
Multigrid Methods for aParameter Dependent Problemin Primal VariablesJoachim Sch�oberl�joachim@numa.uni-linz.ac.atRevision July, 1998AbstractIn this paper we consider multigrid methods for the parameter dependent problemof nearly incompressible materials. We construct and analyze multilevel-projectionalgorithms, which can be applied to the mixed as well as to the equivalent, non-conforming �nite element scheme in primal variables. For proper norms, we provethat the smoothing property and the approximation property hold with constantsthat are independent of the small parameter. Thus we obtain robust and optimalconvergence rates for the W-cycle and the variable V-cycle multigrid methods. Thenumerical results pretty well conform the robustness and optimality of the multigridmethods proposed.1 IntroductionWe consider the linear elasticity problem to �nd u 2 [H10 (
)]2 such that2� Z
 e(u) : e(v) dx + � Z
 div u div v dx = Z
 ~fTv dx; (1)with the positive constants � and � of Lam�e, the strain operator e(u) := 0:5(ru+ (ru)T )and the volume force ~f 2 [L2(
)]2. We are interested in the nearly incompressible case, i.e.the Poisson ration � is close to 0.5. Then the 'bad parameter' " := 2�=� becomes small.For conforming low order �nite element methods the parameter " enters disadvanta-geously into the discretization error estimate. This e�ect is also veri�ed numerically and iswell known as 'locking e�ect', [2]. Various non-conforming discretization methods lead todiscretization errors robust for � ! 0:5, see [12], [10]. We use the mixed formulation foru and div u to obtain a stable saddle-point system. By the choice of non-continuous �niteelements for the dual variable, it can be eliminated at element level, and we return to asymmetric positive de�nite �nite element method.Also the convergence rate of standard multigrid methods applied to solve the positivede�nite linear system deteriorates as � ! 0:5. To overcome this di�culty, robust multigridmethods have been designed for the equivalent mixed �nite element scheme with penalty�This work is supported by the Austrian Science Fund - 'Fonds zur F�orderung der wissenschaftlichenForschung' - under project P 10643-TEC 1



term in [21], [15], [3], [9], [4]. Related multigrid methods for the Stokes problem are analyzedin [8], [20]. The papers mainly di�er in the kind of smoothing iteration used for the inde�nitesystem.In [18], a new multigrid method for parameter dependent problems in primal variableshas been suggested and the analysis for the two-level method was given. The key componentsare an overlapping block-smoother capturing the divergence free basis functions, and a gridtransfer operator prolongating coarse grid divergence free functions to �ne grid divergencefree functions. In this paper we establish the approximation and the smoothing propertynecessary for the multigrid analysis [14], [6].During the analysis we switch between both equivalent algorithms, the primal one andthe mixed one.The outline of the paper is as follows. In Section 2 some available results are collected.The algorithmic aspects of the multigrid method are formulated in Section 3, the analysisis started in Section 4. Approximation property and smoothing property are proven inSection 5 and in Section 6, respectively. Numerical results are given in Section 7.2 Stability and DiscretizationWe introduce the dual variable p := "�1 divuand obtain the equivalent mixed problem to �nd (u; p) 2 X := V �Q := [H10 (
)]2 � L2=Rsuch that B ((u; p); (v; q)) = (f; v)0 8 (v; q) 2 X; (2)with f = (2�)�1 ~f and the bilinear-formB ((u; p); (v; q)) = (e(u); e(v))0 + (divu; q)0 + (div v; p)0 � " (p; q)0; (3)where (:; :)0 denotes the inner product in L2 of scalar, vector valued or tensor valued func-tions. Clearly, B is continuous onX�X with the product norm k(u; p)kX = (kuk21+kpk20)1=2.The proper stability criterion on some subspace X� := V� �Q� � X is the conditionsup(v;q)2X� B((u; p); (v; q))k(v; q)kX � c k(u; p)kX 8 (u; p) 2 X�: (4)Here and throughout the paper c will be a generic constant which is independent of the pa-rameter " and the mesh-size de�ned below and which may be di�erent in di�erent equations.It follows from the second inequality of Korn, the LBB condition of the Stokes problem andfurther estimates due to the penalty term that B is stable on X� = X, see [11], [1]. Weassume that 
 is a convex polygonal domain and get from [10] the regularity theoremkuk2 + kpk1 � c kfk0: (5)For �nite element discretization we choose the subspace XL = VL � QL � X, where VLconsists of continuous, piecewise quadratic functions, and QL of piecewise constant functionson a triangular mesh with mesh-size parameter hL. The integer L de�nes the number ofmultigrid levels. We get the �nite dimensional problem �nd (uL; pL) 2 XL such thatB((uL; pL); (vL; qL)) = (f; vL)0 8 (vL; qL) 2 XL: (6)The LBB condition is ful�lled for the pair of spaces VL and QL, see [11] p. 211, whichimplies the stability condition (4) on X� = XL.2



