POLYNOMIAL EXTENSION OPERATORS. PART III

LESZEK DEMKOWICZ, JAYADEEP GOPALAKRISHNAN, AND JOACHIM SCHOBERL

ABSTRACT. In this concluding part of a series of papers on tetrahedral polynomial extension
operators, the existence of a polynomial extension operator in the Sobolev space H (div) is
proven constructively. Specifically, on any tetrahedron K, given a function w on the boundary
of K that is a polynomial on each face, the operator applied to w gives a polynomial of at
most the same degree in the tetrahedron. The trace of the normal component of the extension
coincides with w. Furthermore, the extension is continuous from H~/?(9K) into H (div, K).

1. INTRODUCTION

This is the final installment of our series of papers [6, 7] devoted to the construction of
polynomial extensions on any tetrahedron K. In Part I [6], we constructed an extension operator
from H'/?(0K) into H*(K) that preserves polynomials (in the sense made precise there). In
Part IT [7] we extended our techniques to develop an operator that extends appropriate tangential
vector fields on OK into H(curl, K) and preserves polynomials in some sense. This part is
devoted to the construction of an H (div) polynomial extension operator. This operator extends
functions in H~Y/2(0K) into H(div, K) in such a way that if the function to be extended is a
polynomial on each face of K, then the extended function is also a polynomial of at most the
same degree on K. The overall technique employed here for constructing the extension operator
is similar to the previous two parts. However, there are some fresh ingredients that play an
important role, such as a commuting volumetric extension operator and an operator used in
proving the classical Poincaré lemma in differential geometry. The main result of this paper is
Theorem 7.1. The results of this series of papers can be succinctly represented in a commuting
diagram given at the end in (8.1). For the history of the polynomial extension problem and
contributions by many authors to it, we refer the reader to the introduction of Part I [6].

The construction of our H (div) extension will be guided, as in the previous cases [6, 7], by a

target commutativity property. Namely, the final extension operator 8%" should satisfy

(1.1) £ (curl, v) = curl (E¥w),

for all v in the space of traces of H(curl). Here ¥ is the H(curl) polynomial extension
operator we constructed in [7] and curl; v denotes the surface curl of v. The subscript 7 indicates
tangential components, and accordingly grad_, curl,, and div, denote tangential gradient, curl,
and divergence, on the boundaries of suitable three dimensional domains. For details concerning
the definition of differential operators on nonsmooth manifolds, see [3, 4]. So as not to leave
any sign ambiguity, let us clarify that if ¢ is smooth function on K and n is the unit outward

This work was supported in part by the National Science Foundation under grants DMS-0713833, the Johann
Radon Institute for Computational and Applied Mathematics (RICAM), and the FWF-Start-Project Y-192 “hp-
FEM”.

1



EXTENSION OPERATORS 2

normal vector on 0K, then
(1.2) curl;(tre; ¢) = div,(¢p x n) = n - curl ¢

on 0K. Here trc, denotes the tangential trace map. For smooth vector functions ¢, the action
of trc; is defined by

tre, ¢ = (d) — (¢ - n)n) ’8[(.

In contrast, the normal trace operator is defined by

tre, ¢ = (@ - n)‘aK.
div

The extension €% we shall construct in this paper is a right inverse of trc,,.

Additionally, our extension has a polynomial preservation property important in finite element
applications. To describe this property, let P;(D) denote the space of polynomials of degree
at most ¢ on any subset D of a Euclidean space (so it could be univariate or multivariate
polynomials). Further, let P,(D) denote the set of vector functions on D whose components are
in Py(D). Our extension operator XV : H=1/2(9K) — H (div) is such that if w is a polynomial
of degree at most p on each of the faces of the tetrahedron K, then Vw is in P,(K). In
conforming finite element applications involving H (div, {2), the discrete space restricted to an
element K is often P,(K). It could also be the so-called Raviart-Thomas space [12], defined by
R,(K)={q,+xry: q, € Pp(K), rp € P,(K)} where = (z,y,2)" is the coordinate vector.
Since

trc,(Py(K)) = tre, (R, (K)

and R,(K) D P,(K), our extension operator has polynomial preservation properties with re-
spect to both the choices, i.e.,

8?? s tren (Pp(K)) — Py(K) as well as ngiv L tren (Ry(K)) — Ry(K).

Hence we anticipate its utility in high order Raviart-Thomas finite elements as well as the high
order BDM method [2].

The organization of this paper is as follows. We start by establishing a stable decomposition
of the H (div) trace space into a regular part and a surface curl. For this we need an extension of
volume data with specific regularity properties. Therefore we will first construct such volumetric
extensions. These are generalizations of well known classical extensions [10, 13] and are therefore
independently interesting. We use them to establish the stable trace decomposition. Next, in
Section 3, we develop an H (div) extension from a plane as the first step towards constructing an
extension from the boundary of a tetrahedron. In the succeeding sections, we develop a sequence
of correction operators that will progressively help us solve a sequence of simpler problems of
increasing complexity, leading to the solution of the full polynomial extension problem from 9K.
These simpler problems are the two-face problem (Section 4), the three face problem (Section 5)
and the four-face problem (Section 6). The main theorem is in Section 7, and we conclude in
Section 8. An appendix which collects all the proofs of technical lemmas is also included.

2. A DECOMPOSITION OF THE TRACE SPACE

In this section, we show that the trace space of H (div) admit a stable decomposition consisting
of two components, one of which is regular, and the other is a surface curl. We begin by
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developing a volumetric extension which we will need in proving the existence of the stable
decomposition. Such extensions are also interesting in their own right.

2.1. Commuting extensions of volume data. The purpose of this subsection is to generalize
an old technique of [10] to obtain volumetric extensions. Volumetric extensions do not extend
traces, but rather extends functions defined on three dimensional domains to larger three di-
mensional domains. The generalization is aimed at obtaining some specific regularity properties
in the spaces
H*(curl,D) = {v € H(curl,D): curlv € H*(D)}
H*(div,D) = {v € H(div,D) : dive € H*(D)},

normed in the obvious way. We begin by giving commuting generalized reflection operators.

Proposition 2.1. Suppose D is an open bounded subset of the plane R? with Lipschitz boundary.
For any { > 0, consider the three dimensional domains S = (0,0) x D and S = (—£,€) x D.
Then, for any integer k > 1, there are volumetric extension operators égrad, 9“”1, édi", and G
extending functions on S to S such that the diagram

H5(S) 229 HE(curl, S) <L HF(div, S) —2 HF-1(S)

(2 1) Jggrad J{ gcurl J{ gdiv l (31
H5S) 224 gEl(curl, S) <2 HF(div,§) —2 gh-1(8)

commutes. The operators are continuous as maps from and into the above indicated spaces.

Proof. Let u be a function in C*(S) and «; be real numbers to be specified shortly. The
generalized reflection operator considered in [10, Lemma 3] is

u(x,y, 2), if x >0,

N

_ k
90u($7y>z) - Zaj u(_x/j’y7z)7 if z <0.
=1

For this proof, we need an additional operator

w(z,y, 2), if x>0,

5 )k

Siu(z,y,2) = 3 (—z/j,y,2), ifz<O0.
Jj=1

Observe that if the a;’s satisfy

i 1
(22) Zaj (_j)m - 1’

then

am m
(2.3) ili:% WSOU(JC Y, 2) — ilg(l) %SOU(»”U y,z) = 0.
>0 <0
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Considering (2.2) for m = 0,1,...,k—1 as a linear system of k equations in the k£ unknowns «;,
it is easy to see that there is a unique set of a;’s that solves it. Thus (2.3) holds for all
m=20,1,...,k — 1, and consequently, by standard arguments, Gy extends to

(2.4) So : H*(S) > H*(S)
as a continuous map. With the same choice of «;’s, we similarly also have that G, extends to
(2.5) §1: H*1(S) — HF1(S)

as a continuous operator.
We define the required volumetric extensions for a scalar function v and a vector function v
with components vy, v9,v3 by

R X R G111 o Sov1
ggradu — 90u7 9curl,v — 907)2 ’ 9d1V,U _ 911}2
Sovs G1v3

Using the obvious identities
. . 9y (Giu) = Gi(dyu), fori=0or1,
(2.6) 02(Sou) = §1(d,u), " Y _
0.(G9u) = G;(0u), fori=0orl1,

we immediately verify that the above defined operators satisfy the commutativity properties
in (2.1).

To prove the continuity properties asserted in the proposition, first note that the required
continuity of Gy is already proved in (2.5). The continuity of G4V follows from the commutativity

div gdivw = 91 divw
and the continuity of G; as follows:

1div G w|l i1 (g, = 151 divew| s (g, < Cll divew|| gr-rs).

The continuity of chrl follows from
curl Gy = GWVeyrlw.

and the already established continuity of G4V, The continuity of §&9 is the same as in (2.4). [

It is obvious from the above proof that one can consider domains more general than S. Indeed,
the proof holds for any S that has reflectional symmetry about a plane. We now use this to
generalize the above result to a domain around the unit tetrahedron. Let K denote the closed
unit tetrahedron with vertices ag = (0,0,0), a; = (1,0,0), a2 = (0,1,0), as = (0,0,1). Let
F, denote the face of K opposite to ;. We want to find an operator that extends functions
defined outside K into K by combining reflections across the faces Fl, Fg, and Fy. Of course,
mere addition of the reflections across each of these faces is insufficient because one application
of the generalized reflection across a face alters the values near the remaining faces. We must
combine the reflections more carefully.

