POLYNOMIAL EXTENSION OPERATORS. PART II

LESZEK DEMKOWICZ, JAYADEEP GOPALAKRISHNAN, AND JOACHIM SCHOBERL

ABSTRACT. Consider the tangential trace of a vector polynomial on the surface of a tetra-
hedron. We construct an extension operator that extends such a trace function into a
polynomial on the tetrahedron. This operator can be continuously extended to the trace
space of H(curl). Furthermore, it satisfies a commutativity property with an extension
operator we constructed in Part I of this series. Such extensions are a fundamental ingre-
dient of high order finite element analysis.

1. INTRODUCTION

This is the second in the series of papers devoted to constructing polynomial preserving
continuous extension operators for Sobolev spaces satisfying the commuting diagram

HY2(0K) 29, tre, (H(curl)) " tre, (H (div))

(11) J{g%;ad J{g%xrl lg%v

HY(K) 224 H(curl) - H(div),

where K is a tetrahedron, H'(K), H(curl) and H(div) are the standard Sobolev spaces
on K, and the trace operators are

tre. ¢ = (¢ — (¢p - n)n) |6K, (tangential trace),
tre, ¢ = (¢ - n) ‘m{, (normal trace),

with n denoting the outward unit normal on 0K . The first polynomial extension operator
in (1.1), namely 8%?“1, was constructed in Part I [7]. The current part is devoted to the
construction of £, The differential operators grad. u and curl, in (1.1) denote the surface
gradient and surface curl, respectively (see, e.g. [4] for definitions of differential operators
on non-smooth polyhedral surfaces).

There are many applications in the analysis of high order finite elements for such an ex-
tension operator. Perhaps the most important one is in proving an approximation estimate
for hp finite element spaces. Indeed, an approximation theory for high order H (curl) finite
element spaces has been developed in [6] under the conjecture that such an extension op-
erator exists. To describe one of the results there, suppose T is a tetrahedral finite element
mesh of a polyhedral domain €, and let V}, = {v € H(curl,Q) : v|g is a polynomial of
degree at most px for all mesh elements K in T}. For any tetrahedron K, let px denote
the diameter of the largest ball contained in K and let hx denote the length of the longest
edge of K. In finite element analysis, it is typical to assume that meshes are “shape reg-
ular”, i.e., assume that there is a fixed positive constant v such that maxgeghg/prx < 7y
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for all meshes under consideration. In this situation, [6, Corollary 2] implies that, if an
H (curl) polynomial extension exists, then there is a constant C' depending only on v such
that

Inpg

1/2
(1.2) vhilel{fh v — Vpll H(cur1) < C Z hH! P <]v!%p(K) + \curl'v\%r.(K)>
P KeT K

for any r» > 1/2. Thus, as a consequence of our construction of 8%”1, the approximation

estimate (1.2) and other similar estimates in [6] are finally proved. The extension operator
is important also in the analysis of spectral mixed methods (see remarks at the end of [10]
for the need for an H(curl) extension). Polynomial extensions also play an important role
in the construction of good shape functions and preconditioning [17].

We will keep the same notation as in Part I (summarized in [7, § 1.5]) and employ
the same overall technique developed there (summarized in [7, § 1.4]) for constructing the
H (curl) extension operator. In particular, we start with a primary extension operator,
and then design suitable face, edge, and vertex correction operators to arrive at the total
extension operator. The construction of both the primary and correction operators will
be motivated by the need to satisfy the commutativity property in (1.1). For example, to
obtain an expression for the H (curl) primary extension of v, denoted by £y, we took
the expression for £8"dy, from [7], differentiated it, expressed the result in terms of grad. u,
and then substituted grad,, v by v. Clearly, this will guarantee the commutativity property
gewl grad_ u = grad €8y, Such computations motivated the expressions for face and edge
corrections as well. The final H(curl) polynomial extension operator and its properties are
given in Theorem 7.1.

Although we apply the same overall technique as in the H' case considered in Part I [7]
of this series, a major difference between the H (curl ) case and the H'! case is that the trace
space of the former is more complicated. Only recently has the trace space of H(curl) on
polyhedral domains been fully characterized in terms of certain Sobolev spaces of negative
index [4, 5]. In order to circumvent estimating negative norms, we proceed by first develop-
ing a new technical tool, namely a decomposition of the trace space, which when combined
with commutativity, reduces the problem of norm bounds for the extension to Sobolev
norms of positive index only. This seems to simplify the analysis considerably. Another
new technique we introduce in this paper is proving a norm estimate for primary extensions
in fractional Sobolev norms directly using Peetre’s K-functional and interpolation theory.
Other new aspects in the H(curl) arena not seen in the H' case include symmetrization
of integrals defining the extensions to obtain expressions invariant under relevant covariant
transformations.

We begin by describing the decomposition of trace space using regular functions (Sec-
tion 2). Then we study the primary extension from a plane (Section 3). The primary ex-
tension will then be corrected using face and edge correction operators given in Sections 4
and 5. The complete solution to the H (curl) polynomial extension on a tetrahedron is
given in Section 7. Appendix A contains proofs of all technical lemmas.

2. A CHARACTERIZATION OF THE TRACE SPACE
For smooth vector functions ¢, we denote their tangential and normal traces on 0K by
e, ¢ = (6~ (& 1))
tre, ¢ = (@ - n)|aK,
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where n denote the outward unit normal on 0K. It is well known that the operators
tre; and m X tre, extend continuously to H(curl) and that their ranges are subspaces
of H-Y2(0K) [1, 4, 9]. Letting (-,-) denote the duality pairing between H~/?(9K) and
H'Y?(JK), define Hy s(curl) for any subset S of K of positive measure by

Hjgs(curl) ={¢p € H(curl): (n xtrc, ¢, ) =0 forall ¢ € H})K\S(K)},

where H })K\S(K ) denotes the subspace of functions in H'(K) whose tangential traces
vanish on 0K \ S. In addition, we shorten H sx (curl) to simply Hy(curl).

We shall need the trace spaces of H( g(curl) when S is composed of one or more faces
of K. Let F; = I; U Fj and Fj;, = F; U F; U Fy,. We define the spaces by the range of the
trace map:

(2.1) X2 = tre, H(curl), X;,% = tre; Ho g, (curl),
2.1 ’
X(;;j/z = tre, H07Fij (curl), Xallj/kz = trer H07Fijk (curl).

The above spaces X(I}m, for all subscripts I in the set {i,j,ijk}, are subspaces of H'/? (OK).

The precise subspace topology of X /2 in H™Y/2(9K) is given in [4]. One could attempt
to use their techniques to characterize the subspace topologies of all X, }/ 2, but for our pur-
poses it seems better to proceed by endowing all the sets in (2.1) with a natural quotient

topology defined by

2.2 ~1y2 = inf
(22) ol = if [ aeun).
where the infimum runs over all ¢ in H (curl) satisfying trc,(¢) = v. Standard arguments

then prove the following facts: Under the quotient norm in (2.2), the space X —1/2 g
complete and the subsets X }/ % are closed. Furthermore, there is a linear continuous

lifting operator E : X 12 . H (curl) satisfying
—1/2
(2'3) EXO,I/ c HO,FI(Curl)7 trCT(EU) =, HEU”H(curl) = HIUHX*l/?y

for all v € X /2. We need to find an extension operator like E, but one that has the
additional polynomial preservation property.

We shall now characterize the H (curl) trace spaces using Sobolev spaces of positive
index, namely H'/?(9K), and H V2= e, H Y(K). The space H /2 is characterized in
terms of the H'/?-norm of faces in [4], but we will simply work with the natural norm
||19||H1/2 defined to be the infimum of ||@|| gr(cur1) over all ¢ € H'(K) for which trc, ¢ = 9.
The idea for our characterization of the trace space is best revealed for the first space
in (2.1), as we see next.