The essential fact is the non-continuity of the functions in QL leading to an easilyinvertible matrix for the L2 inner product. The dual variable pL can be eliminated element-wise and the problem can be reduced to the non-conforming symmetric and positive de�niteproblem �nd uL 2 VL such thatAL(uL; vL) = (f; vL)0 8 vL 2 VL; (7)with the bilinear-formAL(u; v) = ("(u); "(v))0 + "�1(IQL div u; div v)0: (8)The operator IQL denotes the L2-orthogonal projection onto QL. We mention that thisprojection can be implemented in the element matrix assembling subroutine. Due to theequivalence of the primal and the mixed �nite element method we get bounds for the dis-cretization error that are independent of " also for the primal version.The author is aware of the sub-optimal convergence rate O(h) for the P2 � P0 elementpairing. There exist several elements with non-continuous pressure and optimal convergencerate, see [13], [11]. The element is chosen for reasons of simpler notation and implementation,but the following analysis is not limited to the special element.3 The Multigrid AlgorithmFor the application of multigrid solvers a sequence of uniformly re�ned triangulations Tl ofmesh-size hl and the corresponding nested P2 � P0 �nite element spacesX1 = V1 �Q1 � X2 = V2 �Q2 � : : : � XL = VL �QL (9)are used. By means of the computable Q-orthogonal projection operators IQl : Q ! Ql wede�ne the bilinear-formsAl(u; v) = (e(u); e(v))0 + "�1 (IQl divu; div v)0 8 u; v 2 V; (10)for l = 1; : : : ; L. We mention that the forms are de�ned on the in�nite dimensional spaceV . We de�ne norms kukAl := Al(u; u)1=2 and the L2 self-adjoint operators Al : Vl ! Vl as(Alul; vl)0 = Al(ul; vl); 8 ul; vl 2 Vl; l = 1; : : : ; L. It is clear that Al(:; :) estimates Al+1(:; :)from below, i.e. Al+1(u; u) � Al(u; u) 8 u 2 V;but the converse estimate does not hold with some constant independently bounded in ".This fact requires special grid transfer operators, which are constructed as follows. Oneach level l = 2; : : : ; L we de�ne the subspace of functions which vanish on the boundariesof the coarse grid elements Vl;T := YT2Tl�1[H10 (T )]2 \ Vl: (11)It splits orthogonally into jTl�1j subspaces. Each of them is generated by the basis functionsbelonging to the nodes inside a triangle of the coarser grid, see Figure 1.We de�ne the projection operator PAll;T : V ! Vl;T such thatAl(PAll;Tu; vl;T ) = Al(u; vl;T ) 8 u 2 V; 8 vl;T 2 Vl;T : (12)
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Figure 1: Subspace Vl;T used in prolongation

Figure 2: Basis functions for kernel of IQl divThe co-projection I � PAll;T is the discrete harmonic extension on each coarse grid triangle.It can be computed fast and will be used as prolongation operator. We use the naturalembedding Vl�1 � Vl without denoting it by any symbol.Prolongation ul�1 ! ul:ul = (I � PAll;T )ul�1 (13)The idea of this prolongation is to lift coarse grid div-free functions to �ne grid div-freefunctions. As we will see later, this prolongation is continuous in the sense ofk(I � PAll;T ) ul�1kAl � c kul�1kAl�1 8 ul�1 2 Vl�1:We de�ne the operator E�1l : Vl ! Vl as E�1l = PAll;TA�1l such that the prolongation can berewritten as I � PAll;T = I � E�1l Al:The operator El is self-adjoint with respect to (:; :)0. In matrix form El is the restriction ofAl to the degrees of freedom spanning the space Vl;T . Using the L2-orthogonal projectionPL2l�1 : V ! Vl�1, the (:; :)0 - adjoint restriction operator is PL2l�1(I � AlE�1l ). We mentionthat the projection PL2l�1 is required for notation only, it does not enter into the computation.Also the smoother must be properly designed. A damped Richardson smoother (I��Al)would need a damping parameter � proportional to ". Thus the components of the errorin the kernel of Al would be smoothed out very slow, as " becomes small. The suggestedsmoother is a block Jacobi smoother, which takes care of the kernel of IQl div. On a simplyconnected domain with only one part of natural boundary conditions, the kernel of IQl divis spanned by basis functions drawn in Figure 2, similar to [11], pp 268.These kernel basis functions are captured by subspaces Vl;i generated by nodal basisfunctions belonging to the nodes drawn in Figure 3. For all l = 2; : : : ; L, this leads to thede�nition of the nl subspaces Vl;i = [H10 (
i)]2 \ Vl (14)4
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Vl,i

