MULTIGRID METHODS FOR A STABILIZED REISSNER-MINDLIN
PLATE FORMULATION
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Abstract. We consider a stabilized finite element formulation for the Reissner-Mindlin plate
bending model. The method uses standard bases functions for the deflection and the rotation vector.
We apply a standard multigrid algorithm to obtain a preconditioner. We prove that the condition
number of the preconditioned system is uniformly bounded with respect to the multigrid level and
the thickness parameter. The abstract multigrid theory is applied for carefully chosen norms. We
have to prove also some new finite element error estimates. Numerical results confirm the analysis.
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1. Introduction. In this paper we consider a family of stabilized finite ele-
ment methods for the Reissner-Mindlin plate model. The origin of the method is
in a Galerkin-Least-Squares method introduced by Hughes and Franca [11]. There,
the shear force was discretized independently and locally condensed. The method
introduced in [20] and further analyzed in [14] avoids the additional variable; it is for-
mulated directly in the displacement variables, the deflection and the rotation vector.
The corresponding lowest order method is due to Pitkéranta [17].

This stabilized method has two advantages compared to more traditional meth-
ods. First, standard basis functions can be used; in particular, no bubble-functions
are needed. Second, the condition number of the stiffness matrix is reduced, which
opens the way for using standard multigrid algorithms for the positive definite system
matrix.

Classical textbooks on multigrid methods are [10] and [5]. So far, there has
been relatively few work on multigrid methods for Reissner-Mindlin plate methods.
The first is the work of Peisker, Rust and Stein [16], in which Pitkdrantas method
is analyzed. In a subsequent paper by Peisker [15] the Hughes-Franca method is
analyzed. In this algorithm, the shear force is kept as an independent unknown, and
the iteration is based on the indefinite stiffness matrix of the mixed form. The same
holds for the multigrid methods analyzed in the papers by Arnold, Falk and Winther
[3] and Brenner [8]. In [18, 19] multigrid methods for stiffness matrices in displacement
variables were analyzed. There, block-smoothers are required to compensate the ill-
conditioning arising from the more classical elements.

The mesh-dependent, stabilized finite element formulation leads to different bilinear-
forms on different levels. Thus, the non-nested multigrid analysis has to be applied
[4, 6]. Our analysis is based on the abstract framework given in [5].

The paper is organized as follows. In Section 2 we define the method, state
available results, and prove some new error estimates as needed for our multigrid
analysis. In Section 3 we define and analyze the multigrid method. Numerical results
confirming the analysis are given in Section 4.

2. The plate model. Let  C IR? be the midsurface of the plate and suppose
that the plate is clamped along the boundary I'. The variational formulation of the
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Reissner-Mindlin model is: find the deflection w € H}(Q) and the rotation vector
B = (Bs, By) € [H}(2)]? such that

(2.1) a(B,m) +t*(Vw—B,Vo—n) = (f,0)+ (f,m) V(v,n) € Hy(Q) x [Hj(Q)]>.

Here, t > 0 is the thickness of the plate and f € Ly(2) is the transverse load acting
on Q. The additional, non-standard source term f € [Ly(f2)])? is required for the
multigrid analysis. The bilinear form a represents bending energy and is defined as

1

(2:2) a(B.m) = {(e(8). e(m) + 7= (div B, divn) |,

where v is the Poisson ratio, &(-) is the small strain tensor and div stands for the
divergence, viz.

(23) «(8) = 5{v8+(VA)"},
08 0p,
(2.4) divg = o + ayy'

For D C IR? we define the Sobolev spaces H*(D) and H§(D), with s > 0,
in the usual way, i.e. first for integral values s and then for nonintegral values by
interpolation, cf. [12]. As usual, we define H*(D) := [H; *(D)]* for s < 0. The
norms and seminorms will be denoted by ||-||s,p and |-|s,p, respectively. The Lo-inner
products in Ly(D), [L2(D)]? or [La(D)]?*? are denoted by (-,-)p. The subscript D
will be dropped when D = Q.

