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Abstra
tThis thesis is 
on
erned with the 
onstru
tion and analysis of robust multigrid pre
on-ditioners for parameter dependent problems in primal variables. The developed frameworkis applied to the spe
i�
 examples of nearly in
ompressibility, the Timoshenko beam, andthe Reissner Mindlin plate. The suggested multigrid 
omponents are simple to implement.The work is based on two theories. On one side, the theory of mixed �nite elementmethods is essential for the analysis of parameter dependent problems. The material ispresented in a rather self-
ontained way. The point of departure is the primal form, wherethe stability 
onditions are formulated. The obtained dis
retization s
hemes are known asredu
ed integration methods. We point out the essen
e of a Fortin interpolation operator.The other base 
ontains the additive S
hwarz theory and multigrid theory. These te
h-niques provide a framework for the 
onstru
tion and analysis of eÆ
ient pre
onditioners.We will 
olle
t the 
on
epts of one-level and two-level subspa
e splitting, approximationproperty and smoothing property by means of ellipti
 problems without parameters. Theformulation is su
h that it 
arries over to parameter dependent problems.The 
entral point of the thesis are the 
ombination of both theories. We will start withone-level pre
onditioners for parameter dependent problems. We see that blo
k smoothers
apturing base fun
tions of the kernel are robust with respe
t to the small parameter.The analysis uses fun
tion splitting with a partition of unity, and interpolation with theFortin operator. We pro
eed with two level methods. A trivial prolongation by embeddingis not uniformly bounded with respe
t to the parameter dependent energy norm. The ideafor the 
onstru
tion of robust prolongation operators is that 
oarse grid kernel fun
tionsmust be lifted to �ne grid kernel fun
tions. This 
an be obtained by adjusting properdegrees of freedom lo
ally. In the 
onsidered appli
ations, the implementation 
onsists ofsolving lo
al sub-problems of the assembled sti�ness matrix. The prolongation operator isan approximative right inverse to the Fortin operator.The 
omponents developed for the two-level method 
an be used in a multigrid algo-rithm. The analysis requires two norms, for whi
h the approximation property and thesmoothing property are veri�ed. One is the parameter dependent energy norm, the otherone 
ombines three terms, namely improved 
onvergen
e in a weaker norm of the primalvariable, stability in primal energy, as well as stability in average for the dual variable.The approximation property 
an be proven under abstra
t assumptions. The smoothingproperty has to be 
he
ked individually for the 
onsidered examples. Even under strongestrealisti
 regularity assumptions, we have to apply interpolation norms. We point out somerelations to the smoother by Braess and Sarazin.Finally, numeri
al experiments are presented. They agree with the analysis for the W -
y
le and variable V -
y
le. Additionally, they show optimal and robust 
onvergen
e ofV -
y
le methods.
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ZusammenfassungDiese Arbeit bes
h�aftigt si
h mit der Kontruktion und Analyse von robusten Vorkon-ditionierern f�ur parameterabh�angige Probleme in primalen Variablen. Die entwi
kelte Me-thodik wird auf fast inkompressible Materialien, den Timoshenko Balken und die ReissnerMindlin Platte angewandt. Die vorges
hlagenen Multigrid Komponenten sind einfa
h zurealisieren.Die Arbeit beruht auf zwei Theorien. Das eine Standbein ist die gemis
hte Finite Ele-mente Methode, die f�ur die Analyse von parameterabh�angigen Problemen fundamentalist. Der Sto� wird weitgehend selbstenthaltened dargestellt. Der Ausgangspunkt ist dasprimale Problem, f�ur das die Stabilit�atsbedingungen formuliert werden. Die erhaltene Dis-kretisierung ist als Methode mit reduzierter Integration bekannt. Wir unterstrei
hen dieBedeutung des Interpolationsoperatos na
h Fortin.Das zweite Standbein umfa�t Additiv S
hwarz Methoden und die Multigrid Theorie.Diese Te
hniken bilden die Methodik zur Konstruktion und Analyse von eÆzienten Vor-konditioniereren. Wir stellen die Konzepte von Ein- und Zweigittermethoden, und vonApproximations- und Gl�attungseigens
haft an Hand von elliptis
hen Problemen ohne Pa-rameter dar. Die gew�ahlte Formulierung l�a�t si
h auf parameterabh�angige Probleme �uber-tragen.Der Kern der vorliegenden Arbeit ist die Verbindung beider Theorien. Wir begin-nen mit Eingitter Vorkonditionierern f�ur parameterabh�angige Probleme. Wir sehen, da�Blo
kgl�atter, die Basisfunktionen f�ur den Kern umfassen, robust bez�ugli
h des Parametersarbeiten. Die Analyse verwendet Zerlegung der Eins und den Interpolationsoperator na
hFortin. Als n�a
hsten S
hritt nehmen wir ein Grobgittersystem hinzu. Eine trivial Prolonga-tion ist ni
ht glei
hm�a�ig stetig bez�ugli
h des kleinen Parameters. Die Idee einer robustenProlongation besteht darin, da� Grobgitter-Kernfunktionen auf Feingitter-Kernfunktionenabgebildet werden. Das kann dur
h lokale Anpassung geeigneter Freiheitsgrade errei
htwerden. Bei den betra
hteten Beispielen kann die Realisierung dur
h L�osen von Teilpro-blemen der assemblierten Stei�gkeitsmatrix ges
hehen. Der Prolongationsoperator ist eineapproximative Re
htsinverse des Fortin-Operators.Die Komponenten des Zweigitterverfahrens k�onnen in einem Mehrgitteralgorithmuseingesetzt werden. Die Analyse ben�otigt zwei Normen, f�ur wel
he die Approximationsei-gens
haft und die Gl�attungseigens
haft gezeigt werden. Eine ist die parameterabh�angigeEnergienorm, die andere ist eine Kombination von drei Termen, n�amli
h einer verbesser-ten Approximation der primalen Variable in einer s
hw�a
heren Norm, die Stabilit�at inder primalen Energie, und Stabilit�at der gemittelten dualen Variablen. Die Approximati-onseigens
haft kann unter abstrakten Voraussetzungen gezeigt werden. Die Gl�attungsei-gens
haft wird f�ur die spezi�s
hen Beispiele �uberpr�uft. Au
h unter st�arksten realistis
henRegularit�atsannahmen m�ussen Interpolationsnormen verwendet werden. Es werden Ver-bindungen zu dem Gl�atter von Braess und Sarazin hergestellt.Numeris
he Beispiele best�atigen die theoretis
hen Ergebnisse f�ur die robusten und op-timalen Ratenabs
h�atzungen beim W-Zykus und variablen V-Zyklus. Weiters zeigen sieau
h entspre
hende Konvergenzraten f�ur den V-Zyklus.
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Chapter 1Introdu
tion
State of the ArtMany engineering problems are mathemati
ally modeled by ellipti
 boundary value prob-lems. The �nite element (fe) method is 
ertainly the most frequently applied tool for thenumeri
al approximation of these models. The 
omputer power available today enablesvery a

urate 
omputer simulations by using a million and more elements. The large prob-lem size requires numeri
al algorithms of optimal, this means linear, time 
omplexity. The
hallenge is to design eÆ
ient iterative methods for the solution of the high dimensionallinear systems. Multigrid methods meet these requirements.There is a lot of literature available about the fe method and multigrid methods (seethe textbooks [BS94℄, [Bra97℄ for two more re
ent presentations of the theory of �niteelements and an introdu
tion to multigrid methods, as well as many referen
es therein).The monograph [Ha
85℄ gives a wide overview about the theory of multigrid methods. Thetextbook [Bra93℄ presents the more re
ent results related to multi-level methods. See also[Gri94℄, [Osw94℄.The a

ura
y of fe methods depends on the regularity properties of the underlyingboundary value problem, and of the approximation quality of the fe spa
e. For a lotof problems the standard (i.e. 
onforming) approa
h works well and gives optimal errorestimates of the form rel:err: � 
N��Here, rel:err: is the relative error of the 
omputed �nite element approximation. The
onstant 
 has a moderate size, N is the number of unknowns. The power � depends onthe spatial dimension, the polynomial degree of the fe spa
e, and the adaption of the mesh.For many realisti
 problems, the 
onstant 
 is really large, and many unknowns have tobe spent, until the error drops below 50%. This misbehavior is 
alled lo
king e�e
t. Thistopi
 is dis
ussed in many textbooks of �nite element analysis in me
hani
al engineering,see e.g. [Bat96℄ for a lot of pra
ti
al examples.The �rst step is to dete
t the sour
e of lo
king. Often, a small parameter " of theequation 
an be spe
i�ed. Then the family of problems depending on " 2 (0; 1) may1