Figure 3: Subspaces containing div-free basis functionsassigned to the corner nodes Nl;i; i = 1; : : : ; nl, of the triangulation Tl. Here, 
i is theclosure of the union over elements in Tl adjacent to the node Nl;i. We de�ne the projectionsPAll;i : V ! Vl;i as Al(PAll;i u; vl;i) = Al(u; vl;i) 8 u 2 V 8 vl;i 2 Vl;i: (15)By means of these subspaces we de�ne the block Jacobi smoother asSmoother SAl : Vl ! Vl:SAl = I � � Pnli=1 PAll;i . (16)The necessary damping parameter depends only on the number of overlapping spaces, whichis bounded for shape regular elements. Especially, it does not depend on " and l. Weassume that � is small enough to ensure only positive eigenvalues of SAl . In the numericalexamples, we will also use the according block Gauss-Seidel smoother, which does not needany damping at all. We also de�ne the operator D�1l : Vl ! Vl asD�1l = nlXi=1 PAll;i A�1l ; (17)which corresponds in matrix form to the sum over local inverses. By means of Dl thesmoother can be written as SAl = I � �D�1l Al: (18)Now we can state the multigrid algorithm in recursive form. We apply ml smoothing stepson the level l and perform either the V -cycle (q = 1) or the W -cycle (q = 2).Algorithm 1Procedure MG(u; f; l)if l = 1MG(u; f; l) = A�11 felse u1;0 = udo j = 1; : : : ; mlu1;j = u1;j�1 + �D�1l (f � Alu1;j�1)d1 = f � Alu1;mld2 = PL2l�1(I � AlE�1l )d1u2;0 = 0 5



do j = 1; : : : ; qu2;j =MG(u2;j�1; d2; l � 1)u3 = (I � E�1l Al)u2;qu4;0 = u1;ml + u3do j = 1; : : : ; mlu4;j = u4;j�1 + �D�1l (f � Alu4;j�1)MG(u; f; l) = u4;ml4 The Multigrid AnalysisIn this section we start the analysis of the multigrid method. First, we specify a multigridmethod for the mixed form and prove equivalence to the algorithm stated in the last chapter.We de�ne an L2-like norm, for which we will prove the approximation property and thesmoothing property in the following two chapters.For l = 1; : : : ; L we de�ne the subspacesXl;0 := n(ul; pl) 2 Xl : IQl divul = " plo : (19)We will use the relationB((ul; pl); (0; ql)) = 0 8 (ul; pl) 2 Xl;0; 8 ql 2 Ql (20)later. From (10) and (19) it follows thatB((ul; pl); (vl; 0)) = Al(ul; vl) 8 (ul; pl) 2 Xl;0; 8 vl 2 Vl (21)is valid. We extend de�nition (14) to local mixed spacesXl;i := Vl;i �Ql;i with Ql;i = (L2(
l;i)=R) \Ql (22)for i = 1; : : : ; nl, l = 1; : : : ; L. We also extend the spaces Vl;T of the prolongation de�ned in(11) to the mixed spacesXl;T := Vl;T �Ql;T with Ql;T := YT2Tl�1 (L2(T )=R) \Ql; (23)l = 2; : : : ; L. The spaces are designed such that the orthogonal decompositionQl = Ql�1 �Ql;T (24)and B((uT ; pT ); (0; ql�1)) = 0 8 (uT ; pT ) 2 Xl;T ; 8 ql�1 2 Ql�1 (25)hold. In addition to the norm k:kX we de�ne the energy-normk(u; p)kB := B((u; p); (u;�p))1=2 = (ke(v)k20 + " kpk20)1=2;which by Korn's inequality is equivalent to the norm (kuk21 + "kpk20)1=2.For any subspace X� � X the projection PB� : X ! X� is de�ned byB(PB� (u; p); (v; q)) = B((u; p); (v; q)) 8 (v; q) 2 X�: (26)We will use projections to Xl�1, Xl;T and Xl;i. The next lemma collects some of theirproperties. 6



Lemma 11. All subspaces Xl, Xl;i and Xl;T ful�ll the stability condition (4) with one commonconstant c.2. The projections PBl�1, PBl;i, PBl;T are well de�ned and uniformly bounded on Xl withrespect to the k:kX-norm.3. PBl�1 maps Xl;0 into Xl�1;0.4. PBl;i and PBl;T map Xl;0 into itself, and they are bounded by 1 with respect to thek:kB-norm on Xl;0.5. The co-projection I � PBl;T maps Xl�1;0 into Xl;0.Proof: 1. Stability condition for the spaces are standard. The spaces Vl;i and the factor-spaces of Vl;T can be derived from a �nite number of spaces by scaling and translation, andthese transformations do not change the stability constant. Thus the common constant isthe maximum of a �nite number of stability constants.2. The continuity of PB� with respect to k:kX-norm follows from the stability condition (4)kPB� (u; p)kX � c sup(v;q)2X� B(PB� (u; p); (v; q))k(v; q)kX = c sup(v;q)2X� B((u; p); (v; q))k(v; q)kX � c k(u; p)kX:3. For (u; p) 2 Xl;0 we getB(PBl�1(u; p); (0; ql�1)) = B((u; p); (0; ql�1)) = 0 8 ql�1 2 Ql�1:4. Next set (û; p̂) = PBl;i(u; p). We now decompose a function q 2 Ql orthogonally intoq1 2 Ql;i and q2 = (q; 1)0;
l;i=j
l;ij in 
l;i and q2 = q in 
 n
l;i. B((û; p̂); (0; q1)) vanishes byde�nition of the projection, B((û; p̂); (0; q2)) = (div û; q2)0;
l;i � " (p̂; q2)0;
l;i = 0 is achievedby Green's theorem and de�nition of Ql;i. By (24), (25) and the same arguments PBl;T 2 Xl;0is proven.Now, let (u; p) 2 Xl;0 and X� such that (û; p̂) = PB� (u; p) 2 Xl;0. Then,k(û; p̂)k2B = B((û; p̂); (û;�p̂)) = B((u; p); (û;�p̂)) == B((u; p); (û;�p̂)) +B((u; p); (0; p̂))� B((0; p); (û; p̂)) = (e(u); e(û))0 + " (p; p̂)0� (ke(u)k20 + " kpk20)1=2(ke(û)k20 + " kp̂k20)1=2 = k(u; p)kB k(û; p̂)kBgives the upper bound 1.5. Let (u; p) 2 Xl�1;0. ThenB((I � PBl;T )(u; p); (0; ql�1)) = 0 8 ql�1 2 Ql�1holds because of the assumption and (25). The same form tested with q 2 Ql;T vanishesbecause of the de�nition of the projection, and Ql can be decomposed by (24). 2We also de�ne projections PAl;Ak� : Vk ! V� � Vl byAl(PAl;Ak� u; v) = Ak(u; v) 8v 2 V� (27)and set PAl� = PAl;Al� . This de�nition is consistent with (12) and (15).Lemma 2Let X� = V� �Q� � Xl and (û; p̂) = PB� (u; p).7



