (vp, pn) € Vi x My, (5.13)
where
8uh
B (uha )\h; Vh, Mh) = Z (VUh, vvh)Qi - %7 Uh — K (514)
i Ly
ovy, 2c
3 a, _ 1
<uh Ay o >F¢ += (Un — Ay U — pn)r, } (5.15)

Proposition 36 Method 2 is consistent.

Proof Follows from the consistency of method 1 and

Z (Vu, Vo)g, = ({Vu}, [v])p = ([u] , {Voh)r + % ([ul; [o])r

_; (Vu, Vo), — <;Vu1, [v]>F - <;W2, [v]>
~ (. 5vor) = (il 5o+ g (B + g (e
:Zi: (Vu, Vo)g, — <;Vu1, 2 (v — ) nl>F — <;Vu2,2 (vg — ) nQ>F (5.16)

1 1
— <2 (u1 — )\) ni, 2Vv1> — <2 (UQ — )\) no, 2VUQ>

(6%
+ g, 2w = A1, 2 (01 = p)nr +

T r

% (2 (u2 — A)n2, 2 (v2 — p) o)y

ou ov 200
_Z{ (Vu, Vo) <an,vu>ri<u)\,an> +?<uf)\vf >F1}
Next, we prove the ellipticity and boundedness of method 2 in the following norm on (H?(£2) +

Vi) x La(T):
1/2
LQ(anr))

Proposition 37 (Coercivity) For a sufficiently large, there exists a positive constant C, such
that

ov
on

1
[ICHD] FWRES <Z HVUH%Q(Q,.) + h| :u|L2(BQ nr) T h

B (uha )‘h; Up,, Ah) > CW (uh7 )‘h) |”ih (517)

for all (up, \p) € V.

Proof Coercivity follows as it did for method 1 from the Cauchy-Schwarz inequality and Young’s
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inequality:
B (uny Ans tny An)

ou 2¢
= (Vun, Vup) g, _2<hauh_)\h> + — (up — An, U — An) g Ar
‘ on oo,ar N !

Ouy, 1 200
> IVunll72(o,) — 2k 0 |y p [un = Anlog,ar + = lun — )\h’?mmr]
i L i
I h 8uh 2 C[ 2 2a 2
=z : ||Vuh||%2(gi) -2 <46'I on U + T un = Anlaq,nr | + T [un = Anlgo,nr
] C] C[ 2a
> 5 IVl ~ 2 (o IV un By + S n =l ) + %5 o = Mo
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Note that the coercivity does not depend on the choice of the finite element space Mj on the
interface.

Proposition 38 (Boundedness)
B (u = up, A = An; vp, ) < Ol (w = uny A = Ap)lllvn, pn) (5.18)

Proof Follows similarly as in the proof of 33 by applying the Cauchy-Schwarz inequality repeat-
edly:

=2 { (V(u —up), Vop)g, — (V(u —up), vn)sq.qr

ovy, 2c
T T U - + W (U — un, V) g0, nr

olu —u
<> {Hu —unl 2 lvnll 2. + ‘(}Z)

on |vn| oI
K3

oQ,;Nr

Lo
on

2a
lu — uh)’aﬂiml“ + T lu— “h’aﬂimr |Uh|emmr
o;Nr

olu —u
< Z { (HU —up|r2(q,) + ’(&lh)

N|=

2
+ [u = un|sq,~r + s |u — unlgo,Ar

o;Nr
8’Uh 2 2 2¢ 2 2
(HUhH%2(Q,-)+ on 0 F"‘\”Hammr*‘f’vh‘aﬁmr
M

I(u — hp)

S{ Z <||U —up| 20, + ‘an
(>

vy |2
(nvhuim) +] 50

1
2x :
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89,NT

2 2a0 19 ’
+ |vnl50,Ar + T [vnlaa,nr

on

o;Nr
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Now it remains to choose a finite element interface space M}, with favorable properties in terms
of approximation quality and efficient computation. One could, for example, use a basis of global
Lagrange polynomials mapped to the interface. This would introduce a lot of coupling in the
corresponding finite element stiffness matrix, however, because every interface basis function
would couple with every volume basis function from elements at the interface.