~1/2

Proposition 2.1. The space X admits the following stable decomposition:

X Y2 = grad, H'/?(0K) + HY/?.
Proof. Consider any function v in X ~'/2 and its lifting Ev defined in (2.3). Since K

is convex, by the well known Helmholtz-Hodge decomposition for H(curl) (see e.g. [9,
Corollary 1.3.4] or [13]), there is a ¢ € H'(K) and 9 € H'(K) such that

(2.4) Ev =grady + 9.

Applying the tangential trace operator to this decomposition, we obtain the required de-
composition:
v = grad, (p|ax) + tre, ().
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Its stability follows from the continuity of the trace maps. Indeed, there are positive con-
stants C7 and Cy such that

ol /2oy + |l trcTT,bHHi/z < C1 (el iy + H'l,bHHl(K))
< (y HEU”H(curl) = (s ”'U”X—lm,

where we have also used the stability of the decomposition in (2.4). O

Although the trace spaces in (2.1) were defined on the whole boundary 0K, by virtue
of Proposition 2.1, we can now speak of its restrictions on faces. Indeed, it is well known
that the restriction to a face F} is a continuous operation from H'/?(0K) into H'/?(F).
Moreover, letting H 1/ 2(F}) denote the space of tangential vector functions on F; whose two
components are in H/2 (F}), the restriction operator is also a continuous map from H i/ % into
H'?(F) (this follows, e.g., from the characterization of H 172 in terms of standard Sobolev
spaces found in [4]). Therefore, given any v € X -1/ 2 decomposing it by Proposition 2.1 as
v = grad._ ¢ + 1 we can define the restriction operator R; by

(25) Ry = gradr((p‘pl) + (Q/J‘Fl)

Clearly, R; coincides with the usual restriction operator when applied to smooth v. More-
oever, by the stability of the decomposition, R; is a continuous map from X —1/2 into
grad_H'/?(F}) + H1/2(E). We define the trace spaces on one face as the range of this
restriction operator:

(2.6) XVHE) = R X7V ol xossgry = int | wll o,

where the infimum runs over all w in X ~'/2 satisfying Rjw = v. The space X1/2 (Fy) is
complete under the above norm and the subsets X, }/ 2(Fl) = R X, }/ % are closed. It is
easy to verify that R; has a continuous right inverse L; : X —1/2 (F)) — X —1/2 satisfying

—-1/2 —1/2
(2.7) LiX,2(R) € Xo % ILwlx1e = lx12m) Riliw=0v,

for all v in X~ '/2(F).

We will now show that these trace spaces on the face F; can be characterized using
subspaces of H'/2(F}) with zero boundary conditions. Recall the definitions of Hol/IZ(Fl) for
I € {i,ij,ijk} from Part I [7]: ’

HyP(F) = HYX(R) N L2, (F)

1/2
Hy/3(R) = HY2(F) 0 L3, (F) 0 L3, (F)

Hy2p(B) = HY2(R) N L2y (R) N L2y (F) O L3, (F).

Here L% Y (F}) is the Lebesgue space with weight 1/\;, so clearly, the functions in Hé/f(Fl)

vanish weakly on certain parts of the boundary 0F;. Also, let H (1)/ 12 (F}) denote the set of

tangential vector functions on F; whose two components are in Hé/lz(Fl) Then we have

the following theorem (where, like everywhere else in this paper, the indices i, j, k, [ are a
permutation of 0,1, 2, 3).
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Theorem 2.1. The spaces X_l/z(Fl) and Xg}/z(Fl) of traces on Fy for all I in {i,ij,ijk}
admit the stable decompositions

X~V = grad, H'*(F) + H'(F),
X0 () = gwad 7R+ HY7R).

Proof. The first decomposition follows immediately from Proposition 2.1 (by restricting
to F), so let us prove the second. Let v be any function in X, }/ 2 (F}) and

(28) ¢ = E(le)7

where E and L; are as in (2.3) and (2.7), respectively. Then, by the above mentioned
properties of these operators, ¢ is in H p, (curl, K).

We need now to expand the domain K. Let a; be the reflection of the vertex a; within
the plane containing Fj, about the line containing a; and aj. Then, depending on I in

{i,ij,ijk}, define Fr; by

F;) = conv(Fy,a;), Fj; =conv(Fy,a;,a;), Fiji; = conv(F},a;,a; ar),

where conv denotes convex hull. The expanded domain is defined by K = conv(l?’ 71,Q)

K;; a; K

a;

Ceta R

FIGURE 1. Notations in the proof of Theorem 2.1

(this domain, for the case I = ij is illustrated in Fig. 1). It is easy to prove that the trivial
extension of ¢ defined by
- { ¢ onkK,

¢= 0 onK;\K,

is in Ho,FI(curl,f(I).

Next, we borrow a technique found in [3, Lemma 2.2] (see also [15, Proposition 5.1] and
other related references mentioned there). We start by decomposing (z using the Helmholtz-
Hodge decomposition on the convex domain K 1 to get

(2.9) $=grado+,  with pe H(K;), ¥ € H'(K).

Observe that since (z vanishes on K 1\ K, the gradient of ¢ must coincide with ) there.
Hence

lipx € H?(K; \ K).

Therefore, there exists an H?2-extension (see, e.g. [18, Theorem VI.3.5, pp. 181], or our
volume extension constructions in [8]) of ¢ to all K, which we denote by ¢’. Then

(2.10) ¢=grad¢” +4",  with " =¢—¢', ¥"=grady’ + .
Clearly, ¢ is in H'(K7) and 9" is in H'(K7). Moreover both ¢” and 1" vanish on K7\ K.
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The required decomposition is now obtained by applying trc, to (2.10). Indeed, combin-
ing the definition of ¢ in (2.8) with (2.10), we obtain

v = Rytre.(¢) = Ry trcT((z‘K)
(2.11) = gradT(cp"|Fl) + Rytre, 4.

Since 9" is in H'(K), its trace 1,b”|ﬁ“ is in (H'/2(Fr;))® and all three components of
this trace vanish on Fj; \ F;. Moreover, since the tangential component of this trace on Fj

coincides with R, trc, 1", we conclude that the last term in (2.11) is in H (1)/ 12 (F7). Moreover,

since ¢ vanishes on K7\ K, its trace appearing in (2.11) is in H, 37/[2 (F}). Thus the components

in the decomposition (2.11) are in the required spaces.

The stability of the decomposition (2.11) follows from the stability of the decomposi-
tion (2.9), the H2-continuity of the map ¢ — ¢/, the continuity of various trace maps, and
the continuity of the operators E and L;. O

Remark 2.1. The decomposition of Theorem 2.1 has a regular part, namely H (1)/ 2(Fl), and
a non-regular part, namely grad._ H&/ 2(Fl) (which is generally only in H -1/ 2(F)). Itis
important to note that the theorem lets us choose the regular part to be a vector function
with zero boundary conditions on all its components. Note also that the decomposition is
not an orthogonal decomposition in L?(F).

Remark 2.2. The decomposition of Theorem 2.1 gives an equivalent norm on the trace
space. E.g., from the results of [4, 5], it follows that the trace space X -1/ 2(F}) coincides
with the space

H™(cwrl, ) = {v € H'2(F) : eml,v e BV ()}

2 2
H-Y2(F, H=Y2(R)
notes the scalar surface curl. Then our results imply that for any v in X~/ 2R, if
v = grad._ ¢, + ¢, denotes the decomposition given by Theorem 2.1, the norms

normed with ||U||H*1/2(curlT7Fl) = ([Jv]| )+ || curl; v| )1/2 where curl; de-

”'U”X*l/Q(Fl)a HUHH*/z(curlT,Fm and ”‘pv”Hl/Q(Fl) + vaHHl/Q(Fl)’

are equivalent norms.

3. PRIMARY EXTENSION OPERATOR

We first display the expression for the H (curl ) primary extension when the data function
v is smooth tangential vector function on the z-y plane (or the z-y face of the reference
tetrahedron K'). The expression is

1,1t (10
(3.1) ey (z,y,2) = 2/ / 0 1)v(x+szy+tz)dsdt
0J0 s t

which by a change of variable can also be expressed as

9 z+z prtytz—T z 0
(3.2) £y (2,y,2) = 5 / / 0z @ djde
v T—x Y-y
We derived this expression motivated by the commutativity property we need, namely
grad £22dy, = €% grad_u. Indeed, we took the expression for €824 from [7], differen-
tiated it, expressed the result in terms of grad.w, and then substituted grad.wu by v to
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obtain (3.1). (This calculation is implicit in the proof of Theorem 3.1(1) to be given shortly,
so we do not display it here.)