1. If (u; p) 2 Xk;0 and (û; p̂) 2 Xl;0, then û = PAl;Ak� u.2. If (u; p)� (û; p̂) 2 Xl;0, then û = PAl� u.Proof: To verify statement 1 we use (21) and obtainAl(û; v) = B((û; p̂); (v; 0)) = B((u; p); (v; 0)) = Ak(u; v) 8 v 2 V�:Statement 2 is checked byAl(û� u; v) = B((û� u; p̂� p); (v; 0)) = 0 8v 2 V�: 2Algorithm 1 leads to the multigrid operator MAL , which for l = 2; : : : ; L ful�lls therecursion MA1 = 0;MAl = (SAl )ml �I � (I � PAll;T )(I � (MAl�1)q)PAl�1;All�1 (I � PAll;T )� (SAl )ml: (28)We de�ne the corresponding multigrid operator for the mixed system asMB1 = 0;MBl = (SBl )ml �I � (I � PBl;T )(I � (MBl�1)q)PBl�1(I � PBl;T )� (SBl )ml ;with the smoothing operators SBl := I � � nlXi=1 PBl;ifor 2 � l � L. The iteration for the mixed system is well de�ned for the limit case " = 0,too.Theorem 1 (Equivalence of Algorithms)Both multigrid procedures are equivalent, namely for (ul; pl) 2 Xl;0 there holds(ûl; p̂l) :=MBl (ul; pl) ful�lls ûl =MAl (ul): (29)Proof: By induction on l, Lemma 1 and Lemma 2. 2In the following chapters we will need the approximation properties of the �nite elementspaces. Let IVl be the Lagrange interpolator into Vl. Recall the (local) L2 projector IQl toQl and de�ne the product operator IXl = �IVl ; IQl � : X ! Xl. Then the approximationinequalities ku� IVl uk1 � c hlkuk2 and kp� IQl pk0 � c hlkpk1 (30)hold.We de�ne the norm k(u; p)k2l;0 := h�2l kuk20 + "kpk20 + kIQl�1pk20: (31)On the space Xl;0, it is identical to the normkuk2l;0 := h�2l kuk20 + "�1kIQl divuk20 + "�2kIQl�1divuk20 (32)on Vl. These norms will be used in the multigrid proof for measuring smoothness.The main theorem of this paper is 8



Theorem 2 (Two-Grid Convergence)The two-grid operator M̂Al can be estimated bykM̂Al kAl � cm�1=4l ; (33)with a constant c independent of l and ". The two-grid operator M̂Bl maps Xl;0 into itselfand is bounded on Xl;0 by kM̂Bl kB � cm�1=4l (34)with a constant c independent of l and ".Proof: De�ne for (u0; p0) 2 Xl;0(u1; p1) = �I � (I � PBl;T )PBl�1(I � PBl;T )� (u0; p0) (35)and (u2; p2) = (SBl )ml(u1; p1): (36)By the previous lemmata we get (u1; p1) 2 Xl;0 andu1 = �I � (I � PAll;T )PAl�1;All�1 (I � PAll;T )�u0:In Section 5 we will prove the approximation property (see Theorem 4)k(u1; p1)kl;0 = ku1kl;0 � c ku0kAl = c k(u0; p0)kB (37)using the mixed form. We also get (u2; p2) 2 Xl;0 andu2 = (SAl )mlu1:In Section 6 we will prove the smoothing property (see Theorem 5)k(u2; p2)kB = ku2kAl � cm�1=4ku1kl;0 = cm�1=4k(u1; p1)kl;0 (38)using the primal form. Combining both properties proves the theorem. 2The following theorem follows by standard techniques [14], [6], [5].Theorem 3 (Multigrid Convergence)� The norm of the W-cycle operator is bounded independently of L and " if the numberof smoothing steps ml is su�ciently large.� The variable V-cycle operator with ml = 2L�l leads to a preconditioner C�1L := (I �MAL )A�1L with condition number �(C�1L AL) bounded independently of L and ".5 Approximation PropertyThe coarse grid operator (u1; p1) 2 Xl;0 ! (u5; p5) 2 Xl;0 is split into(u2; p2) = (I � PBl;T )(u1; p1);(u3; p3) = PBl�1(u2; p2); (39)(u4; p4) = (I � PBl;T )(u3; p3);(u5; p5) = (u1; p1)� (u4; p4):9