We now do this for some specific domains we shall need later (although more general domains
can be handled equally well), which we describe first. They are convex enlargements of K
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defined separately for each index I in {i,ij,ijk}, where {1, j, k} is any permutation of {1, 2, 3}.
Let a; ; = 2a; — a; and a; = 2a, — a;. Define the enlarged domains

(2.7) K; = conv(K, @, j, a; g, —@;),
(28) [?ij = COHV(I?Z', I?j),
(2.9) I?ijk = conv([?i, I?j, I?k)

where conv(- - - ) denotes the convex hull of all its arguments. We want to construct an operator
extending functions on K7\ K into K.

Proposition 2.2. For any integer k > 1, and any I in {i,ij,ijk}, there are continuous volu-
metric extension operators

geeds  HMENK) o HHE)) (95 ul g, = ),
gewl .  H*l(curl,K;\ K) —  H" !(curl, K;) (Scurlvlkl\k =v),
giv.  H*l(div,K;\ K) ~— H''(div, K;) (5% w|z, 4 = w)

satisfying the commutativity properties in (2.1).

Proof. Consider the case I = 123. In this case the domain D = {(z,y,2) : |z|+ |y| + || < 1},
formed of eight tetrahedra, is contained in Kj. Let Dy, = {(z,y,2) € D : +2 > 0}, and define
D, and D, similarly. Recall the extension Geurl defined in the proof of Proposition 2.1. It is
obtained by generalized reflections about the yz-plane. Hence it defines an operator extending
functions on D_, into Dy,. To distinguish this extension from reflections about other faces, we
now call it GS, i.e.,

v(x,y, 2) if (z,y,2) € K; and z < 0,

e (,y, 2) = {

ch%(x,y, z) if (x,y,2) € Dy
Similarly, we define 9;‘“1 and G using generalized reflections across the other faces. All these
maps have continuity properties in the H k_l(curl ,-)-norm as in Proposition 2.1.

We now use these maps to obtain a continuous extension from K \ K into K. Let R, Ry,
and R, denote the operations of restricting functions to D,, Dy, and D, ., respectively. Then
set _

u, on K\ K,
gcurlu — ggurlyxu + 9;url:Ry(u _ 9§urleu) o K
+ ggurlj%z(u . 9§url:qu . gzurl:Ry(u . ggurlmxu))’

We similarly define G824 and G4V, Then the claimed commutativity and continuity properties
follow.
The cases of the remaining I in {7,ij} are similar and simpler, so we omit the details. O

2.2. Regular decomposition of traces. The idea for decomposing the trace space of H (div, (2)
is easy to describe. Let € be a polyhedral domain with Lipschitz continuous boundary. If w is
in H(div, ), then it is well known that there is a stable decomposition

w=curlgp+06
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with ¢ in H(curl,Q) and 0 in H*(Q). Taking the normal trace, we find that

trc,w=mn-curl¢p +n -0
= curl, (tre, @) + tre, 6.

Thus we have a decomposition
(2.10) H™Y2(00) = curl (X ~V2(09)) + tre, (H' (Q))

where X ~1/2(9Q) is the range of trc,. Note that the results of [3] provide a characterization of
X~12(9Q) and in particular show that curl, : X~ /2(8Q) — H~1/2(0Q) is continuous. Hence
the decomposition in (2.10) is stable. We will use the decomposition (2.10) with 2 set to the
tetrahedron K.

In fact, it is possible to refine the decomposition (2.10) further and choose the argument of
curl; to be more regular. First note that the trace space of H (curl, 2) admits the decomposition

(2.11) X~12(00) = grad, (H'?(0Q)) + tre, (H(Q)).

This was used in Part II [7]. Its proof is simple, once we use the well known regular decomposition
of H(curl, ) that asserts that for any v in H(curl, (), there is a unique ¢ in H'(Q) and
in H'(Q) such that

v=grady + ¢

is a stable decomposition. Taking trc,, we obtain (2.11). Now, using (2.11) in (2.10) and
observing that curl; grad, = 0, we can revise (2.10) to

(2.12) H™Y2(00) = curl, tre, (HY(Q)) + tre, (H' ().

The potential space trc,(H'(2)) is now more regular than in (2.10). It is characterized in [3].

It is (strictly) contained in the space of square integrable tangential vector fields on 992 whose
restrictions to each face I' of the polyhedral boundary are in H 1/ 2(T). Clearly this space is
more regular than the space X ~%/2(9) in (2.10) which is contained only in a Sobolev space of
negative order.

One immediate use of the decomposition (2.12) is in defining a restriction operator on H~/2(9€).

If F is a face of the polyhedron 99, then decomposing any ¢ in H~Y/2(9Q) using (2.12) as

g = curl, ¢+ 6 with ¢ in tre, (H'(Q)) and 6 in trc,(H'(Q)), the restrictions ¢|r and | make
sense, so the restriction operator

(2.13) Rpg = curl(¢|,) +0|F

is well defined and continuous on H~1/2(90Q).

Not withstanding the fact that (2.12) has a more regular potential than (2.10), in what
follows, we shall continue to work with (2.10). This is because X ~/2(9€) can be normed by
a quotient norm inherited from H (curl, (), as described in [7], while the natural norm that
makes trc, H'(Q) complete [3] seems to be a bit unwieldy for our purposes.

In constructing the extension operator, we shall use the above mentioned facts with €2 set to a
tetrahedron K. We first need to make precise the notion of traces that weakly vanish on a subset
S C OK. Let (-,-) denote the duality pairing between H~'/2(0K) and H'/?(9K). Suppose S
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has positive boundary measure. Define
H5(K) = {v € H'(K) : trc|s = 0},
Hjs(curl) ={¢p € H(curl): (n x ¢, trc; ¢) =0 V) with components inHé,aK\S(K)},
Hs(div) = {w € H(div) : (¢,n-w) =0 forall ¢ € Hjyp g(K)}.
Consider the case when S is composed of one or more faces of K. We adopt the notations in
the previous parts for faces and vertices of K. E.g., ag,a1,ao,as denote the vertices of K,
and F; denote the face of K opposite to a;. So, we consider the situation when S is one of Fj,

F;j = F;UFj;, or Fy, = F;UF;UF}. Here and elsewhere the indices 4, j, k,[ are a permutation of
0,1,2,3. For all subscripts I in the set {i,4j,7jk}, define the following ranges of the trace maps:

1/2
Hy/H(OK) = tre Hi g, (K),
X&}/z(ﬁK) = tre, Hy r, (curl),
Hy*(0K) = tre, Ho,p, (div).
We will often omit the argument K when the space consists of functions defined on the whole
boundary 0K. All these spaces are normed by quotient norms, e.g.,

(214) |’V|’H(;}/2(8K) = trcnl(rg‘)zu ||w||H(div)7

where the infimum runs over all w in Hg p, (div) such that trc,, w = v. The space HS /[2 (0K) and

its restrictions to faces H&/ 2(Fl) featured in Part I [6]. The space X, }/ 2(0[( ) was important

in Part II [7], where we also precisely defined the notion of its restrictions to a face Fj, denoted
there by X }/ 2(Fl) In the current paper, we will need restrictions of elements in H Il/ 2(8K )

to [}, where the restriction operation is defined as in (2.13). Abbreviating Rp, to Ry, define

(2.15) Hy (R = Ru(Hy }(0K)).
Also let
(2.16) HY(R) = R(HV/?(9K)).

Remark 2.1. For a planar domain F, it is standard to denote by H -1/ 2(F) the dual space of
H5/2(F) = {u € H'?(F) : the extension by zero of u to R? is in H'/?(R?)}. Hence it might
appear that the redefinition of H~'/2(F) in (2.16) is a high abuse of notation. However, the

space H~Y/2(F}) in (2.16) coincides with the dual of HS/ 2(Fl) This follows from well known
characterizations of H~1/2(9K), for instance, a result in [4, pp. 43] shows that functions in the

dual of Hé/ 2(Fl) have continuous extensions into H'/2(9K).

The following theorem gives the stable decompositions we will need in the analysis of poly-
nomial extensions.

Theorem 2.1. The spaces H(;[l/2(ﬂ) and H=Y2(F}) admit the stable decompositions
Ho " (F1) = cwle X 1 (F) + Hy P (F)
H™Y2(R) = curl, X7 V2(F) + HY?(Fy),

for all indices I in {i,ij,ijk}.
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Proof. Because of the previous discussion, we only need to prove the first decomposition. More-
over, it suffices to prove it for the “reference tetrahedron” K introduced earlier, with the index
I =0 and {i,j,k} a permutation of {1,2,3}. Let K; be as defined in (2.7)~(2.9) and let Fy
denote the face of K 7 containing ]3‘0.

Given v in H(Ill/2(13'o), there is a w in Ho p, (div, K) such that

Ry tre,(w) =v, and
(2.17) lwll raiv) < CHVHH(;}/Q(FO)'

Let @ denote the trivial extension of w from K to K7, i.e., W vanishes on K; \ K and equals w
on K. It is easy to verify that @ is in H (div, K7).

We decompose w by a continuous Helmholtz-Hodge type decomposition [8] applied on the
convex domain K; to get

(2.18) w=curle + 6
where ¢ is in H(curl, K7) and 6 is in H'(K;). Now, since @ vanishes on K; \ K,

curlg|z \ = Ol « € H'(K;\ K).