The above expression will give an extension operator on any other tetrahedron K once
we use the right affine mapping that maps vector functions on K to K. As in the H' case,
instead of exhibiting the mappings, we will simply give the general expressions in affine
coordinates. In order to bring out the symmetry in the expressions, we shall write a smooth
tangential vector function given on face Fj as

(3.3) v = Z U grad, Ap,.
me{i,j,k}

with three smooth components v,,. Such a decomposition of v into component functions
U, 18 always possible, but is not unique. Indeed v,, for all m in {4, j, k} coincides with one
function v if and only if v is zero. With v, as in (3.3), we can now rewrite the primary
extension operator as follows:

9 x+z prtytz—T z 0 1 z 0
geurly =3 / / 0 z <_1> v + 0 v + z v dy dx
v T—x Y-y r—u y—vy
2 -~ -
= X // (Uo(— grad A\; — grad Ay — (A1 + A2) grad A3)

T3(Xo,A1,A2)

+ vy (grad \; + A grad \3) + va(grad Ay + Ao grad )\3)> dy dr,

2

(34) = % // Z <vm — ZZ:XW> grad \,, dy dz,

T3(Xo,A1,A2) m=0 =0

where we have used the barycentric coordinates A; of the tetrahedron, and the barycentric
coordinates Xg(s) of the region of integration T5(Ag, A1, A2). The symbol Xg will generically
denote the barycentric coordinates of whatever region of integration is under consideration,
e.g., in the above, since the region is T3(\g, A1, \2), they are \y = (z —x)/z, \1 = (¥ —v)/ =,
and Xo =1- Xl — Xg. Note also that in the above, we have continued to use the notations
in [7], e.g., for any permutation {3,j,k,l} of {0,1,2,3}, define Tj(r;,rj,1x) = {x € F :
/\? (x) > 1y for £ =14,3j, and k}, where All = A\, |p, (for m = i, j, or k) are the barycentric
coordinates of Fj.

Generalizing the above, we obtain the expression for the primary extension operator on
a general tetrahedron K lifting from the face Fj:

2

(3.5) EMy (Aiy Ajy Ay Ar) = v Z Dy, v(s) grad \,,, ds
: Ti(NisAjAk) me{i.jik}

where

(3.6) Dpv(s) =vm(s) — D Ae(s)v(s)

and Xg(S), for ¢ in {i,j,k}, are the barycentric coordinate functions of the region of inte-
gration Tj(A;, Aj, A), considered with its node enumeration inherited from K. Since the
component representation in (3.3) is not unique, we must check that definitions like (3.6)
are not affected, inasmuch as two different representations of the same function does not
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yield different results. That this is indeed the case, is readily checked by verifying that
when we substitute v, = v for all m in (3.6) and simplify, we do find D,,v to vanish.

We prove the properties of this primary extension operator in the next theorem. There
are two new ingredients worth noting in the proof of continuity of Slcurl. The first is the
technique of proving continuity from H'Y?(F}) into H'(K) using Peetre’s K-functional.
(Note that this continuity only involves Sobolev norms of positive order.) The second is the
technique of using continuity on positive order Sobolev spaces to obtain continuity on the
trace space contained in the negative order Sobolev space H -1/ 2(Fl) (In [7, Appendix B,
we provided an alternate technique for proving the continuity using the Fourier transform.)
We display the K-functional technique in Appendix A while proving the following lemma.

Lemma 3.1. Let 0(x,y) be a smooth function on the unit triangle a (including the boundary
E?F) Then the map Ky defined for smooth functions u(x,y) on F by

1—t
Kou (z,y, 2 // 0(s,t) u(x + sz,y + tz) dsdt,

satisfies

1Kol a iy < Collull grya(pys  for all u € HY2(F),
with some Cy > 0 that depends only on HGHWll and He”Ll(E)F

The theorem on the primary extension will use this lemma. Before stating the theorem
we need more notation for vector polynomial spaces: The space of vector functions on any
domain D whose components are polynomials of degree at most p is denoted by P, (D) and
its subspace of homogeneous polynomials of degree p is denoted by P,(D). The Nédélec
subspace (of the first kind) [14] of P, 1, denoted by IN,(D), is defined by

N,(D)={vy+7rpi1: v, € Py(D), and rpi1 € Ppi(D) satisfies 7,41 - & = 0}.
It is easy to see that
(3.7) ge N,(D) ifandonlyif g€ Ppyi(D)and q-x € Pyyq(D).

In these characterizations of IN,,(D), the vector « is the coordinate vector in the Euclidean
space in which D lies, so it can have two or three components.

Theorem 3.1. The primary extension operator Efurl has the following properties:

(1) grad(£8u) = &5 (grad, u) for all u in HY2(F).

(2) &M is a continuous map from HY?(F) into H'(K).

(3) & s a continuous map from X V/?(F) into H(curl, K).

(4) The tangential trace of Sfurl'v on F} equals v for all v in X_I/Q(Fl).

(5) If v is in P,(F}), the extension € is in P,(K). If v is in the Nédélec space
N, (F), its extension E"w is in N, (K).

Proof. Proof of (1): It suffices to prove the commutativity on the reference tetrahedron K.
Consider a smooth function u(z,y) first. Recalling the expression for £8'%d on K from [7]
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and differentiating it, we have

11—t
grad &84y = 2 grad/ / u(x + sz,y +tz) dsdt
0Jo

11—t (10
= 2/ / 0 1| grad, u(z+ sz,y+tz)dsdt
0J0 s t

= &%l grad_u.
Here we have viewed gradients as column vectors, so the matrix above multiplies grad. u =
(8yu, B,u)’. Thus we have shown that the identity €' (grad, u) = grad(&8%u) holds for
all smooth functions u. Now, by [7, Theorem 2.1] (asserting the continuity of 8lgradu on
H'Y2(Fy)), we have

d
1e7™ grad.. ul| = [|grad EF*ul| < Cllully1/2(z).

Hence the operator €' extends continuously to the space grad H'/2(F}), so the commu-
tativity property holds for all u € HY2(F)).

Proof of (2): The continuity of £ on H 1/ 2(F ) follows by applying Lemma 3.1 to each
of the components of £w in (3.1). Since the Jacobian of the covariant transformation
mapping functions on K to K is bounded, the result follows for Elcurl on any K.

Proof of (3): Given any v in X ~V/2(F}), decompose it using Theorem 2.1 to get

v =grad, ¢ + 1, with ¢ € HY2(F)), ¥ € HY?(F).
Then
1€ 0| reurt) = || grad(EF™'6) + €| rcurr), by item (1),
< €50l 11 (ac) + I1€5™ | g1 ¢,
<C (H(bHHl/z(Fl) + H¢HH1/2(FZ)) , by item (2) and [7, Theorem 2.1],
< CH”HX*/?(Fl)v by stability (Theorem 2.1).

Proof of (4): Set z = 0 in (3.1). Then the result is obvious for smooth functions v.
Because of the continuity of £, the result follows for all functions in X ~V/2(F).
Proof of (5): It suffices to prove the polynomial preservation properties for the expres-

sion (3.1) on the reference tetrahedron K because the affine covariant mapping preserves
both the polynomial spaces P,(K) and N,(K) [14].

So, consider a v € Pp(F ). Then, each of the components of the integrand defining the
extension €y in (3.1) is a polynomial in z,y and z with coefficients depending on s and
t. Hence, after integrating over s and ¢, we continue to have a polynomial in x,y, and z of
degree at most p in x,y and z for each component.