By taking the scaled shear force

(2.5) q=1"?*Vw-pB)
as an independent unknown one obtains the following mixed formulation: find (w, 3, q) €
H () x [HYH(Q)]? x [L(2)]? such that
a(B,m) + (g, Vo —n) = (f,v) + (f,n) Y(v,m) € Hy(Q) x [Hy ()%,
(2.6) (Vw—B,s)—t*(q,8) =0 Vs € [L*(Q))%

The distributional differential equations of this system are obtained by integrating by
parts:

LB+q=F i,
—divg=f inQQ,
(2.7) —t?’q+Vw—-8=0 inQ,
w=0,8=0 onJQ.
Here, the differential operator L is defined as

v

[ .
(2.8) Ln= gdlv {s(n) +1 div 77I}7

— VvV

where we used the notation div for the divergence operator applied to a second order
tensor:

Omyy n OMyy OMyy n OMyy

(2.9) divm = ( e oy o By ).
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For the moment tensor m defined by

1 v .
(2.10) m= 6{s(ﬁ) + levBI}.
there holds
(2.11) LB = divm.

The first two equations in (2.7) above are the local equilibrium equations between
the moment, shear force and load. The third equation represents the constitutive
relation between the shear strain and shear force.

In the limit ¢ — 0 the solution (w, 8) = (w, B;) of the Reissner-Mindlin equations
converges to the Kirchhoff solution with

(2.12) By = V.

The limit solution wq satisfies the biharmonic equation in the domain € and only two
boundary conditions on each part of the boundary, cf. [1]. This singularity gives rise
to the boundary layers in the solution which complicates the convergence analysis of
the methods.

Throughout the rest of the paper we assume that the domain €2 is convex. The
following regularity estimate collects results from [2, 13]:

THEOREM 2.1. Let Q be a convex polygonal domain. Denote by (w,3,q) the
Reissner—Mindlin solution for the clamped plate and let w = wy + w,., where wy is the
deflection obtained from the Kirchhoff model. Then there holds

(2.13)  lwolls + ¢~ well2 + [18ll2 + llgllo + tllally < CAUIFll-1 + ¢l fllo + | £llo)-

In our analysis we will utilize the following ¢-dependent norms. For (v,n) €
Lo () x [L2(£2)]? we define
(2.14) Il = lInllo+ _inf - {Ile®l + ¢ "lo }.
7;O;H1(Sl)
for (v,m) € H*(Q) x [H?(Q)]? we define
@15  lwmlse=lmkt  nt {0 )

vOEH3(Q)ﬁH§(Q)

and for (f, f) € La(Q) x [L2(02)]? we define

(2.16) 10 )ll=re = I Fllo + I l=2 + ¢l fllo-
The regularity estimate (2.13) immediately gives
(2.17) [(w, B)lz.e < CNCF, F)ll =1,

Furthermore, the norms ||(+,-)||=1,s and ||(+,-)||1,: are dual to each other:
THEOREM 2.2. There holds

(218) Coll(f ) < sup LD

<Gl Pl
(v,1) ||('U777)|1’t 2[I( M=1.t

where Cy and Cy do not depend on t.
The proof is given in [19], page 41.



2.1. Finite element subspaces. We will use standard notation from finite
element analysis [7]. Let C; be the partitioning of Q into triangles or convex quadri-
laterals satisfying the usual compatibility conditions. For generality we allow a mesh
consisting of both triangles and quadrilaterals. As usual, hx denotes the diameter of
K € Cy, and h stands for the global mesh parameter h = maxxec, hx. We define

P, (K) when K is a triangle,

(2.19) R, (K) = { Qm(K) when K is a quadrilateral.

