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Abstract

In this paper, the second order boundary value problem —V-(A(z, y)Vu) = f is discretized
by the Finite Element Method using piecewise polynomial functions of degree p on a triangular
mesh. On the reference element, we define integrated Jacobi polynomials as interior ansatz
functions. If A is a constant function on each triangle and each triangle has straight edges,
we prove that the element stiffness matrix has not more than 25/ 2p? nonzero matrix entries.
An application for preconditioning is given. Numerical examples show the efficiency of the
proposed basis.

1 Introduction

In this paper, we investigate the following boundary value problem: Let Q C R? be a bounded
domain and let A(x,y) be a matrix which is symmetric and uniformly positive definite in 2. Find
we Hf (Q) ={ue H(Q),u=00nT},[1 NIy =0, [ UT = dQ such that

= )T Az v = v = {f,v 1,0 .
an(,0) ~—/Q(V T A, )V /Qf w [ = (et o, (L1)

holds for all v € Hf. (€2). Problem (1.1) will be discretized by means of the hp-version of the finite

element method using triangular elements Ag, s =1,...,nel. Let A be the reference triangle and
F,: A — A, be the (possibly nonlinear) isoparametric mapping to the element Ag. We define the
finite element space M := {u € H} (Q),u |a,= a(F; ' (z,y)), @ € Py}, where P, is the space of
all polynomials of maximal total degree p.
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By ¥ = (¢1,...,%n), we denote a basis for M in which the functions 91, ..., 1, are the usual hat
functions. The functions vy, (j—1)(p—1)+1>- - - » ¥n,+j(p—1) correspond to the edge e; of the mesh,
and vanish on all other edges, i.e. satisfy the condition ¥y, 4 (j—1)(p=1)4k—1 le,= 9;j,1Pk, Where py
is a polynomial of degree p, k = 2,...,p. The support of an edge function is formed by those two
elements, which have this edge e; in common. The remaining basis functions are interior bubble
functions consisting of a support containing one element only. These functions vanish on each edge
of the mesh. With this definition, the basis functions ; can be divided into three groups,

e the vertex functions,
e the edge bubble functions,
e the interior bubbles,

locally on each element A, and globally on (2.
The Galerkin projection of (1.1) onto M leads to the linear system of algebraic finite element
equations

Kyu=f, where Kg = [GA(l/Jjﬂ/Ji)}Q;Zl , ip = [(f, %) + (f1, i)l - (1.2)

The global stiffness matrix Ky can be expressed by the local stiffness matrices on the elements,

i.e.
nel

Ke =Y RIK.R, (1.3)
s=1

where K is the stiffness matrix on the element Ay and R4 denotes the connectivity matrix for the
numbering of the shape functions on A4 and €.
Using the vector u, an approximation u, = Wu of the exact solution u of (1.1) can be built by
the usual finite element isomorphism. In the case of smooth solutions u in parts of the domain
Q, spectral methods, [21], and finite elements of high order (p-version), see e.g. [26], [27], and the
references therein, have become more popular for twenty years. For the h-version of the FEM, the
polynomial degree p of the shape functions on the elements is kept constant and the mesh-size h
is decreased. This is in contrast to the the p-version of the FEM in which the polynomial degree p
is increased and the mesh-size h is kept constant. Both ideas, mesh refinement and increasing the
polynomial degree, can be combined. This is called the hp-version of the FEM.
The advantage of the p-version in comparison to the h-version is that the solution converges faster
to the exact solution with respect to the number of unknowns IN. However, the choice of a basis ¥
in which the element stiffness matrix K has O(NN) nonzero matrix entries is a difficult question. In
the one-dimensional case, i.e. for the differential equation —u” +u = f, one can take the primitives
over orthogonal polynomials in order to get a sparse system matrix, see e.g. [20]. In the 2D and
3D case, the choice of a basis which is optimal due to condition number and sparsity of Ky is not
so clear. In [7], several bases have been investigated due to the condition number. In the case
of rectangular elements A, and Laplacian, one can take tensor products of integrated Legendre
polynomials, see e.g. [6], [20]. Then, the element stiffness matrix K, has O(N) nonzero matrix
entries and g can be computed in O(N) operations via (1.3). However, in the case of a general
quadrilateral element A, with nonparallel opposite edges, most of the orthogonality relations of the
rectangular case disappear and K, (and hence Ky ) has O(N?) matrix entries. Using a quadrature
rule, the cost in order to obtain Ky is O(p°®). In [24], tensor products of Lagrangian polynomials
on the grid of the Gauss-Lobatto points are proposed. Then, the cost for computing K by a
quadrature rule is O(N?), or O(p*). This approach can be extended to the triangular case by the
Duffy transformation. Here, the choice of a basis in which K has O(N) matrix entries for some
elements A, is more difficult. 9



In this paper, we will present basis functions such that the element stiffness matrix K, has O(p?)
nonzero matrix entries in the case of piecewise constant coefficients A(x,y) on the elements A,
and affine linear mappings Fy. Moreover, each nonzero matrix entry can be computed in O(1)
operations. So, the matrix vector multiplication and the generation of the stiffness matrix can be
done in O(N) arithmetical operations.

Let us briefly motivate the construction of the basis functions which is similar to the construction
for spectral elements in [12]. The difficulty in the triangular case is the construction of orthogonal
polynomials on the triangle with respect to the Lg(tm’aAngle scalar product. Let A be the triangle
with the vertices (—1,—1), (1,—1) and (0,1) and set

gij(x,y) = hi, (

where hy; and hg; are some polynomials of degree ¢ specified later. In order to satisfy the orthog-
onality relations, the numbers

Vil = /A hii (Ime) (1 —y)'haj(y)hik (1231/) (1 —y)¥ha,(y) d(z,y)

Lo 2z
[
1S 1=y

have to be zero if i # k or j # [. With the Duffy transformation z = 2—"";}, we obtain

2x
1—

y)(l—yfhg,j(y), 20,4+ <p,

2 .
Vi (25 ) (0= ) has(odh ) de ay

1—

1 1 _
Vijkl = 5/ hi,i(2)h1 k(2) dZ/ (1 —y) " hy i (y)ha i (y) dy.
—1 —1

In order to obtain v; j k1 = 0;10;10:0;, Where d;;, is the Kronecker delta, we have to use polynomials
of degree ¢ which are orthogonal with respect to the weight 1, i.e. Legendre polynomials, for hq ;.
For hs,; polynomials which are orthogonal with respect to the weight function (1 — x)%*1 i.e.
special Jacobi polynomials, should be used. This should motivate the choice of the functions
o) =8 (25 ) (=05 )
where p¢ are the primitives over the orthogonal polynomials of degree i —1 with respect to (1—x)%,
for the interior bubbles in section 3.
The direct application of this result is the fast generation of the matrix Ky and the fast matrix
vector multiplication Kyu in the case of piecewise constant coefficients and polygonal bounded
domains in (1.1). Moreover, there is another application for preconditioning systems of linear
algebraic equations arising from the p-version of the finite element method. It is well known
from the literature that pcg-methods with domain decomposition preconditioners of Dirichlet-
Dirichlet-type are one of the most efficient iterative solvers for systems of the type (1.2), see
e.g. [15], [6], [4], [20], [18], [19], [22], [11]. Corresponding to the partition of basis functions
U = [\va,\I/E, \I’[} = [\1107\:[/[], ie. C=VUE, let

| Ke Ker | |1 /CC]IC;1 S 0 I 0
Ko = [ Kic Kr } = [ o I 0 K || Kikie I (14)

be the block structure of the stiffness matrix with the Schur-complement S = K¢ — K¢ Ile_llC IC-
The domain decomposition preconditioner will be of the form

=[s TG 8115 8

where



e (' is a preconditioner for Ky,
e (g is a preconditioner for the Schur-complement S = K¢ — ICCIICfllCIC and

e F is the matrix representation of an extension operator acting from the edges of the elements
into the interior.