Now suppose v € IN,,. Observe that

X 1 p1-—t L0
y |- gcurl,v _ 2/ / (:L' Yy z) 0 1 ’l)(l‘ + sz,y + tZ) ds dt
0J0 s t

z
1 pl—t
T+ sz
=2 ] .
/0/0 <y+tz> v(x + 52,y + tz) dsdt,

By (3.7), v - « is a polynomial of degree at most p + 1, hence the integrand in the last
integral is a polynomial in z 4+ sz and y + tz of degree at most p. Therefore, by repeating
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the argument of the previous paragraph, we find that @ - € is a polynomial of degree
at most p + 1. Hence by (3.7), £y is in N,. g

As in the H! case described in [7], the next step is to solve the two-face problem, for
which we shall need a correction operator.

4. FACE CORRECTIONS

In general, the tangential traces of Slcurlv are not zero on faces other than F; even when
v is a smooth function that vanishes on 0F;. Therefore, we must add a face correction. The
face correction can be thought of as the solution to the H(curl) two-face problem: This
problem concerns a polynomial v defined on F; such that v - | B;, = 0, where ¢ is the unit
tangent vector along the edge Ej;. The problem is to find a polynomial extension with zero
tangential trace on the face Fj.

We begin, as before, with the case of the reference tetrahedron K. Suppose v is a
polynomial defined on the z-y face F' such that v - t| Fop = 0 where t is the unit tangent
vector along the edge. Then, we will first give an operator that maps v to a polynomial in
K whose tangential trace on the x-y face vanishes, and whose tangential trace on the y-z
face coincides with that of the primary extension of v. Then subtracting this operator from
the primary extension, we can solve the two-face problem. Define the face correction by

3:+z

+ZE+Z //1t<_t)'”(3($+2)7y+t($+z))dsdt.

Before we give the properties of this correction operator, we briefly indicate how we
derived the above expression. As in the case of the primary extension, we obtained the
expression above by computing the gradient of the corresponding H' operator, namely the
operator Eiflad given in [7] and observing what is needed for satisfying a commutativity

1-¢t (s
curl
goly // 0 1] v(sta-+ byt o+ 2) dode
S

property. Indeed, recalling the expression for Eifadu and differentiating,
1
grad £y grad £8%4y,(0,y, z + 2) + €8%(0, y, = + ) grad < : )
1 T+ z T+ z
1-t (s 1
0 1
x—i—z// grad, u(s(z + 2),y +t(x + 2)) dsdt
s t
2 1 pl1—t
4.2 +— // u(s(x + 2),y +t(x + 2)) dsdt.
(12) e [ uts@t 2y + 1+ 2)

Therefore, in order to verify the commutativity property Egrl(gradT u) = grad(E%rladu),
we need to express the last term above in terms of grad.. u alone.

Since such a situation will recur often in this paper, we now describe our approach to
handle this in some detail. To convert (4.2) into an expression depending on grad.. u alone,
recall that for the two-face correction, we only need the commutativity for functions u that
vanish along the edge on the y-axis. So we can apply the fundamental theorem of calculus
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z

7 (s(@42)y+tE+2)

FIGURE 2. Integration paths symmetrizing the face correction 8‘1’;”112

and write

(z+2)
(4.3) u(s(x+2),y+tlx+2)) = /0 <(1)> -grad_u(r,y + t(x + z)) dr.

Here we have chosen one of the many possible paths of integration. However, this choice
is not invariant under affine automorphisms of K (that fix a; and as), because it can be
mapped into the path in

(a+2)
(44) u(s(zx+2z2),y+tlz+z2)= /0 <_11> cgrad, u(r,y + (s+t)(x +2) —r) dr.

Hence, we must replace u(s(x + 2),y + t(z + z)) in (4.2) by the average of the right hand
sides of (4.3) and (4.4). (The paths in both the integrals are illustrated in Fig. 2, from
which the symmetry with respect to the interchange of the two vertices on the y-axis is
obvious.) After this replacement of u in (4.2), we have

grad Egrad

1—-t (s 1
:E—I—Z// i) 1 grad, u(s(z + 2),y +t(z + 2)) dsdt

1— tl s(z+z)
+ —— (ac—i—z // / < )-gradTu(r,y+t(ac+z)) drdsdt

+(33+Z //1 tl/ o < )’gradru(rvy+(3+t)(x+2)—r)drdsdt.

The last two terms above can be simplified so that the entire sum matches the expression
for S%rl(gradT u) given by (4.1). The details are in the proof of the following lemma (in
Appendix A), which gives several symmetry preserving ways to rewrite integrals of a scalar
function in terms of its derivatives. This completes the discussion motivating the definition
of the face correction operator in (4.1). A rigorous proof of the required commutativity
property using the following lemma is in the proof of the succeeding proposition.

Lemma 4.1. Let u(s,t) be a smooth function on the unit triangle F.
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t t t

(a) (b) (c)

FIGURE 3. Integration paths for (the proof of) Lemma 4.1.

(1) If u(0,t) = 0 then (integration along the two paths in Fig. 3(a) yields)
ou
(1— t.
// (s,t) dsdt = //( s$)— + (— )8t> dsd
E

(2) If u(s,0) =0 then (integration along the two paths in Fig. 3(b) yields)

//u(s,t)dsdt //( 1—t)gt> dsdt.
E

(3) Ifu(s,1 —s) =0 then (integration along the two paths in Fig. 3(c) yields)

//u(s,t) dsdt = %// <(—s)% )g?) ds dt.
F F

Before we give the proposition detailing the properties involving our face correction, it will
be useful to generalize the expression (4.1) to a general tetrahedron K in affine coordinates.
To do this, we first split the given smooth tangential vector function v into components v,
as in (3.3). Then substituting

v — -1 n 1 n 0
= ] Vo 0 U1 1 V2
into the integrands in (4.1) and simplifying, we have

23
(A1 +A3)

s 1
0 1w (D v grad \; + Dyv grad)\k)
s t

— D
PYEDWE 1

1 _OZ <1 — s> v A1 grad A3 — A3 grad )\,
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where Dyv is as in (3.6) but now with \; j(s) in (3.6) denoting the barycentric coordinates
of the current region of integration, namely that of T5(0, \g, A2). Thus (4.1) becomes

)\1 grad /\3 - )\3 grad /\1 /
gcprl _ D
B Y (A1 + A3)3 v
(4.5) s 3(0:22,%0)
m / (Dov grad \g + Dov grad \s).

T3(0,A2,A0)
In generalizing this operator as an extension into a general tetrahedron K from face Fj, we

note that the region of integration becomes 77(0, A;, A;) (and Xg becomes the barycentric
coordinates of this region). Thus we have the following expression

Scurl _ Aigrad A, — Ajgrad A; / Do ds

(N +X)3
(4.6) 1102
+ ;Y grad), / / Do ds,
medjk} Ty(0,2, M%)

which coincides with the expression in (4.5) when (i,j,k) = (1,2,0). Clearly, if all the
components of v coincide with a single function (so that v vanishes), the result of this
extension is zero, so it is well defined. Note that this expression is symmetric with respect
to indices j and k.

Now we can solve the H(curl) two-face problem mentioned in the beginning of this
section by subtracting the above operator from the primary extension. The operator that
solves the two-face problem is

(4 7) 8g1l1rlv . glcurl gcurl
. iv=
The following continuity from a positive order Sobolev space is established in Appendix A:

Lemma 4.2. Ecurl is a continuous map from H (1)/22(Fl) into H(curl).

Nonetheless, we need its continuity of Scurl from an H (curl) trace space. This is proved
in the next proposition, where we also prove its other properties.

Proposition 4.1. The two face extension Scur satisfies the following:
(1) Commutativity: £} grad, u = grad (&) for all u € Hol/f(Fl)
(2) Continuity: Ecurl extends to a continuous operator from X, 21 / *(F) into H(curl).

(3) Extension property: For all v € X, 1/2(Fl),

trcT(Ecurl =0, trcT(Scurl =v.

Ik, P
(4) Polynomial preservation: Suppose v € Py(Fy) is such that v-t = 0 on the edge Ejy,.
Then the extension S?url is in Pp(K). If in addition v is in the Nédélec space

N, (F}), then its extension 8°url'v is in N p(K).