For k > 1, we define the finite element subspaces for the deflection and the rotation
as

(2.20) Wy, = {’U € H&(Q) | VK € Rk_;,_l(K), VK € Ch},
(2.21) Vi ={n € [Hy(D)]* | i € [Ri(K)]*, VK € Ch}.
The finite element method of [20, 14] is as follows:

METHOD 2.1. Given the loading (f, f) € L?(Q) x [L2(Q))?, find (wp,B,) €
Wy x Vi, such that

(2.22) Ap(wy, B v,m) = Frn(v,n) VY(v,m) € Wy x Vp,

with the bilinear and linear forms defined as

Az, ¢5v,m) = ald,m) — Y ahi(Lé, L)k

Kecy

(2.23) + Y (P +ahk) (Ve — ¢ — ahkL¢, Vv —n—ahiLn)k.
KeCy,

(224)  Fu(v,m) = (f,0)+ (Fim) = > ahit (1 + ahf)  (f,Ln)k
KeCp

=S (2 + o) ek (f, Vo — ).
Kecy,

Here and throughout the paper a is a positive parameter lying in the range 0 < a < C,
where Cy is the constant in the inverse inequality

Cr Y. hillL @l x < ald,¢) Ve € Vi

KeCy,
From the solution (wy, B;,) we then calculate the approzimation for the shear by
(225)  qux = (° + ahf) " (Vw, — B), + ahf (f — Lﬂh))lK VK € Cp.
Note that from (2.7) we see that the exact shear satisfies
(226)  qx = (* +ahk) " (Vw— B+ ahk(f — L,@))‘K VK € Cp.

REMARK 2.1. For triangular elements with k = 1 it holds L¢p = 0, V¢ € V,
and the bilinear form is simply

(227)  An(z ¢iv,m) = a(p,m) + Y (£ +ahk) (V2= ¢, Vo —n)k.

KecCy,
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Furthermore, there is no upper limit for the parameter o. This has been first proposed
by Fried and Yang [9] and analyzed by Pitkdranta [17]. For k = 1, this formulation
can be used for quadrilaterals as well.

In our previous works [20, 14] we have analyzed the method for f = 0. Hence,
we will here prove the consistency for a general loading.

THEOREM 2.3. The solution (w, 3) to (2.7) satisfies the equation

(2.28) Ap(w, B;v,m) = Fr(v,n) V(v,m) € Wy X V},.

Proof. Recalling the first equation in (2.7), the expression (2.26), and the varia-
tional form (2.6), we get

Ah(waIB;U7T’)
=a(B,n)— Y ahi(LB,Ln)k
Kecy,
+ Z (t* + ah?) Y (Vw — B — ah%i L B3,Vv —n — ah% Ln)k
KeCp
KeCy,
+ > (g —ahi(f® +ahf) " f, Vo —n—ahi L)k
Kecy,
=a(Bm)+ Y ahi(g,Ln)k— Y, ahi(f,Ln)k
KeCyp, KeCp
+(q,Vo—n)— Y ahi(q,Ln)k
Kecy,
— Y e (t* + ahf) " (f, Vo —n — ah Ln)k
Kecy,
=a(B,m) +(q,Vo—n)— Y ahi(f,Ln)x
KeCy
- Z agh?(t* + ah%) ', Vv —n — ahi Ln)k
Kech
= (f,’U) + (fﬂ?) - Z ah%((faLn)K
KeCp
=S ahd (2 + ahd)N(F, Vo -1 — ahl L)k
KeCy,
() 4 (o) — 3 abk (e +ahd) N, Vo - )k
Kecy,
= > (1= alf(f* + ah) " )(f, ahk Ln)k.
Kecp,
=(f,0)+(fim) = Y ahf(® + ahf) (£, Vo - n)k
KeCy,
= > P +ahi) (S ahi L)k
Kecy,

= Fn(v,n).
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The following norms are natural for the stability and error analysis:
DEFINITION 2.4. For (v,m) € Hg(Q) x [H}(Q)]* we define

(2:29) v, )l = oI} + [ImllF + > (¢ +hi) " [Ve = nllf &
KeCy,

and for r € [L?(2))?

(2.30) el = (Y (& + hi)lrl§ )2
KeCh

The stability of the method was proven in [14]:
THEOREM 2.5. There is a positive constant C such that

(2.31) An(v,mv,m) = Clio, )l Y(v,m) € Wy x Vi

Stability, consistency, and regularity imply the following error estimate:
THEOREM 2.6. For the solution (wp, B3;,) of (2.22) it holds

(2.32) I(w = wn, B = Bp)lln + llg = qnlln < CAI(S, F)ll-1.e-

The proof follows [14], where also some refined estimates were proven.