Preconditioners for the Schur-complement have been proposed in [18], [19], [20], [2], [16] and [22].
For C7, several preconditioners have been developed for the quadrilateral (hexahedron), see e.g.
[20], [9], [10], [23]. The papers [6], [8], [3] and [25] deal with the extension operator for the p-version
of the FEM using triangular or tetrahedral elements. In [11], see also [17], an algebraic analysis
of a preconditioner of the type (1.5) is given. In this paper, we will propose a relatively simple
preconditioner for K; and (based on this) a matrix representation for the extension operator.
This remaining part of this paper is organized as follows. In section 2, we formulate and prove
the most important properties of Jacobi polynomials and their primitives. In section 3, the shape
functions on the reference triangle A are defined and the main result of this paper, Theorem
3.3, is formulated. In section 4, we give two applications of this result, fast matrix evaluation
and preconditioning. Section 5 is very technical, Theorem 3.3 is proved. Finally, we show some
numerical experiments in section 6. In the appendix, we give the reader an impression of the
computation of the nonzero matrix entries of the element stiffness matrix.

Throughout this paper, the reference triangle A is the triangle with the vertices (-1,-1), (1,-1)
and (0,1). The parameter nel denotes the number of elements, where the parameter p denotes the
polynomial degree. By F, we denote the isoparametric mapping from A to the triangle A,.

2 Properties of Jacobi polynomials with weight (1 — x)

For the definition of our basis functions on the reference element, Jacobi polynomials are required.
In this section, we will summarize the most important properties of Jacobi polynomials. We refer
the reader to the books of Abramowitz and Stegun, [1], Andrews, Askey and Roy, [5], and Tricomi,
[28], for more details. Moreover, we will state and prove some properties which only hold for
polynomials with weight (1 — ).
Let

a(x)—;i((l—x)“(ﬁ—l)”) n € Ng,a > —1 (2.1)

P/ = 2nnl(1 — x)® da 0 '
be the n—th Jacobi polynomial with respect to the weight function (1 — z)*(1 + x)°. p%(x) is a
polynomial of degree n, i.e. p* € P,((—1,1)), where P, is the space of all polynomials of degree n
on the interval. In the special case a = 0, the functions are called Legendre polynomials. Moreover,
let .
i) = [ sy nz1 g =1 ()

be the n—th integrated Jacobi polynomial with respect to the weight function (1 — x)*(1 + z)°.

Lemma 2.1. Let p% and pS be defined via (2.1) and (2.2). Moreover, let j,l € No and o > —1.
Then, we have

po(=1) = (—=1)", p(1) = ( ”:O‘ ) %pgu) = g ( "ﬂ';“ ) (2.3)



where < ; ) is the binomial coefficient i over j. Moreover, the relations

ax _ n . n n+a xn n—1 41‘3- ' |
) = 302 (2) (e 36 GeR (24)
) = [ @) - o )], (25)
Pl = Garae s et D@ e (BrHet e e+t

nn+ao)2n+a+2)
it DmtarnEntayfr@ n2l (2.6)

and the integral relations

/_1(1 — ) (x)p)(x) dz = pfdu, wherep] = Yitatl (2.7)
1

/ (1-2)” f(x)ql(x)dx = 0 VgeP,a—BeNy,j>l+a—70 (2.8)
-1

are valid.

Proof. e Relations (2.3) and (2.4) are direct consequences of (2.1).
e Relation (2.6) is the recurrence for the Jacobi polynomials, [1].
e Relation (2.7) is the orthogonality relation of the Jacobi polynomials.
e Relation (2.8) follows from (2.7):

/ (1 -2 @a(z) dv = / (1 - 2’ (@) au(@)(1 — 2)*~° da

-1 -1

1
= [ -2 @ ra-s(o) da.

-1
where §iyq—p(r) € Piyq—p. Since fil(l - x)ﬁp?(x)qm(x) dz =0 for m < j, ie. pjﬁ(m) is
orthogonal to all polynomials of degree m < j with respect to the scalar product with weight

(1 — z), this integral is zero for j > [ + o — 3 which proves (2.8).

e Formula (2.5) can be found in e.g., [5]. In order to prove it, the polynomial p2~! is represented
in the basis of the Jacobi polynomials p2, i.e.

n
po @) =y (x), v €R.
=0

Using (2.8) and (2.7) for Il <n —1 and 8 = o — 1, we have

—1

0= / AL O / (=) (@)t ) do

n
= Z %:51‘1,0? = Pza’Yl-
i=0



So,
a—1

P () = Ynpp (2) + Yno1pn_ 1 (%),

In order to compute the coefficients ~y,, and ~,,_1, we insert the values at the points x = £1.
With (2.3), we obtain

B 1 n—+a n n+oa—1 [ n+a-1
Tn — Tn-1=1, n Tn n—1 Tn—1 = n :

Hence, a simple computation gives

a+n d n
an =
o+ 2n Tt o+ 2n’

Tn =

which proves the assertion.

The next lemma considers properties of the integrated Jacobi polynomials (2.2).

Lemma 2.2. Letl,j € Ny. Let p% and p% be defined via (2.1) and (2.2). Then, the recurrence
relations

pa(-=1) = 0, n>1, (2.9)
™) = Gox jnflfén Tt G 33)(% oy P (@)

“@nta —21;)(_2721 Ta—gyPhl® 22 (2:10)

) = Grrmeaemrasg (@n+a-2n+a+ala—2) i)
B P -
@) = s (@ @), a2 (2.12)

and the integral relations

[ a-armwiwae = o0 gli-i> 2.13)
/11(1 —2)*p M @q)dz = 0 Vg ePL,a—BeNyj>l+1+a—F  (214)

are valid.

Proof. Relation (2.9) is a direct consequence of (2.2). In order to show (2.10), we have

201 | dat
1 dlfl )
21! dat=1 [(=

l
/(1—x)apf‘(x)dx - /d [(2” — 1)'(1 - 2)%] do
-D'(1-2)*]+C

by (2.1). Thus,
/(1 —2)pM(z) dor = (1 — )" (1 +2)q_1(z) + C, (2.15)



where ¢;_1 € IP;_; and C is some constant. Now, we compute m;?) = f_ll(l — )P (@)p () dw
by partial integration. Due to (2.8), mg?) = 0 for j < l. Using (2.15), (2.2) and o > —1, one
obtains

m) = (-2 1+ 2)go1 (@) ()], - / (=) T (1 ) (2)p (0) da

= / (1—2)*(1- $2)Ql71($)p?71(3;) dz.

-1

The function (1 — 22)q;_1(x) is a polynomial of degree [ + 1. Using (2.8), mg?) =0forj>1+2.
Hence as in the proof of relation (2.5), one can conclude

f)g(x) = ﬁnpff(x) + 671—127%—1(58) + ﬂn—an—Q(x) (2'16)
with coefficients 8, 8,—1 and §,_2. Using (2.4), one obtains 3, = % The numbers
Bn-1 and B,_2 can be computed by inserting x = +1 into (2.16) and using (2.3) and (2.9).

In order to prove (2.12), we start from (2.10) and obtain

sy~ nta_pm) 2aps_ (@) n-1 p)
" n+a2n+a—-1 (Cn+a-1)2n+a) 2n+a—22n+a-—1
pa (@) pai(e)

n+a—1 2nt+a-—-1

by using two times relation (2.5). Relation (2.11) follows from (2.10) and (2.6), whereas relation
(2.13) follows from (2.10) and (2.7). Relation (2.14) follows from (2.12). O

The most important results are the formulas (2.10) and (2.6). With relation (2.6), we are able
to compute recursively function values of the Jacobi polynomials, relation (2.10) gives a simple
formula between the Jacobi and integrated Jacobi polynomials.
Finally, we need two properties of integrated Legendre polynomials, i.e. p%. Using (2.7), one
obtains

P2(1)=0 forn>2. (2.17)

A direct consequence of (2.10) with o = 0 is

-0 _ J=1 4 .0 J .0 )
(I —y)p;_1(y) = _mpj—2(y) +Dj-1(y) — 57 3P (), J=>3. (2.18)

3 Element stiffness matrix

In this section, we define the shape functions on the reference element. Then, we will formulate
the main theorem of this section in which we state that the element stiffness matrix has about
25/2p? nonzero matrix entries. The parameter p denotes the polynomial degree.