2 CHAPTER 1. INTRODUCTIONbehave like rel:err � 
 "��N��; (1.1)where 
 is a 
onstant of moderate size, and � is a positive 
onstant.One typi
al examples of lo
king in solid me
hani
s is nearly in
ompressibility lo
king(also known as volume lo
king or Poisson lo
king). Here, the sour
e of the problem stemsfrom the material parameters. If the Poisson ration �, whi
h is allowed to take values in(0, 1/2), is 
lose to 1/2, the material behaves (nearly) in
ompressible. The error estimate(1.1) applies with " = 1=2� �. Nearly in
ompressible subregions o

ur e.g. in non-linearproblems from elasto-plasti
ity [KL84℄. We will 
onsider this type of lo
king in this thesis.An other sour
e of lo
king may be the shape of the geometry. Problems from elasti
ityon thin domains are usually des
ribed by models from stru
tural me
hani
s, see [DS96℄,[Ber96℄, [CTV95℄, [Cia90℄. A hierar
hy of plate models is derived in [S
h89℄, [BL91℄,[AAFM99℄, and in [S
h96℄ with a posteriori 
ontrol.The lowest order models for 
at geometries are the Bernoulli beam model and theKir
hho� plate model. These are fourth order equations, whi
h 
an be well approximatedby proper (
onforming or non-
onforming) fe methods. The next models in the asymp-toti
al expansion are the Timoshenko beam model, and the Reissner Mindlin plate model,whi
h are systems of se
ond order equations. These systems depend expli
itely on thethi
kness t of the stru
ture. A standard fe approximation of these models leads to so
alled shear lo
king (see Se
tion 2.1.3 for numeri
al examples). We will investigate thesetwo models in this thesis. The more involved shell models 
over the behavior of 
urved thinstru
tures. Already the lowest order model of Kroiter may su�er from membrane lo
king[Pit92℄. In [CB98℄ a systemati
 
lassi�
ation of shell stru
tures is given. [Bis99℄ appliesthe EAS 
on
ept for shell problems. We will not 
onsider shell models in the present work.The 
onsidered examples and (many more) belong to the 
lass of parameter dependentproblems in the sense of Arnold [Arn81℄. They lead to variational problems: Find u 2 Vsu
h that A"(u; v) = f(v) 8 v 2 V;where the bilinear form A(")(:; :) has the spe
ial stru
tureA"(u; v) = a(u; v) + 1"
(�u;�v):The form a(:; :) is symmetri
, non-negative and 
ontinuous on V , the form 
(:; :) is sym-metri
, ellipti
 and 
ontinuous on a se
ond Hilbert spa
e Q. The 
ontinuous opera-tor � : V ! Q has the non-trivial kernel V0. The bilinear form A1(:; :) is assumed tobe ellipti
 on V . Then the form A"(:; :) is uniformly ellipti
 on V , but the 
ontinuity
onstant depends on ". In general, this 
lass of problems leads to a priori estimates of theform (1.1) for 
onforming �nite element methods (see [Arn81℄, [CP94℄, [BS92b℄, [BS92a℄,and [Bra97℄).The standard approa
h for a robust dis
retization is to de�ne the dual variablep := 1"�u 2 Q;



3and pass to the equivalent mixed problem: Find u 2 V , p 2 Q su
h thata(u; v) + 
(�v; p) = f(v) 8 v 2 V;
(�u; p) � " 
(p; q) = 0 8 q 2 Q:The 
on
ept of mixed variational problems go ba
k to [Bre74℄. A deep sour
e of 
olle
tedinformation is [BF91℄, see also [RT91℄, [GR86℄. For proper norms on V and Q, the mixedproblem is 
ontinuous and stable, and thus provides an isomorphism between V � Q andV � � Q�. The mixed form is dis
retized by the 
hoi
e of fe subspa
es Vh and Qh. Thedis
retization has to ful�ll two 
onditions. On one hand side, the dis
rete LBB 
ondition
ondition must hold, on the other hand side, a dis
rete ellipti
ity 
ondition must be guar-anteed. Then the dis
rete problem is stable as well, and the theory of Babu�ska and Aziz[BA72℄ provides robust 
onvergen
e. In [AB93℄ a general stabilization tri
k was applied tomake the form a(:; :) ellipti
 itself, and thus the 
onstru
tion of stable fe spa
es be
omesmu
h simpler. In [Bra96℄, a uni�ed analysis of mixed problems with penalty is developed.Often, the dual fe variable ph 
an be eliminated lo
ally, and one returns to a positivede�nite fe problem: Find uh 2 Vh su
h thata(uh; vh) + 1"
(�huh;�hvh) = f(vh) 8 vh 2 Vh:This approa
h of was systemati
 analyzed by [MH78℄, see also [Sin78℄, and [JP82℄ fordeli
ate questions of unstable elements. It is known as redu
ed integration te
hnique. Theoperator �h is a softening of the original one, �. An alternative approa
h is the enhan
edassumed strain (EAS) 
on
ept by Simo and Rifai (see [SR90℄, [AR93℄). Often, the methodis equivalent to a mixed method ([Bra98℄).From the viewpoint of 
omputation, the problem in primal variables is preferableagainst the mixed form, be
ause only one �eld of variables is used and thus the systemmatrix is 
onsiderable smaller and more sparse. It is positive de�nite, su
h that the 
on-jugate gradient method 
an be applied. Last but not least, the version in primal variablesis simpler to implement.A widely used dis
retization s
heme for plate and shell models is the MITC familyof elements introdu
ed in [BBF89℄ and further analyzed by [BFS91℄, [PB92℄. In [AF89℄a robust non-
onforming linear element is analyzed. A simple but eÆ
ient alternativebased on stabilized �nite element te
hniques was introdu
ed by Arnold and Brezzi [AB93℄.Several versions of stabilization were investigated in [BL97℄ and [Lov96℄. Chapelle andStenberg [CS98℄ 
onsider a spe
ial 
hoi
e of stabilization. They establish improved regu-larity estimates and apply them for duality te
hniques. This work has been the bases tounderstand the multigrid method for Reissner Mindlin plates. Pitk�aranta and Suri [PS96℄give an overview of robust methods. Lyly and Stenberg [LS99℄ give an overview of robuststabilized methods.The problem of bad �nite element approximation was solved by the equivalent mixedform. But still, the small parameter " spoils the 
ondition number of the arising systemmatrix A("). No robust pre
onditioner have been available for this 
lass of problem. That



4 CHAPTER 1. INTRODUCTIONwas one of the reasons to use the mixed form, and apply a solver for the saddle point systemof equations (see [AHU58℄, [Axe79℄, [FG83℄, [BP88℄, [LQ86℄, [LQ87℄, [Que89℄, [BWY90℄,[Pei91℄, [RW92℄, [VL96℄, [Kla98℄, [BPV97℄, [Zul98a℄, and more). The main goal of thepresent work is to develop and analyze robust and eÆ
ient pre
onditioners for the ill
onditioned matrix A(").We will 
olle
t well-known results for the 
onstru
tion and analysis of pre
onditionersbased on subspa
e 
orre
tion methods. Be
ause the spe
ial stru
ture of redu
ed integrations
hemes lead to di�erent bilinear forms on ea
h level, we are only interested in methodsappli
able to non-nested forms.There are two underlying prin
iples. One is the splitting of �nite element fun
tion intosubspa
e fun
tions by means of lo
al operators. This prin
iple does not require problemregularity, but is restri
ted to the two level 
ase.The other prin
iple is Ha
kbus
h's multigrid theory based on the smoothing propertyand the approximation property. It uses problem regularity and proves methods of optimal
omplexity for W-
y
le [Ha
82℄, [BD81℄, [BD85℄, and variable V-
y
le [BPX91℄ multigridmethods. Optimal 
onvergen
e of V-
y
le s
hemes is proved in [BH83℄ if full regularity isavailable, and in [BP93℄ for less then full regularity. Up to the knowledge of the author,optimal V-
y
le analysis is available only for nested bilinear forms.The framework to design pre
onditioners based on splitting of �nite element fun
tionsis the additive S
hwarz method. The method of [S
h69℄ was adapted by [Nep86℄, [Lio88℄,[DW90℄, [Zha91℄ to domain de
omposition pre
onditioning. [SBG96℄ is a re
ent textbook.We will mainly fo
us on additive S
hwarz methods, but the multipli
ative 
ounterpartis understood as well from the work of [BPWX91℄. The framework of multilevel S
hwarzmethods 
ombines both 
on
epts ([Yse86℄, [Xu92℄, [Zha92℄).Multigrid methods applied dire
tly to the system in mixed variables have been providedby [Ver84℄, [Wit89a℄, [Hua90℄, [BB90℄, several papers by S. Brenner uni�ed in [Bre96℄,[BS97℄. The papers mainly di�er by the type of smoother. In [Wie99℄, the smoother fromBraess and Sarazin is adapted for the problem in primal variablesMore spe
i�
, we borrow te
hniques for the analysis of multigrid pre
onditioners forfourth order problems [PB87℄, [Bre89℄, and, 
losely related, Stokes' equations with diver-gen
e free basis fun
tions [Bre90℄, [Tur94℄. The design of our smoothers shares ideas of[EW92℄, [VW92℄, [AFW97b℄ and [Hip99℄ for the 
onstru
tion of multigrid methods forH(div) and H(rot). These methods 
an be used to pre
ondition the blo
ks arising frommixed �nite element systems, e.g. for Reissner Mindlin problems [AFW97a℄.An alternative approa
h to multigrid s
hemes is the AMLI method by Axelsson [Axe96℄.It is based only on the strengthened Cau
hy S
hwarz inequality. In [KM99℄ an AMLIalgorithm for nearly in
ompressible materials is analyzed.In the present work we do not 
onsider the parameter dependent problem of anisotropy.We refer to [Wit89b℄, [Ste93℄ [Neu98℄ for anisotropies on aligned meshes. The methodof [Pad97℄ is proved to provide optimal and robust pre
onditioners for non-alignedanisotropies as well.