Hence ¢ is in H'(curl, K; \ K ). Applying the volumetric extension of Proposition 2.2 with
k = 1, we obtain an extension ¢’ of ¢ from K 7\ K to all K ; with the property that curl ¢’ is
in Hl(KI). Thus

(2.19) w = curl¢” + 0"

where ¢” = ¢ — ¢’ and 8” = curl ¢’ + 6. Clearly, ¢" is in H(curl, K;) and 0" is in H'(K7).
Moreover, both ¢” and 6" vanish on K; \ K.
Finally, applying the normal trace operator to (2.19) we obtain

tre, w = curl, tre, ¢” + tre, 0”.
Observe that since all components of 8” vanish on K; \ K,
(trey, 0”)}15” € H/2(F;) and  supp( (tre, 6")| = ) C Fp.
1/2

Hence 9 = trc,, 0"| is in Hy'y (Fp). Similarly, since ¢ vanishes on K \ K, the restriction of

the tangential trace tre, ¢” to Fy, denoted by ¢, is in X 0. }/ 2 (Fy). Hence
v = Ry tre,(w) = curl, ¢ + ¢

is the required decomposition. Its stability follows from the continuity of all the intermediate
steps, including the stability of the decomposition (2.18), the continuity of the volumetric ex-
tension ¢ +— ¢’ (Proposition 2.2), the continuity of the lifting in (2.17), and the continuity of
the trace maps. ]
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3. PRIMARY EXTENSION OPERATOR

By “primary extensions” we mean, as in Parts I and II [6, 7], extensions of data specified on a
planar surface. The construction of such extensions forms the first step in designing polynomial
extensions of data from piecewise planar manifolds like the boundary of a tetrahedron. Define
the primary extension for the H(div) case by

1—t
(3.1) gdivyy = 2// w(z + sz,y + tz) dsdt,

for all smooth functions w(zx,y).

We will now rewrite this expression using the affine coordinates of the tetrahedron. This
will help generalize the expression to yield an extension from any face of a general tetrahedron.
Let \; denote the affine (or barycentric coordinates) of a general tetrahedron K. As in Parts I
and II [6, 7], for any permutation {4, 7, k,[} of {0, 1,2,3}, we define the subtriangle

Ti(ri,rj,m) ={x € F: )\f’(a:) > ry for £ =1i,7, and k},

where Mit = \,|p (for m = i,j, or k) are the barycentric coordinates of the face Fj. Now
consider the expression in (3.1) as an extension into the “reference tetrahedron” K with vertices
ap = (0,0,0),a; = (1,0,0),a2 = (0,1,0),as = (0,0,1) from the face Fy opposite to as. Trans-
forming (3.1) by the variable change 2’ = = + sz,3’ = y + tz and using barycentric coordinates,

we have
di 2 r+z  patytz—a (l‘/ n x)/Z . rog
EMw =~ / W —y)/z | w(a',y') da’ dy
y —1
M
|F |)\2 // o | w(s) ds.
S o) \—1

Here and elsewhere, while )\; denotes the barycentric coordinates of the tetrahedron under
consideration, the symbol ¢ denotes a barycentric coordinate of the region of integration under
consideration. The subtriangles that form our regions of integration are always considered as
having their node enumeration inherited from the parent triangle. So, in the above formula,
{X(), Xl,XQ} are the barycentric coordinates of T3(\g, A1, A2). Now observe that the vector part
of the integrand can be rewritten as

A\ N

X | = Ai(grad My x grad \3) + Xo(grad A3 x grad \;) — (grad \; x grad \y)

-1

2
=" —Xi(grad \; 11 x grad A;j2),
i=0

where + denotes addition mod 3. The last identity was arrived at by expressing grad A3 in
terms of the gradients of Ay, A1, and Ao.

Motivated by the above rearrangement, we define the primary extension into a general tetra-
hedron K from one of its face, say Fj, using affine coordinates. Unlike the H' and H(curl)
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cases, we now need to track orientation. Let a;, a;, ay,a; be the vertices of K where, as usual,
{i,J,k,1} is a permutation of {0, 1,2,3}. We say that “(i, j, k) is positively oriented with respect
to [” if the vertices a;, aj, and ay, in that order, form a counterclockwise enumeration of the
vertices of the face Fj, when looking from the vertex a; (see Figure 1). Define

(3.2) Efivey = |Fl|)\2 / / =" X (grad Ay, x grad A,) w(s) ds
Ty (A ) oesS(l)

Here, for any index [, we denote by S(I) the set of (three) cyclic permutations of the remaining
three indices i, j, k ordered so that they are positively oriented with respect to . The above sum
thus runs over all such cyclic permutations ¢ in S(I). In the summand, the three components
of o are denoted by o1, 02,03. The symmetries are clearly evident from (3.2): The region of
integration T'(\;, Aj, ;) is unchanged with respect to even or odd permutations of i, j, k, while
the integrand is antisymmetric under odd permutations of ¢, j, k. Note that when K = K , =3,
and (4,7, k) = (0,1,2), the expression in (3.2) coincides with that in (3.1). The properties of the
operator €MV are collected in the next theorem.

Theorem 3.1 (Primary extension). The operator S?iv has the following properties:
(1) curl (E8"w) = €5V (curl, v) for all v in X~ V2(F).

(2) €N is a continuous map from HY?(Fy) into H'(K).

(3) €W is a continuous map from H'/?(F) into H(div).

(4) The tangential trace of EVw on Fy equals w for all in H=Y/2(F)).

(5) If w is in Py(F}), then &N w is in Py(K).

Proof. Proof of (1): Let v(x,y) = (v1,v2)! be a smooth function on the reference tetrahedron K.
Recalling the expression for £ on K from [7] namely

1-t
Scurlfv—2// O 1 v(x + sz,y +tz) dsdt
st

and computing its curl, we have

1-t 10
curl (£ y) / / curl [0 1] v(z+sz,y+tz)dsdt
t

1—t [ 8(Oovy — O1v2) (T + 52,y + t2)
= 2/ / t(Oqv1 — Ohv2)(z + sz, y +tz) | dsdt,
(Orvg — Dovy)(x + 82,y + t2)

Since curl; v = dyv1—01v2 on the z = 0 face (see (1.2)), the above expression equals €M (curl, v).
Thus, by mapping, the commutativity property curl (Scurlv) = Sdiv(curlT v) holds for all smooth
functions on any tetrahedron K. To complete by a density argument, first note that since D(K)
is dense in H(curl, K), smooth functions are dense in the space of traces of H(curl). Thus,
for any v in X~V 2(F)), taking an approximating sequence of smooth functions v,,,

| €YY (curl, V)| H(div) = [lcurl (Ecurlvn)HH(div), by commutativity for smooth wv,,,
= ||curl (E°y, )| 2 (k)

< CanHX_l/Q(Fl)’ by [7, Theorem 3.1],
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we find that the operator €1V extends continuously to all curl, X -1/ 2(Fl) and the commutativity
property holds there.

Proof of (2): This is a direct consequence of [7, Lemma 3.1] applied to each component of the
extension.

Proof of (3): This follows from item (2) and commutativity. Indeed, given any w in H~'/2(F}),
decomposing it by Theorem 2.1 as w = curl, v + 6 with § in H/?(F}) and v in X_1/2(Fl) we
have

1€MW mraivy = 1€ (curly v + 0) | r(aiv)

= [leurl (E°"v) + €10 pr(aiv). by item (1),

< ol x-1/20m) + 1€ 0] Ergaivy» by [7, Theorem 3.1],
< vl x-1/20my + 100l 272y by item (2),

< Clwllg-172m): by Theorem 2.1.

Proof of (4): On the reference element, setting z = 0 in (3.1), it is obvious that
tre, (EWVw) = w

for all smooth functions w. The general statement follows by mapping and density of smooth
functions [8] in H (div).

Proof of (5): Since polynomial spaces are invariant under affine transformations, it suffices
to prove the statement for the extension on the reference tetrahedron given in (3.1). If w is in
P,(F}), then ¢+ c15+cat)w(s(z+2),t(x +2)) is a polynomial of degree at most p in z,y and 2.
Clearly, after the integration in (3.1), which is over s and ¢, we continue to have a polynomial
of degree at most p in x,y, z. O

Remark 3.1. We had considered the operator €4V previously in [6, Appendix B] in order to
present a technique of norm estimation using the Fourier transform (the expression there can
be brought to (3.1) by a change of variable). In particular, item (3) of Theorem 3.1 can also be
proved using such techniques.

4. FACE CORRECTIONS

Consider the normal trace of a function in Hy g, (div) on the union of F; and one other face,
say FjU F;. The extension of such a trace must have vanishing normal component on F;. Hence
before we solve the full extension problem from 9K, it is natural to consider the following two-
face problem: Given w in H il/ 2 (F}) on Fj (which by definition is the normal trace on Fj of some
function in H r,(div)), construct a polynomial extension of w from Fj into K such that the
normal trace of the extension vanishes on Fj;.

Our approach to solve the two-face problem is by constructing a “face correction” operator.
Suppose w is a smooth function defined on the z-y face (denoted by Fy, or just F) of the reference
tetrahedron K. We first extend it into K by the primary extension to obtain E4Vy. We need
an extension that has zero normal trace on the y-z face (Fl) To this end, we develop a face
correction operator 8‘}11" that does not alter the normal trace on F but is such that €1Vw — Edpilvw
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has the zero normal trace on Fl. Define

. 1-¢ [2sz+ (1 —s)z
(4.1) SF‘I"w =i // —( x;—)z) w(s(z + 2),t(x + 2) +y) dsdt.
s

We will comment on the derivation of this formula later (Remark 4.1).