3.1 Definition of the shape functions

Let A be the reference triangle with the vertices (—1,—1), (1,—1) and (0,1) and the edges e; =
{(r,y) e R®,-1 <y < 1,22 =1—-y}, e3 = {(z,y) € R:, -1 <y <1,-22 = 1—y} and
e1 ={(z,y) eR%, 1<z <1,y=—1}
Using the polynomials (2.2), we define the shape functions on the element A:

7



e Vertex functions:

1+2z—y 1+y

1 and ¢y 3(7,y) = — (3.1)

dvas2(x,y) =
Let @y = [pv1, dv,2, Pv.3] be the basis of the vertex functions.
e Edge bubble functions: For the edge e, we define

2z
-y

oo = () =), 2<i<y. (32)

For the remaining two edges es and eg, the definition is different:

1+2x—y

S Py), 1<i<p-1 (3.3)

¢62/e3,7; (x7 y) =

By ®c, = [pe,.ili—y, k = 1,2,3, we denote the bases of the edge bubble functions on the
edges e1, e2 and e3 and g = [P, , Pe,, P,] is the basis of all edge bubble functions.

e Interior bubbles: Here, the functions

. 2z P L . .
e = (25 ) -0 B, i spiz2gzL (3.0

1+j<p

i>p>1 denotes the basis of the interior bubbles.
>

are used. Moreover, ®; = [¢;;]

e Finally, let ® = [®y, P, ;] be the set of all shape functions on A.
The most important properties are summarized in the following proposition.

Proposition 3.1. e The functions (3.4) are polynomials of degree i+ j. Moreover, ¢;;(z,y) =
0 holds for (z,y) € ex, with k =1,2,3. So, ¢;;(0A)=0,i>2, j>1.

e The edge bubble functions (3.2), (3.3) are polynomials of degree p and satisfy the property
Ger.ilej) =0, ifj#kmax{3 —k,1} <i<max{p—1,p+1—k}.
o The vertex functions (3.1) are the usual hat functions.

o The functions (3.1), (3.2), (3.3), (3.4) span a basis in the space of all polynomials of degree
.

Proof. We start with the first assertion: Since p? is a polynomial of degree i, p? ( y) (1—y)tis

a polynomial of degree ¢ in x and y. Let [ z } € ey. Thus,

518 (3] e

By (3.4), we have ¢;;(x,y) = (%)Zl 521 (—1). Using (2.9) with a = 2i — 1, one easily concludes
¢’L](:'L.7y) =0 for (.T,y) cey.

Let { 3?5 } € e5. Thus,

< 8
—_
I
el NI L
| I
_l’_
DO o+
o—
o |

—
—_
~
m
—
=



Using (3.4) and (2.17), we have

2(1/2 _ t/2)> (1 . t)z ~2i—1

o) =8 (2 2N = R0 - 097 (1) =0,

which proves the assertion that ¢;;(z,y) = 0 for (z,y) € es.

By the same arguments, the assertion ¢;;(x,y) = 0 for (z,y) € e3 and the second assertion can be
proved. The third assertion is trivial. The last assertion follows from the first three assertions and
the linear independence of the functions (3.1), (3.2), (3.3), and (3.4). O

Remark 3.2. Since, p§(y) = 1, the edge bubble functions ®., (3.2) can be written as ¢, ;(z,y) =
$io(z,y), i=2,...,p.

3.2 Properties of the element stiffness matrix

a b

Let A = [ } and let
b ¢

K = / (VO 1)) T AV (z, ) d(z, ) (3.5)
A

is the stiffness matrix on A with respect to the basis ®. According to the partitioning of the basis
® into vertex functions, edge bubble functions and interior bubble functions, the matrix K can be
split into 3 x 3 blocks, i.e.

R ffv,(A) KV,E,(A) f:(v,z,(A)
K= Kgvw Kpgu Keraw | (3.6)
Krvay Krem Kia)

where the matrix

Kiay = laigul i jyn = [/ (Voij(w,y)) " AVe(z,y) d(z,y) 3.7)
o (i:): (k1)

is the block of the interior bubbles.
Now, we are able to formulate the main theorem of this section.

Theorem 3.3. Let K be defined via (3.5)-(3.7). Then, the matriz K has O(p®) nonzero matriz
entries. More precisely, a;ju = 0 if |i — k| > 2 or |i — k+j — 1] > 2. In the special case of
the matrix IA{I_’(I), i.e. A is the identity matriz, the entries of a;; i are zero if |i — k| & {0,2} or
li—k—14j]>2.

A detailed proof of this theorem will be given in section 5.
Now, we will extend this result to more general triangles A;. Let Ay be a triangle and let
F, : A — /g be the affine linear mapping from the reference element to Ag. On A, we define the
shape functions

b, =doF L (3.8)

Let
K, = / (V. ()T AVD, (z,y) d(z, y) (3.9)
JANS

be the stiffness matrix with respect to the basis ébs.



Theorem 3.4. Let K, be defined via (3.9). Then, the matriz K has O(p?) nonzero matriz entries.

Proof. Since F; is an affine linear mapping, F, ! is affine linear too, and VF, ! is constant. By
the transformation F; ! from A4 to A and (3.8), we have

K, - / (V. (2, )T AV, (x, ) d(z, )
JANS

- / Vo, §)] (VE )T AVE Y| det(VE,)| V(2. §) d(2,5)
A

- /A[vq>(;ﬁ7g)]TAqu>(@,y) (2, 9), (3.10)

where A; = |det(VFy)|(VE;)TAVFE ! is a constant positive definite matrix. Using Theorem
3.3, the assertion follows. O

3.3 DModification of the edge bubble functions on the edges e¢; and es.

With the definition of the functions (3.2), (3.3), the edge bubble basis functions restricted to an
edge are integrated Legendre polynomials, i.e. ﬁ(j)-(x),j = 2,...,p on the edge e; and functions
(1- x)ﬁ?(x), j = 1,...,p — 1, on the remaining two edges e; and e3. Globally, we will use
integrated Legendre polynomials on each edge in order to ensure that our basis functions are
globally continuous. So, the basis functions can be extended much simpler to a neighboring element.

More precisely, let
- 14+2x—vy . .
Des /e, (T,Y) = 2_7%172(3/), J=2,...,p (3.11)

Since p}(1) = 0, the functions in (3.11) are polynomials of degree p. Moreover, bey.j(T,y) = ()
for (z,y) € e, k = 2,3. So, these functions are integrated Legendre polynomials on the edges es
and e3. Between the bases (3.11) and (3.3), one has a basis transformation, i.e.

o, = q@ek,g(gc, Y)yeoos éek,p(ac, y)} = [0ep1(2,Y), - oy Pepp—1(x, Y)W, k=23 (3.12)

Lemma 3.5. Let W be defined via (3.12). Then,

[ -2 0 0
1 -1 0 e
1 4
—z 1 -z 0 0
5 5
— 2 5
W= -2 1 -2 0 0
-3
L 0 _21;;73 1 _2;:3 i
Proof. The assertion follows from relation (2.18). O
Now, let
i) = |:(I)V7 i)E7 (b]:| with (i)E = |:(I)el y i)ez , (i)eg (313)
and

K= / (Vé(z,y))T AV (2, y) d(z,y), K. — /A (V. (2, y)) T AVD, (2, 1) d(z,y).  (3.14)

A
10



Theorem 3.6. Let K and K, be defined via (3.14). Then,

I I
K= Wk K Wg with  Wg = blockdiag [I, W, W]. (3.15)
I I

Moreover, the multiplications Ku and K u can be done in O(p?) operations.