5OverviewThe emphasis of this thesis is to present te
hniques for the 
onstru
tion and analysis ofmultigrid methods for parameter dependent problems in primal variables. The obtainedpre
onditioners are the �rst ones of optimal time 
omplexity whi
h are robust with respe
tto the mesh size and the small parameter. For the analysis of the multigrid pre
onditionerssome results from mixed �nite element theory had to be adapted.The 
onstru
tion of the presented pre
onditioners was presented in [S
h99
℄. It 
on-tains also the one-level and two-level analysis for nearly in
ompressible materials and forthe Timoshenko beam. [S
h99b℄ 
ontains the multigrid analysis for the 
ase of nearlyin
ompressible materials. [S
h99a℄ 
ontains the abstra
t multigrid analysis, and the appli-
ation to the Reissner Mindlin plate.The work is organized as follows. Chapter 2 
ontains an introdu
tion into sele
ted top-i
s of �nite element methods. The theory of parameter dependent problems is presentedas far as needed in a self-
ontained manner. The examples of Timoshenko beam, nearlyin
ompressible materials and Reissner Mindlin are formulated. Chapter 3 gives an intro-du
tion to subspa
e 
orre
tion methods. The prin
iple of one-level, two-level and multigridmethods are explained for problems without parameters. Chapter 4 
ontains the new re-sults for pre
onditioning of parameter dependent problems. Chapter 5 presents numeri
alresults.In parti
ular, this work 
ontributes to the following approa
hes and results.� In Se
tion 2.3 the formulation, stabilization and dis
retization of parameter depen-dent problems is presented in a uni�ed manner. A relaxed version of Fortin's 
rite-rion, a suÆ
ient 
ondition for stable mixed �nite element dis
retization is formulated(Theorem 2.12).� Se
tion 2.4.3 
olle
ts the results of [AB93℄ and [CS98℄ for the stabilization and dis-
retization of the Reissner Mindlin plate model. By means of the relaxed version ofFortin's 
riterion, the s
heme with mesh dependent stabilization terms �ts into theabstra
t framework. We obtain �rst stability of the in�nite dimensional problem andthen perform a stable dis
retization. This result may be useful for a posteriori errorestimates. We modify the norm for the duality tri
k, su
h that problem regularity,the approximation inequality and the inverse inequality �t together.� Se
tion 4.1 explains the 
onstru
tion of lo
al pre
onditioners, whi
h are robust withrespe
t to the parameter, but depends on the mesh size. The idea of blo
k smoothersis borrowed from [VW92℄ and [AFW97b℄, but the environment is di�erent.� Se
tion 4.2 extends the lo
al pre
onditioner by a 
oarse grid system to obtain 
ondi-tion numbers robust in the parameter and mesh size. Sin
e the forms are non-nested,grid transfer operators are ne
essary. To be robust, the operator has to map 
oarsegrid kernel fun
tions to �ne grid kernel fun
tions, essentially.



6 CHAPTER 1. INTRODUCTION� Se
tions 4.3 formulates multigrid methods, whi
h 
an be performed equivalently inprimal variables or in mixed variables. This is the basis for the multigrid analysis.The norms to prove the approximation property and the smoothing property arede�ned. The norms di�er from the norms usually used for multigrid methods inmixed variables. Our norms are related stronger to the primal problem.� Se
tion 4.4 proves the approximation property under abstra
t assumptions.� The smoother of Braess and Sarazin [BS97℄ was adapted by Wieners [Wie99℄ to theformulation in primal variables. Se
tion 4.5 
ompares the analysis by Wieners tothe present work. A 
orresponding smoother for the Reissner Mindlin plate model issuggested.� In Se
tion 4.6 the smoothing property for the lo
al smoothers suggested is proved fordi�erent appli
ations. The te
hnique uses additive S
hwarz methods and operatorinterpolation in Hilbert spa
es.� Finally, by 
ombining the approximation property and the smoothing property of thelo
al smoothers, robust solvers of optimal arithmeti
 
omplexity are obtained.NotationThe symbol a � b means that there exists a 
onstant 
 independent of a and b, as well as", and the dis
retization parameter ~ de�ned below su
h that a � 
 b. We write a � b forb � a, and a ' b for a � b and b � a.When (V; k:kV ; (:; :)V ) is a Hilbert spa
e, and A(:; :) is a 
ontinuous bilinear form onV � V , we will asso
iate to it the operator A : V ! V de�ned by(Au; v)V = A(u; v) 8 u; v;2 V:If A(:; :) is symmetri
 and non-negative, it de�nes the energy semi-normkukA := A(u; u)1=2:



7Throughout this work, the following symbols keep their meaning:" small parameterV Hilbert spa
e of primal variable (u; v; w 2 V )Q Hilbert spa
e of dual variable (p; q; r 2 Q)X X = V �Qa(:; :) symmetri
 and non-negative bilinear form on V
(:; :) symmetri
 and ellipti
 bilinear form on Q� linear operator V ! QV0 kernel of �X0 f(u; p) 2 X : �u = " pgA"(:; :) primal form A"(u; v) = a(u; v) + "�1
(�u;�v)B"(:; :) mixed form B"((u; p); (v; q)) = a(u; v) + 
(�v; p) + 
(�u; q)� " 
(p; q)C pre
onditioner (with varying indi
es)D simple pre
onditioner used for smoother
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Chapter 2Finite Element TheoryIn this 
hapter a brief introdu
tion to sele
ted topi
s of the �nite element method is given.We will start with a 
onforming dis
retization method for the Poisson equation and list thesteps of the analysis. We pro
eed with the saddle point problem of Stokes'. These examples
an be found in most �nite element textbooks. Then we will see that a 
onforming methodbehaves bad for the beam model of Timoshenko (see e.g. [Bra97℄).We will introdu
e the toolkit of Sobolev spa
es, the te
hnique of Hilbert spa
e interpo-lation, �nite element interpolation and partition of unity te
hniques. Then we will pro
eedwith parameter dependent problems. We will pass to mixed �nite element methods. Theextended toolkit involves saddle point problems, stabilization te
hniques, and the Fortininterpolation operator. We will end up with ellipti
, but non-
onforming �nite elementmethods.2.1 Finite Element Basi
s2.1.1 A positive de�nite problemFirst, we demonstrate by means of the most elementary partial di�erential equation themethod of �nite elements. We 
onsider the Poisson equation with homogeneous Diri
hletboundary 
onditions ��u = f in 
;u = 0 on �
 (2.1)on the domain 
 � R2 . The �nite element method requires the weak form of the equation.We seek for the solution u in the Hilbert fun
tion spa
e V = H10 (
). The solution has toful�ll the variational problemZ
rurv dx = Z
 fv dx 8 v 2 V: (2.2)9



10 CHAPTER 2. FINITE ELEMENT THEORYWe de�ne the symmetri
 bilinear form A(:; :) : V �V ! R and the linear form f(:) : V ! Ras A(u; v) := Z
rurv dx;f(v) := Z
 f v dx:Then we 
an rewrite the problem abstra
t as: Find u 2 V su
h thatA(u; v) = f(v) 8v 2 V: (2.3)The analysis of symmetri
 and and ellipti
 problems is based on the fa
t that the energynorm kukA := A(u; u)1=2 is an equivalent norm on V , i.e. there exists 
onstants 
1 > 0 and
2 > 0 su
h that 
1 kukV � kukA � 
2 kukV 8 u 2 V: (2.4)By means of the Lemma of Lax and Milgram there exists a unique solution u 2 V ofthe variational problem (2.3). The �nite element method is an approa
h to approximatethe (unknown) solution by something 
omputable. We have to 
hose a �nite dimensionalspa
e Vh where we will �nd the �nite element solution uh. In the standard (= 
onforming)approa
h the spa
e Vh is a subspa
e of V , and the problem is the redu
tion of the variationalproblem (2.3) to: Find uh 2 Vh su
h thatA(uh; vh) = f(vh) 8vh 2 Vh: (2.5)We have to analyze how good uh approximates u. The �rst step is the question of stability.Variational problems with ellipti
 forms are always stable. The �nite element solution isthe best approximating fun
tion in the �nite element spa
e with respe
t to energy norm.Using norm equivalen
e (2.4), we obtain the estimateku� uhkV � 
2
1 infvh2Vh ku� vhkV (2.6)We estimated the dis
retization error of the variational problem by the best approxima-tion error to the true solution u. The se
ond step is the estimation of the approximationerror. This question 
an be de
ided by properties of the spa
e Vh and additional propertiesof the true solution 
on
erning smoothness. De�ne a family of spa
es fV~g~>0 
hara
ter-ized by the positive parameter ~ ! 0. We assume that the solution is not only in V;but also in the dense subspa
e V + with the stronger norm k:kV +. We need a result fromapproximation theory of the forminfvh2Vh ku� vhkV � Æ(~) kukV+: (2.7)The fun
tion Æ(:) : R+ ! R+ has to ful�llÆ(~)! 0 as ~! 0: (2.8)