Theorem 4 (Approximation Property)Let (u1; p1) 2 Xl;0 and compute (u5; p5) by (39). Then the approximation propertyk(u5; p5)kl;0 � c k(u1; p1)kB (40)is valid.Proof: We use the triangle inequality and the three lemmata proven below to obtain theresult k(u5; p5)kl;0 = k(u1; p1)� (u4; p4)k0� k(u1; p1)� (u2; p2)kl;0 + k(u2; p2)� (u3; p3)kl;0 + k(u3; p3)� (u4; p4)kl;0� c k(u1; p1)kB: 2Lemma 3With the notation of (39) there holdsk(u2; p2)kB + k(u2; p2)� (u1; p1)kl;0 + kp2 � IQl�1p2k0 � c k(u1; p1)kB: (41)Proof: Lemma 1 gives kPBl;T (u1; p1)kB � k(u1; p1)kB, which bounds the �rst term. Thesecond term is bounded due to the norm equivalence k:kB � k:kl;0 onXl;T . From p2�IQl�1p2 2Ql;T , stability (4) of Xl;T , orthogonality (25) and the de�nition of PBl;T we obtainkp2 � IQl�1p2k0 � c sup(v;q)2Ql;T B((0; p2 � IQl�1p2); (v; q))k(v; q)kX= c sup(v;q)2Ql;T B((0; p2); (v; q))k(v; q)kX = c sup(v;q)2Ql;T B((�u2; 0); (v; q))k(v; q)kX � c ku2k1: 2Lemma 4With the notation of (39) there holdsk(u3; p3)kB + k(u3; p3)� (u2; p2)kl;0 � c k(u1; p1)kB: (42)Proof: By stability of Xl�1, the de�nition of (u3; p3), continuity of B(:; :) and Lemma 3 weget ku3k1 + kp3 � IQl�1p2k0 � c sup(v;q)2Ql�1 B((u3; p3 � IQl�1p2); (v; q))k(v; q)kX= c sup(v;q)2Ql�1 B((u2; p2 � IQl�1p2); (v; q))k(v; q)kX� c (ku2k1 + kp2 � IQl�1p2k0) � c k(u1; p1)kB;and in combination with Lemma 3kp3 � p2k0 � kp3 � IQl�1p2k0 + kp2 � IQl�1p2k0 � c k(u1; p1)kB:This gives also "kp3k20 � 2"kp2 � p3k20 + 2"kp2k20 � c k(u1; p1)k2B:10



We state the dual problem on XB((';  ); (v; q)) = (u2 � u3; v)0 8 (v; q) 2 Xand get the L2 estimate by Galerkin orthogonality, approximation (30) and regularity (5)ku2 � u3k20 = B((';  ); (u2 � u3; p2 � p3))= B((';  )� (IVl�1'; IQl�1 ); (u2 � u3; p2 � p3))� c (k'� IVl�1'k1 + k � IQl�1 k0) (ku2 � u3k1 + kp2 � p3k0)� c h (k'k2 + k k1) (ku2k1 + ku3k1 + kp2 � p3k0)� c h ku2 � u3k0 k(u1; p1)kB:Dividing by ku2 � u3k0 we obtain the result. 2Lemma 5With the notation of (39) there holdsk(u4; p4)� (u3; p3)kl;0 � c k(u1; p1)kB: (43)Proof: Friedrichs' inequality on Vl;T , stability (4), Galerkin - and orthogonality (25) givek(u4; p4)� (u3; p3)kl;0 � c k(u4; p4)� (u3; p3)kX� c sup(v;q)2Xl;T B((u3 � u4; p3 � p4); (v; q))k(v; q)kX = c sup(v;q)2Xl;T B((u3; p3); (v; q))k(v; q)kX= c sup(v;q)2Xl;T B((u3; 0); (v; q))k(v; q)kX � ku3kV ;and the proof if complete. 26 Smoothing PropertyIn this chapter we prove the smoothing propertyk(I � �D�1l Al)mukAl � cm�1=4kukl;0: (44)Recall that we have chosen � such that k�D�1l AlkAl � 1. The estimatek(I � �D�1l Al)muk2Al = (D�1l Al(I � �D�1l Al)2mu; u)Dl � cm�1kuk2Dl (45)is well established in multigrid theory [14].By additive Schwarz techniques [22], [17] the induced norm kukDl = (Dlu; u)1=20 can beexpressed by kuk2Dl = infu=Pul;iul;i2Vl;i X kul;ik2Al:If the estimate kukDl � c kukl;0 would be true, the smoothing property would be proven.Unfortunately, it is not. The essential part of this section is the proof of the estimatekuk[Dl;Al]1=2 � c kukl;0; (46)11



