Divergence-free Hybrid Discontinuous Galerkin Finite Elements
for Incompressible Navier Stokes Equations,
Augmented Lagrangians, and Robust Preconditioners

Joachim Schoberl

Center for Computational Engineering Science (CCES)
RWTH Aachen University

m ‘.'ﬁ‘i “ﬁ ;
RHEMISCH-WESTFALISCHE TECHNISCHE HOCHSCHULE AACHEN L ¥ _"“_; [ }

Durham Symposium on CLAPDE, July 14-24, 2008

Joachim Schober

Page

1



Toy Example: Sailplane

X NGSolve - /homeljoachim/netgen/ngusers/planes/navierstokes.pde - B |2
File Geometry Mesh Wiew Refinement Special  3olve Help
Cluit | Generate tesh | Stop l Wisual I Solve I Recent I Solution pa— | Zoom All | Center I

= 7
e | 4\"
A e = "‘"ﬁi‘.‘i‘i-‘g{ —\

; : _"""‘--...,,"";::.‘ﬁ' *:h";""-’-‘
~ AV Ry Y "‘“‘*‘5:::‘.‘_4'&?“
o A hh"“‘!"-m T'!‘._‘__ i : %ﬁbm‘r '__H_‘___'."—-
m"v':‘:;:““ > S ' Mg s s——_T
s |

~
AL

. e “a#;(ﬁ:‘_“"“- —_____-__ "
— v e

Netgen 4,5

Paoints: 10747  Elements: 58747 Surf Elements: 6308

Stokes Flow, 2% order HDG elements, 59E3 elements, 1.65E6 dofs, 2GB RAM, 300 sec (2-core 1.8GHz)
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Navier Stokes Equations

%—div(ZuVsu—uQ@u—pI) = f
divu = 0
+b.c.

space discretization, simple time-stepping:
1 AP T A
(;:]Vf'-F'z4. )QL + B P
Bu

nonlinear convection term treated explicitely

Laru+ f = A(u)
-

0
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Augmented Lagrangian Formulation

A+1iBTC~'B BT u\
B 0 p |

Assumption: p discontinuous = C'is (block)diagonal

)

Fore — 0 :

S := B(A+ 1BT(J—lB)—lBT — eC
€

Plan: € ~ 10~ % very small, then 1 or 2 Uzawa iterations are sufficient
But: Very lll-conditioned system in the 1-1 block

Exact Schur complement formulation for weakly compressible flows
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lll-conditioned Systems

Bilinear-form for continuous problem:
1 : :
A (u,v) = /Vqu+—/d1vu div v
£

Second term has large kernel of div-free functions, but not enough div-free low order fe functions.

Mesh-dependent bilinear-forms:
c 1 . .
A7 (u, v) :/VquJrg/PhdlvuPhdlvv

with projector P, : Lo — Q.
Robust error estimates by equivalence to mixed system:

Find u;, € V3, and pp, € Qp:

fVuthh + fle Vh Ph
[divuprgn, — €[ pran

ff’l)h Vo, € Vi
0 Van € Qn

theory of 80s
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Some more parameter dependent problems

Reissner Mindlin plate equation:

Aw,5:0.0) = [

V3V + %/(Vw — ) (Vv —9)
Q t* Jo

As t — 0: penalty formulation for Vw — 5 = 0.

Non-conforming discretization with shear-reduction operator R; to allow Vw — Ry =~ 0.

Maxwell equations in vector-potential formulation:

A(E,v) = / p~teurl E curl v + / (iwo — w?e) Bv
Q Q

curl operator has larger kernel of gradient fields

Conforming discretization with H (curl)-conforming Nedelec elements.
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Additive Schwarz Preconditioning

symmetric, coercive bilinear-form
A(,.):VxV =R

V=>V,

local blocks, multi-level, domain decomposition, ...

sup-space decomposition

Additive Schwarz Preconditioner:
CH:V*=V:idl)—w

by solving local problems:
w; € Vi: A(wg,v;) =d(v;) Yo €V

multiplicative version similar
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Additive Schwarz Lemma

Lemma of many fathers (Lions, Nepomnyaschikh, Dryja+Widlund, Xu, Griebel4+Oswald, ...)