2.1. FINITE ELEMENT BASICS 11The third step in error analysis is to 
he
k that u 2 V + is not only an assumption, butis indeed true. This part needs properties of the in�nite dimensional problem and ofthe fun
tion spa
e V +. These are regularity theorems, whi
h require properties of thedomain (
onvex, 
one-
onditions, smooth boundary, et
.), the right hand side as well asthe boundary 
onditions. We will 
ite some results of the form later.Knowing that we have a good dis
retization method for the problem, we 
an prepare itfor 
omputing. Therefore, we have to 
hose a basis ('i)Ni=1 for the �nite element spa
e Vh,with N = dimVh. By means of the basis we 
an rewrite problem (2.5) equivalently as thelinear system Au = f: (2.9)The system matrix A 2 RN�N , the load ve
tor f 2 RN and the solution ve
tor u = (ui)Ni=1are de�ned by A = (A('i; 'j))Ni;j=1;f = (f('i))Ni=1;uh = NXi=1 ui 'i:In prin
ipal, algorithms for the solution of linear systems are not new, but spe
ial propertiesof linear systems from �nite element methods make it more exiting. First, the systems 
anbe very large (N = 106 or more), and se
ondly, there are only a few non-zero elements perrow in the matrix. This gives the 
han
e for algorithms of optimal arithmeti
 
omplexityO(N). Indeed, multigrid methods are su
h methods. We will give an overview of availablemodern fast methods in Chapter 3 and will analyze and apply these methods for the restof the monograph.2.1.2 A saddle point problemThe analysis of parameter dependent problems is strongly related to mixed variationalproblems. The best known example is Stokes' equation. The strong form of the equationreads as: Find the velo
ity u and the pressure p su
h that��u � rp = f in 
;divu = 0 in 
;u = 0 on �
: (2.10)The weak form requires the Hilbert spa
es V = [H10 (
)℄2 and Q = L2=R. We sear
h foru 2 V and p 2 Q su
h thatR
rurv dx + R
 div v p dx = R
 f v dx 8 v 2 V;R
 divu q dx = 0 8 q 2 Q:



12 CHAPTER 2. FINITE ELEMENT THEORYFor an abstra
t notation we de�ne the bilinear forms a(:; :) : V � V ! R and b(:; :) :V �Q! R, and the linear form f(:) : V ! R bya(u; v) := Z
rurv dx;b(u; q) := Z
 divu q dx;f(v) := Z
 f v dx:The mixed variational problem in abstra
t form reads as: Find u 2 V and p 2 Q su
h thata(u; v) + b(v; p) = f(v) 8 v 2 V;b(u; q) = 0 8 q 2 Q: (2.11)For a more 
ompa
t notation we de�ne the produ
t spa
e X = V � Q with the produ
tnorm k(u; p)k2X = kuk2V + kpk2Q and the blo
k bilinear form B(:; :) : X �X ! R byB((u; p); (v; q)) := a(u; v) + b(v; p) + b(u; q):By adding both rows of the variational equation (2.11), the problem 
an be rewritten as:Find (u; p) 2 X su
h thatB((u; p); (v; q)) = f(v) 8 (v; q) 2 X: (2.12)The 
ondition (2.4) of equivalent norms is the essential property of positive de�nite prob-lems. The 
orresponding extensions to more general problems are the 
onditions byBabu�ska and Aziz [BA72℄, namely stabilitysup(u;p)2X B((u; p); (v; q))k(u; p)kX � 
1 k(v; q)kX 8 (v; q) 2 X (2.13)and 
ontinuityB((u; p); (v; q)) � 
2 k(u; p)kX k(v; q)kX 8 (u; p); (v; q) 2 X: (2.14)Indeed, Babu�ska and Aziz 
an handle non-symmetri
 problems by taking 
are of the dif-ferent kernels, but we will stay in the 
lass of symmetri
 forms. If 
onditions (2.13) and(2.14) are ful�lled, then problem (2.12) has a unique solution. We de�ne the kernel V0 ofb(:; :) by V0 := fv 2 V : b(v; q) = 0 8 q 2 Qg:The theory of Brezzi [Bre74℄ gives sharp 
onditions onto the bilinear forms a(:; :) and b(:; :)to obtain stability (2.13). Namely, there must hold V0-ellipti
ity of a(:; :), i.e.a(u; u) � 
a kuk2V 8 u 2 V0; (2.15)



2.1. FINITE ELEMENT BASICS 13and the famous LBB 
onditionsupu2V b(u; q)kukV � 
b kqkQ 8 q 2 Q: (2.16)The LBB 
ondition for Stokes' problem is not trivial, see [DL76℄. Clearly, 
ontinuity ofB(:; :) follows by 
ontinuity of a(:; :) and b(:; :).The problem is 
alled saddle point problem, be
ause the solution (u; p) 2 V � Q is asaddle point of the Lagrangian fun
tionalL(v; q) := 12a(v; v) + b(v; q)� f(v):The 
omponent u is also a solution of the 
onstrained minimization problemminv2V0 12a(v; v)� f(v):The fe dis
retization needs �nite element spa
es for both variables, namely Vh � V andQh � Q, and Xh = Vh�Qh. The fe problem is the restri
tion of (2.12): Find (uh; ph) 2 Xhsu
h that B((uh; ph); (vh; qh)) 8 (vh; qh) 2 Xh:But unlike to positive de�nite problems, additional 
onditions are required. Namely, dis-
rete 
ounterparts to the kernel ellipti
ity (2.15) and to the LBB 
ondition (2.16) must beveri�ed for the fe spa
es Vh and Qh. A lot of theory for the 
onstru
tion of mixed �niteelement spa
es is available [BF91℄.2.1.3 A parameter dependent problemIn Se
tion 2.1.1 we formulated the basi
 prin
iple of the �nite element method for positivede�nite problems. Now, we 
onsider examples for whi
h the standard approa
h fails.Let us 
onsider the linear elasti
ity problem on the domain
 = (0; 1)� (�t=2; t=2);where t 2 (0; 1) is a small parameter. The part of the boundary with Diri
hlet boundary
onditions is �D = f0g � (�t=2; t=2);see Figure 2.1.Let V be the fun
tion spa
eV = fv 2 [H1(
)℄2 : v = 0 on �Dg:We 
onsider the problem of linear elasti
ity: Find u 2 V su
h thatZ e(u) : D : e(v) dx = Z fv dx: (2.17)
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f

tFigure 2.1: Thin beam with transverse loadingThe operator e(v) is the strain operatore(v) = 0:5(rv + (rv)T );and D is the fourth order tensor of elasti
 
oeÆ
ients. We 
onsider the spe
i�
 problemof uniform load f = t2(0;�1), and material parameters E = 1, � = 0:2. We perform �niteelement 
omputations with bilinear re
tangular elements. We use a �xed number of 10elements in verti
al dire
tion, and vary the number of elements in horizontal dire
tions.The solution on a mesh with 16� 10 elements is plotted below, the thi
kness t is 0.1:
The verti
al displa
ement u2(1; 0) at the right end of the beam is 
ompared for varyingthi
kness and number of elements in horizontal dire
tion:
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We observe that the results are totally useless until the mesh size in longitudinal dire
tionis of the same dimension as the thi
kness.



2.1. FINITE ELEMENT BASICS 15Usually, elasti
ity problems on thin domains are des
ribed by beam or plate models.The beam model of Timoshenko uses the in�nite dimensional Ansatz spa
efu 2 V : (u1; u2) = (x2�(x1); w(x1)) with �; w 2 H1((0; 1))gdes
ribed by the verti
al de
e
tion w and the rotation �. In prin
ipal, Galerkin proje
tionof 2.17 to the spa
e eV gives the beam model of Timoshenko. By integration in verti
aldire
tion one obtains the variational problem: Find (w; �) 2 eV � [H1((0; 1))℄2 su
h thatZ 10 f� 0�0 + t�2(w0 � �)(v0 � �)g dx = Z 10 f2v dx: 8 (v; �) 2 eV : (2.18)We negle
ted the 
oeÆ
ients in front of the di�erential terms. There are two reasons. First,they are not essential for the following analysis, and, se
ondly, the 
oeÆ
ients obtained byGalerkin proje
tion are not asymptoti
ally 
orre
t for t! 0. This is tried to 
ompensateby the so 
alled shear 
orre
tion fa
tor found in any engineering work. We perform �niteelement simulations with pie
ewise linear elements for equation (2.18). The results aresimilar to the investigation above:
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The lo
king e�e
t was not removed by the use of the beam model, but the diÆ
ulties aremore transparent. The energy of the model 
onsists of two parts, the bending energyZ (� 0)2 dxand the shear energy t�2 Z (w0 � �)2 dx:The problem is that for some fun
tions the se
ond term is by the fa
tor t�2 larger, while forother fun
tions the se
ond term vanishes. There is the old te
hnique of sele
tive redu
edintegration (see [MH78℄, [Arn81℄) to remove this problem. Instead of an exa
t formula of
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al integration, one of lower order is used. Often, this is equivalent to averagingsome term of the bilinear form. We indi
ate element-wise averaging on the �nite elementmesh by �h. We repla
e the form of (2.18) byZ 10 f� 0�0 + t�2(w0 � �)h (v0 � �)hg dx = Z 10 f2v dx (2.19)and repeat the simulations. The obtained results are:
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By this tri
k, the lo
king e�e
t is removed. We will dis
uss the relation to mixed methodsin Se
tion 2.3 in detail. We mention that also by in
reasing the polynomial degree of the�nite element spa
e the lo
king e�e
t 
an be removed ([SBS95℄ dis
usses shear lo
king forplate models).2.2 Approximation Results2.2.1 Sobolev spa
esThe natural spa
es for variational problems are Sobolev spa
es [Ada76℄. In this monographwe are interested in linear problems and thus the subset of Hilbert spa
es is enough.The domain 
 is a bounded open set from Rd with d = 2 or d = 3. We want to avoidte
hni
al diÆ
ulties and assume that 
 is polygonal. The boundary �
 is denoted by �,and �D � � is a 
losed subset.The inner produ
t (:; :)0;! and the asso
iated norm kuk0;! := (u; u)1=20 are the of L2(!).We will use k:k0 := k:k0;
. We will write the same symbol for ve
tor and tensor valuedfun
tions. If 
 is a manifold of lower dimension, then k:k0;
 is the 
orresponding L2 normon 
.Let ! � 
 be an open set with Lips
hitz 
ontinuous boundary. We de�ne the spa
e C1of in�nitely di�erentiable fun
tions on !. The subspa
es C10 and C10;D 
onsist of fun
tionswhi
h fun
tion values and all derivatives vanish on � and �D, respe
tively. Indeed, we