For the multigrid analysis we additionally need estimates for the discrete solution
with an inconsistent right hand side given by the following method

METHOD 2.2. Given the loading (f, f) € L*(Q) x [L*(Q)]?, find (w},B}) €
Wy x Vi, such that

(2.33) An(wy, Bysv,m) = (f,v) +(f,m) V(v,m) € nWh X V.

The inconsistent right hand side does not spoil the O(h) convergence in discrete
energy norms:
THEOREM 2.7. For the solution (wj,By,) of (2.33) it holds

(2.34) I(w —wp,, B = Bp)lln < CRICS, F)ll-1.-
Proof. The difference between the solutions (wy,3;,) of (2.22) and (w},3,) of
(2.33) is due to the consistency term. For (v,m) € W}, x V}, there holds

Ah(wh - w}twgh - /6;;71}7 77)
== Y ol (4 ahi) N (F L)k — Y (P + ahf) i (f, Vo - n)k

Kecy, Kecy,
<e Y hxllfllox g +c > hl fllox (8 + ahi) ™ ?[Vo = nllox
Kecy, Kecy,

< ch|fllo l(v; m)lln-

Now choose (v,n) = (wn — w;},B), — B},), apply the stability estimate (2.31), and
divide by one factor ||(w, — w},B;, — B} ||n to observe

I (wn = wp,, By = Br)lln < ch || flo-
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The rest follows from Theorem 2.6 and the triangle inequality. O

The multigrid analysis will also require the following improved error estimates in
weaker norms:

THEOREM 2.8. For the solutions (wp,B,) of (2.22) and (wy;, B) of (2.33), there
holds

(2.35) [(w —wn, B = Byl < CR2I(Sf, F)ll-1.¢-
and
(2.36) [(w —wj;, B =Bl < CR|(f, £)ll-1.¢

Proof. Step 1. Let For (I,1) given, let (z,0) € H(Q2) x [H}(£2)]? be the solution
to the problem

(2.37) a(@,m)+t"*(Vz—6,Vv—n) = (l,v)+(n) Y(v,m) € Hy() x [Hy(Q))*.
Denoting r = t=2(Vz — ), the regularity estimate (2.13) gives
(2.38) 1(2,0)ls,¢ + ll7llo < CII( DI -1.¢-

Note also that it holds

(2.39) rix =+ ahk) (Ve — 0+ ahf (1 — LB))‘K VK € Cp.
As in Theorem 2.3 we now have
(240) Ah('zve;v7n) = Eh(“ﬂ?) V(Uﬂ?) S Wh X Vh7
with
(2.41) Li(v,m) = o)+ (4m) — Y ahit(t® + i) (L L)k
KeCy,
- Z (t* + ah%) tah3 (1, Vv —n)k.

KeCy,
Step 2. Next, we let Z € W}, and 0 € V}, be the the solution of
(2.42) An(Z,0;0,m) = Li(v,m) Y(v,m) € Wiy x Vi,
and define 7 by
(2.43) i = +ahf)  (Vi-8+ahi(1-L0)) , VK eCh
Hence, it holds
(2.44) An(z—20—-0;0,1m) =0 Y(v,m) €W, x Vi,

and

(2.45) (=~ 2,6 = 0)lln + | — 7n < CRI D] -1,0-
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From this it also follows that

(2.46) (D PRILO[G ) R PR er A TR MY S
Kecy,

Step 3. We choose v = w — wp, and n = 8 — 8, in (2.40) and obtain

(Lw—wp) + (1,8 - By,) = An(z,0;w —wy, B — By,)

(2.47) + > ol (P + ahy) ML L (B - By))k
Kecy,
+ Y (2 +ahf) tahi (L V(w — wy) — (B B))k
KeCy,

From (2.22) and (2.28) we have
(2.48) Ap(w —wp, B — By; 2,0) = 0.
Using the symmetry of A;, we then get