Before we discuss the properties of this operator, it will be convenient to state its generalization
to any tetrahedron K using affine coordinates. To arrive at the generalization, let us rewrite (4.1)
using the change of variable 2/ = s(x + 2),y' = t(z + 2) + y as

di 42z prtyt+z—a’
Eﬁllvw—m/ / O w(z',y') dy da'.

where © = O(2/,y/,x,y,2) is the vector kernel in (4.1) rewritten in the new variables. Let
(Mo, A1, A2, Ag) be the affine coordinates of (x,y, z). Observe that the region of integration above
can be expressed as T3(0, A, A2). Let XO, Xl, Xg denote the affine coordinates of the integration
region T5(0, Ag, A2) considered with its node enumeration inherited from Fy. Then, simplifying O,

-1 0 x
O=-2sz| 0 | —tlx+2)|1]—-(s=1)]0
1 0 z

= 2X1)\3(grad Ao X grad \g) — Xg()q + A3)(grad \3 x grad \y)

— (A1 — 1) (Mi(grad A2 x grad A3) — A3(grad Ay x grad \s))

= 2X As(grad Ao x grad Ay) — A2(A1 + As)(grad A3 x grad \;)

+ (Mo + X2) grad Aa x (A\; grad A3 — A3 grad A;)

= 2X1)\3(grad Ao X grad \g) + (Xo grad \y) x (A; grad \3 — Az grad \)

- Xg( — Ai(grad A3 x grad A\g) + As(grad \; x grad \g) )

= 2X1>\3(grad Ao X grad \g) — (Xg grad \g — A\ grad A2) X (A1 grad A3 — Az grad \q).

This motivates the definition below of the operator Sd“’ generalizing Ed“’
Returning to the two-face problem on F; U Fj of the general tetrahedron K mentioned in the

beginning of this section, suppose w is a given smooth function on Fj. Define the face correction
by

iv Al Y
Sd lw = (grad Ak X grad )\j) m /] AZ(S) w(s) ds
Tl(oy)‘]aAk)
4.2
(42) B (N grad \; — \; grad \))

IEESNE X // (XJ grad \; — \, grad Aj)w(s) ds
Tl(ov)‘j)‘k)

for any indices (4, j, k) that are positively oriented with respect to [ (in the sense defined in the
previous section). Note that the above expression is antisymmetric under transpositions of any
two of indices i, j, k. For negatively oriented (i, j, k), the face correction is defined to be the
above expression with opposite sign. From the discussion in the previous paragraph, it is clear
that the expression in (4.2) coincides with (4.1) when K = K, (i,1) = (1,3), and (j,k) = (0,2).
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The boundedness of this map is stated in the next lemma. The proof of all lemmas are in
Appendix A.

Lemma 4.1. 8%‘7’1 extends to a continuous linear operator from Hé/f(Fl) into H (div).

With the help of the face correction operator, we can now give an extension operator that
solves the two-face problem. It is defined by

di di di
(4.3) efvw = gfvw — e,

Recall that a similar extension for the H (curl) case, denoted by 81‘?};1"1, was defined in [7]. There

is a commutativity property involving Ef}l‘rl and 8?}[". In order to prove it, we will borrow a
homotopy operator from differential geometry [1] (typically used in proving the Poincaré lemma),
defined by

1
(4.4) Kgav = (x — a)L/O tv(t(x —a)+a)dt

() - (1)

Here v(x,y) is a smooth function defined on F and a is any point in F or OF. The utility of such
operators in the context of high order finite elements is already known [5, 9, 11]. In particular,
it is well known that the identity

where

(4.5) curl (Kqw) = w

holds for smooth functions w, and by density for a larger class of functions [9]. In other words,
K, is a right inverse of curl,.

Remark 4.1. In fact we used K, in the very derivation of the expression for the face correc-
tion (4.1). In the H(curl) case [7], we were able to derive the face correction 8%}?1 motivated
by the commutativity property

curl _ grad
€% (grad, u) = grad(EF1 w).

In fact, we could guess the form of S%lirl by just computing the right hand side and expressing it
terms of grad.. u alone. For the H (div) case, we are again motivated by the target commutativity
property

(4.6) Sﬁr(curlT v) = curl (E‘Erlv).

However, our attempts at a similar elementary approach in the H(div) case succumbed to the
savagery of the calculations required, hence the entrance of K,. Observe that if (4.6) holds,
then by (4.5), we must have

Sclglvw = curl S‘EﬂKaw.

By simplifying the right hand side, we get an expression for ng};’w_ These simplifications are
tedious and we do not display them here, but some of them reappear disguised in the proof of
the commutativity in the next proposition.
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The next proposition collects and proves all the properties of de that we shall need. We
will use the following lemma in the proof of the proposition. The proof of the lemma is in
Appendix A.

Lemma 4.2. Suppose fy,.(s,t) is a smooth function of s,t,xz,y, and z that is homogeneous of
degree minus one, i.e.,

1
fxyz(;a ;) = ;f:z;yz(sa t)-

Then for all smooth functions w(s,t), we have the following two identities:

(4.7) /01// Fope(s, ) w(rs(a + 2),rt(x + 2) + y) r ds dt dr
F

— // tjt_tfxyz(s, t) w(s(x + 2),t(x + 2) + y) dsdt,
F

1
(4.8) /0/ Joyz(s,t)w(rs(z +y+ 2),rt(x +y + 2)) r dsdtdr

1—-5s5—1
= // ﬁfxyz(s, Hw(s(x+y+2),t(x+y+2)) dsdt.
3
Proposition 4.1. The following statements hold for Ed”.
(1) Commutativity: Si,l curl; v = curl (€ Curlv) forallve X 1/Q(FZ).
(2) Continuity: Ed“’ is a continuous operator from Ho,i/ (F}) into H(div).

(3) Extension property: For all v in X I/Q(Fl),
R; trcn(ggll"w) =0 and R trcn(ggilvw) = w,

where Ry is the restriction to Fy defined previously (2.13)—(2.15).
(4) Polynomial preservation: If w is in P,(F}), then Ed“’w is in Pp(K).

Proof. Proof of (1): Because of the commutativity property for the primary extension established
in Theorem 3.1, it suffices to prove that

(4.9) Sd“’ ;(curl; v) = curl (8%“}1}) for all v € X 1/Q(Fl),

where 8%”} is the face correction defined in [7]. Let v be in X i/ (F7). Using the stable trace
decomposition of 7], there is a ¢ in Hé/zQ(Fl) and 1 in Hé/-Q(Fl) such that

X3

(4.10) v =grad, ¢ + .
Recall that we have proved in [7] that
(4.11) Scurl(gradT Q) = grad(giﬂrald‘/?) for all ¢ € Hé/f(Fl)

Hence, substituting (4.10) into (4.9), we find that the proof of (4.9) will be finished if we prove
that

(4.12) EM (curl, 1) = curl (ERTep), for all ¢ € Hy/} (F).
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In fact, by density, we only need to prove the above identity for all infinitely differentiable 1 on
F; that vanish on a neighborhood of the edge E;; connecting vertices a; and ay.

Moving to the reference tetrahedron K, let 1) be a smooth function on F that vanishes in
a neighborhood of the y-axis. Then w = curl; ¥ also vanishes in the same neighborhood. We
need to prove that

di _ curl
(4.13) E',Flvw = curl (EFli ),
where 89‘“1 is the face correction on K given in [7], namely

1—t 3s — 1) 3zt
(414) gy —/ / g, | PBEHRyHEtz) o
2zs+:1c1 s) 2zt —uxt T

We first make the observation that in order to prove (4.13) it is enough to prove that
di _ rl
(4.15) Splvw = curl (8?1 K,w)
holds for all points @ = (0, 3,0) on the y-axis with 0 < 8 < 1. This is because
curl;(¢p — Kqw) = curl; ¢ — curl; Koqw =0

by (4.5), which implies that there is a ¢ such that grad, ¢ = ¥ — Kaw. Moreover, since a is on
the y-axis, from the definition of K, in (4.4), it is clear that the tangential component ¢ — K,w
vanishes on the y-axis. Hence ¢ can be chosen such that it vanishes on the y-axis. Consequently,
once we have proven (4.15), we have

efglv curl, ¢ = curl (SC}‘rlKaw)

url (E3" (¢ — grad, ¢))

= curl (E3y) — curl(gradﬁ%rlad@ by (4.11)
( urlw)

and (4.13) follows.
Therefore, let us now prove that (4.15) holds. Setting @ = («,3) in the z-y plane and
calculating using (4.14), we have

3zt

8curlK(aﬁ // o, /1 <y+t(x+z) —5> ,
AT e / 9.4 — xt) 0 —s(x+2) +«

5 225+x )

w(r(s(zx+2) —a) +a,r(y +t(x+2) — B) + B) drdsdt.