2.2. APPROXIMATION RESULTS 17allow di�erent sets �D for di�erent derivatives as well as for di�erent 
omponents of ve
torvalued fun
tions.For k 2 N we de�ne re
ursively the normskukk;! := �kuk2k�1;! + Xi=1;:::;d


 �u�xi


2k�1;!�1=2:We set juj0;! := kuk0;! and de�ne for k 2 N the semi-normsjujk;! := � Xi=1;:::;d ��� �u�xi ���2k�1;!�1=2:The Sobolev spa
es Hk(!), Hk0 (!), and Hk0;D(!) are the 
losures of C1(!), C10 (!), andC10;D(!), respe
tively, with respe
t to the norms kukk;!. Again, for ! = 
 we will skip thedomain. For k 2 N we de�ne the the Sobolev spa
es H�k(!) as dual spa
es to Hk0 (!).Theorem 2.1. Let k0; k1 2 N with k0 < k1. Then there holds Hk1 � Hk0 with 
ompa
tembedding.2.2.2 Hilbert spa
e interpolationInterpolation te
hniques are simple but powerful tools for �nite element analysis. We willuse the real method of interpolation going ba
k to [LP64℄. We refer also to [BS94℄. In[Bra93℄ the spe
ial 
ase of Hilbert spa
es is dis
ussed in more details.Let (V0; (:; :)0) and (V1; (:; :)1) be two Hilbert spa
es with 
ompa
t embedding V1 � V0.The goal is to de�ne a s
ale of spa
es in between. For t > 0 and u 2 V0 de�ne theK-fun
tional as K(t; u) := infu=u0+u1(ku0k20 + t2 ku1k21)1=2: (2.20)The interpolation norm k:k� for 0 < � < 1 is de�ned to bekuk� := kuk[V0;V1℄� := �Z 10 t�1�2�K(t; u)2 dt�1=2 : (2.21)The norm ful�lls the parallelogram law, and thus it leads to a Hilbert spa
e. The spa
eV� = [V0; V1℄� is the 
losure of V1 with respe
t to k:k�.Theorem 2.2. Let V1 � V0 and W1 � W0 be two pairs of 
ompa
tly embedded Hilbertspa
es. Let T be an linear operator mapping V0 into W0 as well as V1 into W1 with normbounds kTvkW0 � 
0 kvkV0 8 v 2 V0;kTvkW1 � 
1 kvkV1 8 v 2 V1:Then for � 2 (0; 1), T maps [V0; V1℄� into [W0;W1℄� with boundkTvk[W0;W1℄� � 
1��0 
�1kvk[W0;W1℄� 8 v 2 [V0; V1℄�: (2.22)



18 CHAPTER 2. FINITE ELEMENT THEORYAn important appli
ation is interpolation of Sobolev spa
es. Take for k 2 N0 thespa
es V0 = Hk(!) and V1 = Hk+1(!). The embedding is 
ompa
t, so one 
an applyinterpolation to de�ne Hk+�(!) := [Hk(!); Hk+1(!)℄� and Hk+�0 (!) := [Hk0 (!); Hk+10 (!)℄�.Sobolev spa
es of negative, non-integral parameters �s are de�ned as dual spa
es ofHs0(!).Theorem 2.3. Let 
 be a domain with Lips
hitz-
ontinuous boundary. Let m0; m1; m 2N0 with m0 < m < m1. Set � su
h that m0 = (1� �)m0 + �m1. Then the norms of thespa
es� Hm(!) and [Hm0(!); Hm1(!)℄�� Hm0 (!) and [Hm00 (!); Hm10 (!)℄�are equivalent, respe
tively.The proof for Hm 
an be found in [BS94℄, while Hm0 is proved in [Bra95℄.2.2.3 The Bramble-Hilbert lemmaThere exists di�erent formulations of the Bramble-Hilbert lemma in the literature, see e.g.[Bra97℄, [BS94℄. We formulate �rst an abstra
t theorem ([GR86℄, Theorem 2.1):Theorem 2.4. Let eV be a Hilbert spa
e with norm k:kV . Let eV � W be a 
ompa
tembedding into the Hilbert spa
e (W; k:kW ). Let k:kA be a semi-norm an eV with kernel V00.Assume that the following norms are equivalent:kukV ' kukW + kukA 8 u 2 eV :Then the following is true:i. The kernel V00 is of �nite dimension. The semi-norm is equivalent to the norm onthe fa
tor spa
e, i.e. kukA ' infu02V00 ku� u0kV 8 u 2 eV :ii. Let k:kB be a 
ontinuous semi-norm on eV su
h that there hold for all u 2 eVkukB + kukA = 0 ) u = 0:Then there holds the equivalen
e of normskukB + kukA ' kukV 8 u 2 V:iii. Let V � eV be a 
losed subspa
e su
h thatV \ V00 = f0g:Then there holds the equivalen
e of normskukA ' kukV 8 u 2 V:



2.2. APPROXIMATION RESULTS 19The lemma of Bramble-Hilbert is a 
orollary to the above theorem:Lemma 2.5 (Bramble-Hilbert). Let k 2 N, and Q be a Hilbert spa
e. Let L : Hk !Q be a linear and 
ontinuous operator. Assume that L vanishes on the spa
e Pk�1 ofpolynomials up to order k � 1. Then L is bounded by the semi-norm, i.e.kLukQ � jujk:2.2.4 Finite element spa
esFor 
omputing one has to approximate elements in Sobolev spa
es by elements in �nitedimensional fun
tion spa
es. Finite element spa
es are su
h spa
es. The material inthis se
tion is referred to [Cia78℄. One divides the domain 
 into a �nite set of simplesubdomains T , 
alled elements. Together they form the triangulation T = fTg. Forsimpli�
ation we assume that 
 is a polygonal domain. Usual elements are simpli
ials,namely segments in 1D, triangles in 2D and tetrahedra in 3D, and elements build bytensor produ
ts from simpli
ial elements, namely quadrilaterals, hexahedra and prisms.Ea
h element T is interpreted as the image of the mapping xT (�) from a referen
eelement T (R). We de�ne some terms for the triangulation:� A triangulation is 
onforming, i� the interse
tion of two di�erent elements is eitherempty, or 
ontains one 
ommon 
orner point, one 
ommon edge or one 
ommon fa
e.� A 
onforming triangulation is shape regular, i� for all elements the 
ondition numberof the Ja
obian is bounded, i.e.


d xT (�)d� 


 


�d xT (�)d� ��1


 � 1 8T 2 T ; 8 � 2 T: (2.23)� We de�ne the lo
al mesh size h(x) for x = xT (�) ash(x) = 


d xT (�)d� 


; (2.24)and hT = supx2T h(x)A triangulation is quasi-uniform, i� it is shape regular and there exists one globalh > 0 su
h that h � h(x) � h 8 x 2 
 (2.25)Next, the set of shape fun
tions has to be de�ned on the referen
e element. We willneed shape fun
tions of full or partial polynomial type, denoted as Pk and Qk, respe
tively.In addition, often so 
alled bubble fun
tions are ne
essary. There are element bubblefun
tions whi
h vanish at the boundary of the element, and fa
e bubbles vanishing on all



20 CHAPTER 2. FINITE ELEMENT THEORYbut one fa
e of an element. For example, the lowest order element bubble fun
tion for atriangle is �1�2�3, and one of the fa
e bubble fun
tions of lowest degree is �1�2 (the �i arethe bary
entri
 
oordinates).Third, a set of unisolvent linear fun
tionals are de�ned on the spa
e of shape fun
tions,
alled the degrees of freedom. These fun
tionals are most often point evaluations, but alsoother possibilities like integrals over edges or fa
es are in use.These three 
omponents de�ne the �nite element in the sense of Ciarlet [Cia78℄. Theglobal �nite element spa
es is 
onstru
ted by transformation of the geometry, the shapefun
tions, and linear fun
tionals. The demand of well-de�nition of the linear fun
tionalsgive the desired 
ontinuity properties of the global �nite element spa
e.The �nite element spa
e will be denoted by Vh, where h is the global mesh size pa-rameter for quasi-uniform triangulations, and just notation for more general 
onformingtriangulations. It is spanned by a set of basis fun
tions, i.e.Vh = span f'ig: (2.26)The global linear fun
tionals li(:) shall form a bi-orthogonal basis for V �h . Then a �niteelement fun
tion uh 2 Vh 
an be represented byuh = NXi=1 li(uh)'i: (2.27)A

ording to the 
ontinuity, the �nite element spa
e is a subspa
e of the Sobolev spa
eof order s. In
luding also the 
ases Vh 6� Hk we de�ne the broken Sobolev norms askvhkk;h := �XT2T kvhk2k;T�1=2; (2.28)for k 2 N0 , and for positive parameters by interpolation between these norms.On �nite element spa
es on shape regular meshes we 
an estimate Sobolev norms ofhigher order by lower order ones. These are inverse inequalities. For vh 2 Vh there holdskvhkk;T � hl�kT kvhkl;T k � l � 0: (2.29)A proof 
an be found in any �nite element book, e.g. [Cia78℄.2.2.5 Lo
al interpolation operatorsWe will often have to approximate a fun
tion in a Sobolev spa
e by some �nite elementfun
tion. Therefore we need a mapping Ih : Hs ! Vh. The mapping should be lo
al, i.e.(Ihu)jT should depend on uj eT only, where eT is 
lose to and not mu
h larger than T .The approximation shall be
ome better as the image norm gets weaker. The optimalapproximation is ju� Ihujk;T � hl�k jujl;eT 0 � k � l (2.30)