Proof. Proof of (1): It suffices to prove this identity for smooth functions u on F; vanishing
on the edge where ); is zero. Indeed, once the identity is established for such functions, the
contlnulty of Egra established in [7] implies that the operator SCurl extends continuously to
grad Hy; 172 (Fy) whereln the commutativity property holds (by a minor modification of the
argument in the proof of Theorem 3.1(1)). Furthermore, because of Theorem 3.1(1), we
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only need to prove that Ecurl grad,. u = grad(ﬁ%faldu) To prove this identity, we obviously

only need to prove its analogue on the reference tetrahedron K, namely
curl grad
(4.8) 8F1 (grad,u) = grad(E u).

Here €20 is the corresponding operator given in [7] and u(z,y) is a smooth function

Vanishin;gr on the y-axis.

To prove (4.8), we start by computing the gradient on the right hand side of (4.8), which
we have already done in (4.2). To convert (4.2) into an expression depending on grad. u
alone, we use Lemma 4.1. Applying Lemma 4.1(2) to the last term in (4.2) we get

o0 ) [ s ke asar
:(“JFZ //1 t1< N %_t%> (s(z + 2),y + t(z + 2)) ds dt,
hence

1—t [ S t
grad Egrad = / / 0 1|grad, u(s(z+z2),y+t(xr+2)) dsdt
r+z s t

//1 t<1 )'gradT“(8($+Z),y+t(:v+z)) ds dt,

which is the same as S%rl(gradT u).

_|_
T+ z

Proof of (2): To prove the continuity estimate, apply Theorem 2.1 and decompose v as
v=grad, ¢+,  with ¢ € Hy} (F), and ¢ € Hy/}(F).
Then,

€58 prcurt) = || rad(E£*0) + €l preurt), by commutaiviey
< C<H¢”Hé,/i2(Fz) + Hq#HHé{f(F;))’ by [7, Prop. 3.1] and Lemma 4.2,

< Cv| by Theorem 2.1.

X,y

Proof of (3): Since A\; =0 on Fj,

2
tre, (E70) |y, = 2 Z Dpv(s) grad, A\, ds, by (3.5),
l Ty(0,07, %) me{i,j,k}

2
trcT(ECurl )E = o —Ii\l/\ // Z D,,v grad_ A, ds, by (4.6),
2 Ty(0,0;,),) MELTRY

as tre.(\; grad \; — \; grad \;)|r, = 0. Therefore,
trCT(gcurl )| P = trCT(glcurl gcurl )| P = 0.

Proof of (4): As in the proof of Theorem 3.1(5), it suffices to prove the polynomial
preservation properties for the expression (4.1) on K.
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Any polynomial v(z,y) in Pp(ﬁ’ ) whose tangential component along the y-axis vanishes,
can be written as

(4.9) vz, y) = <v1(ﬂc,y) )

w2 (2, y)
for some v; € P,(F) and vy € P, 1(F). This implies

v(x,y) = v — grad_ (zv1) + grad_ (zv;)
<1)1 — 01 — 0,11

203 — 2007 > + grad_(zvy)

. . —0zv1 2
zv + grad (zvy), with v <v2 —8yv1> e P, (F)
With this decomposition,
e;;flv = 8%?1(3: v+ grad_(zv,)),
= E%rl(x v) + grad Eifad (zvy), by commutativity.
1

grad

By the polynomial preservation properties of 8 established in [7], the last term is clearly

in PP(K). For the remaining term, referring to (4.1), we find that

gcurl

1—¢t (st
1 t
B :L'—|—Z// g " s(z+2)v(s(z +2),y +t(x + 2)) dsdt  +

//1 t< —t ) cs(z+2)v(s(z + 2),y + tz + 2)) dsdt,

xr+z

so the x4 2z term in the denominator cancels out. Since v € Pp_l(F ), by arguments similar
to the proof of Theorem 3.1(5), we find that S‘j;‘iﬂv is in Pp(K).
To prove that the Nédélec space is preserved, observe that (4.1) implies

X

1-t
. gewrly 33‘—|—Z) .
Z Er v a:+z// <y+tx+z)> v(s(z +2),y +t(z+2)) dsdt.

If v is in N,(F ) then by (3.7), the integrand is a polynomial of degree at most p + 1.
Furthermore, since v has the form in (4.9), the integrand has s(z + z) as a scalar factor.
Hence the x + z term in the denominator cancels out. Usual arguments then yield that
x - 8%‘?11} is in Pp+1(f(), so the proof is finished by appealing to (3.7) again. O

5. EDGE CORRECTIONS

As in the H'! case, edge corrections are necessary now, because successive applications of
different face corrections alter the previously zeroed tangential traces. Consider the three-
face problem of finding a polynomial extension of v given on face F; that has zero tangential
trace on F; and F}; whenever v is a smooth function whose tangential component vanishes
on edges I, and Ej;,. To solve this intermediate problem, we define the next operator.

Beginning with the case of the reference tetrahedron K, let v be a smooth function on
the z-y face F whose tangential components along the edges on x and y axes vanish. Define
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the edge correction for the edge along the z-axis by

Sar;v(x,y,z) //1 t( - > cv(s(x+y+2),t(x+y+2))dsdt

$+y+z

(5.1) +— //1 t<1__t> v(s(x+y+2),tx+y+2) dsdt

w+y+z

2, 1—t s t
+7// s t|o(s(a+y+ o)t +y+2)) dsdt.
ZL'+y+Z 0.Jo s t

As in the previous sections, we next generalize this expression to the case of the edge E;; of
the general tetrahedron K. Split v into components as in (3.3), then substitute this form
of v into (5.1). A few simplifications then transform the above expression to

/\2 grad )\3 - )\3 grad /\2 / Dg’v ds

1
8%:;3,0 (:L'vyv ) -

(1—X0)?
3(0,0,M0)
Ao grad \3 — A3 grad )\0 /
D
TESHE v ds
3(0,0,M0)
23 grad Ao /
Dyv d
(1 — )\0 oV as.
T3(0,0,M\0)

Thus we obtain the general formula on any tetrahedron K:

Amgrad \; — ) grad Am,

curl

Exv E T—n) // D,,v ds
me{j,k} T3(0,0,\:)

+ 2?” grad A / D;v ds,

(5.2)

T;(0,0,A;)

where D,,v is as defined in (3.6) but now with /\j(s) denoting the barycentric coordinates
of the current region of integration 7°(0,0, A;). It is easy to check that if all v; = o, then
the expression above vanishes, so it is independent of the non-uniqueness in the splitting

n (3.3).
Let us now solve the three-face problem. The required extension operator is
) £ = &1 - £ - 31+ R

whose properties appear in the next proposition. As in the case of the face correction, to
analyze this operator, we first establish a continuity property in a positive order Sobolev
space, as seen in the next lemma (proved in Appendix A).

Lemma 5.1. Sfﬁr is a continuous operator from HO/”(FZ) into H(curl).

We use this together with the trace decomposition to prove the required continuity from
the trace space. All the properties of this extension we shall need are in the next proposition.

Proposition 5.1. The three face extension Sfﬁl satisfies the following:

cutl grad, u = grad(é’fﬁdu) for allu € H1/2(Fl).

(1) Commutativity: &l 0.7
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(2) Continuity: 8‘-“-” extends to a continuous operator from X ZJ/ (F7) into H(curl).
(3) Extension property: For allv € X 1/Q(Fl),

0,27
trcT(Efﬁf v)|. =0, trcT(Efﬁf v)|,. =0, trcT(SfﬁflvﬂFl = .