Proof. The first assertion follows from (3.5), (3.14) and (3.12). The second assertion is a conse-

quence of Theorem 3.3 and Lemma 3.5 for K and Theorem 3.4 and Lemma 3.5 for K. O

4 Applications

In this section, we give two applications of the results of section 3 for the discretization of the
boundary value problem (1.1) using for the hp-version of the finite element method.
4.1 Fast hp-FEM for straight triangles with sparse matrices
In this subsection, let us assume that
e the domain 2 is bounded by polygons and

e the matrix A(x,y) is piecewise constant on subdomains ; C € which are bounded by
polygons, too.

In order to find an approximate solution of (1.1), we use a finite element mesh of triangles A,
which satisfy the following two properties:

e the matrix A(z,y) is constant on Ay,
e the edges of the element A, are straight lines.

Let Fj : A Ag be the affine linear mapping. On each element, we take the basis <i>s, ie.

d,=do F 1, (4.1)

cf. (3.8) and (3.13) with polynomial degree ps. Let ¥ be the corresponding global basis and let
p = maxg ps be the maximal polynomial degree over all triangles A;.

Theorem 4.1. Let us assume that each element A\ of the triangulation is bounded by straight lines
and that A(x,y) is constant on each element. Let Ky be defined in (1.2), (1.3). Then, the operation
Kgu requires O(p?) operations. Moreover, the generation of Ky requires O(p?) operations.

Proof. The first assertion follows from Theorem 3.6. Concerning the second assertion, the method
in order to derive explicit formulas for the nonzero matrix entries of K, see (3.6), is explained in
the appendix. Using (3.10) and (3.15), the assertion follows. O

Summarizing, we have proposed a method, in which the cost for the generation of the stiffness
matrix Ky and for the multiplication gu is proportionally to the number of unknowns with
respect to the polynomial degree p.

11



4.2 A simple preconditioner for the interior bubbles

In subsection 4.1, we have investigated the special case of a polygonal bounded domain 2 and
piecewise constant coefficients A(x,y). In the case of curved boundaries, it is well known from
the literature to use curved triangles on the boundary of 2. Then, the mapping Fj : A= A,
is nonlinear on some triangles A,. Hence, the matrix A, in (3.10) is not constant on A. So, we
are not able to apply Theorem 3.4 and the element stiffness matrix A, has O(p*) matrix entries.
Thus, the operation Kyu requires O(p*) operations.

However, we can derive a preconditioner for the block of the interior bubbles which is efficient
for this case. Corresponding to the partition of basis functions ¥ = [Uy, U, U] = [P, U/, ie.
C=VUE, let

Ke  Ker
Ko = [ Kic Ki ]

be the block structure of the stiffness matrix, see (1.4).

Now, we will derive a preconditioner of the form (1.5) for the matrix Ky. By (1.3), the global
stiffness matrix is the result of assembling local stiffness matrices K,, ie. Ky = Z:’ill RZRSRS.
In the following, we investigate the preconditioner

nel

Co= L.CoL!, (4.2)
s=1

where

Co= [ (V(a,4))TVd(z.y) d(z.y).
A
In this preconditioner, the stiffness matrix for the Laplacian on the reference element is assembled
1 1
on each element. Then, it can be shown, see e.g. [20], that x(Co™ 2KyCo~ 2) = O(1) under the
assumption that the angles of all triangles are distinct from 0 and 7. According to (1.4), we
consider a block decomposition of Cy, i.e.

_| Cc Ccr
[ G »

By (4.2), the matrix C; is a block diagonal matrix, one block corresponds to the interior bubbles
of one element. Due to (3.7), (4.2), (3.14) and (3.13), each block is equal to the matrix Ky, i.e.

R nel ~
C; = blockdiag {KI,(I)} . By Theorem 3.3, the matrix K7 () has a special nonzero pattern which
=1
is displayed in Figure 1. This pattern is similar to a stencil structure. The maximal bandwidth is
2p — 2. So, the Cholesky factorization can be computed in O(p*) operations. Using a reordering
of the unknowns, i.e. the method of minimal degree or the method of nested disection, [13], this
arithmetical cost can be reduced to O(p?), [14]. Figure 2 displays the nonzero pattern of several

Cholesky factors. Due to (1.5), we propose now the preconditioner

i chcl_l Cg O 1 0
Cl_[o I 0 Cr||Ci'Cic 1) (44)

where Cg is a preconditioner for the Schur complement and C; and Cy¢o are taken from (4.3). We
summarize the above observations in the following theorem.

Theorem 4.2. Let C; be defined via (4.4). Moreover, let Cs be a preconditioner for the Schur
complement such that Cgly requires not more than O(p*) operations and

c1 (Csv,v) < (Sv, %S c2 (Csv,v) Vo



1000

2000

3000

4000

5000

6000

7000

8000

4] 2000 4000 6000 8000
nz = 119588

Figure 1: Nonzero pattern of IA(I,(I) for p = 130.

0 Oxt .?
1000 1000 " *
2000 2000 ;
3000 3000 alt
ot
4000 4000 j
5000 1 5000 §
6000 - 6000 fl
7000 7000 i 3"
|
8000 , ] 8000 ‘ ‘
0 2000 4000 6000 8000 0 2000 4000 6000 8000
nz = 699422 nz = 383028

Figure 2: Nonzero pattern of the Cholesky factor of IA(I’(I) for p = 130: without permutation of
the unknowns (left) and with minimal degree permutation (right).
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and some constants c1, ca. Then, /{(Cl_%IC\pCf%) = O(&). The operation Cy tu requires O(p?)
operations.

Remark 4.3. 1. So, we have to use a preconditioner for the Schur-complement in the basis of
the integrated Legendre polynomials which requires not more than O(p3) operations. Begin-
ning with the Schur complement preconditioners developed in [6], several preconditioners have
been proposed in the literature, see e.g., [20], or [22] which is based on the multi-resolution
analysis done in [10]. The cost of Cg'v is of order p.

2. The cost of C; *u is O(p®) and not O(p?), which would be optimal. However, the matrix
vector-multiplication requires, in general, O(p*) operations. So, this preconditioner is efficient
enough. The most expensive operation of the preconditioner (4.4) is the computation of the
Cholesky decomposition for IA(I’(I), which have to be done only one times before starting the
pcg-method.

5 Proof of Theorem 3.3.

In this section, we will prove the main theorem of this paper. We will split the proof into several
auxiliary results. In a first lemma, we give a formula for the derivative of the interior bubble
functions (3.4).

Lemma 5.1. Let ¢;; be defined via (3.4). Then,

— 2p) ) (1%) (1—y) =17 (y)
Pij = 0 <271) 1 i—142i—1 ~0 ( 2z i, 2i—1
Pio2\1-4 (1-y) p; (y) + p; Ty (1-y) P 1 (y)

i
. In order to compute gy-’, we use

§ . . . i
Proof. Using (2.2), one easily derives the expression for =5

the product rule and obtain

8¢i' 2 §i—2 25—
8yj (z,y) = P4 (1_$y> 22(1 — )" P35 (y)
o 2z i—1,:2i—1
—ip; (1 — y) 1=y (y)
. 2 P
st (725 ) -0 (5.2

Using (2.6), we have

2z 2z t of 27 1—1 2z
. = . . . 5.3
1_yp7.—1 (1_y) 22_1}71 <1_y>+22_1p1—2 1_y ( )

Moreover, by (2.10), one easily derives

—ip) (12_1;3/) =5 i_l [p? (f_xy) -, (12_xyﬂ ) (5.4)

Inserting (5.4) and (5.3) into (5.2) proves the assertion. O

In a second step, we will determine the nonzero structure of several weighted mass matrices
My, ..., Mg with respect to the polynomials (2.1) and (2.2) on the unit interval T = (—1,1).
All these matrices have a banded structure and I%P matrix entries depend on the parameter i.