Putting o = 0 and simplifying, we have

1 ! _
i) EKosw = [[ [ (0=0p+ @20 Botep s r drdsi
2

where wg(z,y, z,7,5,t) = w(rs(x + 2),r(y + t(z + 2) — B) + ),

(3s—1)z —zt
p= 0 , q=1—2sz
x(l—s)+2zs xt
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Next, we must compute the curl of the right hand side of (4.16):

1 curlp)wg + p x grad(w _ 1
curl E?rlK(oﬂ)w = ///0 ((y =) <( p)is +p x grad(us) P X Wg grad()>
E

T+ z T+ z
& x(1+s)+4zs
(4.17) + —zt(x + 2) —q X grad(ib@) rdrdsdt,
T+ z
—z(3s—1)

where the gradient is with respect to x,y, and z. This gradient can be expressed alternately (by
chain rule) in terms of s and ¢ derivatives as

1 (58 faaurs(a + 2)r(y + tHa + 2) — B) + B)
(4.18) grad g = ——— 2 1 (atw(rs(:c+z),r(y+t(:c+z)—ﬁ)+ﬁ)>'

We substitute (4.18) in (4.17). We do not display the resulting lengthy expression, but let us
denote it by f(z,y,z, (), i.e.,

f(x,y,2,08) = [curl €K o gyw](z,y, 2).

Before proceeding with further simplifications of f, let us make an observation. If 5’ # (3 is
another number in [0, 1], then

(4.19) f(z,y,2,8) = f(z,y,2,5).

This is because by (4.5), curl, (K g gw — K o gyw) = 0, so we know that K o gyw — K gyw =
grad_ ¢’ for some ¢’ that vanishes along the y-axis. Then, a consequence of (4.11) is that

curl (S%TI(K(Oﬁ)w — K gyw)) = curl (8;;1‘”1 grad, ¢') = curl (grad E%rladqb) =0,

or in other words, (4.19) holds.

By virtue of (4.19), in order to prove that (4.15) holds for all @ = (0, 3), it suffices to show
that (4.15) holds with some choice of § that makes simplifications convenient. We will select
B = y (carefully noting that we must substitute 5 = y only after the derivatives in the definition
of f have been computed). Then, a number of terms in (4.17) with y — § as a factor vanish.
After some simplifications, setting w = (wg)|g=y = w(rs(z + z),7t(x + 2) + y), we have

R z(1+s)+4zs —2z52  —(2zs + )t r(grad., @)
f= /// —zt(z+2) | — | (@+2)st (x4 2)t? R8raCst W) ir ds dt.
7 0 TH2 —z(3s—1) 2252 (2s — 1)zt Ttz

The last term above, when integrated by parts on F, equals

=

where v . is the outward unit normal on the boundary of F in the -y plane. Let us denote the

—6zs — —2282 —(2zs+ )t

1 ~

3t(z+z) | drdsdt + Al @+2)st @+ | vpdudr

p T+ 2 F
6zs — 2 0 JOF 2252 (2s — 1)zt

last term involving the integral over the boundary of 3 by g. This term can be split into three
terms each involving an integral over one of the three edges of F'. But only the contribution
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from the hypotenuse H survives. This surviving integral can be transformed via a change of
variable as follows:

—2zs2  —(2zs + )t 1
//H P x—l—z)st (z + 2)t? <1> dp dr,

2252 (2s — 1)zt
—2zp — 1—m
// x—i—z ) | wrdpdr
2zp— 2(1 — p)
—2z¢ —x(r s") s’
// x—|—z)7‘—s’ w —dr (s =ru)
228 — z2(r — &) "
1 pl—t 1 —2sz — tx / /
= — | tlx+2) |wdsdt (s=s,t=r—24).
/0/0 (s+t)(xz+2) (25 — 1)z )

Substituting this back into the expression for f, we notice that it now only remains to simplify
the triple integrals to double integrals. This is achieved through Lemma 4.2.

Applying Lemma 4.2 to each component of the triple integrals, we find that the simplification
of f(x,y, z,3) with = y now reads as

sz —22)

LT e e ettt a2 vy
T+ 2z
T Ttz s+t wisFT T T Ty
3zs
—2sz — tx
+ tx+2z2) |w(s(x+z2),t(z+2)+y) dsdt.
s+t
(2s —t)z

Combining the terms above, we obtain the expression for the face correction in (4.1), i.e
f= EdFAilvw. Summarizing, we have thus proved (4.15), from which (4.13) follows, which in turn
proves the required commutativity property.

Proof of (2): To prove the continuity, first decompose any w in Hy, il/ 2(Fl) using Theorem 2.1
as

w = curl; v + 0

for some v in Xa’il/Q(Fl) and 6 in Hl/Q(FZ). Then,

||Sgilvw\|H(diV) = [|curl (Scurlv) + Sd“’HHH(dW by commutativity,
< C(HU” 172y 101l 1z )> by [7, Prop. 4.1] and Lemma 4.1,

< C||w||H(J_;/2 by Theorem 2.1.

(F)’

Proof of (3): First, consider the expression for the primary extension in affine coordinates,
namely (3.2). When calculating its normal component on Fj, since m; is parallel to grad \;,
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among the three summands involving cyclic permutations of (i, j, k), only one survives. Further-
more, since \; = 0 on face F; we have

P= |Fl|)\2 // i (grad \; x grad \;) w(s) ds.
Ty(0,A5,Ak)

(4.20) tre, (&)

Next, observe that in the expression for the face correction (4.2), setting A; = 0 we have

1 ~
(4.21) tren (ERw)| ., = mi - (grad Ay, x grad \;) e // Ai(s)w(s) ds.
l
T1(0,M5,Ak)

Note that the term involving the Whitney form \; grad \; — A\;grad \; in (4.2) does not con-
tribute above as its cross product with m; is zero on F;. Subtracting (4.21) from (4.20) we
obtain

R; trcn(ﬁgilvw) =0.
The second assertion on the normal trace on Fj is also easy to see using the affine coordinate
expression (4.2). On the face Fj, since \; = 0, the first term in (4.2) drops off. The second also
vanishes when calculating normal trace as n; x (\;grad \; — \;grad \;) = 0 on F;. In other
words,

trcn(S%Yl)‘Fl =0.
Hence, by Theorem 3.1(4), we have R; trc, (€8 w) = w.

Proof of (4): It is enough to prove the polyﬁomial preservation property on the reference ele-
ment. Hence let w(z,y) be in Py(F'). We already know that €%y is in P,(Kr) by Theorem 3.1.
Hence we only need to prove that Sd”w is in P,(K ) We proceed considering three cases:

Case of constants: If w(z,y) is a constant Kk, then by (4.1),

- 2SZ+ 1—8) o (l“"Z)/g
8(}:1;v _ // _tx+z) dsdt = —— | —(x +2)/6 |,
X z+ 2z T+ z
—3s)z 0

which is a constant vector.
Case of one variable dependence: Suppose p > 0 and w(z,y) = gp(y) for some polynomial g,
in one variable y. Writing

p
= § Cnynv
n=0

and using the binomial expansion, we find that there is a polynomial 7,1 (y, z) of degree at most
p — 1 such that

4

p(y +1n) = chy—l—tz Z (y" + (n—1)y™~ (tn)—i—...)
n=0

= qp(y) + (tn) rp-1(y tn),

or, in other words,

w(s(z +2),y +t(x +2)) = gp(y) + t(x + 2) rp-1(y, t(z + 2)).
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Observing that ¢,(y) is a quantity independent of the integration variables s and ¢, we find that

2sz+ (1 —s)x

1—t
/ / —t(x + z) t(x + 2) rp—1(y, t(z + 2)).
(1—-3s)z

div,, div
Splw—Qp(y)Spl( T+ z

Canceling the common factor z 4 z from the last integral, we conclude that it gives a polynomial
of degree at most p in z,y, and z. The first term on the right hand side is a constant by the
previous case. Hence 8‘;1"10 is in P,(K).

The general case: Any w in P,(F) can be rewritten as
w(z,y) = qp(y) + zvp-1(2,y)
for some polynomial g,(y) of degree at most p in y and some v,_; € Pp_l(ﬁ' ). Then
8w = £1¥(g,(y)) + €L (20,1 ()

Referring to (4.1), we find that the last term is an integral whose integrand has a factor s(z + z)
which cancels with the denominator z 4+ z in (4.1). Hence after integration with respect to s
and ¢, it gives a polynomial of degree at most p in z,y and z. The first term, namely Eiilvqp, is

also in P,(K) because of the previous case. O

5. EDGE CORRECTIONS

In the previous section we saw how to solve the two-face problem. This section is devoted to
constructing an extension operator that solves the three-face problem, which is the next inter-
mediate step towards solving the total extension problem. To describe the three-face problem,
consider a polynomial 7 on K whose normal trace w = trc,(r) is zero on two faces F; U F).
Given the values of w on a third face Fj, the three-face problem is to find a extension (8§1jijl’w)
of w into K which is a polynomial of degree not more than r and whose normal trace coincides
with w on F; U F; U Fj. Of course, the extension operator must also extend continuously to the
appropriate infinite dimensional Sobolev space.

We will solve the three-face problem using an edge correction operator. On the reference
element K, the edge correction operator is

1-t [ 2x(s — 1) + 3t —ys — zs
(5.1) de // —:mf—|—2y(t— 1) —|—3ys—zt wislety+z) lrty+z)) dsdt.
2(3(s+1) —2) THY T2

Here E = Ey3 denotes the edge of K along the z-axis. This expression is derived using K, and
the target commutativity property curl (8%”11)) = SdEAiV(curlT v) as motivation (where SCEl”l is
the H (curl)-edge correction operator defined in [7]).