Ik, g,
(4) Polynomial preservation: Suppose v € P,(F}) is such that v-t =0 on the edges E
and Eji,. Then the extension Sfﬁlv is in Pp(K). If in addition v is in the Nédélec
space N,(F}), then Sgﬁl'v is in Np(K).
Proof. Proof of (1): We will prove that
(5.4) Sgﬂ(gradT u) = grad(E%idu)

for a smooth function u(z,y) that vanishes along the x and y edges. The required commu-
tativity property stated in item (1) then follows by arguments similar to those detailed in
the proof of Proposition 3(1), which we shall not repeat here. To prove (5.4), we start by
computing the gradient of the expression for Sg U given in [7]:

1—s [ S t
d 2z
grad (€7 u) = 7// s t]grad.u(s(z+y+z2),t(x +y+2))dtds
03 r+y+2zJoJo s ¢

2

1-s
// (s(z+y+2),t(r+y+z)dtds.
:E+y

We must now express the last integral in terms of surface gradients alone. Since u vanishes
along the = and y-axis, we can apply parts (1) and (2) of Lemma 4.1 to the last term
n (5.5). (While applying this lemma, as is clear from its proof, we are integrating along
the path shown in Fig. 4, obtained by combining the paths in Fig. 3(a) and 3(b). Hence
the symmetries with respect to the z-edge are not lost.)

t
2z 1—t (S
grad(ggEr;d ):m/o/o s t|grad,u(s(z+y+2),t(x+y+2)) dsdt
st

1—t
+a:+y+z // (1 )‘gradw(s(w+y+z),t(x+y+z)) ds dt
1 0 Lpl=t /o
- m /0/0 <1—t> ~grad u(s(z +y+2),t(x +y+2)) dsdt.

This expression is the same as (5.1) with grad, v in place of v. Thus we have proved (5.4).
Proof of (2): We use the regular decomposition again: By Theorem 2.1,

v =grad, ¢+ ¢, wittheHé/j( 1), andweH(l)/j( 1)

Applying the three face extension to this decomposition,

d .. .
Hgfjmlrl,UHH(curl) = H grad(‘gir? ¢) + 8z"zjl'tllrlllnbHH(curl)7 by commutativity (ltem (1)))

< C’<H¢||H1/g(F) + HII’DHH}),/E(FI)>’ by [7, Prop. 4.1] and Lemma 5.1,

< Cllvll 12 by Theorem 2.1.

£y’
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(s(z +y+2), tx +y + 2)

FIGURE 4. Integration paths symmetrizing the edge correction

Proof of (3): To show that trcT(Efﬁflv) » =0,
tre, (E5]10)| = tre, (E51"v) — tre. (Ew) + tre, (EG w)| . by (4.7)
=— trcT(S%lr%v)\Fi + trcT(S%flllv)\Fi, by Prop. 4.1(3).
Now, by (4.6) and (5.2),
tre (Scurl ) = 2\ / Z D,v grad. \,, ds
T /\ T >\l m
Ajgrad. )\l — )\l gradT Aj 7 Djv ds, and
(A5 +A)?
Ty (0,i,Ak)
Amgrad_ A\, — A\jgrad. A\,
curl
tre-(ER) v) = Z TESE / D,,v ds
me{i,j} T,(0,0,\1)
2N grad A /
Dyv d
+ (1 ESWE kU ds.
T3(0,0,\%)

These two expressions coincide on Fj because on F; we have A\; =0, grad, A\; = 0, \; + )\ =
1 — A, and T3(0, \;, A) = T3(0,0, A ). Hence

(5.6) trcT(S%‘r}'v 8%1,31'“)’% =0,

and so trcT(E?‘-llrl )|7, = 0. That trcT(SC“r v)|F; = 0 now immediately follows because the

curl

il 1s symmetric with respect to ¢ and j. The

expression for the three face extension &}
third identity trcT(Efj‘{f v)|F, = v holds because all the correction operators have vanishing
tangential traces on Fj.

Proof of (4): To show that the expression in (5.1) is in P,(K) is easy. Indeed, since v
has vanishing tangential components along both the x and y-axes, it has the form v(z,y) =
(zvy(z, y) yva(z,y))t. Hence the denominator term x + y + z in (5.1) cancels out showing
that Scur v is in Ppy(K).
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If v is in N,,(F), then since (5.1) implies

X

1—t
curl :E—I—y—l—z)
. ) ’
i/ &b ¥ = x+y+z// < x+y+z)> v(s(z +y+2),tx +y+2)) dsdt,

and (3.7) implies x - v is in P41 (F), we have @ - SC“ﬂ'v is in P,y1(K). This proves the last
statement of the proposition. O

6. EXTENSION OF A TANGENTIAL FACE BUBBLE

Now consider a tangential vector function on the face F; of a general tetrahedron K,
whose tangential components along all the three edges of F; vanish. The four-face problem
is the problem of finding an extension of v into K whose tangential traces are zero on all
the other three faces of K.

We have all the main ingredients to solve the four-face problem right away. The required
extension operator is

(61) Eculgll,v _ Slcurl,v o E%HLU o Z (Ecurl Ecurl )
me{s,5,k}

where £ is the primary extension operator defined in (3.5), Scurl is the face correction

operator defined in (4.6), Ecurl is the edge correction operator deﬁned in (5.2), and 8‘{'}[”1 is

a vertex correction operator deﬁned by

(6.2) EFMv =" (Amgrad\ — A grad\y) / / Dy,v ds

where D, v is as defined before in (3.6) but now with Xj(s) in (3.6) denoting the barycentric
coordinates of Fj, i.e., now A\; = \j|g.

Proposition 6.1. The four-face extension Scurll satisfies the following:

(1) Commutativity: Ecurll grad, u = g]f'ad(c‘llﬂ‘C lu) for allu € Hé/jk( 1)
1/2

(2) Continuity: Scurll is a continuous map from X < (Fy) into H(curl).
(3) Extension property: For all v € Xazlj/kz( 1), the tangential traces of Curll'v on all

faces of the tetrahedron are zero except for the face Fj, where it equals v.

(4) Polynomial preservation: Suppose v € Pp(F}) is such that v-t =0 on 0F;. Then
the extension Efﬁll'v is in Py (K). Furthermore, if v is in the Nédélec space N p(F7),
then its extension Scurllv is in Np(K).

Proof. Proof of (1): We have already proven the commutativity properties of all the oper-
ators in (6.1) except 8%}1”1. Therefore, it is enough to prove that

(6.3) Elgrad, u = grad(é’%adu), for all u € Hl/jk(Fl),

for the operator Egad defined in [7]. Furthermore, by mapping, it is enough to prove (6.3)
1
for the specific case of the reference tetrahedron with [ = 3. In this case, the right hand
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side of (6.3) simplifies to

1—s
Ecurl(gradT u) (z,y, 2 // <_ ) -grad_u(s,t) dsdt +

1 pl-s /g 0 1 =s g
// ( > ~grad_udsdt+ | —z // ( > -grad._wu dsdt.
0 Jo 0 y 0Jo 1

Because u vanishes on the boundary, the last two terms on the right hand side are zero,
and the remaining term can be rewritten using Lemma 4.1(3):

0 L ples g
// < t>-gradTu(s,t) dsdt
0J0 -
0
=10 //Qu(s,t)dsdt
7%

= grad(E%/gadu).

)

Ecurl (grad, u) =

—_

Proof of (2): First observe that the continuity of the vertex correction Sf};rl from H ;1,(F)
into H'(K) is obvious. To obtain the continuity stated in the proposition, we use Theo-
rem 2.1: Split

v =grad, ¢ + 1, with(beHé/Uk( 1), andv,beH(l]/;k( 1)

Then by the commutativity property already proved, Ef]u,gll'v = grad(é’grz(%@ + Scu,?l'l,b
Hence, using the obvious continuity of Ecurl Hyj,(F;) — H LK), we have

Hgfgulgl’UHH(curl <C(H¢H 1/2 () —|—H'¢H 1/2 Fz))’ by [7, Prop. 5.1],
< CHUH 1/2( R’ by Theorem 2.1.