5.4 A B-Spline Interface Space

The analysis from the previous chapter shows that the finite element space on the interface can
be chosen with great flexibility. In the following, we will focus on the application of a space
spanned by B-spline basis functions (see chapter 4). Now, let 7 := {% | i = 0,...,n} be a
uniform set of knots on [0,1]. To construct a spline interface space, we will assume there exists
a parametrization v : I' — [0, 1] x [0, €] of the interface, such that 7 is a diffeomorphism. Then,
let M, =Pp:={sovy|se&P;,}. Let Q be the operator from L»([0,1]) into Py . Then @ with
Qu = Q(uo~~1) o~ is an operator from Ly(T') into Pp.

Proposition 39 For u € H%(Q), it holds that
I(u = Ty, u = Qu)|1p < CP?[Jullsran (5.19)

Proof From the definition of the norm, it follows that

ll(u = Zpw, u = Quo ) |lin <

ov

1/2
1 1 2
(Z |V (u — Ik“)”%zi + E\U - Iku%mmr + E|U - Qu|2deF +h ‘3 )
M| Ly (8900)

For the spline component we have:

1 1
Hlu=Qor™orBaer = 1 [ fu=Quuor™)oa)?

1 _ _ 12
=3 [uoy™ = Quoy™")] - |det Dy}
[0,1]
d? _ _1\12
<< [uoy™ = Quoy™)]
[0,1]
d2 1 1
= llwor™ = Quoy )Ly o)
ch? _
< hFHUO’Y s 0,17)
chi _
< hFHUO’Y s ([0,11x0,6))

AN

w0y
=3 s,
The other components of the approximation error are identical to those of the non-hybrid method.

This completes the a priori error estimate:

Proposition 40 For « sufficiently large, and w € H*(Q) for 3/2 < s < p+ 1, it holds that

lw = wnllin < CR¥Hlull e (- (5.20)
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Proof Follows from coercivity, boundedness with Strang’s second lemma and 40.

As a basis for the spline interface space, B-splines can be computed efficiently using DeBoor
iteration:

x—1t; tivr — @ N,

Ni r (l’) i+1,r—1 ($) )

)

nir—1 (x) +

o ti+r—1 — tl ti-i-'r - ti—‘rl

where N;,, 7 = 2,...n—1, j = 1,...n —r is the i-th B-spline of order r. B-splines minimize
coupling in the stiffness matrix in the sense that the have minimal support supp N;, C [T, Titr],
i.e. they are non-zero only in the interval [, 7;1,].

5.5 On Numerical Integration

It is important to note that in the practical implementation of the hybrid glue method, the surface
integrals on the interface will not be computed exactly, but numerically using Gauss quadrature
with integration points derived from the finite elements along the interface. Let the integration
points zp € I' and corresponding weights wy be chosen such that numerical integration on the
interface is exact for finite element functions in the subdomains, i.e.

;wkuh(xk) Z/Fuh (5.21)

for all up, € Vy. Now, the approximation of the bilinear form by Gauss quadrature is

By (ny Ani vns pin) =Y { (Vun, Vor)g, — Zwk%@k)[vh(zk) — pin ()]
i p

_ Z wk%(l’]ﬁ)[uh(lﬁc) — An(zg)]
k

+ > wlun(@r) — An ()] [un(ar) — )\h(xk)]}-
k

Thus, stability has to be proven for the approximation of the bilinear form.