Jullz = inf >l
u= U,Z

u;€V;

Goal: Find sub-spaces with good spectral estimates

yllulle < llully < ellullg

Local sub-spaces for 2"%-order problems: ~v; = O(h?), v, ~ 1

Multi-level decomposition: v; ~ v, ~ 1
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Robust decomposition

l[l-conditioned bilinear-form:
AS (u,v) = a(u,v) + e te(PyBu, P,Bv)
Kernel
Vh,O — {Uh . PhBUh — O}

Quadratic form of preconditioner:
lulg = inf e
U= ’U,,l'

u;eV;

For up, € Vi, 0:
Junl|az = O(1) but lunllc = O(e™!)  in general

Robust only for kernel compatible decomposition:

Vio = _ViNVig
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Local sub-spaces for augmented Stokes with P? — P’ elements

Phdivuh:O(:)/divuh=O<:> nfuds =0 VT €1,
T oT

Discrete divergence-free base functions:

Sub-space covering:
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£-Robust local preconditioner

AS (u,v) = a(u,v) + e te(PyBu, P,Bv)

Space splitting V' = ) V; fulfilling the decomposition inequalities

LBB condition

inf luilly < ca(P)lJunlly,  Yun € Vi
Up=2_ Ug
’LLZ'E‘/:L'

inf Y lugllz < ea(h)]

1‘h,0“§:'uz
u; €V;NVh o

v, Up,0 € Vh,O

C(thv Qh>
sup

> c3(h)||qnlle Van € Qn := P,BV),
vRLEVY ||UhHV

Then the (local) additive Schwarz preconditioner D fulfills the e-robust spectral estimates

Similar H(div) and H(curl): Vassilevski-Wang, Cai-Goldstein-Pasciak, Arnold-Falk-Winther, Hiptmair,

{ea(h) + cr(h)/es(h)*} lunlln = llunllag = llunlp
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Two-level preconditioner

Preconditioning operation:
C'=FEgA;'E; + D!

with local preconditioner D

2-level norm:

ol = ot (bl + Xl }
- (2

Norm equivalence C' ~ Ay, requires:

e Continuous prolongation operator E : (Vi ||.|lay) = (Va, |-l ;)

o Existence of continuous interpolation operator Il : (Vi ||.||a,) = (Va, ||-lla,)
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e-Robust two-Level preconditioner

Coarse grid bilinear form:
Ay (ug,vg) = alug,vyg) + 8_1C(PHBU,H, Py Bug)
VH,O = kern PHB

Fine grid bilinear form:
AS (up, vp) = alup, vp) + e te(Py,Buy, PyBup)
Vh,O = kern PhB

To be robust, the prolongation operator Ey : Vg — V}, has to satisfy
EH . VH,O — Vh,O-
Consider ug € Vo

2

1
|Enuallae = |Erunlle + I PaBEgualle and  lunls = el
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Robust prolongation for nearly incompressible materials

ug € kern(By) < / ntuyds =0
oT

Epug € kern(Bp) < / n' (Egug)ds =0, i=1...4
ot

)

1. Conforming (quadratic) prolongation at 0T

2. Adjust inner nodes by solving local Dirichlet problems

JS: proceedings to EMG96
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Multigrid Analysis for Augmented Stokes

Approximation Property:
lun — Er(A%) " EgAills = llunla

with the norm | !
lupllz = h™2||lunllg + gHPh div up|§ + HEPH div up |

Smoothing Property:
1

(I — ijlAZ)muhHAz = m”uhH[AZ,th/Q

The link:
lunllias, Dy, = llunlls

Stokes case: JS Numer. Math. 99, Reissner Mindlin: PhD-Thesis, 99
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Hybrid Discontinuous Galerkin (HDG) Methods