Proof of (3): To prove the extension property, we first rewrite the terms in (6.1) as
(64) gfjulill gcurl (gcurl _ 8%211 ) (gcurl 8%11;11 ) (g?ill gcurl )

Note that in the course of the proof of Proposition 5.1(3), we have shown that trcT(SC“rlv -

E%Jkrll ;v) vanishes on F; — see (5.6). Hence the middle two terms in (6.4) have vanishing
tangential traces on F;. The first term also has vanishing tangential trace on F; by Propo-
sition 4.1(3). Hence,

trcT(Scurllv)|Fi = trcT(SCEuill'v Ecurl )| E

Am grad, A\ — A d. A\
= Z (A grad; \; — A\ grad, // Dy,v ds

1-0)3
me{j,k} ( ) 7,(0,0,0)
— Y (Amegrad, \ — A grad, A)|p, / / Dy ds
me{i,j,k} o)
=0,
because, on the face Fj, we have A\; = 0, grad_\; = 0, and 7;(0,0,0) = F;. Since Scuéll is

symmetric with respect to ¢, 7, and k, the above implies that the tangential trace vanishes on
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F,UF;UF},. That trcT(Sfj‘}ﬂlv) coincides with v on F] follows because all correction operators
in (6.1) have vanishing tangential traces on Fj, while the primary extension reproduces v
as its tangential trace on Fj.

Proof of (4): From the expression (6.2), it is clear that the vertex correction always results
in a lowest order function in the Nédélec space (a Whitney form). Hence, the polynomial
preservation property follows from the already established results in Proposition 4.1(4) and

Proposition 5.1(4). O

7. EXTENSION FROM THE WHOLE BOUNDARY OF THE TETRAHEDRON

Consider any function v in the trace space of H(curl) on 0K, ie., v € X2 Let us
now solve the problem of extending this function from K into K in a polynomial preserving
way. The construction, at this stage, is completely analogous to the H' case: Define

U, = &,

Uj = Ef}ljrle, where w; = R;(v — tre, U;),

U, = Efﬁgwk, where wy, = Ry(v — tre, U; — tre, Uj),

U, = Egﬁ}lwl, where w; = R)(v — tre, U; — tre, U — tre; Uy,),

where R; is the restriction to face Fj defined in (2.5), and the extensions ES™!, ngljﬂ, 85}121,
and Ef]u,gll are as defined in (3.5), (4.7), (5.3), and (6.1), respectively. The total extension

operator is then defined by
(7.1) EWly =U,+U; + U, + U,
Lemma 7.1. The functions w;, wy, and w; defined above satisfy

HwJHX(ﬂM(FJ) < C”””x—l/Q,

Hwk”x;}f(pk) < Clv|l x-1/2,

”leX(;}j/,f(Fl) < C|lvll x-1/2-

Theorem 7.1. The operator 8?{“1 in (7.1) has the following properties:

(1) Continuity: €M™ is a continuous operator from X /% into H(curl).

(2) Commutativity: grad(E%adu) = &% (grad_u) for all u in H'/?(K).

(3) Extension property: The tangential trace tre,(ES™w) coincides with v for all v
in X2

(4) Full polynomial preservation: If v is the tangential trace of a function in P,(K),
then €53 is in Pp(K).

(5) Nédélec polynomial preservation: Ifv is the tangential trace of a function in N,(K),
then €%y is in N, (K).

Proof. The proof follows by combining the previous results. E.g., the proof of continuity fol-
lows by combining the continuity of v — w,, for m = j, k,l (Lemma 7.1), the continuity of
the primary extension (Theorem 3.1), and the continuity of the intermediate extension oper-
ators Ef}‘jﬂ (Proposition 4.1), 82“,;1 (Proposition 5.1) and fju,gll (Proposition 6.1). The proof
of the commutativity property similarly follows because each of the intermediate operators
satisfy commutativity properties. The remaining properties are also proved similarly. [
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4 z

FIGURE 5. The value of Kyu at a point (z,y, z) in the slice S, is determined
by integrating u over the triangle in the z-y plane shown above. Even if
u(z,y) is not differentiable, Kpu can be differentiable. But the derivatives
of Kpu degenerate as z — 0, unless u is differentiable (see Lemma A.2).

APPENDIX A. PROOFS OF THE LEMMAS
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We now prove all the lemmas in the order in which they appeared in the previous sections.
For these proofs, we will use the lemmas established in [7], as well as a few new auxiliary

results. We begin with the following auxiliary lemma:

Lemma A.1. Let S, = {(«/,y/,2') € K : 2 =z}, 0(z,y) be a smooth function on F, and

1
GOU(%%Z) :/ 0(871_8) U(ﬂf—FSZ,y—l—(l—S)Z) d87
0
1
Gru(z,y,2) = / 0(0,t) u(x,y + tz) dt,
0

1
Gou(z,y,z) Z/ 0(s,0) u(z + s2,y) ds.
0
Then, for any 0 < z < 1,
V2| Goullzz(sy < 100l ayo) lull 2y
G ullz2(s.) < 0111 gy 10l 2y

1Gaullr2(s.) < N0 pa g 4l p2 )

Proof. The three estimates have very similar proofs, so we will only prove the last one:

2
dx dy

1
HGWH%Q(SZ) ://‘/ 0(s,0) u(x + sz,y) ds
g 0
1 1
— // </ 0(s1,0) u(z + s12,y) dsl> </ 6(s2,0) u(z + s22,y) d32> dz dy
0 0
S.

1,1
:// 6(s1,0) 9(32,0)<//u(x—|—81z,y) u(z + s22,9) d:rdy)dsl dss
0Jo
Sz
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by Fubini’s theorem. Now applying Cauchy-Schwarz inequality to the integral over S, in
the parentheses above, and increasing the integration domain to all (z,y) in F', we obtain

1,1
[Gaulagsy < [ [ 1001.0) 050,001l oy el ey i s

- ([ w0 rds) 2,

from which the last estimate of the lemma follows. O

Next, we present a result for the integral operator

1-t
Kou (z,y, z // O(s,t) u(x + sz,y +tz) dsdt,

with a smooth kernel 8. This is a smoothing integral, but the smoothness of the resulting
function degenerates as z — 0. The following lemma quantifies this by examining norms of
derivatives on slices S, (see Fig. 5) parallel to and approaching the z-y plane.

Lemma A.2. Let 0(z,y) be a smooth function on F. Then the map Ky deﬁned above for
smooth functions u(x,y) on F, extends to a continuous operator from L?(F) into L2(K ).
Moreover, letting S, = {(2',y/,2") € K: 2= = z}, the following inequalities hold for any
0<z<1:

(A.1) [Koullr2(s.) < mallullp2p),
(A.2) | grad(Kou)||r2(s,) < k2 2_1HuHLz(p),
(A.3) | grad(Kou)| r2(s.) < sl gradTuHLQ(F),

2
and K3 = \/§H0||L1(F).

1/
where K1 = HHHLl(F)’ R2 = 2\/3 <||9H2 + ||9HL1(3F ) ’

Proof. The proof of the first estimate (A.1) is similar to the proof of Lemma A.1, so we
omit it. To prove the second estimate (A.2), we rewrite the expression for Kyu as

1t
(A4) Kou (z,y,z) = / / 0(s,t) u(x + sz,y +tz) dsdt
0Jo

1 x4z rrtytz—a’ o o
Bz / / o(—= L) u(a',y) dy/dz’,
z T y

z z

and differentiate it (so that no derivatives fall on u). Then we obtain the following identity:

1 —Koa.ou + Gou — Ghru
(A.5) grad(Kou) = 2 —Kappu + Gou — Gau ,
—2Kgu — K(sa,0+10,0)t + Gou

where X, (appearing above with a = 950, 9;6, and 5950 + t0,0) denotes the same expres-
sion as on the right hand side of (A.4), but with 0(s,t) replaced by «(s,t). By applying
Lemma A.1 and (A.1) to estimate the terms on the right hand side of (A.5), we obtain (A.2).
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To prove the last estimate of the lemma, we express grad(Xyu) differently from (A.5),
this time letting all the derivatives fall on w:

1_¢ 1 0
grad(Kou) = / / O(s,t) [0 1| grad, u(x+ sz,y+tz) dsdt
s t

Xg(@xu)
= Ko (Oyu)
Ko (@CU) + Kip (8yu)

Thus, (A.3) follows by applying (A.1) to each term on the right hand side above. O