Proposition 41 If

Zwk,u(xk)z > c/,u2 (5.22)
k

for all p € Py, -, then it holds that

BN 1(why A tpy An) > || (uny An)||? (5.23)
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Proof Using that numerical integration is exact for functions in V},, it holds that

2
> {\VUhH -2 [wkag;f(xk) (un(zk) — An(zk) ] + Zwkz up () )\h(fEk))] }
p

i

2\ 1/2 1/2
= {\whu 2 (Z VG ) ) (Z [V (un) — Ah(m)F)
) k

k

+ 2704 [wk (un(zk) — )\h(ﬂﬂk)ﬂ }

2
> Z {‘VUhH - 22} a [Maau ] }QLZk: (up(xg) )‘h(xk))]Q

2

) [ (un () — Ah@ck))ﬂ }

—Z{ (V| -

o;NIr

+ %(20& - 1) zk: [wk (up(rg) — )\h(ifk))ﬂ }

Furthermore, using the spline interpolation operator (), we have

/[Uh—>\fJ2 2/[Uh—Quh+Quh—)\h]2
r r

< /F[Uh—Quh]Q""/F[Quh—/\h]Q
— u 2 w URp\T — xr 2
S/F[uh Qup] +Zk: k[Qun(zr) — An ()]

< /F[uh — Quh]2 + Zwk[uh(xk) Quh xk —I— Zwk uh ij /\h(xk)]

k

Now, [p[un— Qup)? < Cllun |l g1 (q,) according to 31, and ) 3, wy[up (k) — Qup(xp)]? < vl @10,
because

> welu(zr) — Qulay)® < max |u(z) — Qu(@)]* < [lu=Qull_ 5rrry < lullfn o, (5:24)
zp TNl veolnr

Thus, it follows that

S wkfun () — Mn(@)]? + clunllm gy > / fup — A2 (5.25)
L T

5.6 Numerical tests and examples

5.6.1 Tests in 2D

We consider the Laplace model problem on two adjacent squares where the right side of the
equation is given by f = 1 on the left domain and f = 0 on the right. The boundary condition
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0.000¢+000 1.250e-002 2.500¢-002 3.750e-002 5.000¢-002

‘—“

T

Figure 5.2: The same problem using domain decomposition. Note that the mesh is non-matching across
the interface. The Nitsche-terms enforce continuity.

u = 0 is set via a Robin penalty term. Inside the domains, the solution is approximated by
H'-conforming Polynomial Finite elements of varying order.

To measure the effect of the domain decomposition on the approximation quality, we model
the following problem:

e The domain Q = [—1,1] x [—1, 1] is divided into the subdomains ; = [-1,0.1] x [-1, 1] and
Qs =[0.1,1] x[—1,1]. The interface is off-center to obtain a solution that is non-symmetrical
across the interface.

e The mesh is non-matching across the interface.

e We choose the right side f of the Poisson problem —Awu = f, such that the solution u
satisfies

u((z,y)) = cos(5 - 5 -x) - cos(h - 5 -Yy)

i.e. the solution consists of 25 sinus bubbles on the domain (see 5.3).
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e The boundary condition u(x) = 0 is enforced by a large Robin penalty term.

e High-order Hl-conforming triangular finite elements are used inside the subdomains. The
interface space is spanned by B-spline basis functions on 0 x [—1, 1].

We compute the approximation error ||u — up| (@) numerically using Gauss quadrature integra-

tion points on the elements. The results for different configurations of polynomial degrees for the

volume elements and on the interface space are plotted as a function of the mesh size.
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0.000e+000 5.000e-001

-5.0006-001

-1.000e+000

-
[

Figure 5.3: The solution using a coarse mesh. The polynomial order of the finite elements is already
sufficient to resolve the analytical solution relatively well. There is little distortion from the interface

approximation visible.
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Figure 5.4: An example of a finer triangulation of the domain.
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Figure 5.5: The approximation error plotted logarithmically against the decreasing mesh-size for three
levels of density for the interface space: 10 degrees of freedom (blue), 100 degrees of freedom (green), and
1000 degrees of freedom (red). The polynomial order of the volume elements as well as the spline order on
the interface is three.

Figure 5.6: The same set-up with volume and interface basis functions of order five. Note how the
approximation error for 100 and 1000 interface knots splits for dense triangulations.

We see that for a decreasing mesh-size of the volume elements, the approximation error with
the sparse interface space levels out as the method converges to an inexact solution.
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0.8

Figure 5.7: A two-dimensional B-spline patch in the reference domain. Mapped to the interface, these
patches were used as basis functions for the two-dimensional interface space.