As in previous sections, we now generalize this edge correction to an operator on any tetra-
hedron K using affine coordinates. To rewrite (5.1) using the barycentric coordinates \; of
(z,y, z) with respect to K , we first observe that the region of integration can be transformed
into 73(0,0, \g) by the variable change 2’ = s(x+y+2), ¥’ = t(r+y+2). Furthermore, denoting
the kernel by ®, we can rewrite it using the barycentric coordinates Xo, Xl, Xg of the subtriangle
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ﬂ (Oa 07 >\’L) as

2x(s — 1) + 3at —ys — zs
O= | —axt+2y(t—1)43ys— 2zt
Z(3(s +1) = 2)

= (20 (1 = A1) + (A2 4+ A3)A — 3Mx2) grad A3 x grad
+ ((/\1 + )\3)X2 + (2)\2(1 — XQ) — 3/\2;\1)) grad \; x grad A3
+ A3(2 = 3(A1 + X2)) grad Ay x grad A;.

Either by manipulating the above expression in affine coordinates, or by direct verification, we
can show that

= (Aagrad A\; — A\ grad \g) x (Xo grad \3)
— (Asgrad A\; — A; grad A3) x (Aa grad A + Ao grad \;)
+ (A3 grad A2 — Ay grad \3) x (Xl grad \g + o grad \).

As a result, we obtain the following general edge correction operator for the edge E;; connecting
vertices a; and a; of a general tetrahedron K when the indices (i, j, k) are, as before, positively
oriented with respect to I:

)\ dXj— A d)
Sd“’ L ra ] gra i // Aigrad \;) w(s) ds

Ft 2|F|(1 -
7,(0,0,:)
A grad )\j — )\j grad )\ / ~ -
B d\; + A grad
(5.2) 2|F7|(1 — N\)? (Ap grad A; + X; grad \,) w(s) ds
7,(0,0,\:)
Argrad A\, — A\ grad \; ~ ~
2(F|(1— \)3 (Ajgrad \; + A; grad ;) w(s) ds.
’Tl(ovov)‘i)

For negatively oriented indices, the correction operator is defined with the sign reversed. With
this correction operator, we can provide the solution for the three-face problem through the
following extension operator:

(53) Sdlv S?iv Sdlv gdlv + 8%;’17

il —

As in the case of the face correction, to analyze the continuity of this operator, we must first
establish a continuity property in a positive order Sobolev space, as stated in the next lemma
(proved in Appendix A).

Lemma 5.1. 8?}" is a continuous operator from H / i (F1) into H (div).
That Sd“l’ indeed solves the three-face problem is the result of the next proposition.

Proposition 5.1. The following holds for the above defined 8?]“2

(1) Commutativity: ngg(curl v) = curl (Squrlv) forallv € Xojjp(Fl).

(2) Continuity: Edll extends to a continuous operator from H(;iljm(Fl) into H (div).
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(3) Extension property: For all w € H,, 11]/2(Fl),

R; trcn(ﬁgﬁzw) =0, R; trcn(ﬁgﬁl’w) =0, Ry trcn(ﬁgﬁflw) = w.
(4) Polynomial preservation: If w is in P,(F}), then 8 pqw is in Pp(K).

Proof. Proof of (1): As in the beginning of the proof of Proposition 4.1(1), we first use (i) the
commutativity properties of the primary extension (Theorem 3.1(1)) and the face correction
(Proposition 4.1(1)), (i) the commutativity property

€@l (grad, @) = grad(é’%raldcp) for all ¢ € Hé/Z?(Fl),

proven in [7], and (%) the stable decomposition

v=grad, o+,  withp e HJS(F). v € Hj(F),

also proved in [7], to conclude that it is enough to prove that de satisfies

(5.4) &gy, (curly i) = curl (5] 4)

for all smooth %) that vanishes in a neighborhood of the edges E;, and Ejy.
We shall again use K,, now with a set to the origin. Moving to the reference tetrahedron,
we make the second observation that it is enough to prove that

(5.5) S%ivw = curl EEHIK(QO)w

for all smooth w that vanishes in a neighborhood of the x and y-axes. That (5.5) implies (5.4)
is proved by the same type of argument as in the proof of Proposition 4.1 (see (4.15)) so we do
not repeat. Let us now prove (5.5).

Recall the expression for S‘gﬂ from [7]. It can be rewritten as

1)z 3zt
t
Scurlv = // z(3t—1) vislrry+2).tlety+z) dsdt.
=o\z(l—s) —ys+225 —xt +y(l —t)+ 22t THY+z
Setting v = K (g,0)w and simplifying, we have
8C“rlK(0 0w = /// w(rs(x +y+2),rt(z+y+ z)) r drdsdt.

xt—ys

We must now compute the curl of this expression. Let p = (—tz,sz,zt — ys)! and w(s,t) =
w(rs(x +y+ z),rt(x + y + 2)). Then using

curl (wp) = w curlp — p x grad w

and transforming the x,y, z-derivatives to s,t derivatives via

1

gradw(rs(z +y + 2),rt(x +y + 2)) = Tty+tz

t
t | grad,, w(s,t),
t

»w » »
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(where grad,, w is a column vector with the s and ¢ derivatives of w as its two components) we

find that

1
curl SgrlK(O,O)w = ///0 ( —p x gradw + w curlp) rdrdsdt

1
I
a
1 2s
- /// 2t | wr dsdtdr.
/ JO \ 0
a3

Integrating by parts the first term on the right hand side above,

(vt —ys—zs)s (xt—ys—zs)t
ys —at —zt)s (ys —at — zt)t
z(s+t)s Z(s+1t)t

rgrad,, w
rT+y—+z

dr ds dt

—~

—zs)s ( ys )t .
curl ScurlK 0w = / / ys — xt —z2t)s (ys—at —z2t)t | vp(p) —————dpdr
OF

2(s+1)s Z(s+t)t Tyt
—xt+ zs ~ 1 2s
3rw ~
/// a:t—ys+zt dsdtdr—/// 2t | wr dsdtdr.
z(s + 1) rHyte 0 7 \0

In the integral over the boundary 8}%, only the part along the hypotenuse survives. We then
use a variable change and transform this surviving integral as in the proof of Proposition 4.1(1).
We also combine the last two integrals into one. Thus,

x(3t +2s) + ys + zs

curl €2 K w—/// ot —y(3s+2t) + 2t | ——dsdtdr
—32(s+1) Tyt

xt —ys — zs

// Tt tys ot w(s(:c+y+z),t(a:+y+z))dsdt
(s +1) (s+t)(z+y+2)

Finally, we apply Lemma 4.2 to simplify the triple integral into a double integral by homogeneity.
The result is

curl 8%”1[((070)@0 =

—x(3t + 2s) + ys + zs
1_ _
// s t ot — (35 4 20) + 2t w(s(m+y~|—z),t(az+y+z))d8dt

s+t “32(s + 1) rT+y+=z
—ys —
t
// i —xt+ys—zt w(s(x—l—y—|—+z),—i_(x+y+z))d8dt.
s (5 +1) T+y+z

(s+t)(2z(1 —s) — 3zt + ys + zs
:// -1 (s+t)((wt+2y(1—t)—3?;s+zt)) w(s(az+y+z),t(x+y+z))d8dt7
s+ s+ 1)(2—3(s+ 1)) THy+z
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which is the same as S%ivw. This proves (5.5) and consequently the required commutativity

property.
Proof of (2): The idea is the same as that of the proof of the commutativity of the two-face

extension. We decompose any w in H,, 1/2 (F}) using Theorem 2.1 as w = curl; v + 6 for some v

0,35
in XO]Z/ (F}) and 0 in Hé/lf( F}). Then,
”8dllw”H div) — HCHI‘] (8%1,;1”) ?]“l/e”H div)» by commutativity,

< C(\v[ 12 ) 1011, 1z F)> by [7, Prop. 5.1] and Lemma 5.1,

< C||w\|H_;/2 by Theorem 2.1.

0,ij (Fl)’
Proof of (3): To prove that
(5.6) R; tren (€5 w) =0,
we consider the expression for the edge correction SdEi;'l’l. This expression can be obtained

from (5.2) either by a cyclic permutation of (7, j, k) (preserving the positive orientation) or by
interchanging 7 and & in (5.2) and then switching signs:

. Agrad )\ — \; grad \;
8%1:1,lw:_ sra gra // (Argrad ) w(s) ds

2|F|(1 = Ap)?
T;(0,0,A)
Argrad \j — \jgrad )\ // ~ ~
(5.7) + 2| Fy|(1 — Ap)? (Aigrad A, + A\ grad \;) w(s) ds
T‘l(0707>‘k)
Argrad \; — \; grad )\ / / ~ ~
- Ajgrad A\ + A d\; d
2(F[(1 = Ap)? (Aj grad A, + A grad A;) w(s) ds
7;(0,0,A%)

Also note that from (4.2), by transposition of i, j followed by a change of sign, we have

A ~
S(Ii?wlw = — (grad Ay x grad \;) ‘Fl|(/\z—l+/\l)3 // Aj(s)w(s) ds
Ti(0 i Ak)
(5:8) (M grad \; — )\ grad \))

2EI Oy + NP (A grad A, — A grad \;) w(s) ds.
J

Ty (0,Ai, k)

If n; is the outward unit normal on the face F;, then since
Ai=0, N+X=1-X;, and n;x(\grad), — A, grad A%)‘F =0,
we find from (5.7) and (5.8) that

Argrad \j — Ajgrad

¢ Sdlv — .
I‘Cn( Ey,l )|FL i 2|Fl|(1 - Ak)g

// (Xigrad A, + A\, grad \;) w(s) ds
T3(0,0,A%)
- trcn(S%"lw) ‘FZ

This together with the extension properties of the two-face extension operator (Proposition 4.1(3))
proves (5.6).
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To prove the next identity, namely R; trcn(ﬁdiV

U’lw) = 0, we use the same type of arguments to

get
iv Argrad \; — \; grad )\, ~ ~
trcn(g%kz lw)‘ p= AL X // (Ajgrad A\, + A\ grad \;) w(s) ds
7—2(0707>\k)
= trcn(Sd“’ |Fj’ by (4.2).

