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1. Energy Error estimates
2. Error estimates for the Poisson Equation

3. Error estimates for Maxwell Equations

4. The High Order Case (Poisson)

Outline
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A posteriori Error Estimates and Adaptive Refinement

Generate initial mesh

Compute FE Solution

Compute Error Estimator Refine Mesh

Accuracy \_ no

reached?
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Magnetic flux density in a power transformer:
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Eddy losses in casing:
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Magnetic flux density:
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Energy Error Estimates

Bilinear form a(.,.) and linear form f(.):

a(u,0) = (Vu, Vo) and  f(0) = S (fr,v)r

T

Exact solution v € V. C H' and FEM solution u;, € V}, satisfy

a(u,v) = f(v) YveV and a(up,vy) = f(vp) Yo, € Vp.

The residual in V* is

(r,v) = a(u — up,v) = Z(fT + Aup,v)r + Z([&nuh], V)E

T E

It satisfies (r, py) = 0.
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Residual a posteriori Error Estimates

IV(u—up)l| = |rlve= sup (V(u—up), Vv)
Vo] <1
= sup (V(u—up),V(v—1Ix))
Vo<1
—  sup Zf+Auh,v—Hhv +Z Onupl, v — Ipv)r
IVol|<17f
< o > I+ Aull oy llv — Taol o) + Z [Onun)l Ly lv — Tnv| 2y ()
v T
< HVSUHP<12 If + Aup| Ly ch VUl Ly(wr) + Z 110nun]ll oy b2 V0|l Ly
v T
< 1/2

C LS RF + Bunl2ymy + S Bl 2,00}
T E

For Maxwell: Monk 98, Hiptmair 99, JS 08

How big is the constant C 7
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The Hypercircle Method

For any flux o € H(div) there holds

IV (u = up)|

<

IA

IA

sup (V(u— up), Vo)

[Voll<1

sup (Vu—o,Vv)+ sup (0 — Vuy, Vo)
[Vvl|<1 Vo<1

sup (f +divo,v) + [lo — Vuy|
[Vol|<1

If + divollg-1 + [lo = Vu||

e Estimate ||f + divo||z—1: Neitaanmaki + Repin 04, Vejchodsky 04

e Ignore ||f + divo| z-1: Gradient recovery methods, Zienkiewicz+Zhou (ZZ) - estimators

e Let ||f + divo|| disappear: Equilibrate residuals. Ainsworth + Oden 2000, Demkowicz 90+
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A lifting for the residual

Goal: Find a flux o2 € [L3]? such that

divo® =r €V e —(0%,Vo) = (r)
Then there holds
IV(u—w)lz, = sup (r,v)= sup (0%, V0) < o>,
[Vv]l<1 Vo<1

This is an a posteriori error estimate providing a true upper bound without generic constant !

The equilibrated flux
o := Vuy — o>

satisfies
divo = div Vuy 1+ dive? = —fh—=(f—fn)=—f

[Equilibration by postprocessing: Ladeveze + Leguillon, 83]
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Local construction of the lifting o~

We decompose the residual into local contributions on vertex patches:

r = Zfrv such that (ry,1) =0
For each patch, we solve a local problem with boundary conditions oy - n = 0 and
divoy = ry
The global lifting is obtained as
o = Z oy

Two principles:

1. Decomposition of the residual

2. Solvability of the local problems : Exact sequences
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Decomposition of the residual

Lowest order case: uy, is p.w. linear, and fr is piecewise constant.

(ryv) = Z(TT, V)T + Z(TE, V)E

T

with p.w. constants rp = fr and rg = [O,up]. The degrees of freedom are

The Galerkin condition (r, ¢y ) = 0 reads as

Z /T’I“TQOV—'— Z /ETEQOV:% Z ?T—F% Z =0

TCwV ECwV TCwV ECwV
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Decomposition of the residual

From Galerkin orthogonality:

%Z ?T+% d =0

TCwy ECwy

Define the localized residual on the vertex patch with dofs

E 1/\E

rl ry  i==T
2

ry = g

This is a decomposition of the residual, i.e. ZV rv = r which satisfies

(rv, 1y= Y v+ > F&E:é > ?T+% Y =0

TCwy ECwy TCwy ECwy
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de Rham Sequences

Let 2 C R? be contractible. Then
id 1 curl . div
R— H' — H(div) — Ly — 0
is an exact sequence. This means that

e the kernel {u € H' : curlu = 0} are constant functions

e the kernel {o € H(div) : divo = 0} of the operator div is exactly the range of the operator curl

e the range of the operator div is exactly Ls.