0.8

0.6

Figure 5.8: B-spline basis patch that ensures continuity and smoothness for a cylindrical interface.
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-6.237e-003 -3.107e-003 2.353e-005 3.154e-003 6.284e-003

Figure 5.9: A simple problem in three dimensions using domain decomposition with a cylindrical inter-
face.

-1.145e-002 -5.765e-003 -8.449e-005 5.596e-003 1.128e-002

Figure 5.10: One component of the gradient of the solution. Note that the gradient is still continuous
across the interface.



Chapter 6

A Method for Maxwell’s Equations

6.1 Hybrid Method

The time harmonic formulation of Maxwell’s equations is

curlpteurlu+ku=7; inQ

2¢, and

with kK = wo —w
FE = —iwu, H=p teurlu.

As we did for the Poisson problem, we decompose the Maxwell equation into a problem on two

subdomains €27 and €. Now, the transmission conditions are as follows:

Uy XNy = —u2 Xny,

1y Leurlug xny = f,ugl curl ug X ngo.

Proceeding from the weak form as with the Poisson equation
/ {p teurlu - curlv + Ku - v} —I—/ pteurlu - (v x n) = / jrv
Q; 0

Qi Qi
we add symmetry and penalty terms, arriving at the hybrid version:

Method 3 Find (u, \) such that

Z{/ /,Ll{CUI"IU‘CuﬂU—FHU-U}-F/ pteurlu - [(v — p) x n)
‘ Q;

=1 o8y
2

_ ap B -
+/89iu lcurlv-[(u)\)xn]JrMh/aQi[(u)\)Xn].[(vM)Xn]}_/gj 7

where u,v € H(curl, Q1) x H(curl,Q9), and A, u are tangential vector valued fields on the interface.
The method is coercive with respect to the norm

2 2
_ p
I VI = 5= { ewrtully, + sl + (s = 3) x e, |
=1

Convergence in this norm is less than ideal for reasons we will address in the next chapter.
The Nitsche terms in the formulation require vector valued interface DOF’s. Note that only
the tangential component of the interface space comes into play. Thus, we choose a basis of
two-dimensional, tensorized B-spline patches mapped tangentially to the interface (see fig. 6.1).

47
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Figure 6.1: Two separate basis functions (blue and red) for the vector-valued interface space mapped
together in the reference domain. They consist of tensorized B-spline patches.

B . - S

0.000e+000 1.500e-002 3.000e-002 4.500e-002 6.000e-002

Figure 6.2: Numerical result for a simple model problem.

6.2 Helmholtz-Type Decomposition

Let the solution u to 6.1 be a gradient field, i.e. u = V¢ for some ¢ € H'(£2). Then, the energy
norm of u should scale as

ol = 1= curlull* + sllul]* = £ Vo|* = O(x)
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0.000e+000 1.500e-002 3.000e-002 4.500e-002 6.000e-002

However, ||(u—\) xnl| scales like O(1) Wehaveu =V ¢ + _z , Introduce scalar field variable
~

el e[H]?
¢ to be evaluated only at the interface Introduce hybrid variable ¢r to glue ¢ across the interface
Impose continuity for (u — V¢) x n and ¢

Z { / {pteurlu - curlv 4+ kuvl}+
‘ Q

=1

/ pteurlu (v — p) x n) +/ pteurlv [(u — Vo — A) x n]+
BQZ' BQi

Ofp2

h 89i[(u— Vo —A) xn]l(v—Vi—p) xnl+

o

ap? )
T (o or)w - w} ~ [ v
Q
Set v = V) in the weak formulation:
/ ﬁu-Vl/J-i—/ pteurlu - (Vo x n) :/j-VI/J
Q; o0, Q

Apply div operator to Maxwell’s equation:

/Qidiv(nu)zb:/ﬂidivj¢

—/Qinwvw—i-/mimunlﬂ:—/Qij‘vw"‘/mijnw
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Add:

2 2
Z{/am,u_lcurlu-(vw ><n)+/6m munzb} :;/aszijnw

=1

Z{/Q.{u_lcurlu-curlv—i-/iuv}—i—/ pteurlu (v — Vi — p) x n]

i=1

Q;
2

_ ap
+/BQ¢M Jourlvl(u =V -4 Xn]Jth/aQ,[(u_vgb_/\) x n][(v— V¢ —p) x n]

—/aQ,- nunw—wp)—/am KU (¢ — ¢r) +/ k(¢ — or) (¥ — 1/)1“)}

;{/Q,.j”_/amj"w}

u,v... H(curl) conforming element basis functions on €; ¢,%... H' conforming element basis
functions on €; NI" A, ... tangential vector valued spline functions on I' ¢, ¢r... scalar spline
functions on I’

6.3 Numerical Example

3.916e-005 2.215e-001 2.429e-001 6.643e-001 8.857e-001

Figure 6.3: Simulation of the magnetic field of a permanent magnet using domain decomposition.

6.3.1 Simulation of an LWD

We analyze the results from the domain decomposition in a real-world application, the simulation
of a logging-while-drilling (LWD) tool. Here, a sensor composed of two conducting loops, the
sending and receiving antenna, respectively, is lowered into a bore hole. See figure 6.5 for a
schematic of the sensor configuration. We make use of domain decomposition by splitting off a
cylindrical domain around the sensor at the boundary where the wall of the rock formation meets
the mud inside the bore hole.

The following parameters were set for the simulation:
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0.000e+000 3.750¢-004 7.500¢-004 1.125¢-003 1.500¢-003

Figure 6.4: A cross section of one component of the field

frequency [kHz] | standard, rec volt [nV] 185 810 dofs | Nitsche, rec volt [nV] 195 383 dofs
20 25.44 - 118.38 25.43 - 118.37
100 71.68 - 1197.5 71.65 - 1197.3
400 124.9 - 1963.0 124.9 - 1962.3
2000 -635.9 - 15295 -634.8 - 15255

Table 6.1: Numerical results for the induced voltage in the receiver using first order volume elements

e Electric conductivity of the bore tool: 1.0 -10° S/m. The tool body is modeled using a
surface impedance boundary condition.

Electric conductivity of the mud inside the bore hole: 1.0 S/m

Electric conductivity of the mud inside the bore hole: 0.01 S/m

Relative electric permittivity: €, = 26.67 for a frequency of 2 MHz, and ¢, = 38.63 for all
other frequencies.

Relative permeability: u, = 1.0
e Current in the transmitter: 1.0 A

In order to quantify the effect of the domain decomposition, the experiment was conducted using
standard finite elements on a matching mesh and on a comparable non-matching mesh using
domain decomposition. For the latter, an interface consisting of 5 by 150 B-spline basis functions
in azimuthal and axial direction of order 5 was used. In both cases, the induced voltage in the
receiver resulting from the finite element solution was computed.
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Figure 6.5: Sketch of the LWD tool with dimensions in inches.

frequency [kHz] | standard, rec volt [nV] 733 881 dofs | Nitsche, rec volt [nV] 736 939 dofs
20 24.99 - 118.47 24.98 - 118.47
100 70.25 - 1196.7 70.23 - 1196.7
400 121.7 - 1957.9 121.7 - 1957.7
2000 -648.1 - 15256 -647.9 - 15255

Table 6.2: Numerical results for the induced voltage in the receiver using second order volume elements
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Figure 6.6: The geometry of the sensor domain with the sending and receiving antennae.

Figure 6.7: The geometry of the Two subdomains: The cylindrical bore hole and a cubic section of the
formation surrounding it.
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0.000e+000 2.500e-007 5.000¢-007 7.500e-007 1.000¢-006

Figure 6.8: A cross section of a finite element solution vector field.

0.000e+000 2.500e-007 5.000¢-007 7.500e-007 1.000¢-006

Figure 6.9: Field lines corresponding to the solution.
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