Proof of Lemma 3.1 (the K-functional technique). We use the real method of interpola-
tion of spaces [2] and Peetre’s K-functional [16]. It is well known [11, 12] that an equivalent
norm on space HY/?(F) is

() 1/2
gy = ([ 21K )

where the K-functional is defined by

K(tw? = infJuoll2y ) + 2l 0

The infimum is taken over all decompositions u = ug+uy of u in H'/2(F}) with ug in L2(F)
and uy in H'(F). For such a decomposition, (A.2) and (A.3) of Lemma A.2 gives

ngadeguoHig(S <Cz 2HU0”L2(F

| gradﬂCgulHiz(Sz) < CHUIHHl(F)

where S, is the slice defined previously (see Fig. 5). Using these to estimate the H'(K)-
norm, we have

1
HUC(;UHHl(K / <|!3<9UHL2 + |lgrad (Ko (uo + uy )HL2 >dz

< 0 [ty + =2 (ool + =2l )

where we have also used (A.1) of Lemma A.2. Taking the infimum over all the decomposi-
tions,

1
Kol < € [ =K de < C g

0

Proof of Lemma 4.1. The proofs of the first, second, and third identities rely on an
application of the fundamental theorem of calculus along the integration paths shown in
Fig. 3(a), 3(b), and 3(c), respectively. Since the three proofs are very similar, we will only
prove the first identity.
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First, integrating du/ds along the vertical path in Fig. 3(a), we have

1—t
/ / ) dsdt

1—t
/ / (s',t) ds'ds dt (Fundamental theorem of calculus)
1t
/ / ds —(8 t) ds'dt (Fubini’s theorem)

1-t
/ / (1—t—s) ?9 (s,t) dsdt (variable change: s’ — s).

Next, we integrate along the slanted line in Fig. 3(a) to get

1—t
/ / u(s,t) dsdt = / / — «a) dadf (variable change: o =s, f = s+ t)

/01 /05/0 o) do/ dadf

/01 /oﬁ /oﬁ <_ - _>a(:/’ﬁ — o) dOj’daciﬂ
§1§5 o da( at)(ajﬁ—oz)dadﬁ
0 Jo

ou
(5-a) (— - %) (05 - ) dads
—t
/0 /0 t <% - %) (s,t) dsdt (variable change).
Taking the average of the two identities we get the first identity of the lemma. O

Next, let us prove the continuity of the face and edge correction operators. Recall the
averaging operators Ag, Bg and the interpolatory operators Jy, Ly analyzed in [7, Appen-
dix Al:

1 pl—s
(A.6) Abu (y,2) = 2/0 /0 O(s,t) u(sz,y +tz) dtds,
1 pl—s
(A7) Biu(z) =2 /0/0 O(s,t)u(sz,tz) dtds.
(A8) J9¢ (ZE,y,Z) = 9(33‘,@/, Z) qb(y,:n—l—z),
(A.9) Loy (z,y,2) = 0(x,y,2) Y(z + y + 2),

which we used in the analysis of the H! face and edge correction operators. We will use
them here in the H(curl) case as well.

Proof of Lemma 4.2. Combining the two terms in the definition of the face correction (4.1),
write
3s — 1)z 3zt

gcurlv_//l - 5, |ty tt@tz) o
2zs+x (1—s) 22t—uat T

In terms of the operators in (A.6) and (A.8), this expression becomes
oy © Ag'or + Jp, 0 Agtvy

(A.10) gam = Jg, 0 A%y
Vo B1 3 )
Jﬁl o Ag4?}1 + ng o Agsvl + J,Bl o Ag6?}2 — ng o A36/2?}2
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with
3s—1 3t Z
01 = o = —, O3=1, (=
(All) 2 2 T+ z
' 0, = s =175 gt g T
1= s, 5= "5 6=t fr=_—"7

Since |f3;| are bounded, we can apply [7, Lemma A.3] to conclude that the map Jg, :
Lg(ﬁl) — LQ(K) is continuous. In addition, for the specific 31 and (33 in (A.11) above, we
have

Jﬁl(az¢) - J51(¢/Z) J52(82¢) + Js, (¢/Z)
grad(ng ¢) = I, (ay¢) ) grad(Jﬁz ¢) = e (8y¢)
Jp,(0:0) + Jp,(9/2) J3,(0:0) — Jp,(¢/2)

Applying [7, Lemma A.3| again to these gradients, we conclude that the map
(A.12) Jg o Li(F)NHL(F) — HY(K)

is continuous. Furthermore, since the 6; in (A.11) are smooth, applying [7, Lemma A.1],
we find that

(A.13) A : L3 (Fs) — L3, (Fy) N HL(FY)

is continuous. Combining the continuity of the maps in (A.12) and (A.13), we get that each
of the operators in (A.10) of the form Jg, o Agj is continuous from Lf/ (F3) into H'(K).

Since H01/2(F1) HY2(F)n Lf/)\ (F7), the continuity of the two-face extension Scurl =

)
Ecurl E%ﬁ, now follows from the continuity of Scurl proved in Theorem 3.1 and the con-

tinuity of the face correction established above. O

Proof of Lemma 5.1. Let us first consider the expression (5.1) for the edge correction,
summing its the three terms, namely

(A.14)
)z 3zt

Ecurl,v_// Z(3t—1) 'U(S(.Z'—i‘y—’—Z),t(f]f—i-y—'—Z)) dsdt
ys+2zs —xt+y(l —t)+ 2zt THYy+z

Using the BY in (A.7) and the Ly in (A.9), we can rewrite this expression as
(A.15)

o Lg, 0 By'vy Lg, © By*vz
Eq <v2> N Lg, 0 By v, Lg, 0 By'vy )
Lg, o (BS + B3%)v, — Lp, 0 Bvy  Lg, o (BS + B3%)vy — Ly, 0 B2%v,
with
3s—1 t S T Y

6 = ==,  O3=-,

(A16) ! 2 279 379 b T4y+z s T+y+2
’ 3t—1 1—s 1—t z
Oy = ——, O05= 0 = B3 =
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Note that the above f3; take values in the bounded interval [0, 1]. Hence [7, Lemma A.4]
implies that Lg, : L?,(Fo3) — L*(K) is continuous. However, since

1 y+z x vzt y+z)
d(L =— | — ol L
grad(Ls () = o —i Yty +2)+ Z,Ezizijg ,

Lg,(¥/2) + Lp, (¥/2) Lg, (')
= _Lﬁl (¢/Z) + L51 (¢/) )
—Lg, (/) Lg, (7/}/)

and since similar identities hold for the gradients of Lg,v and Lg,v, applying [7, Lemma A 4]
to the components of these gradients, we find a stronger continuity property, namely

(A.17) Lg, : L*(Eg3) N HY (Egs) — HY(K)
is continuous. Next, since #; in (A.11) are smooth, applying [7, Lemma A.2|, we also have

(A.18) By : L2, (F3)N L2, (F3) — L*(Eos) N Hl(Eos).

Since all the operators in (A.15) are of the form Lﬁiong , combining the continuity properties
of (A.17) and (A.18), we find that the edge correction

(A.19) e (L3, (F)N L3, (F))? — H'(K)

is continuous.
curl gcurl _ gcurl gcurl gcurl

The required continuity of the three-face extension &} = & Fil —Cpt CE

now follows from the continuity of (A.19), the continuity of the face corrections (established
in the proof of Lemma 4.2) and the continuity of the primary extension (Theorem 3.1). [

Proof of Lemma 7.1. By the definition of the space XO_}/2(FI), its norm is

_ inf e

lw;ll -1
XO’I (FJ) Rlu:'wj,ueXO,I

Hence
H’ijX(;lyz(Fj) <o — tre, Ui x-1/2

< vl x-172 + || tres E§™Mv| 12
< ol x-1/2 + OHEEHHUHH(curI) by trace theorem
< vl x-172 + CH”HXfl/z(Fl) by Theorem 3.1
< Cllvllx 11 by (26).

The remaining estimates are proved similarly. 0
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