(249) (l?w - U)h) + (laﬂ - /@h)
= Ap(z = 2,0 = 0w —wy,, B—B,) + Y ahit*(t* + ahg) " (L L(B - By))xk

KeCy,

+ 37 (2 + ahd) T ahd (1, Vw —w) — (8~ By))x

KeCy,

The first term above we estimate using Theorem 2.6 and (2.45)

[An(z = 2,0 = ;0 —wy,, B = B,)
<Cl(z= 2,0 = 0)|[all(w —wn, B = Bu)ln
< OO =1alCF, P =1

The second term is treated as follows

(2.50) | it (£ + ahf) T (L L (B - B)k|
Kecy,
(2.51) < Chlltlo( S BRIL (B - ByIRk)"?
KeCy,
< ORI =1l CFs )l =105

where the last step follows from Theorem 2.6 and a scaling argument. The last term
is readily estimated

1Y (# + ahf)rahi (1L, V(w —wy) — (B = By))k]

KecCp
(2.52) < Chltfjoll(w — wn, B = By)lln
< RO =1l Cf Fl=1.e-

The estimate (2.35) now follows by combining (2.49) — (2.52).
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Step 4. Finally, we turn to the estimate for (w —wj, 8 — 3,). From (2.40) we get

(lw —wy) + (LB = By) = An(z, G‘W*w}i,ﬁ*ﬁ?ﬁ)

(2.53) + Y ahit’ (£ +ahf) (1, L(B - B}))k
KecCy,
+ Z (2 + ah?)tahZ(1,V(w —wy) — (B - B}))k
Kecy,

Next, adding and subtracting A (Z, 0;w — wi, B — B;) gives

(2.54) (Lw—wj)+ (1,8 - B) = An(z — 2,6 — 6;w — w}, B — B)
+ Y ahg (£ + ahy) T (L L (B - Bh))k
KeCy,

+ Y (B ahi) T ahi (L V(w —wp) — (B B3))x

Kecy,
+AR(Z, 0;w — wh, B - B).
Using (2.45), (2.46) all except the last term are estimated as in Step 3. This last term
we treat using (2.42), (2.33) and (2.24)
Ah(év é; w = w;;,v /6 - /8;) = Ah(gv é; w, /6) - Ah(’gv é7 w;kw 62)
(2.55) = 7Ful(z 9) - (f,2)+(f,0)
== > ot (t* +ahi) TN LO) Kk — Y (£ +ahi) lahi(f, Vi - 0)k

KeCy, KeCp

Next, we use (2.46)

(2.56) | ahi > (# + ahi) " (f, LO)k|
Kecy
1/2
< Chlfllo( > hEIL OIS x) 2 < CRW D1l F) -
KeCy,

From (2.43) and (2.46) we get

257) | Y (P +ahk) bk (f, VEi - 0)k]

Kecy,
=| > ol (£, 7+ ahi(t® + ahf) (L6 - 1)) |
KeCy,
~ 1/2
< Chl| fllolFln + ChllFllo (Y WEILOIZ )" + ChlIfllolLlo

KecCy,

(2.58) < CR2|(1D)l-1ll(f Fll-1.e-

The asserted estimate (2.36) now follows by combining the estimates in this step. O

3. The multigrid method. In this section we prove that a simple multigrid
method leads to a solver with optimal complexity and which is robust with respect
to the parameter t.
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The stabilized bilinear-form A;, depends on the underlying mesh. Thus, the
sequence of meshes lead to different operators on each level. Hence, we apply the
non-nested framework from [6] and adapt the notation from [5], Section 4.

We assume that we have a sequence of hierarchically refined meshes which we
denote by C1,Cs,...Cy. On each level k, 1 < k < J, the finite element spaces are
denoted by W} x V.. We note that the spaces are nested, i.e.,

Wi_1 X Vi_1 C Wi x Vg

such that no special grid transfer operators have to be defined. On each level we
denote the bilinear form by

AkI(WkXVk)X(WkXVk)—)]R

in accordance to (2.23).
Since, we assume a hierarchy of meshes they are all uniform and we denote the
corresponding mesh-size with hy (or h when it is irrelevant which level is in question).
On each level k, an inner product (+;-)g : (Wy x Vi) x (Wy, x V) — R is defined

as
(2, 850, m)1 1= hi (hi, + )72 (2,0) + i (8,m),

and || - ||x denotes the corresponding norm. We define the operator Ay : Wy, x Vj, —

Wk X Vk by

(Ak(z,‘s);’l),n)k - Ak(’zaé;vvn) V(Uﬂ?) € Wi X V.