Lemma 5.2. Let

. 1 .
w =[] = | [ - )
S .

(1,

il —Ozfj>l+1 orl>j+3.

Then, m;
Proof. By (2.14) with a = 8 = 2i — 2, we can conclude mfl’i) =0 for j > 1+ 1. In the case
l>j+3, weuse (2.14) with « = 2i — 2 and § = 2i — 4. O

Lemma 5.3. Let
1

My = {mfz)]jJ = { / ) R i (1) - O )dy}

Then, mfl) =04fj>l+2o0rl>j5+2.
Proof. The proof is similar to the proof of Lemma 5.1. O
Lemma 5.4. Let
1
M= [nd] =[] @i  af
gsl —1 4,
Then, mf’l) =0ij>l+4o0rl>j.
Proof. Using (2.7), we have mfl) =0forl>j. If j > 144, we use (2.14). O
Lemma 5.5. Let 5,1 > 0 and
1
wo= ()] = | [ =P )
Yy . i
Then, mfl) =0ij>l+2o0rl>75+2.
Proof. The assertion follows from relation (2.8) with o =2i+ 1 and § = 2i — 1. O
Lemma 5.6. Let 5,1 > 0 and
1
Ms = [ Eﬂ = [ / O Ry - (7)) (1) dy}
g;l —1 7.l
Then, mfl) =0¢j>lorl>j+4.
Proof. Using (2.5), we have
1
2i—2 27, 1 2i—1
= — (20 -1
) = g (G- 1 @) - )],
- 1
21—3 20—2 2¢—2
© = — (21 -2
B = gy i 2 ) — )],
- 1
2i—4 2i—3 21—3
: = — -3 d
BN = gy (G- 3 ) )],
- 1
2i—5 _ 2i—4 2i—4
pjz (v) = 2it2j—4 [(2 4+J) THx) — JPJZ1 (z )]-
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So, the polynomial p2’ ®(z) can be represented as a linear combination of p2’ Hx), p?z ),
pfz (), p?i_?)l( ) and p2l (). Using (2.7), the assertion follows. O

Lemma 5.7. Let 5,1 > 0 and
1
M= [nf)] = | [ a- et  a
gl -1 il
Then, m\®) =0 if j>1+3 orl>j+1.

Proof. The assertion follows from relation (2.8) with o = 2¢ and § = 2 — 1 and relation (2.14)
with = 2¢ and 6 = 2i — 2. O

Lemma 5.8. Let 5,1 > 0 and

My = [m] = [ / - ) ) dy

-1 Jil

s

Then, mfl) =0ifj>l+2o0rl>j+2.
Proof. The assertion follows from (2.14) with @ =2i — 1 and 3 = 2i — 2. O
Lemma 5.9. Let 5,1 >0 and
®) ' 2i—1 2i
My =[] = | [ P ) ay
I -1 7,1
Then, m\y) =0 if j >1+1 orl>j+3.

Proof. The assertion follows from (2.14) with o = 8 = 2i — 2 and (2.8) with @ = 2¢ — 2 and
B =2i—5. O

Now, we consider the matrix

> (x) a¢’b] ((E, y) ad)kl(mv y) :|
Kr.= |a;; = d(z, . 5.9
R T o (55)

Lemma 5.10. Let K7, be defined via relation (5.5). Then, agi)lfl =0ifi#kand|j—1 > 2.

Proof. Using (5.5), (5.1) and the substitution z = 12_—“’”, we obtain

L (2

1
_ / P () (2 / 21— ) T () () dy
-1

1

= 2 i 2z .
o = [t (P ) am i i (£ ) -0 ) dee)

) AL — ) P2 ()5 ) da dy
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By (2.7), we have f,llpgq(Z)qu(z) dz = p? ;6. Inserting this into the above equation, one
easily concludes

1
alhy = P10 / 12(1—y)”’“‘lﬁ?l}l(y)ﬁfffl(y) dy

1

PG / 2(1 — )% ()2 () dy
—1

= p?_l(sika;-Tl).

Using Lemma 5.8, the second integral is zero if |j — I| > 2. This proves the assertion. O

In a next step, the matrix

5 0¢ij(r,y) Oppi(z,y)
Kr,=|a? [/ J d(z,y 5.6
Ty |: z],kl:| (4,5);(k,1) A ay 8y ( ) (i,5); (k1) ( )

is investigated.

Lemma 5.11. Let K;,, be defined via relation (5.6). Then, az(.;.’,)kl =0if|i — k| ¢ {0,2} or
li+5—k—=1>2.

Proof. The proof is similar to the proof of Lemma 5.10. With the substitution z = % (Dufty
transformation), and relations (5.1) and (5.6), we obtain

ol = /_ 1 /_ 1 () o (2)(L =)' 57 () + Y (2) (1 — »)'pi 5 ()]
< [0~ ) 5 ) + AR - e ()] Y dz dy

3 ([ s as [ o ) ) dy

-1 -1

+ / L (IA(e) d: / (1 — ) Hp2 () (y) dy

-1

1 1
+f () ds [ a0 2w ) dy

-1

1 1
+f R A / (=) ) dy)

1 1 2 ,3 4
= B (GE?,M) + agjy,kz) + agjy,kz) + agjy,k-z)) . (5.7)

Now, we start with a%”kll). Using (2.7), one derives

1 1
aly = / 1p?72(Z)p272(z) dz / (1 =) ™12 y)p (y) dy

—1

1

o ;

= P?_Q(Si,k/ (1= ) 52 ()P () dy = p_y0;mT.
1

By Lemma 5.8, we have
aly) =0 ifigtkv]j—1l>2 (5.8)



The next term is a%’,?l) Using (2.10) with o = 0 and (2.7), one obtains

1 1
aie = / lp?fz(z)ﬁg(@ dz / 12(1—y)”kﬁ?lfl(y)ﬁf{l(y) dy
71 ' ' % 20— =
= g [ PR~ de [ - R ) ) dy
0
Pi—
= o _21 (0o — Oi—2k—2)tikj1-

So, the factor before ¢;  j; is zero if ¢ —2 =k or ¢ = k. In the case ¢ — 2 = k, we have

1

o - s

tiicag = [ (=0 R W) dy =
-1

By Lemma 5.9, t; ;_2;; =0if j >l or [ > j+4. In the case i = k, one obtains

1
o a )
tiiga = / (1= )2 52 y)pd () dy = mlS) .
1

By Lemma 5.7, ¢; 5,5, = 0if j > 1+ 2 or [ > j 4+ 2. Summarizing,
ale) =0 ARVl >2DAG-2£kV]j+2-1]>2).
By symmetry with respect to ¢ and k, and j and I,

ale) =0 ARV >2Ak-2#£iV|i+2-j]>2).