The identity follows by using Proposition 4.1(3) again.

To prove the last identity R; trcn(S%{‘l’w) = w, we only need to observe that the face correc-
tions, written out in (5.8) and (4.2), and the edge correction in (5.7) have vanishing normal
components on F;. The identity then follows from the extension property of the primary exten-
sion as given in Theorem 3.1(4).

Proof of (4): Any w in P,(F) can be expressed as & -+ zu,_1 + yv,_1 for some constant s and
some polynomials u,_1 and v,_1 of degree at most p — 1,

EWw = EXVk + EXV(zup1) + EX (yvp—1).

The last two terms give polynomials because the denominator z + y + z in (5.1) is canceled off
by a factor of either s(x 4+ y + 2) or t(x + y + z). For the remaining term Sdlvlﬁ', we have

1-¢ [2x(1 —s) — 3zt +ys+ zs
Sd“’ = // xt + 2y(1 —t)—3ys+zt | dsdt
“””y*Z 22— 3(s + 1))
(x+y+2)/6
= | (z+y+2)/6],
r+y+z ( yO )/
which is a constant vector. Hence the result follows. O

6. VERTEX CORRECTIONS

In this section, as the last intermediate step towards solving the tetrahedral H (div) polyno-
mial extension problem, we consider the four-face problem: Given a polynomial w of zero mean
on any face Fj, find an extending polynomial whose normal traces on all other faces are zero.
As in the previous cases, the extension should not increase the degree and must be extendable

continuously to the appropriate Sobolev space of traces, namely the trace space H, Z]/k (Fy).

Roughly speaking, a function w in H,;_ ilj/lf (F}) is the normal trace on Fj of a function in H (div)
which has zero normal traces on the remaining faces. When solving the four-face problem, we
are seeking an extension operator that extends such w to a function that continues to have
vanishing normal trace on the remaining three faces.

To solve the four face problem, we need a wvertex correction operator. Define the vertex
correction for I-th vertex by

v Ao, (grad Ay, x grad \,,) ~
(6.1) Elw = > Z L | E | 3 Am(8)w(s) ds.
F

me{i,j,k} o€S(m
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FI1GURE 1. Positively oriented cycles of indices

The extension that solves the four-face problem can now be given by
(6.2) Effw =&"v — Efv — D7 (&R v - € w),
where, as usual, we have assumed that (i, j, k) is positively oriented with respect to I.

di
ij

(1) Commutativity: S?Ji}g,l(curh v) = curl (8%‘%111:) for allv € X(;le/;(Fl)

Proposition 6.1. The operator €5y | satisfies the following:

(2) Continuity: 8?;};1 is a continuous map from Ho_zlj/kz(Fl) into H (div).

(3) Extension property: For all w € Hofilj/,f(ﬂ), we have

Ry trcn(S?}Z’lw) =w,

R; trcn(c‘l?;}g’,lw) =R; trcn(fj?ﬁ;lw) = Ry, trcn(S%iZ’lw) = 0.

(4) Polynomial preservation: Suppose w is in P,(F), then E?Ji}e’ylw is in Py(K).

Proof. Proof of (1): First, we observe that it is enough to prove that

(6.3) EPY (curl; 1) = curl (E§y)

for all smooth 1) that is compactly supported in F;. This follows by the same type of arguments
detailed in beginning of the proof of Proposition 4.1(1). The only differences now are that we

should use the commutativity and stable decomposition properties appropriate for this case,
namely, the commutativity property

€1} (grad, ) = grad(€5*p)  for all ¢ € Hy[5, ()

proven in [7], and the stable decomposition
. 1/2 1/2
v=grad g +¢,  withp e B[S (F), o€ Hyj, (F),
also proven in [7].
To prove (6.3), it will be convenient to go to the reference tetrahedron K. Setting [ = 3 and
(i,7,k) = (1,2,0) in (6.1), we find the expression for the vertex correction on K corresponding
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to the vertex as = V. Simplifications are facilitated by the identity

(6.4) xT—a = Z —Ao, (grad A\, x grad \s,), for all & € K.
oeS(1)

Using also two other similar identities associated to vertices ag and as, we have

g 1 pl—s
gng:2// (—s
v 0.Jo

1 pl-s [§—X
(6.5) = 2/ / t—y | w(s,t) dsdt.
0J0 —z

Recalling the expression for the H (curl) vertex correction [7] and computing the curl,

r—1 T T

Yy —tly—-1|—-1y (1—s—t)>w(s)ds
z z z

—z 0
curl (83“11&) = curl // 0 —z |4 dsdt (by the expression in [7])
P \T—z Y- t
(G
= 2// —n | dsdt (where (1,12)" = )
ﬁ‘ 0
-8 ast
=2 / / t Oy dsdt (by integration by parts)
5 0
s (O — Osh2) )
=2 // t (Oh1 — Ostp2) | dsdt (because 11 and 1) are zero on OF).

0

Note that curl; ¢ has zero mean on F;. This is simply because curl; ¥ = n - curlw for some
smooth function w on K whose normal trace on Fj;; vanishes, and curlw is divergence free.
Hence,

S—x

curl (8“1}“11@ =2 // t—y | curl; v dsdt as the mean of curl 1 is 0
7 —z
_ ediv
= &7V (curl; ) by (6.5).

This proves the commutativity property.

Proof of (2): The continuity of the vertex correction operator from the positive order Sobolev
2 (Fj) into H(div) is obvious. Hence, decomposing any given w in H,_ le/,f(Fl) by
Theorem 2.1 as w = curl, v 4+ ¢ for some v in Xa;jﬂ(Fl) and ¥ in Hééjk(Fl), we have

1
space HO{ijk

€5 10l Eray = llcurl (E5 v) + €GOl by, by commutativity

< C(HUHXEZ/;?(FZ) + Hﬁ”Hé/jk(Fl))’ by [7]7

< Cllwll g-1/2

(F)’ by the decomposition’s stability.
0,ijk
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Proof of (3): First, note that all the correction operators in (6.2) have zero normal trace on
F;. This follows from Propositions 4.1 and 5.1 for the face and edge correction. The vertex
correction also has zero normal trace. This is most easily seen from (6.5), recalling the fact

1 I
that all w in H0 i ]/k} (F7) have zero mean. Hence the nonzero trace contribution comes from the
primary extension, i.e.,

R trcn(ﬁwklw) Ry tre, (EMVw) = w

by Theorem 3.1.
Next, consider the trace on face F;. Rewriting (6.2) as

(6.6) S?ﬁélw_ gdw (S%YZW—S%Z, W) — (delw SEllw) (gdwzw de ),

observe that the first three terms on the right hand side has vanishing normal traces on Fj.
Indeed,

trcn(ﬁgil"w)‘Fl =0, by Proposition 4.1(3), and
trcn(S%;’Mw - E%ﬂij_‘ilw)\pi = trcn(S?fIVw - Eg’ilvw)\pi =0, by Propositions 4.1(3) and 5.1(3),

and similarly for the third term. For the fourth term in (6.6), let us first calculate the normal
trace of the edge correction on F; by substituting A; = 0 in (5.2). We can omit terms orthogonal
to grad \; as the outward normal n; is parallel to grad );. Thus,

trcn(S%‘; W) E = n; - ()\k grad \; x grad \; — \jgrad A, x grad )\
— A grad \; x grad \;, + \j grad \; x grad )\,
1 ~
+ N grad A\, x grad \; — A\, grad \; x grad )\; )TF\ /)\i w ds
!

= Z Ao, (grad A\, x grad A\s,) 2|F| /)\ w ds
oeS (1)

Now, consider the summands in (6.1). The normal component on F; of the summands for
m = j, k vanish (this may be readily seen using an identity like (6.4) which also holds on any
tetrahedron, with a minor modification). Hence the sum reduces to simply the m = i summand,
SO

trcn(EdE“l’ W) E = trcn(SdW )7,
This proves that

(6.7) R treg (E97 jw) = 0.

Since Ed‘k ;w is unchanged under a cyclic permutation of (i, j, k), we conclude that (6.7) implies
that R; trcn(SUk jw) and Ry, trcn(ka jw) also vanish.
Proof of (4): For the p = 0 case, note that the only constant polynomial in H, 3/,3 (Fy) is zero.

In this case, S?ﬁ;/ jw is obviously zero. The result is obvious also for p > 0, because the vertex
correction is always linear. ([l
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7. THE MAIN RESULT

Now we are in a position to construct an H (div)-polynomial extension that extends traces
given on the whole boundary of a general tetrahedron.

Let w be any function in the trace space of H (div) on 0K, i.e., w € H '/2(dK). We construct
the extension as in the H' and H(curl) cases [6, 7]. Define

Vi =&Mw,

V; = Sf’?’wj, where w; = Rj(w — tre, Vi),

Vi = S?Ji‘}cwk, where wy, = Ry (w — tre, V; — tre, Vj),

V= nghwl, where w; = Rj(w — tre, V; — tre, Vj — tre, Vi).