An exact sequence with boundary conditions is

0 — H % Hoaiv) L, IR — 0.
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Finite Element de Rham Sequences

1 di
M} == RT = MO,

Discrete calculus:

~ ~V ~
o=curlu readsas o =u "Bl -7 F2

) /\T AN
f=dive readsas f = E +o ",
ECT
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Discrete calculus:

f=divo

First Distributional de Rham Sequences

20

A4

ay
2\ 5

4

div

curl

- RT _4 — M(lg
o=curlu readsas o =u 5! —uy F2
reads as [ = or and = — or
ECT T:ECT
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Second Distributional de Rham Sequences

N L,
OB 7 b

curl div
ML, — RT_, - MO,
Discrete calculus:
o=curlu readsas o; =up ' —up ¥2, Op =Up — Up, ,
. ~T —~F ~F —~V —~ F ~V —~V
f=dive readsas f = or f = Op — or f =- Ox

ECT Vel T-ECT E:Vek
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Regular elements on Slim Rectangles
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Lifting for scalar equation

Given: Local residual ry € M°, with (ry,1) = 0.
Compute oy € RT _1 with homogeneous boundary conditions

Solvable by exactness of the sequence

AT N4
/\é VA\

RT_, 0 b.c. A, MO, IR
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Full reliability and local efficiency

The EE satisfies the reliability estimate

IV (u—un)llo) < 1o o)

The EE satisfies the local efficiency estimate with generic constants depending on the shape of elements:

|V (u — Uh)HLQ(wV) > CUHUVHL2(wv)

Important for convergence of adaptive process !
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Equations of Magnetostatics

Given: Current density 7 such that divj = 0.
Compute: Vector potential A such that

1

curly~ " curl A =3

Magnetic field intensity
H=ptcurl A

Assume that j is given in terms of lowest order RT elements.

Use H(curl)-conforming Nédélec elements for Ay,.

e 3D: A, H, and j are vectors

e 2D: A and j are vectors, H is a scalar
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The Residual

r=curl = teurl(4 — Ay) = j — curl Hy,

The discrete magnetic field Hj, is p.w. constant, i.e. in M! . Use distributional f.e. to compute curl Hj:

7 &
76 2

div

/7
ar

ML, curl RT_5 &, MO,
The residual r is a divergence-free RT'_5 distribution.
A lifting H2 € M such that
curl HA = r
provides a true upper bound for the error:
A
| curl(A — Ap)|[ ;-1 < |[H™ |,
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Localization

Galerkin orthogonality leads to one equation for each edge:

1 ~ Er1 > Br _1 ~Vi o~V
6T;T{TT T T T2} 2{TE e }—O

Divergence-free local decomposition:

o T,P
T'wy,, T = §TT +6(TT 1O —pp "TF)
Ero 1 1
A / Top = I TGO =T,
Vo
—F
—_— Fopr = 0,

\
o v _ i~V
E T FE
S Wy 7
— V
TwV,E O e O
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High Order Methods - Construction

Residual

(ryv) = a(u — up,v) = Z(f + Aup,v) + Z([aﬂuh]vv) — Z(TT/U)T + Z(TEv V)E

T T E

with polynomial element terms r7 and polynomial edge terms rg.

Localization:
(ry, v) = (r,ovv) = Y _(pvrr,v)r + Z PVTE,
T

lLe. ryr = @yrr and rg 1 = pyTE.

The ry form a decomposition of r, i.e.,

(Yorviv) =D (rpve) = (nv),
and are bi-orthogonal to constants, i.e.,
(rv,1) = (r,ov) = 0.

Thus, there exists a high order, discontinuous RT fe function with homogeneous b.c. oy such that
divoy = ry.
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p-robust Efficiency

Step 1: Local decomposition is stable:

S el = Il

Step 2: Find polynomial right inverse to div on patches, uniformly bounded in H~

o€ RT?, :dive = ry, o]z, < CHTH[Hl(w)]*

Requires

a) continuous right inverses on elements
tensor product elements: Braess, Pillwein, JS
simplicial elements: Costabel, Mclntosh

b) div-preserving extension operators from element-boundaries
tensor product elements: Costabel, Dauge, Demkowicz
triangles: Ainswoth, Demkowicz
tetrahedral elements: Demkowicz, Gopalakrishnan, JS (preprint)

1—>L22
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Continuous right inverse on the quadrilateral

Problem: given f, € PPP(Q), find o, € RT? such that dive = f.

Construction: Solve Dirichlet problem:

—Au=f,, u=0o0n0Q, o:=Vu

need commuting projection operators in 1D which are Lo-bounded:

(PPHly) = Pr(v)

Project o back to polynomials:
o, = (PPt ® PPo,, PP ® Prtlg)

Then N N N N
dive,=PPQ PP dive =PP @ PP f, = f)
and
lopllz, = llolz,
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Numerical Experiments

L-shape domain, mixed b.c. in non-convex vertex, f =1,
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Summary

We have

e Fully reliable and locally efficient error estimator for scalar and magnetostatic equations with lowest
order elements

e Fully reliable EE for scalar equation with high order elements with p-robust efficiency.

D. Braess, J.S: Equilibrated Residual Error Estimates for Maxwell's Equations, Math. Comp., 2008

D. Braess, V. Pillwein, J.S.: Equilibrated Residual Error Estimates are p-robust, Comp. Meth. Appl Mech.
Eng, 2009

D. Braess, R. Hoppe, J.S. A posteriori estimators for obstacle problems, Comp. Vis. Sci., 2008
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Happy Birthday, Ragnar !
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