Hybrid versions of interior penalty methods / Nitsche methods [Cockburn+Gopalakrishnan-+Lazarov]

e unknowns u in elements and unknowns A\ = trace u on facets.
e more unknowns, but less matrix-entries /\

e fits into standard element-based assembling

e allows condensation of element unknowns

Find u € P*(T) and X\ € P*(F) such that for all v € P*(T) and p € P*(F):
ou ov ap?

Z{/TVU,-VU— aT%(’U—M)— aT%(u—)\)qLT/(aT(u_)\)(U_M)}:/f,U

consistency symmetry stability
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Convection - Diffusion Problems

—eAu+b-Vu = f in 0f)
u = 0 on 0}

HDG Formulation:
A, x50, )+ A% Xsv,g0) = [ fo

with diffusive term A%(.,.) from above and upwind-discretization for convective term

AC(u, A v, 1) = Z{—/bu-Vu—F/aT bn{u/A}fU}

with upwind choice
A if b, <0, i.e. inflow edge

u if b, > 0, i.e. outflow edge

(uin) =1

[H. Egger + JS, submitted|]
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—eu” +u =1,

Results for 1D

DG Discretization:

Ieft 8 — 1E - 2 06 06

right: e =1F —4

conforming elements with L o

SUPG stabilization
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H (div)-conforming elements for Navier Stokes

[Cockburn, Kanschat, Schotzaul:

1 1
(=M + AV)a + B'p f—=Mu— A%(u)
T

-
Bu = 0

e up, € Vj:= BDM; C H(div), p € Qp := Py_1 C Lo.

e u is exactly div-free (= stability of discrete time-dependent equation)
e viscosity term by hybrid DG (facet element with tangential component)
e convective term by upwinding

e stability for kinetic energy (£|ullg < L[| f1I7.)

e allows kernel-preserving smoothing and grid-transfer
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The de Rham Complex

H? Yo H(wl) 2 H@div) 2% L2
U U U U
vV curl div
Wh, — Vi — Qn — Sh

4y 4y

Used for constructing high order finite elements [JS+S. Zaglmayr, '05, Thesis Zaglmayr '06]

Whp = W, + Span{soh”./o.}

Vip = Vi, +span{Vy}, } +span{ep; , }
Qrpy = Qrr,+ span{curlyy , } + span{yp)’, }
Shy = Sp, +span{div ey}

Allows to construct high-order-divergence free elements {v € BDMj, : divv € Py}
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Flow around a disk, 2D

Re = 100, 5'"-order elements
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Flow around a disk, 2D

Re = 1000:
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Flow around a cylinder, Re = 100

e —

A
e = TN
e i A A i‘ﬁ!‘\

oo il fi e g i O B R i,
s — % --_.—— ’—-l. ——_ _ S e e —
e it

- = —
e N = e e S
N

Low-order / high-order two-level preconditioning:

Order

N

k(C~1A)

its (LE-8)

N

k(C~1A)

its (1E-8)

1

2
3
4

3046
9369
20052
35965

6.2
21.1
31.8
33.9

11
19
22
22

289738
92781
202080

20.6
45.9
60.3

17
25
29

Flow through a channel without cylinder
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Conclusion and Ongoing Work

Conclusions:

e Preconditioner for ill-conditioned A; ;-block from augmented Lagrangian
e Hybrid-DG div-free Navier Stokes elements

e Robust discretization for large Reynolds numbers

Ongoing work:

e Turbulence models, e.g.. variational multiscale methods (vms)

e (Weakly) compressible flows: numerical fluxes, limiters

e Instationary 3D flow simulation needs parallel codes

Open soucrce software Netgen/NGSolve freely available from www.hpfem.jku.at/netgen
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