where k:k[Dl;Al]1=2 is the interpolation norm between k:kDl and k:kAl with parameter 1/2.We use the real method of interpolation of Lions and Peetre [16], see also [7]. Inequalities(45) and (46) immediately give the smoothing propertyk(I � �D�1l Al)mukAl � c k(I � �D�1l Al)muk[Al;Al]1=2� cm�1=4kuk[Dl;Al]1=2 � cm�1=4kukl;0: (47)We de�ne the bilinear-form for the limit case " = 0 asB0((u; p); (v; q)) = (e(u); e(v))0 + (divu; q)0 + (div v; p)0: (48)To establish (46) we split u = u1 + u2 + u3 by solving for (ui; pi) 2 Xl such thatB0((u1; p1); (v; q)) = B0((u; 0); (v; 0));B0((u2; p2); (v; q)) = B0((u; 0); (0; q � IQl�1q)); (49)B0((u3; p3); (v; q)) = B0((u; 0); (0; IQl�1q)) 8(v; q) 2 Xl:The splitting is constructed such that u1 is discrete divergence free, u2 has non-smoothdivergence and u3 has smooth divergence.Theorem 5 (Smoothing Property)The estimate (46) and therefore the smoothing property (44) are valid.Proof: We split u using (49), apply the triangle inequality, Lemma 7 - 9, and Lemma 6below to obtain (46) bykuk[Dl;Al]1=2 � ku1k[Dl;Al]1=2 + ku2k[Dl;Al]1=2 + ku3k[Dl;Al]1=2� c (ku1kl;0 + ku2kl;0 + ku3kl;0)� c kukl;0:The smoothing property (44) follows by the estimates (47). 2Lemma 6The decomposition (49) is stable in k:kl;0 norm, namelyku1kl;0 + ku2kl;0 + ku3kl;0 � c kukl;0: (50)Proof: By stability (4) we get the bounds ku1k1 + kp1k0 � c kuk1 and ku2k1 + kp2k0 �c kIQl divuk0. First, we bound ku1k2l;0 = h�2ku1k20. The solution of the dual problem �nd(';  ) 2 X such that B0((';  ); (v; q)) = (u1; v)0 8 (v; q) 2 X;is bounded by k'k2+k k1 � c ku1k0. By Galerkin orthogonality, approximation, regularity,and the inverse inequality h kuk1 � c kuk0 we obtainku1k20 = B0((';  ); (u1; p1))= B0((';  )� IXl (';  ); (u1; p1)) +B0(IXl (';  )� (';  ); (u; 0)) +B0((';  ); (u; 0))� c (h (k'k2 + k k1) (ku1k1 + kp1k0) + h (k'k2 + k k1) kuk1 + (k'k2 + k k1)kuk0)� c (h ku1k0 kuk1 + ku1k0kuk0) � c ku1k0 kuk0:12



Next, we estimate h�2ku2k20 � c kIQl div uk20 � c " kuk2l;0: (51)Therefore let B0((';  ); (v; q)) = (u2; v)0 8 (v; q) 2 X;then we get by B((u2; p2); (vl; ql�1)) = 0 8 vl 2 Vl; ql�1 2 Ql�1ku2k20 = B0((';  )� (IVl '; IQl�1  ); (u2; p2))� ch(k'k2 + k k1) (ku2k1 + kp2k0) � c ku2k0 h kIQl divuk0:The last term u3 is bounded by the triangle inequality. 2The discrete divergence free part u1 is estimated by lifting to the potential space andSobolev-Space interpolation in the next lemma.Lemma 7Let u1 be de�ned in (49). Then the estimateku1k[Dl;Al]1=2 � c ku1kl;0 (52)is valid.Proof: First, we de�ne a lifting procedure E : Vl ! V and a left-inverse interpolation oper-ator � : V ! Vl between discrete divergence free and continuous divergence free functions.Therefore let X+ := V + � Q+ := QT (H10 (T ) � L2(T )=R) and set Eu1 = u1 � w, with(w; p) 2 X+ such thatB0((w; p); (v; q)) = B0((u1; 0); (0; q)) 8 (v; q) 2 X+: (53)Hence, divEu1 = 0, and by stability and Friedrichs' inequalitykEu1k1 + h�1kEu1k0 � ch�1ku1k0:Because 
 is assumed to be convex, there exists a potential ' 2 H20 (
) such thatEu1 = rot' k'k2 + h�1k'k1 � ch�1ku1k0:The interpolation is a modi�cation of the Scott-Zhang interpolation [19]. First, shrinkall 
i to f
i = Ni + 0:9(
i �Ni). For each node Ni select an edge ei and a set �i such thatNi 2 �i � ei, j�ij � cjeij and �i \ e
j = ; 8 corner nodes Ni 6= Nj, see the �gure below. Weset � = [�i.
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Following [19], we construct a L2(�)-biorthogonal basis fli 2 L2(�i)g to the nodal basisfpig. The projection operator �1 : V ! Vl�1v :=X(v; li)L2(�)pi13