Furthermore, we define the projections Py_1 : Wi, X Vi, — Wi_1 X Vi1 and Qp_1 :
Wk X Vk — Wk,1 X Vk,1 by

Ak‘—l(Pk—l(Za 6)7 v, 77) = Ak(2767 v, 77) V(Uarl) € Wk—l X Vk—17
and

(Qr—1(2,0);v,M)k—1 = (2,0;0,1) V(v,m) € Wi—1 X Vj_1.

Finally, let Ry : Wy X Vi, — Wy, x V. be the smoothing operator defined by a scaled
Jacobi iteration or by a Gauss-Seidel iteration. A symmetrized smoothing iteration is
defined by setting R,il) = Ry, if | is odd, and R,(f) := R} if [ is even. Here, (-)" denotes
the adjoint operator with respect to (; ).

We define the multigrid operator B; by induction. Set By = Afl. For k =
2,...,J we define By : Wi, x V}, — Wy, x V. as follows.

ALGORITHM 3.1. With g € Wy, x Vi, we define Brgy by the following algorithm.
Initialize $2 eWr xV, as x% =0
for l=0...m,—1 do
w = a) + R (g — Axaf)
e = 2 4 By Qo1 (gk — Apa™)
for l=mgy1...2my do
wi =+ BT (g — Awr))

o 2mp+1
Bkgk =Ty .
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We assume that the number of smoothing steps depends on the level as my =
27=F_ This is the so called variable V-cycle multigrid algorithm.

THEOREM 3.1. Assume that the Reissner Mindlin plate problem satisfies the
reqularity estimate (2.13). Then the multigrid algorithm provides an optimal precon-
ditioner By, i.e.

cond(ByAy) < C.

The constant C does neither depend on the number of levels, nor on the parametert.
Proof. We apply Theorem 4.6 from [5]. It is easily checked that there holds an
inverse inequality

Ak(vk7nk;vkvnk) < Ak H(Ukvnk)”i V(Uan) € Wk X Vk

with A, =~ h*. We have to check that the following conditions hold for all (v,n) €
Wk X Vki
e (A4):

(3.1) (Rie (Ve Mg )i i i) = chig || (vr, M) |l

where Ry, := (I — R Ag)(I — RZAk)A,Zl is the symmetrized smoother.
e (A.10) with the choice o = 1/2:

(3.2) Ap((I = Pi—1) (i, mi)i vi, M) < cht | Aok A (g, g vi, my,) /2

for all (v,m) € Wy x V.
These conditions are proven in Lemma 3.2 and Lemma 3.5 below. O

LEMMA 3.2 (Smoothing Property). Let the smoother be defined by a properly
scaled Jacobi iteration, or by the symmetrized Gauss-Seidel iteration. Then the con-
dition (3.1) is satisfied.

Proof. We apply Theorem 5.1 and Theorem 5.2 from [5], respectively. For this
we have to show that the decomposition

dimw,, dimV,
() = Y (,00+ Y (0,m)
i=1 =1

into the one dimensional spaces generated by the finite element basis functions is
stable with respect to the || - ||g-norm, i.e.,

Yo M@ o)liE+ Yo 110m)7 < cll(o,m)lE-
i=1 i=1
This holds since both components of || - || are simply scaled L?-norms. Furthermore,

we need that the number of overlapping finite element functions is uniformly bounded.
]

LEMMA 3.3 (Approximation property). Let (zx,dx) € Wi X Vi, be given. Define
the coarse grid functions (zx—1,0k—1) € Wi_1 X Vi_1 by the projection
(3.3) Ap—1(2k-1,0k-1; V61, M—1) = Ak (2, Ok Vk—1,Mp_1)

for all (vg—1,My_1) € Wi_1 X Vi_1. Then the following approxzimation estimate holds:

6 .
1o — 21,80 — 6k DIy < CR2 sup 2w dkivim)
(v, MeEWLx V), ||(U777)||1,t
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Proof. Let (zp,0r) € Wy x Vi be given. Let II; and IT; be Clément projection
operators. Define g € L?(2) and g € [L*(Q)]? by

(3.4) (g,0) + (g:m) == Ag(z, 0x; v, Tim). Vo € L*(Q), YV € [L*(Q))*.
There holds

G g)rei=  sup (SO F(@m
(v, M eWLx V) ||(U7"7)||1,t
Ay (2x, Ox; v, IIm)

= sup

(Wi x V, (v, m)l1.e
_ Ak (21, O v, TLem) || (10, TLem) || 14
= sup

wmewyxV, ko, Tn)||1 (0, m) [t

_ Ak(zk76k;v7n)
= sup —_— 0

[1(1T, T ) |1,
(v,’l])EI/ka‘/v,c ”(v’n)Hl,t i

Since IT;, is bounded in the L?-norm as well as in the H'-seminorm, and IT;, is bounded
in the L?-norm, the compound operator is bounded with respect to || - |1 .
We pose the plate problem: find (z,8) € H} () x [H}()]? such that

A(z,8;v,m) = (9,v) + (9,m)
Using that (IIj,II) is a projection on Wy x Vy, we recast (3.4) as
Ak(zr, 05 0,m) = (g,0) + (g;m)  V(v,m) € Wy X V.

This means that (zj, dy) is the finite element solution obtained by Method 2.2 (where
the consistency terms on the right hand side were dropped.) Theorem 2.8 provides
the estimate

(2 = 21,8 — 8k) |16 < b} [1(9,9)]|-1.¢-
Using (3.3), we observe that
Ap—1(26-1,0k-130,m) = (g,v) + (g,m)  V(v,m) € Wi—1 x Vi_1,
and again Theorem 2.8 proves
1(z = 2k-1,8 = 8—1) [l < chi_y (9, 9)lI-1-
From the triangle inequality we obtain the result

1t < chi |1(g,9) -1t

| (zk—1 — 2k, O—1 — Ok)|
<ch?  sup  DBmOkiviM)
T emewxv, e

1,6

The norms || - || and Ay(-,-)!/? can be embedded into a scale of norms. For this
we set

. mllo == lite, )l and  (,m)ll2 = Ax(v, m;0,m) ">,
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Intermediate norms are defined by interpolation [7, Chapter 12], i.e.

v, )lls == 1w, Wl poinar,. 5 €(0,2).

Furthermore, the scale is extended by duality to the range (2, 4]

Al (U, n;z, 5)
v, mll24s := sup ———=—— s € (0,2].
AR S TP P )
In particular there holds
Ay (v, m; 2, 8) (Ak(v,m); 2, 0)k
I (v, m)lla = sup = sup = || Ak (v, m) |-
S S [E ] PRty S [EA ]

LEMMA 3.4. The discrete 1-norm and the continuous 1-norm satisfy the following
relation:

(3.5) I, mll < Cliw, e V(v,m) € Wi X V.

Proof. Let (v,n) € Wi, x Vj. By the definition of the || - ||1,; norm, there exists a
decomposition v = vy + v,- such that

lvollx 4+t~ lvpllo + [Imllo < (v, m)1.-

Although v is a finite element function, its decomposition will in general not remain
in the finite element space. To return to the finite element space, we define Clément
projection operators IIj, : L*(Q) — Wy and I : [L?(Q2)]*> — V with the following
approximation properties:

lv — pvlls < A P||vflm, 0<s<1,0<m<2, s<m,
m — Tenlls < AP F0llm, 0<s<m<1.