Here R; is the restriction to face F defined earlier (see (2.13)), and the extensions &Y, 8?5’,
?}:}C, and Sfj“,?l are as exhibited in (3.2), (4.3), (5.3), and (6.2), respectively. The total extension
operator is then defined by

(7.1) EWNw =V, +V; + Vi + V.

With the help of the previously established results and the one additional lemma below, we can
prove the required properties of this operator.

Lemma 7.1. The functions wj, wy, and w; defined above satisfy
1l 21y < Cllwlsr-vgo
ety < Clell-son),

lenll 172 gy < Cllwlla-120):

X3

Theorem 7.1. The operator 8}%" in (7.1) has the following properties:
(1) Continuity: €LY is a continuous operator from H—Y/2(0K) into H (div).
(2) Commutativity: curl (E¥w) = EXY(curl, v) for all tangential traces v of H(curl)-
functions, i.e., for all v in X71/2(8K).
(3) Extension property: The normal trace trc, (E3Nw) coincides with w, for allw in H='/?(0K).
(4) Polynomial preservation: If w is a function on OK such that on each face w|g, is in
P,(E}), then the extension W w is in Py(K). In addition, if the mean of w on K is
zero, then the extension EXVw is a divergence free polynomial in P,(K).
Proof. The proof follows by combining the previous results.

Proof of (1): The proof of continuity follows by combining the continuity of v — w,, for m =
j,k,l (Lemma 7.1), the continuity of the primary extension (Theorem 3.1), and the continuity
of the intermediate extension operators 8;?};?1 (Proposition 4.1), 8%‘};1 (Proposition 5.1) and 85;,1:11
(Proposition 6.1).

Proof of (2): The proof of the commutativity property similarly follows because each of the
intermediate operators satisfy commutativity properties, by Propositions 4.1, 5.1, and 6.1.

Proof of (3): This follows from the extension properties of the primary, the two-face, the
three-face, and the four-face extensions.
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Proof of (4): The polynomial preservation property is obvious from the previously established
polynomial preservation properties of all the intermediate extensions. In addition, if w has zero
mean, then w = trc,(r) for some divergence free function r. There is a vector potential ¥ such
that » = curle. Hence

div €Wy = div EWV(n - r) = div EXY(n - curl )
= div WY (curl, (tre, ))
= div curl (E¥ tre, ¥) = 0,

hence the last assertion of the theorem. O

8. CONCLUSION

Combining the results of this paper with those of the previous two parts [6, 7], we conclude

that we have constructed continuous polynomial extension operators Egrad gowl gdiv

tetrahedron K such that the following diagram commutes:

on a

H'2(0K) 2% x-12(9K) <, g-1/2(9K)

(8.1) l gerad l gt J EGY

HY(K) 224 H(curl) L. H(dw).

APPENDIX A. PROOFS OF THE LEMMAS

We prove all the lemmas stated in the previous sections, in the order in which they appeared.
We will need to use the continuity of certain operators discussed in [6]. Keeping the same
notation as in [6], recall the definitions

1 pl—s
(A.1) Abu (y,2) = 2/ / O(s,t) u(sz,y +tz) dtds,

1-s
(A.2) Biu(z) // (s,t)u(sz,tz) dtds.

(A.3) Joo (x,y,2) = 0(x,y,2) ¢(y, 2 + 2),
(A4) L(ﬂ/J (Sﬂ,y,Z) :9($,y,2)¢($+y+2)7
Proof of Lemma 4.1. First, we investigate the continuity of the face correction, using its
expression (4.1) for the reference tetrahedron. We find that it can be rewritten in terms of the
above operators as follows:
e At Iy 0 A

(A.5) e w = Jg, 0 A w

Ty oAb

where )
— S X
11 =5, 12 5 Bo , B poupe
t 1-—3s T
21 50 a1 7 B2 PR
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Now we use the continuity properties of J3 and A} proved in [6]. Specifically, since all the 3;’s
are in L°(K), by [6, Lemma A.3],

Jg, : L(Fy) — L*(K)

is continuous. Additionally, computing the gradient of Jg, (as already done in [7, Appendix A]),
and applying [6, Lemma A.3] to each component, we find that

(A.6) Jg o L3 (F)NHLN(F) — HY(K)

is continuous. By [6, Lemma A.1],

(A7) Ags LR, (Fy) e LY (Fy) N HI(EY)

is continuous. Combining the continuity of the maps in (A.6) and (A.7), we get that each of the

composite operators in (A.5) of the form Jg,, o Agij is continuous from L? /Z(Fg)) into H'(K).
Transferring the result to a general tetrahedron, we find that the operator

(A.8) ER: LY (F) — H'(K)
is continuous. By Theorem 3.1(2) we know that
(A.9) e, gY2(R) — HYK)

is continuous. Since H,, 1/2 () = HY2(F)n Ly, (F;), we obtain the continuity stated in the
lemma by combining (A 8) and (A.9). O

Proof of Lemma 4.2. We only prove the first identity (4.7) of the lemma, as the proof of the
second identity is similar. We begin from the left hand side of (4.7), applying the variable change
s =rs,t' =rt. Let w=w(rs(x+ z),rt(x + 2) + y) = w(s'(x + 2),t'(x + 2) +y). Then

t dt’ ds’
///fwzst wrdsdtdr—/// fgcy,Z S,—)@ Tsdr

/// 2f:cyz sty w dt' ds' dr (by homogeneity)

-/ dr(_)// fxyz(s’,t’)@dt’ds'dr

/ - or // fay=(s', ) w dt' ds’ dr (by integration by parts)
0

1-s'
(A.10) —// Jay=(s',t)) w dt’ ds’ + hn%r// fzyz s’ t") wdt' ds'.
00 r—
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Since fw is a bounded (smooth) function, we immediately see that the last limit is zero. Carrying
the r derivative inside the integral in the first term above and simplifying,

/lla/T/T_S/f (s',t) w dt’ ds' dr =
0 7"67“ 0Jo e ’
11 r
:/ / fayz(s'sr = Hw(s' (x4 2), (r — ') (x + 2) + y) ds’ dr
o "Jo

t
= / Favz(8:) (b 2) tw 4 2) + ) dsdt,
s+t
I
where in the last step we have use the variable change s = ', = r — s’. Using these in (A.10)
we have

/118/T/T_S,f (s',t") w dt' ds' dr =
0 7’87‘ 0.Jo Tz ’

= / Ww(s(x +2),t(x+2)+y) dsdt — // fayz(s,)w(s(z + 2), t(x + 2) +y) dsdt,

B B
thus finishing the proof of (4.7). O
Proof of Lemma 5.1. Let us rewrite the edge correction operator using the operators Lg and

BY of (A.2) and (A.4):
Lg, 0 B + Lg, 0 B9 + L, o B

(A11) €5 = | Lo, o By + Ly, 0 By + L, 0 By
Lﬁ:a ° B931
where
3t s T Y
1n=s +2, 12 5 13 B ——— B2 ——
t 3 z
21 5 = 023, 31 2(8+ ) —1, B3 P

By [6, Lemma A.4] applied to Lg,, (-) and the components of grad Lg,, (-) (see [7, Appendix A]
where this is explicitly done), we find that

(A.12) Lg, : L*(B)NHL%(E) — HY(K)
is continuous. For the operators Bgij , we have by [6, Lemma A.2],

By : L7, (F) N L3, (Fy) — L*(Eos) N H(Egs)

(F)n L?

is continuous. Therefore, referring to (A.11), we conclude that 8%}" : L3 I i /y(ﬁ‘) —

H 1(f( ) is continuous. In other words, on a general tetrahedron,
(A.13) €y L, ()N LT )y (F) — H'(K)

is continuous.

To complete the proof, the stated continuity of Sfjufl = Slcurl — S%‘ZH} — 8%‘1} + 8%217[ now
follows from (A.13), the continuity of the face corrections (Lemma 4.1) and the continuity of
the primary extension (Theorem 3.1(2)). O
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Proof of Lemma 7.1. There is a function v,, in H(div) which satisfies

(A.14) tre, (vw) = w and [vwll i) < Cllwll g-17209K)-

Let us prove the first estimate of the lemma. By the definition of H(;ilm(Fl) as in (2.15), the

restriction operator R; is continuous from H, Zl/ 2 (OK) onto H,,_ il/ 2 (F1). Hence

< Clhw = tre, Vil 1
0

N

(OK)

- e ' by (2.14
trcn(v):ﬁl—trcn(‘/{) H'UHH(dlv) v ( ),

where the infimum runs over all v in Hg p,(div, K') such that trc,(v) = w — trc,(V;). Since
Vw — ‘/Z is in I{()VFZ.(CHV,I()7

(A.15)

ijHHo_,il/Q(Fl) < CHUW - ‘/iHH(div)
< Clwllg-120x) + 1€ w|l £xaiv) by (A.14)
< Cllwllg-1209K) by Theorem 3.1.

To prove the next estimate, we use similar arguments as above. In this case, we get, instead

of (A.15), that

Hwk”H(;.j/Z(Fk) < C”’Uw - Vi— ‘/jHH(div)

52,

because vy, — V; — Vj is in Hy p,ur;(div, K). The estimate is then proved as in the previous
case. The third estimate is also similarly proved. (Il
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