is well de�ned on H1 and the approximation is of optimal orderkv � �1 vkm � c h1�m kvk1; m = 0; 1: (54)If v 2 V is such that supp v 2 ~
i, then �1v 2 Vl;i. The operator �2 : V ! Vl de�ned by�2v(Ni) = 0 8 corner nodes NiZei �2v ds = Zei v ds 8 edges eiis standard for Stokes problems [11], p. 211, and ful�llsk�2vk1 � c (kvk1 + h�1kvk0):Then the projection operator �l := �2(I � �1) + �1ful�lls k�lk1 � c and IQl div v = IQl div�lv, and thusk�lkAl � c: (55)Because Eu1 � u1 2 V + and �l vanishes on V +, it is a left-inverse to the lifting de�nedabove. Because �2 preserves support in 
i, also �l maps H10 (~
i) into Vl;i.Let f	ig be a partition of unity ful�llingX	i = 1; supp	i � ~
i;h2k	ik2;1 + hk	ik1;1 + k	ik0;1 � c:The product rule and integration by parts givesk	i'k2 � c (h�2k'k0;
i + k'k2;
i): (56)Using �l rot (	i') 2 Vl;i, (55), (56), we getk�l rot'k2D �X k�l rot (	i')k2Al � cX krot (	i')k2Al � c X k	i'k22� cX�h�4k'k20;
i + k'k22;
i� � c �h�4k'k20 + k'k22�By local L2-projection onto a C1 continuous FE-space of the same mesh-size hl we can split' = 'l + ~' such that k'lkj � c k'kj j = 0; 1; 2;and the inverse inequality k'lk2 � ch�2k'lk0and the approximation inequality k ~'k0 � ch2k ~'k2are ful�lled. This gives k�l rot'lkDl � ch�2k'lk0 and k�l rot ~'kDl � c k ~'k2. Using operatorinterpolation and norm equivalence H1(
) � [L2(
); H2(
)]1=2 we getku1k[Dl;Al]1=2 = k�l rot'k[Dl;Al]1=2 � k�l rot'lk[Dl;Al]1=2 + k�l rot ~'k[Dl;Al]1=2� c �k'lk[h�2L2;H2]1=2 + k ~'kH2� � c (k'lkh�1H1 + k ~'kH2)� c �h�1k'k1 + k'k2� � ch�1ku1k0 � c ku1kl;0: 2The component u2 is orthogonal to divergence free functions and has non-smooth diver-gence. 14



Lemma 8Let u2 be de�ned in (49). Then the estimateku2k[Dl;Al]1=2 � c ku2kl;0 (57)is valid.Proof: We use k:k2Al � c k:k2Dl, k:k2Al � ch�2"�1k:k20 and the intermediate result (51) toobtain ku2k2[Dl;Al]1=2 � c ku2k2Dl = c infu2=PuiX kuik2Al� c infu2=Pui h�2"�1kuik20 � ch�2"�1ku2k20 � c kuk2l;0: 2The part u3 with smooth divergence will now be estimated by better approximation ofthe coarse grid interpolant of the dual variable.Lemma 9Let u3 be de�ned in (49). Then the estimateku3k[Dl;Al]1=2 � c ku3kl;0 (58)is valid.Proof: By de�nition of u3 we have IQl divu3 = IQl�1 div u, and together with stability of Xl�1we get ku3k1 � kIQl�1 divuk0. This givesku3k2Al � c (ku3k21 + "�1kIQl div u3k20) � c"�1kIQl�1 div uk20 � c " ku3k2l;0:On the other hand, we haveku3k2Dl � c infu3=Pui h�2"�1kuik20 � c "�1 h�2 ku3k20 � c "�1 ku3k2l;0:By operator interpolation we �nish the proof. 27 Numerical ResultsSeveral versions of the multigrid method in primal variables developed and analyzed abovehave been tested numerically. The following two problems have been investigated withinthe �nite element code FEPP on a SUN Ultra 1 / 166 MHz workstation with 320 MB RAM.Problem A: Driven Cavity example.We consider the unit square 
 = (0; 1)2. The initial triangulation T1 is given by twotriangles, further meshes are obtained by successive re�nement. We have used the �niteelement space based on P2 elements. The bilinear-form AL(:; :) on the �nest level is de�nedin (8), where the projection IQL maps into the piece-wise constant FE-space. The sourceterm is set to f = 0. Dirichlet boundary conditions are speci�ed asuL = ( (1; 0)T at nodes 2 [0; 1]� f1g;(0; 0)T at nodes 62 [0; 1]� f1g;15



Figure 4: Solution of Problem A

Figure 5: Solution of Problem Band incorporated by homogenization of the FE system. A plot of the solution at level 5 isgiven in Figure 4.Problem B: Flow through a pipe.The geometry and the solution at level 4 are given in Figure 5. The boundary is split intothe jacket �1, inlet boundary �2 and outlet boundary �3. We specify homogeneous Dirichletboundary conditions at �1 and natural boundary conditions elsewhere. We solve the �niteelement problem �nd uL 2 VL such that~AL(uL; vL) = (g; vL)0;�2 8 vL 2 VL:The bilinear-form ~A(u; v) is obtained from A(u; v) by replacing the term (e(u); e(v))0 by(ru;rv)0. This is done to obtain physically correct boundary conditions. The boundarystress is de�ned as g = (0; 1)T . The problem involves curved boundary approximation, anon-convex domain and mixed boundary conditions.At �rst, we investigate the behavior of the condition number �(C�1L AL) in dependenceof the number of levels L and the parameter ". The preconditioner CL is obtained by theapplication of a symmetric multigrid operator, either a W-2-2 cycle or a V-1-1 cycle. Inaddition to the additive smoother (16), we use the multiplicative counterpartSAl = nlYi=1(I � PAll;i ); (59)for pre-smoothing and in reversed order for post-smoothing. It does not need damping atall. The numerical results for the condition number �(C�1L AL) for Problem A obtained by16