Now, the finite element function (v,7n) is decomposed into two finite element
functions via

(36) (’U, ’I’]) = (Hk’()07 HkVHk'Uo) + (Hkv,,, n— HkVHkvo)
Applying the triangle inequality leads to
(3.7) (v, mllx < 1(Hkvo, IV ITvo) 1 + [|(Ixvr, m — T VAT vo) |1

We estimate both terms by using that ||-||; is the interpolation norm between ||-||o
and |||z with parameter 1/2. For vy € HZ(f2), the continuity and approximation
properties of II; and an inverse inequality implies

I (Mxvo, IV yvo) 5 = 10V Mol + (b + 6) 2 (I — M) V i vol[5
< [Tk Voo | + 1T,V (vo — Hiwo) I3
+(h+ )72 (I = Ty) Vo[§ + (h+ ) 72(|(I = TLy) V(I — I )vo|3
< Jlwoll3-
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With an inverse inequalities and L2-continuity we obtain

Il (1Tyvo, 1N Myvo)llg = 12 (|11, yvol[§ + h* (h + ) 72| xvo |3

< Jloll5-

The interpolation space [L%(), Hg(Q)h/z is H}(Q). Thus, we apply operator inter-
polation to the linear operator v — (v, I,V II;v) and obtain

(3.8) (w0, TLV vo) [y < Jlwolly < (v, m)I[3 -
We continue with the second term of (3.7). From

I (Mvr,n — TV Mvo) |13 = [|(n — TV kwo) |1 + (h+ ) 72|V ITyv, — 1 + TV o[
<A H{[Inllg + llvoll T} + (b + )72 {h"2[lo. 15 + Inllg + llvolIT}
< B {lvollF + 2 lv.lI5 + [I0lI3}
< h73(|(v, )13,

and

(v, m — TV pvo) 1§ = B2 ||n — TV Ivo || + B (b + ) 72| D |13
< B {|Inlg + 2 lvellg + lvollF}
<k (v, )3,

we can conclude that

I(Zevr, n — TV Dvo) [ < || (v,m)

|2
1,t-

LEMMA 3.5. The approximation property (3.2) holds.
Proof. Applying Lemma 3.4 twice and Lemma 3.3 we obtain

l(wr — wr—1, B, — Br—1)llh < ell(wr —wi—1,B% — Br_1)ll1.e
< ch? sup Ak (W, By v;m)
(v,M) l(v,m) 1,t
< eh? sup A (wy, By vim)
wm  lw.n)lh
= ch® ||(wk, By) 13-

This combined with

A (wr — we—1, By, — Br—1:wk, B) < (wi — wi—1, B — Br—1) I I(w, Bl
< ch? H|(wk,,3k)|”§
< ch® || (wr, Bi)llz I (wi, Byl
= ch? Ay (wy, By; wi, B) Y2 | Ak (w, By) |1

gives the asserted estimate (3.2) O



Schoberl- Stenberg. MGMs for RM plates. Preprint. October 13, 2007 15

t=0.1 t = 0.0001
Level | Elements || cond.numb. | cg || cond.numb. | cg
2 8 1.51 7 2.91 7
4 128 2.63 13 7.28 21
6 2048 3.32 14 8.88 27
8 32768 3.20 13 7.60 23
TABLE 4.1

Computational results

4. Computational results. We applied the proposed multigrid algorithm to a
unit-square model problem. The plate is fully clamped on the boundary. The right
hand side is the uniform load f = 1. The first mesh C; consists of two triangles; the
subsequent meshes Cs, ...,C; are obtained by regular refinement of one triangle into
four.

We applied a conjugate gradient iteration with a multigrid preconditioner. We
used the variable V-cycle with 2~/ alternating Gauss-Seidel presmoothing and post-
smoothing steps on the k' level. Furthermore, we have computed the condition
number of the preconditioned system matrix by the Lanczos algorithm.

Table 4.1 shows the condition number, and the required number of cg iterations
for a relative reduction of the error by a factor of 10~®. The error reduction was
measured in the norm (Br,r)'/2. We clearly see that the condition numbers and
iteration numbers are bounded uniformly with respect to h and t. Note that the
condition number of the matrix A behaves like h=2(h+t)~2 which was as high as 10°.
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