2.2. APPROXIMATION RESULTS 21for proper integers k and l. The 
lassi
al interpolation operators are nodal interpolationoperators IN . They are de�ned by extending the representation (2.27) toINu := NXi=1 li(u)'i 8 u 2 W � V: (2.31)The spa
e W is su
h that the linear fun
tionals li(:) are well de�ned on W . By (2.27),the operator is a proje
tion on Vh. The large disadvantage of the interpolation operator(2.31) is the ne
essary restri
tion to the sub-spa
e W . If the linear fun
tionals are pointevaluation, then W = Hs with s > d=2 is required. Thus the approximation estimate(2.30) 
an hold for l > d=2, only.Other possibilities are interpolation operators of Cl�ement [Cl�e75℄ and S
ott-Zhang[SZ90℄ type. They are de�ned as follows. For ea
h linear fun
tional li(:) de�ne a set�i su
h that li(u) depends on uj�i, only. It 
an be a subset of non-zero measure, but also amanifold. De�ne the L2(�i)-orthogonal proje
tion �ki onto Pk(�i). Then the interpolationoperator is ISZu = NXi li(�ki u)'i: (2.32)This interpolation operator is a proje
tion if Vhj�i � Pk(�i). Two examples to de�ne thesets �i for the point evaluation fun
tional li(:) in the node xi are shown below. The set �ihas non-trivial measure in R2 , while �j is a one-dimensional manifold.
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σThe S
ott-Zhang proje
tor is well de�ned for the Sobolev spa
e L2 i� all sets �i havenon-zero measure in Rd . Then the approximation inequality (2.30) holds for l � 0. If thesets are d�1 dimensional manifolds, then the operator is well de�ned on Hs with s > 1=2.Then inequality (2.30) holds for l � 1. The upper bound for l is one plus the minimum ofthe full polynomial degree of the fe spa
e and of the lo
al spa
e used to 
onstru
t �ki .2.2.6 Partition of unityThe partition of unity method is a useful tool for all part of �nite element analysis ([BA72℄,[MB96℄). We will use it for the analysis of multigrid and domain de
omposition methods.Let f!ig be a de
omposition of 
, i.e.
 = M[i=1!i:



22 CHAPTER 2. FINITE ELEMENT THEORYWe set Hi = diam !i:Ea
h set !i is in
reased to the set 
i � 
 su
h thatdist f!i; �
i n �
g � Hi:Then there exists fun
tions  i 2 C1 su
h that0 �  i(x) � 1; Xi  i = 1;and supp i � 
iholds, and all derivatives are bounded bykrk ikL1 � H�ki :Lemma 2.6. The multipli
ation( iu)(x) :=  i(x)u(x) 8 a:e: x 2 
is well de�ned on Sobolev spa
es Hk; k � 0. For u 2 Hk0;D(
) there holds the estimatej iujk � kukk;
i +H�kkuk0;
i2.3 Parameter Dependent ProblemsThe material presented in this se
tion is referred to [BF91℄.2.3.1 Primal and mixed formulationLet (V; k:kV ; (:; :)V ) and (Q; k:k
; 
(:; :)) be Hilbert spa
es. The typi
al 
ases are the Sobolevspa
es V = H1(
) and Q = L2(
) on the domain 
 � Rd . We 
onsider variationalproblems: Find u 2 V su
h thatA"(u; v) = f(v) 8 v 2 V (2.33)with the symmetri
 bilinear form A(")(:; :) : V � V ! R, and the 
ontinuous linear formf(:) : V ! R. The bilinear form is assumed to have the spe
ial stru
tureA"(u; v) = a(u; v) + "�1 
(�u;�v): (2.34)The bilinear form a(:; :) : V � V ! R is assumed to be symmetri
, 
ontinuous and non-negative. The bilinear from 
(:; :) was de�ned to be the inner produ
t in Q. The operator� : V ! Q is assumed to be 
ontinuous. We assume that �V , the range of �, is dense in



2.3. PARAMETER DEPENDENT PROBLEMS 23Q. It is not ne
essarily 
losed. The parameter " 2 (0; 1℄ is typi
ally small. The problem isof spe
ial interest, if V0 := kern �is non-trivial. We will skip the supers
ript " of A"(:; :), later.We assume that A1(u; u)1=2 is an equivalent norm on V , i.e.kuk2V � a(u; u) + 
(�u;�u) � kuk2V : (2.35)Norm equivalen
e (2.35) implies that A"(:; :) is ellipti
kuk2V � A"(u; u):It is 
ontinuous with the parameter dependent estimateA"(u; u) � "�1kuk2V :The theorem of Lax and Milgram ensures a unique solution of (2.33) and the robust stabilityestimate kukV � kfkV �Let Vh be a �nite element subspa
e of V . The 
onforming �nite element dis
retizations
heme is: Find uh 2 Vh su
h thatA"(uh; vh) = f(vh) 8 vh 2 Vh: (2.36)Using the norm estimates we get the parameter dependent a priori estimateku� uhkV � "�1=2 infvh2Vh ku� vhkV : (2.37)On the other hand, we have the robust estimate in energy norm, i.e.ku� uhkA" � infvh2Vh ku� vhkA": (2.38)For the problems we are interested in, the non-robust estimate in k:kV norm is morerealisti
 than the robust estimate in k:kA norm. One explanation is that the approximationestimates for standard �nite element spa
es apply in norms related to V . In Se
tion 2.1.3we have seen that the estimate (2.37) is not only a theoreti
al la
k, but also o

urs inpra
ti
al 
omputations.The standard te
hnique is to pass to a mixed formulation. We de�ne the dual variablep 2 Q as p := "�1�u: (2.39)We use p in the variational problem (2.33) and geta(u; v) + 
(�v; p) = f(v) 8 v 2 V: (2.40)



24 CHAPTER 2. FINITE ELEMENT THEORYThe weak form of (2.39) is 
(�u; q)� " 
(p; q) = 0 8 q 2 Q: (2.41)In mixed �nite element publi
ations, usually the bilinear form b(:; :) : V �Q! R de�nedby b(u; p) := 
(�u; p)is used. Combining equations (2.40) and (2.41), we obtain the mixed variational problem:Find u 2 V and p 2 Q su
h thatB"((u; p); (v; q)) = f(v) 8 v 2 V; 8 q 2 Q (2.42)with the blo
k bilinear formB"((u; p); (v; q)) := a(u; v) + 
(�u; q) + 
(�v; p)� " 
(p; q): (2.43)The mixed bilinear form is well de�ned for the limit " = 0. A solution (u; p) of (2.42) is inthe spa
e X0 = f(u; p) 2 X : �u = " pg : (2.44)This spa
e will play an essential role for stabilization te
hniques as well as for iterativesolvers. We de�ne the normk(u; p)kV�"
 := (kuk2V + "kpk2
)1=2on the spa
e V � Q. It degenerates to a semi-norm for " = 0. The bilinear form B(:; :) is
ontinuous with parameter dependent bounds for that norm, namelyB((u; p); (v; q)) = a(u; v) + 
(�u; q) + 
(�v; p)� " 
(p; q) (2.45)� a(u; u)1=2a(v; v)1=2 + k�uk
 kqk
 + k�vk
 kpk
 + "kpk
kqk
� �a(u; u) + k�uk2
 + kpk2
 + " kpk2
�1=2� �a(v; v) + k�vk2
 + kqk2
 + " kqk2
�1=2� �kuk2V + kpk2
�1=2 �kvk2V + kqk2
�1=2� "�1 �kuk2V + " kpk2
�1=2 �kvk2V + " kqk2
�1=2= "�1 k(u; p)kV�"
 k(v; q)kV�"
:On the other hand, B(:; :) provides a uniformly 
ontinuous mapping from [V � "Q℄� intoV � "Q. This is formulated in the following theorem:Theorem 2.7. Let g(:) : Q! R bet a 
ontinuous linear form with norm kgk
�. Then theextended mixed problem: Find (u; p) 2 V �Q su
h thatB"((u; p); (v; q)) = f(v) + g(q) 8 (v; q) 2 V �Q (2.46)has a unique solution. There holds the a priori boundkuk2V + "�1k�uk2
 + "kpk2
 � kfk2V � + "�1kgk2
�:



2.3. PARAMETER DEPENDENT PROBLEMS 25Proof. First, we 
onstru
t a solution by means of the primal problem. Be
ause � : V ! Qis 
ontinuous, and g(:) in Q�, the fun
tional g(�:) is 
ontinuous on V . Let u 2 V be thesolution of a(u; v) + "�1
(�u;�v) = f(v) + "�1g(�v) 8 v 2 V:We use the ellipti
ity of a(:; :) + 
(�:; :�) to estimatekuk2V + "�1k�uk2
 � a(u; u) + "�1 
(�u;�u)= f(u) + "�1g(�u)� kfkV �kukV + "�1=2kgk
� "�1=2k�uk
� �kfk2V � + "�1kgk2
��1=2 �kuk2V + "�1k�uk2
�1=2 :Dividing by (kuk2V +"�1k�uk2
)1=2 gives the bound for u. By Riesz' representation theoremwe de�ne ~g 2 Q su
h that 
(~g; q) = g(q) 8 q:We set p = "�1 (�u� ~g) :It 
an be bounded by" kpk2
 � "�1k�uk2
 + "�1kgk2
� � kfk2V � + "�1kgk2
�:We verify, that (u; p) is a solution of (2.46), namely for all (v; q) 2 V �Q there holdsB"((u; p); (v; q)) = a(u; v) + 
(�u; q) + 
(�v; p)� " 
(p; q)= a(u; v) + 
(�u; q) + 
(�v; "�1(�u� ~g))� "
("�1(�u� ~g); q)= a(u; v) + "�1
(�u;�v)� "�1
(~g;�v) + 
(~g; q)= f(v) + g(q):Finally, we proof that the solution is unique. Otherwise, a non-trivial solution (u; p) of thehomogenous problem would satisfy0 = B"((u; p); (u;�u� p))= a(u; u) + 
(�u;�u� p) + 
(�u; p)� " 
(p;�u� p)= a(u; u) + 
(�u;�u) + " 
(p; p)� " 
(p;�u)� a(u; u) + 
(�u;�u) + " 
(p; p)� "=2 
(p; p)� "=2 
(�u;�u)� a(u; u) + 1=2 
(�u;�u) + "=2 
(p; p)� kuk2V + " kpk2
 > 0;and the proof is 
omplete.



26 CHAPTER 2. FINITE ELEMENT THEORYUp to now, there is no pro�t of the mixed form. One reason of the problem is that �has not ne
essarily a 
losed range. Let us assume that k:kQ;0 is a norm on Q su
h thatkpkQ;0 ' supv2V 
(p;�v)kvkV 8 p 2 Q: (2.47)It is always possible to de�ne the norm k:kQ;0 by the supremum above. In general, k:kQ;0is a weaker norm than k:k
. Per de�nition, � has a 
losed range inQ0 := �V k:kQ;0 : (2.48)The bilinear form of the limit " = 0 is 
ontinuous and stable on V �Q0:Theorem 2.8 (Brezzi). The bilinear formB0((u; p); (v; q)) = a(u; v) + 
(�u; q) + 
(�v; p)is 
ontinuous, i. e.B0((u; p); (v; q)) � (kuk2V + kpk2Q;0)1=2(kvk2V + kqk2Q;0)1=2; (2.49)and stable, i. e. supu2V;p2Q0 B0((u; p); (v; q))(kuk2V + kpk2Q;0)1=2 � (kvk2V + kqk2Q;0)1=2; (2.50)on the spa
e V �Q0.The theorem is the 
lassi
al theorem of Brezzi. See [BF91℄, Prop 1.3.For the 
ase " > 0 we need a norm depending on the parameter ". We de�nekpkQ := kpkQ;" := �kpk2Q;0 + "kpk2
�1=2 : (2.51)This norm is equivalent to k:k
 for �xed " > 0, but not ne
essarily uniformly equivalentwith respe
t to ". We de�ne the produ
t spa
eX = V �Qwith the norm k(u; p)kX = (kuk2V + kpk2Q)1=2:The following theorem states that B"(:; :) provides an uniform isomorphism form X to X�:Theorem 2.9. Assume the equivalen
e of norms (2.35) is true. Let B"(:; :) and k:kX bede�ned as above. Then the following is true:� The bilinear form B"(:; :) is uniformly 
ontinuous on X, i.e.B"((u; p); (v; q)) � k(u; p)kX k(v; q)kX 8 (u; p) 2 X; 8 (v; q) 2 X: (2.52)



2.3. PARAMETER DEPENDENT PROBLEMS 27� The bilinear form B"(:; :) is uniformly stable on X, i.e.sup(u;p)2X B"((u; p); (v; q))k(u; p)kX � k(v; q)kX 8 (v; q) 2 X: (2.53)Proof. The proof of the 
ontinuity follows estimate (2.45). But now, we have the improvedestimate 
(�u; q) � kukV supv2V 
(�v; q)kvkV = kukV kqkQ;0for the mixed term. Thus we get uniform 
ontinuity. Now, �x (v; q) 2 X. By de�nition ofthe norm k:kQ;0, there exists a ~v 2 V su
h that
(�~v; q)k~vkV � kqkQ;0:We are free to s
ale ~v su
h thatk~vkv = kqkQ;0 and 
(�~v; q) � kqk2Q;0:Let (u; p) be the unique solution (by Theorem 2.7) ofB"((u; p); (w; r)) = (v; w)V + 
(�~v; r) + " 
(q; r) 8 (w; r) 2 X: (2.54)We will prove that (u; p) is feasible to verify (2.53). First, we see thatB"((u; p); (v; q)) = (v; v)V + 
(�~v; q) + " 
(q; q) (2.55)� kvk2V + kqk2Q;0 + " kqk2
= k(v; q)k2X:By the de�nition of B"(:; :) and (2.54) there holds for all (w; r) 2 X:B"((u� ~v; p); (w; r)) = B"((u; p); (w; r))� B"((~v; 0); (w; r))= (v; w)V + 
(�~v; r) + " 
(q; r)� [a(~v; w) + 
(�~v; r)℄= (v; w)V � a(~v; w) + " 
(q; r):We apply Theorem 2.7 to boundku� ~vk2V + " kpk2
 � kvk2V + k~vk2V + "kqk2
;and further kuk2V + " kpk2
 � k~vk2V + kvk2V + " kqk2
� kvk2V + kqk2Q;0 + " kqk2
= k(v; q)k2X:



28 CHAPTER 2. FINITE ELEMENT THEORYWe are left to estimate kpkQ;0. Applying test fun
tions (w; 0) to (2.54) we getB"((u; p); (w; 0)) = a(u; w) + 
(�w; p) = (w; v)V 8w 2 V;and thus kpkQ;0 = supw2V 
(�w; p)kwkV = supw2V (w; v)V � a(u; w)kwkV� kvkV + kukV � k(v; q)kX:We got k(u; p)kX � k(v; q)kX. Combining with (2.55) we getB"((u; p); (v; q))k(u; q)kX � k(v; q)k2Xk(v; q)kX = k(v; q)kX;and the proof is 
omplete.There are alternative assumptions to provide an uniform isomorphism. The weakest
onditions are formulated in [Bra96℄.2.3.2 Stabilization te
hniquesAn advantageous property is the ellipti
ity of the bilinear form a(:; :), i.e.a(u; u) � kuk2V 8 u 2 V: (2.56)This is not really an additional assumption. Due to (2.35) it 
an always be 
onstru
ted.Let us split 
(:; :) into "�1
(u; v) = ~
(u; v) + "�1
̂(u; v)su
h that (Q; k:k
̂) is a Hilbert spa
e, andâ(u; v) := a(u; v) + ~
(�u;�v)is ellipti
 on V . One possibility is to set ~
(:; :) = 1=2 
(:; :). Then the bilinear formA"(u; v) = a(u; v) + "�1
(�u;�v)= a(u; v) + ~
(�u;�v) + "�1
̂(�u;�v)= â(u; v) + "�1
̂(�u;�v)is a splitting with ellipti
 part â(:; :). We substitute â(:; :) by a(:; :) and 
̂(:; :) by 
(:; :),and return to a problem of the original stru
ture. This approa
h 
an be found in [AB93℄.There are many possibilities to 
onstru
t the splitting. It may depend on the �nite elementmesh, as well as on the parameter.An alternative approa
h (used e.g. in [CS98℄) with the same result is the following.The solution (u; p) 2 X of the variational problemB"((u; p); (v; q)) = f(v) 8 (v; q) 2 X