(5.9)

(5.10)

(5.11)

The last summand in (5.7) is GE;I-’,’Z)~ Using (2.10) and (2.7) again, a simple computation gives
0.4 0 0 0 1
wa) (7 4 pi_2)0ik _ Gik—2p; + 0im2kpy / 1 — )itk 2i=1 (N 2k=103 g
ij,kl T < (27/ _ 1)2 (22 _ 1)(2]€ _ 1) 71( y) p]—l (y)pl_l (y) y

The first factor of (5.11) is zero if |i — k| & {0,2}. If i = k, then

0. 0 1 0. 0
(y4) _ Pi T Pi2 241 2i—1, \ 2i—1 Pt Pia ()
Uit = =12 71(1 =) (e (y) dy = @iz M

By Lemma 5.5, a\¥") = 0if |j — 1| > 2. If k = i — 2, then

17,1l
0 1 0
(va) “Pi2 1— )22 =1 ()2 =5 (1) dy — —Pi—2 (5)
“igi-20 = (57— 1)(2i = 5) /_1( ¥ (Wnt N (y) dy @i = 1)(2i —5) -t
Using Lemma 5.6, agﬂ’ﬁlz,l =0if |j+2—1] > 2. By symmetry with respect to ¢ and k, j and [,
we have agzi’;l?j;i,l =0if [l +2— j| > 2. Summarizing,

Al =0 (@ ARV U >2A(i—kl£2V]j+i-k—1]>2).
Inserting (5.8), (5.9), (5.10), and (5.12) into (5.7), we can conclude
ally =0 if|i—k € {0,2}V]j+i—k—1>2),

which proves the assertion. 18
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Finally, we consider the matrix

R B C20) _ / 0¢ij(w,y) Opri(,y)
Ki oy = |a;; = d(zx, . 5.13
Iay [ j,k‘li| (i,7)5(k.0) { A Oz Ay (z,9) D ( )

Lemma 5.12. Let IA(I,W be defined via relation (5.13). Then, agfl,/c)l =0 li—kl #1 and
li+5—k—1>2.

Proof. As in the proof of Lemma 5.11, we obtain

1 1
alt) = / 1p9_1<z>pg_2<z) dz / a — )RR ()R (y) dy

1 1
+ / P01 ()F2(:) d / (1 — )52 () () dy
1 —1

.f (zy,1) (zy,2)
= Gy a5

using (5.1) and (5.6). By (2.7), one derives

1
| o .
airt) = p?—15i—1,k—2/1(1 — )22 ()t () dy = m).

By Lemma 5.2, agffc’ll) =0ifi£k—1lor|l+1—j>2
Using (2.10) and (2.7), we have

0 1

zy,2 Pi— i ~2j— _
az(j,?lJcl ) = 2% 711 (0i—1,k — di—2,k—1) / 1(1 — y)H'kp? 1(9)1’1251 L(y) dy.

So agf,’c’f) is zero if |i — k| # 1. In the case k =i — 1, we conclude

0 1
2 Pi—1 i—1 A2i— i— 2
ol = %3 /1(1 — ) )P () dy = m{ .

(zy,2)

By Lemma 5.3, a; ;™ | is zero if|lj+1-1>2.Ifk—2=1i—1,ie i+ 1=k, one obtains

0 1
2 Pi—1 i+1,2i—1 2i 3
"t | = 57 / (1— )2 52 y)pd (y) dy = m .

3/
By Lemma 5.4, a%@;’ﬁ)u iszeroif I —1 < j or I > j — 3. Summarizing az(fgff)l =0if|i—k|#1or
li +j — k — 1| > 2. This proves the assertion. O

Summarizing Lemmas 5.10, 5.11 and 5.12, we have shown the following result.

Lemma 5.13. Let ¢;;, i > 2, j > 0 be defined via (3.4). Then,
i = [ (Vo5 (0.) AV (a.9) ) = 0
ifi—kg{-2,-1,0,1,2 orli+tj—k—1>2.
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In a last step, we consider the coupling between the edge block corresponding to es or es and the
interior bubbles.
By a simple computation, we obtain

Ve () = o (5.14)
ea/ad 10w + 5 (1 25) - wpi, ) |
Lemma 5.14. The following assertions are valid for k = 2, 3.
1. For alli,j,l € N, we have
ey 1 09
——— =0.
/A Ox Ox (z,9)
2. Fori>4 or|l—j—0.5—1i > 2.5, we have
Oe, 1 Oij
—=—=d(z,y) = 0.
/A 9y Oy (@)
3. Fori>4 or|l—j—05—i| > 2.5, we have
e, 1 O
— d =0.
[ e
4. Fori>4 or|l—j—0.5—1| > 2.5, we have
— 2 ——2d =0.
I
Proof. The proof of this result is similar as the proof of Lemmas 5.10-5.12. O

Finally, we give the proof of Theorem 3.3:

Proof. The symmetric matrix K (3.6) has 9 blocks, where IA(V,(A) € R3*3, IA(VE,(A) € R3*3p—3,
IA(V}E,(A) e R3*(=1(r=2)/2 4 IA(E’(A) € R3P—3%3P=3_ Qo it suffices to investigate the remaining
blocks IA(E’I’(A) and IA(I’(A). For IA(E’[’(A), we can conclude from Lemma 5.14 (for edges es and e3)
and Lemma 5.13 with Remark 3.2 (for edge e1) that this matrix has O(p) nonzero matrix entries.
For the matrix Ky (4), the assertion follows from Lemma 5.13. The special structure of the nonzero
matrix entries for IA(I’(I) follows from Lemmas 5.10 and 5.11. U

Remark 5.15. With the arguments in Lemmas 5.10-5.14, one can prove the relation KVL(A) =0.

Moreover, the matriz IA(V,E7(A) has O(1) nonzero matriz entries and the matriz IA(E7(A) has O(p)
nonzero matriz entries.

6 Numerical Experiments

In this section, we will present two numerical experiments. In the first experiment, we determine the
arithmetical cost in order to compute the matrix K 7,(r) (3.7). This matrix has about 15/2 p? ~ 15N
nonzero matrix entries. The results are compared with the computation of the element matrix
stiffness matrix for the Laplacian using sum factorization, [24]. The cost of this algorithm is
O(p*). In order to get measurable results, we have computed both matrices 100 times. The
computations are executed on a Pentium IV, 2400 MHz. Table 1 displays the time in order to
compute the matrix block for the interior bubblgja using



p | explicit | sum factor.
5 i0.004 0.016
9 0.004 0.078
13 0.012 0.272
19 0.035 1.411
25 0.059 4.153
31 0.098 9.813
37 0.133 26.265
43 0.180 43.393
49 0.234 83.156
59 0.340
69 0.473

Table 1: Time in order to compute the matrix block for the interior bubbles 100 times.

e the basis functions (3.1)-(3.4) and explicit formulas, see the appendix,

e using sum factorization.

From the results, one can see the high speed for the generation of the stiffness matrix if the basis
functions (3.1)-(3.4) are used.

In a second example, we measure the quality of a possible preconditioner C’I_1 for K . (3.7),
see subsection 4.2. First, we determine the number of nonzero matrix entries of the Cholesky
factor without permutation, and with the method of minimal degree starting from the first and
last column of K 1,(1) for several polynomial degrees p up to 130.

p | Kr () | Cholesky | Minimal degree with start

first row last row
10 168 188 178 174
20 1082 1992 1713 1777
30 2795 7395 5860 6024
40 5307 18397 14085 14196
50 8619 36999 27187 27343
60 | 12733 65203 45650 45216
70 | 17644 105004 71895 68578
80 | 23354 158404 101478 97745
90 | 29685 227405 136635 134060
100 | 37179 314009 186376 176898
110 | 45291 420211 239246 224198
120 | 54207 548017 297884 280076
130 | 63922 699422 383028 343644

Table 2: Nonzero matrix entries for K 1,(1) and its Cholesky factors.

From the results, one can see that about six times of the memory of the matrix K 1,(1) 1s required
in order to save its Cholesky factor for p = 130. o
Finally, we determine maximal and minimal eigenvalue of the matrix C}; 'K 1,(1)> where

é [Krmly i li—jl<k
[(Clis = K| =0 else ’
ij 21



k = 0,2. Figure 3 displays the increase of maximal and minimal eigenvalue. For C’O, ie. it is

% maximal Eig. / % maximal Eig.
5| =0~ 1/minimal Eig. Ul -~ 1/minimal Eig.
10 4 9 2
y=x R y=x
» ad
. »* . »°
10 o* 107 o
£ 4 «6
8 # 3 Pl
=R £ E 3
3 10°; ¢ g »
5 R4 S &
> e ke »
o, & (TR v
107} P 10t -
’ Vs
4 L
't : 3
L - PR e e ko s sldol . ’H [PPSR e 3 O
Foo a7
10 ‘ 1 ‘ 2 10 ‘ 1 ‘ 2
10 10 10 10
polynomial degree p polynomial degree p

Figure 3: Maximal and minimal eigenvalue of the matrix C’,;U%’Lm for k = 0 (left) and k = 2
(right).

the diagonal part of K 1,(1), the maximal eigenvalue is bounded whereas the minimal eigenvalue

goes to zero about proportionally to O(p~*). For C’g, the minimal eigenvalue goes to zero about
proportionally to O(p~2). So, this reduces the condition number of the preconditioned system.
However, this idea does not yield to an optimal or a suboptimal preconditioner.