l Unknowns additive smoother multiplicative smoother" = 100 10�2 10�4 10�6 100 10�2 10�4 10�62 50 1.82 2.51 2.66 2.66 1.04 1.10 1.11 1.113 162 2.27 6.79 7.66 7.67 1.26 2.15 2.29 2.304 578 2.58 8.59 9.91 9.93 1.37 2.47 2.64 2.645 2178 2.72 9.79 11.60 11.62 1.39 2.56 2.73 2.736 8450 2.79 10.84 13.12 13.15 1.39 2.65 2.82 2.827 33282 2.73 11.66 14.41 14.45 1.39 2.72 2.90 2.91Table 1: Condition numbers for V-1-1 cyclel Unknowns additive smoother multiplicative smoother" = 100 10�2 10�4 10�6 100 10�2 10�4 10�62 50 1.05 1.08 1.10 1.10 1.000 1.00 1.00 1.003 162 1.15 1.65 1.74 1.74 1.002 1.05 1.06 1.064 578 1.19 1.76 1.73 1.73 1.002 1.05 1.05 1.065 2178 1.24 1.79 1.87 1.86 1.002 1.04 1.05 1.056 8450 1.26 1.86 1.92 1.91 1.002 1.05 1.05 1.057 33282 1.26 1.87 1.92 1.92 1.002 1.05 1.05 1.05Table 2: Condition numbers for W-2-2 cyclethe Lanzcos method are given in Table 1 for a V-1-1 cycle and in Table 2 for a W-2-2cycle. For the W-2-2 the calculated condition numbers neither depend on the level noron the parameter, what is in correspondence with the analysis provided. We do not haveoptimal estimates for V-cycle convergence rate yet, but the numerical results seem to bevery promising.Next, we used the V-1-1 multigrid preconditioner in a preconditioned conjugate gradientssolver for the solution of Problem A and Problem B. The small parameter is set to " = 10�6.The iteration is terminated after an reduction of the error in energy norm by a factor of108. The necessary iteration numbers and CPU times are shown in Table 3 and Table 4,respectively. Level Unknowns Iterations Time[sec]2 50 4 0.013 162 10 0.084 578 15 0.415 2178 15 1.886 8450 16 8.567 33282 16 37.068 132098 16 154.80Table 3: Iteration numbers and CPU times for Problem A, PCG with V-1-1 cycle17



Level Unknowns Iterations Time[sec]2 230 10 0.13 810 13 0.64 3026 15 2.75 11682 17 12.96 45890 18 58.27 181890 18 242.0Table 4: Iteration numbers and CPU times for Problem B, PCG with V-1-1 cycleFinally, I want to express my thanks to D. Braess, U. Langer and Ch. Wieners for manydiscussions on this topic and for valuable suggestions to improve the presentation.References[1] D. Braess. Stability of saddle point problems with penalty. M2AN, 30:731{742, 1996.[2] D. Braess. Finite Elements: Theory, Fast Solvers, and Applications in Solid Mechanics.Springer, Berlin, Heidelberg, New York, 1997.[3] D. Braess and C. Bl�omer. A multigrid method for a parameter dependent problem insolid mechanics. Numer. Math., 57:747{761, 1990.[4] D. Braess and R. Sarazin. An e�cient smoother for the Stokes problem. Appl. Num.Math., 23:3{19, 1997.[5] J. H. Bramble. Multigrid Methods. Longman Scienti�c & Technical, Longman House,Essex, England, 1993.[6] J. H. Bramble, J. E. Pasciak, and J. Xu. The analysis of multigrid algorithms withnon-imbedded or non-inherited quadratic forms. Math. Comp., 55:1{34, 1991.[7] S. Brenner and L. R. Scott. The Mathematical Theory of Finite Element Methods.Springer, Berlin, Heidelberg, New York, 1994.[8] S. C. Brenner. A nonconforming multigrid method for the stationary Stokes equations.Mathematics of Computations, 55(192):411{437, 1990.[9] S. C. Brenner. Multigrid methods for parameter dependent problems. Math. Mod. a.Num. Anal., 30:265{297, 1996.[10] S. C. Brenner and L.-Y. Sung. Linear �nite element methods for planar linear elasticity.Math. Comp., 59(200):321{338, 1992.[11] F. Brezzi and M. Fortin. Mixed and Hybrid Finite Element Methods. Springer, Berlin,Heidelberg, New York, 1991.[12] R. S. Falk. Nonconforming �nite element methods for the equations of linear elasticity.Mathematics of Computation, 57:529{550, 1991.[13] V. Girault and P. Raviart. Finite Element Methods for Navier-Stokes Equations.Springer, Berlin, Heidelberg, New York, 1986.18
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