7 Open Questions and concluding remarks

Summarizing, the choice of the basis (3.4) has several advantages in order to get sparse system
matrices. All orthogonality arguments base on the integral relations (2.8) and (2.14), i.e. a
polynomial of degree p is orthogonal to all polynomials of degree p — k in some weighted scalar
product. Hence, the results of Theorem 3.3 and 3.4 can be extended to the case of piecewise
polynomial coefficients A(z,y), i.e. A(z,y)|o, € Pr. Then, the matrix IA{L(A) has about (5 +
2k)?p? /2 nonzero matrix elements.

For practical computations, a scaled version of the bubbles should be preferred, i.e.

sute = (£25) (152) 5t = 2202, a

Then, cf. (2.7) with @ = 2i—1, the nonzero entries of the matrix [A(I,(A) have no factor 4° which can
be very large for p = 50,...,100. For the evaluation of the function values of the shape functions,
the recursions (2.6) and (2.11) can be used.

In general, this basis can be used as preconditioner for the block of the interior bubbles K}, see the
Domain Decomposition preconditioner C; (4.4). This preconditioner is an optimal preconditioner
for Ky. However, the cost in order to compute C; 14 is not proportionally to the number of
unknowns, i.e. O(p?) using Cholesky decomposition. Due to this fact, it is important to derive an
optimal solver in the case of a sparse stiffness matrix Ky, too. It is a challenge to derive optimal
multilevel solvers for C; which has been done for quadrilateral elements in [10], [9], [23].

Finally, we would like to mention that the approach can be extended to the 3D case. In the case
of the reference tetrahedron with the vertices (—1,—1,—1), (1,—1,-1), (0,1,—1) and (0,0, 1) one
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has to take the interior bubbles
“ 4z i 2y a2
iz, y, 2) = P <12yz) (1—2y—2)p5" (12) (1—2)p 7 (2). (7.2)

This will be presented in a forthcoming paper.

A Computation of the nonzero matrix entries of K

Now, we give the structure of the nonzero entries of K (3.5).

A.1 Structure of the matrices M; to Mg

Due to the proofs of Lemmas 5.10-5.14, the matrices Mj, ..., Mg introduced in Lemmas 5.2-5.9 have to be
determined, in order to derive explicit formulas for the nonzero matrix entries of K. We will demonstrate
the idea for the example of the matrix M3 in Lemma 5.4, i.e.

Ms = [mfl)}jl _ [/ 1- y2z+1p?z—1(y)p121+1(y) ayl . (A1)
s 1 .

7,1
The idea is based on the relations (2.10) and (2.5). Due to (2.10), we have
2(2i+j = Dpi' " (v) 2(2i - 1)p3"5' (v) 2 = VP55 ()

2i—1, \ _ _
bW G oD@t -9 T @ity DRt -3 @+ -2t -3

Moreover, by (2.5), one has

(G+a—1pi () — (G- Dpi,(y)

Py =
It a+2j—2 ’
p] 1\Y O{+2] ’
a2 = (G+a—1pi7 (y) — i (v)
by W)= at2j—1 :
ie.
a2 _ (atlet+i-1) o 2(a+j-1)
WS aiaer 0P Y T G oery —ph W
](.7 - 1) o
Using (A.2) for « =2i+ 1 and j, j — 1 and j — 2, one obtains
) = 22+ 5+ 1)(2i +45)(2i +5—1) P ()
i W 2i+2j+)2i+2))(2i+2—)@i+2 -2 WV
19 (20 —25+1)(2i+5)(2i+5—1) P2 (y)
(2 +2j+1)(20+2j — 1)(2 +2j —2)(2i+2j —3) 7!
B 12i(j — 1)(2i + 5 — 1) 2
(2 +2j) (20 +2j —1)(2i+ 25— 3)(2i + 25 — 4)Pi 2V
n 2(j — 1)(5 — 2)(6i + 25 — 3) P2 ()
(20 +25 —1)(20 +2j —2)(20 +2j —3)(2i +2j — 5) 773
2 -1 —-2)(j -3 ;
_ (4 )§; ) ) p?_tll(y). (A.3)

(2 + 25 — 2)(2i + 25 — 3)(2i + 2j — 4)(2i + 25 — 5)
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Lemma A.1. Let M3 be defined via (A.1). Then,

m® = gt 22i+j+1)2i+5)(2i+5—1)
33 (20 + 25 +2)(2i + 25 + 1) (20 + 24) (20 + 25 — 1)(2i + 25 — 2)’
m(S) _ i1 2(21 — 25+ 1)(2i + j)(2Z + 45— 1)
53-1 (20425 +1)(20 +25) (20 + 25 — 1)(2i + 27 — 2)(2i + 25 — 3)’
@)yt 12i(j —1)(2i +j — 1)
5:3-2 (20 +25)(2i + 25 — 1)(2i + 25 — 2)(2i + 2 — 3)(2i +2j — 4)°
L@ g 2(j — 1)(j — 2)(6i +2j — 3)
3.3 (20 + 25 — 1)(2i + 2 — 2)(2i + 2 — 3)(2i + 2§ — 4)(2i +2j — 5)’
¢ 20-1)( -2 —3) _
5,34 (20 +25 — 2)(2i +25 — 3)(2i + 25 — 4)(2i +2j — 5)(2i +2j — 6)
Proof. The assertion follows from (A.3) and (2.7). O
Finally, the structure of the nonzero entries of the matrices My to Ms:
Let
(a)pn=ala+1)-...-(a+n—1).
o Matrix M;:
.2 .. . . .2
(1,4) 12(5° + 251 — 45 — 3+ 5i — 2:%)
o = —4 A4
M3 (2i+2j — 6)s ’ @4
(i) _ 220 =3)(2i+j = 3) ) i22i=3)( = 1)
9 (20 +25—5)5 53 =2 (20 +25—17)5
i) _ iU =DE-2) (i) _ i (247 =3)(2i+j—2)
Mia=3 = % 211 25 — 8)s’ Mg+ (2 +2j — 4)s
o Matrix Ms:
m® 40— 2)(40° — 8i 4 2ji — 2j + 3+ %)
& (2i + 25 — 4)5 ’
e _ 4203+ 2i)(25% + 2ji — 35 — 100 + 4 + 44%)
3t (2i+2j —5)5 ’
@) i2(2i+5 —4)2( - 1)
M2 2i+2j—6)5 (A.5)
m® g2 1)(25% — 55 + 65i — 16 + 6 + 8i?)
It (20 +2j —3)5 ’
Lo 24D+ DG +2)
hat? (20 + 25 — 2)s '
o Matrix My:
m@ 9243 354 4+ 12653 — 2520 — 352 + 20052 — 6ij + 16i%j — 4i%j + 8i* — 23 + 2 — 8i®
9 (26 4+25 —2)5 ’
@ ) _p2i42 ()220 45— 1)
Myvag = Mg =2 N (A.6)
@ o gries (04427 +2j - )2+ )i+ +1)
ijrly]' - m]'y]'Jrl - (22 i 2] _ 1)5 .
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o Matrix Ms:
) _yi 2474 ) _ g+ DRiti-3)s
Hez (2i 12j —4); o+l (2i+2j —3)5
hat2 (20+2j-2)s 5,5+3 (20+2j—1)5
(O N— 6(j +1)a A
mJ,J+4 (2i 4 2j)5 . ( 7)
o Matrix Msg:
n® 4Rt 1)(25% + 2ij — j + 4i* — 63} 8)
3 (2i +25 — 3)5 N
m®  _4i8Qiti—1)2(+1) m® g 8i(5% + 2ij + 2 — 6i + 4i%)
Ak (2i+2j—2)5 41 (2i+2j —2)s ’
) (A +1)(25% 4 j + 6ij + 8i° — 40) ©) 40 +1)2(2 + )
m'+2‘:74 ; - ) m'+3‘: T A o aoN -
I (20 +25—1)s Jred (26 4+ 25)s
o Matrix Mr:
@ 41-8(41'2 + 2ij — 8i — 2j + 3+ j%)
44 (20 +2j — 4)5 ’
" . _ 4i4(2i —-3)(2t —1) A9
mg+1,] m],]Jrl (2i+2j 73)5 P ( . )
M _oM 40 +1)(2i —1+7)
Mo =Myjta = —4 (22' +25 — 2)5 :
e Matrix Ms:
(8) i (2047 —3)2(20 —2j — 5)
8 — 4 A.10
ez 2i+2j—5)5 (A.10)
® g (205 —4)s ® 62+ =3)(i—2)(G+1)
J+1 (20 +2j — 4)5~ 31 (20 +2j — 4)5 ’
m® i (602 —9)(j + 1) m® g G+
3,d+2 (20 +25—3)s ' hi+3 (26 +25 —2)5°

The remaining matrix entries of M; to Mg are zero.

A.2 Structure of the block IA(L(A)

Now, the structure of the nonzero matrix entries of the block of the interior bubbles can be computed via
the following relations and (A.4) to (A.10):

0¢ij Obrr 4 (M5
L 0w or zi—1Ma O
4 6 6
Opi; 0w _ 5 Lo ¥ 2m§'21,171 _ m;,z)q + ml(,j)fl
A Oy Oy Floi=3"t T @i-3)2i-1@2i+1) (2i—-3)(2i—1)
(5) (8)
mM; y0-1 m;i—1 .
i - , >
Hi-2k ( 2i—D(2i-3)(2i—5) ' (2i—3)(2i— 5)) izk
0pij O _ O a@j’ i<k,
A Oy Oy A Oy Oy
/ 0¢i,; Opi—1, _ 25i,k—1 L+ _ m§?z)—1 61’*1,’97”;,21)—1
A Ox Oy 2% —1\ ! 2 + 1 (20 — 1)(2i — 3)’

here i,k > 2, 5,1 > 1.
where i,k > 2, j 95



A.3 Structure of the blocks IA(IE(A) and [A(M(A)

e The entries for the coupling block between the interior bubbles with the edge bubble functions on
edge e; can be computed via the following relations and (A.4) to (A.10):

0¢ij Ope, i 4
L ) 5t

A Oz O 2i — 1 50%

O0¢ij Obey i 1)

90ij IPersk 5, 3
A Oz Oy b1 1M

6 8

Oey i Ok _ P (D _ méj_l 46 m((),l)—l

A Oy Oy Ghoi—3 \ "0l T i1 AR (2i+ 1)
3 2

OPk,1 Ode, i _ s 2 (L) mé,z)q 46 27”3,1)4

A Oy Oz ohtgp =1 | o 241 MR- 1) (20— 3)

where i,k > 2 and l,j > 1.

e The entries for the coupling block between the interior bubbles with the edge bubble functions on
edge ez/3 can be computed via the following relations:

Odij a¢62/37l

5ia ( / (1— )25 (y) dy — / (1— %5 ()P ) dy), (A1)

A Oy ox 1 3/,
Lgﬁi]‘ LQ&QBJ = —0i2 <1 092 7a¢62/37l (A.l?)
A Oy Oy 2 Jx oy Oz
1 [t . 1 [t
+§/ (1—y)%p} (y)pi-1(y) dy — g/ (1—y)%pi 1 (y)pi-1(y) dy) :
—1 —1
) 1t 4.5 0 1 ! 5 5 0
+ois (£ 1 =y)'p;(yp-1(y) dy F 0 (1 —y)’p—1(y)pi—1(y) dy ) -
-1 —1
Moreover,

0ij |0
[ Boven e[ 3]

In order to evaluate the remaining integrals, we explain the method for the first integral in (A.11):
The weight function is (1 — y)?. So, we transform the functions p?(y) and p)(y) into the basis {p}.
For p%(y), we can use relation (2.12), whereas pJ(y) = %%1 (P)(y) — pY_2(y)) by relation (2.10) .
Using (2.5) for « = 1,2 and j — 3,...,j, we obtain an expression for ﬁ?(y) in the basis {pjz} Then,
by (2.7) with @ = 2, the nonzero entries can easily be computed.

e The block of the interior bubbles with the vertex functions is zero, i.e. IA('IV7(A> =0.

A.4 Edge block

Here, we have to distinguish between the edge bubble functions to the three edges e1, ez and e3. Let

Keii Kei2 Keas

RE,(A): Ke,?l Keoo Kepos

Kez1 Kesz Kegss

e Block ]A(&u: The matrix entries can be computed via

Obey i Ober kb S 4
A Or Oz (26 —2)(26 — 1)’

Oderi Oberk  _ 5 4!
A Oy Oy * (2 —2)(2i — 3)

6¢7el i a¢el k 41 .

— = i,k—1 75 aN/ea- a8 9 Z 2
A Ox Oy Sik 1(22— 1)(2e — 1) ik
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e Blocks K571’2/3:

. U. 0
Kei2/3 = { 8’5 0}
with the 4 X 5 matrix
4 _4 4 _ 4 0 _8 8 _8 8
3 3 15 105 g 5 15 105
Uss = c _% 25 _% 105 _ﬁ‘s Fb 5 0 0 0 0
’ 0 0 0 0 0 -2 0 0 00
0 0 0 0 0 s O 0 00
e Blocks Ke’2/372/31 Use
O0¢ey, i Obe, 1 401 _ 40541,
A Oz Ox 2/ -3)(2 - D@+ (25-3)(25— )25+ 1)(2 +3)
_ 2§j+2,l (2.] + 2)5j+3,l 1 S .7 S l

(27 =125 +1)(25 +3) *

(27 = D25+ 1)(2) +3)(25 +5)’

and symmetry with respect to j and [, k = 2, 3. Furthermore,

Moreover,
/ 8¢62/37j O, 1
A Oz dy
/ 8¢>ek,j a¢ek/,l
A Oy Oy

1

2
1

2
1

4

a¢ek,j 8¢85—kvl —
ox ox

A A

/ a¢e2/3,j 8¢ek,l + 1
A Oz Oz 2
O0Pe, . a¢ek’7l
A Ox dy

(1—9)*p)—1(y)pL (y) dy +

/,

where k, k' € {2,3}, (5,1) > 1.

ox

14 gk

6

8¢Ek ¥ a¢ek N
Ox ’

[ (A=Wt

[ 1(1 —y)*p)_1 (y)pi-1 (y) dy,

A.5 Coupling betwwen edge block with Vertex block

A simple computation gives

where

KV,EI,(A)

RV,E2,(A)

Ky, E3,4)

kV,E,(A) = [ [A(V,El,(A) [A(V,E2,(A)
10 0 [-20
-1 0 0 |+5| -2 0
0 0 0 4 0
10 -5 1 0 .
10 5 -1 0 + 1
0 0 0 0
-10 5 -1 0
~10 5 -1 0 ,
20 10 2 0
~10 5 -1 0 b
10 -5 1 0 + 15
0 0 0 0
~10 5 -1 0
-10 5 -1 0 ...
20 —10 2,0 ..

RV,EB,(A) } )
0
01,
0
0 0 0 O
—10 5 1 0
10 -5 1 0
10 -5 1 0
0 0 0 O
—10 5 —1 0
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