2.3. PARAMETER DEPENDENT PROBLEMS 29is in the spa
e X0, i.e. �u� " p = 0:Thus, (u; p) solves also the stabilized problemeB"((u; p); (v; q)) = f(v) 8 (v; q) 2 Xwith the stabilized bilinear formeB"((u; p); (v; q)) := B"((u; p); (v; q)) + ~
(�u� "p;�v � "q):The forms 
̂(:; :); ~
(:; :), and â are the same from above. One veri�es that the bilinear formeB"(:; :) has the alternative representationeB((u; p); (v; q)) = a(u; v) + ~
(�u;�v) + 
(�u; q)� " ~
(�u; q)+ 
(�v; p)� " ~
(�v; p)� " 
(p; q) + "2 ~
(p; q)= â(u; v) + 
̂(�u; q) + 
̂(�v; p)� " 
̂(p; q):After renaming â(:; :) to a(:; :) and 
̂(:; :) to 
(:; :) we are ba
k at the original stru
ture.An other version of stabilization is analyzed in . It makes the dis
rete stability 
onditionhold for any �nite element pairing. But the te
hnique 
annot be applied in primal variables.For relations between stabilization methods and bubble fun
tions see [BBF+92℄, [Hug95℄,[BFHR97℄.2.3.3 Non-
onforming and mixed dis
retization te
hniquesWe have seen already in Se
tion 2.1.3 that 
onforming dis
retization methods for parameterdependent problems may deteriorate as the parameter gets small. The key to 
onstru
trobust dis
retization s
hemes is the relation to mixed �nite element methods. LetVh � V and Qh � Qbe �nite element spa
es build on the shape regular triangulation Th of the domain 
. Weset Xh = Vh �Qh:The idea of the dis
retization is the redu
tion of the operator �. We de�ne the proje
tionP 
h : Q! Qh by 
(P 
hp; qh) = 
(p; qh) 8 p 2 Q; 8 qh 2 Qh:The redu
ed operator �h : V ! Qh is de�ned as�h := P 
h�:We de�ne A"h(:; :) : V � V ! R asA"h(u; v) := a(u; v) + "�1
(�hu;�hv): (2.57)



30 CHAPTER 2. FINITE ELEMENT THEORYThe non-
onforming �nite element problem is: Find uh 2 Vh su
h thatA"h(uh; vh) = f(vh) 8 vh 2 Vh: (2.58)We assume that A1h is stable, i.e.kuhk2V � a(uh; uh) + 
h(�huh;�huh) 8 uh 2 Vh: (2.59)This is in general an additional assumption. It is harder to ful�ll as the spa
e Vh getslarger and Qh gets smaller. If the bilinear form a(:; :) is ellipti
 on V , then (2.59) is ful�lledtrivially, and the spa
e Vh may be
ome arbitrarily large. This might be the reason to applystabilization te
hniques.We de�ne the mixed formB"h((uh; ph); (vh; qh)) = a(uh; vh) + 
(�huh; qh) + 
(�hvh; ph)� "
(ph; qh)and formulate the equivalent mixed �nite element problem: Find (uh; ph) 2 Xh su
h thatB"h((uh; ph); (vh; qh)) = f(vh) 8 (vh; qh) 2 Xh:The variational de�nition of �h gives
(�huh; qh) = 
(P 
h�uh; qh) = 
(�uh; qh):Thus B"h(:; :) 
oin
ides with B"(:; :) on the �nite element spa
e Xh, and the mixed �niteelement problem with the original form B"(:; :): Find (uh; ph) 2 Xh su
h thatB"((uh; ph); (vh; qh)) = f(vh) 8 (vh; qh) 2 Xhis equivalent to the non-
onforming primal problem (2.58). Theorem 2.7 
an be appliedto prove stability and 
ontinuity of B"(:; :) on the spa
e (Xh; k:kV�"
), but with boundsdepending on ".The norm k:kX provides an uniform estimates for stability and 
ontinuity of B"(:; :)on X. We need an additional assumption to obtain an uniform stability estimates on thesubspa
e Xh.Theorem 2.10 (Fortin's 
riterion). Assume there exists an operatorIFh : V ! Vh (2.60)whi
h is 
ontinuous kIFh kV � 1 (2.61)and ful�lls the property
(�IFh u; qh) = 
(�u; qh) 8 u 2 V; 8 qh 2 Qh: (2.62)Then the bilinear form B"(:; :) is stable on Xh, i.e.sup(uh;ph)2Xh B"((uh; ph); (vh; qh))k(uh; ph)kX � k(vh; qh)kX 8 (vh; qh) 2 Xh: (2.63)



2.3. PARAMETER DEPENDENT PROBLEMS 31Remark 2.11. We 
an 
onsider the parameter dependent problem as penalty approxima-tion of a 
onstrained minimization problem. Then property (2.62) means, that the 
on-straints �u = 0 should be preserved by the Fortin operator in mean.Proof. In analogy to (2.47), let k:kQh;0 be a norm su
h thatkphkQh;0 ' supvh2Vh 
(ph;�vh)kvhkV 8 p 2 Qh: (2.64)We de�ne the parameter dependent normkphkQh := kpkQh;" := �kphk2Qh;0 + "kphk2
�1=2 : (2.65)By Theorem 2.9, B"(:; :) is stable and 
ontinuous on Xh with respe
t to the normk:kV�Qh. In general, the norm k:kQh is weaker then k:kQ, be
ause the supremum is takenover a smaller spa
e. But, if there exists a Fortin operator IFh , the norms are equivalent.To prove, we �x a ph 2 Qh. Let u 2 V su
h that
(�u; ph)kukV � supv2V 
(�v; ph)kvkV = kphkQ;0:Then, we 
an estimatekphkQh;0 = supvh2Vh 
(�vh; ph)kvhkV � 
(�IFh u; ph)kIFh ukV= 
(�u; ph)kIFh ukV � 
(�u; ph)kukV � kphkQ;0:Thus, the norms k:kV�Qh and k:kV�Q are equivalent, and B"(:; :) is stable on Xh withrespe
t to the norm k:kX .Fortin's 
riterion is based on the limit problem with " = 0. In Theorem 2.10 we provedequivalen
e of k:kQ;0 and k:kQh;0 to 
on
lude that k:kQ and k:kQh are equivalent. We will
onsider problems, where the norms depend on the parameter. Then, the later norms 
anbe equivalent, but the former are not. The term "k:k2
 may have a stabilizing e�e
t. Arelaxed version of Fortin's 
riterion 
an handle that 
ase:Theorem 2.12 (Relaxed Fortin's 
riterion). Assume, we 
an split Qh intoQh = Qh;0 +Qh;1with Qh;0 � Qh and Qh;1 � Qh. The splitting is assumed to be stable in the norm k:k
, i.e.for all ph 2 Qh there exists p0 2 Qh;0 and p1 2 Qh;1 su
h thatph = p0 + p1 and kp0k
 + kp1k
 � kphk
: (2.66)



32 CHAPTER 2. FINITE ELEMENT THEORYWe assume for p0 2 Qh;0 there holds the estimatekp0kQ � "1=2kp0k
: (2.67)Assume that the Fortin operator IFh of Theorem 2.10 ful�lls the relaxed 
ondition
(�IFh u; q1) = 
(�u; q1) 8 u 2 V; 8 q1 2 Qh;1 (2.68)instead of (2.62).Then the form B"(:; :) is stable on Xh with respe
t to the norm k:kX.Proof. Again, we have to prove that kphkQ � kphkQhholds for ph 2 Qh. Let ph = p0 + p1 su
h that (2.66) holds. Then there holdskphkQ � kp0kQ + kp1kQ' kp0kQ + supv2V 
(p1;� v)kvkV + "1=2kp1k
:We use the Fortin operator like in the previous theorem to redu
e the supremum to the�nite element spa
e: kphkQ � kp0kQ + supvh2Vh 
(p1;� vh)kvhkV + "1=2kp1k
= kp0kQ + kp1kQh;0 + "1=2kp1k
:We pro
eed with the triangle inequality applied to p1 = p � p0, the estimate k:kQh;0 �k:kQ;0 � k:kQ, assumption (2.67) and assumption (2.66):kphkQ � kp0kQ + kpkQh;0 + kp0kQh;0 + "1=2kp1k
� kp0kQ + kpkQh;0 + "1=2kp1k
� "kp0k
 + kpkQh;0 + "1=2kp1k
� kpkQh;0 + "1=2kpk
= kpkQh:The theorem is proven.A dire
t appli
ation of the Fortin operator IFh is as 
ontinuous interpolation operatorfor the parameter dependent problem in primal variables:Theorem 2.13 (Robust interpolation operator). Let IFh be an operator as in Theo-rem 2.12. Then it is bounded uniformly with respe
t to the energy normskIFh ukAh � kukA 8 u 2 V: (2.69)



2.3. PARAMETER DEPENDENT PROBLEMS 33Proof. We �x u 2 V , and estimate the terms ofkIFh uk2Ah = kIFh uk2a + "�1k�hIFh uk2
:The �rst one follows by 
ontinuity of IFh , i.e.kIFh uk2a � kIFh uk2V � kuk2V � kuk2A:To estimate the se
ond term, we use the k:k
-stable de
omposition of Qh:k�hIFh uk2
 = supph2Qh 
(�hIFh u; ph)2kphk2
� supq02Qh;0q12Qh;1 
(�hIFh u; p0 + p1)2kp0k2
 + kp1k2
 :The supremum is taken at the solution of the variational problem
(p0; q0) + 
(p1; q1) = 
(�hIFh u; q0 + q1) 8 q0 2 Qh;0; q1 2 Qh;1;and evaluates to 
(p0; p0) + 
(p1; p1):The variational problem 
onsists of two de
oupled problems. The same variational prob-lems and the same value are obtained by two de
oupled supremes:
(p0; p0) + 
(p1; p1) = supq02Qh;0 
(�hIFh u; q0)2kq0k2
 + supq12Qh;1 
(�hIFh u; q1)2kq1k2
 : (2.70)To estimate the �rst term, we use 
(�hv; qh) � kvkV kqkQ and assumption (2.67):supq02Qh;0 
(�hIFh u; q0)2kq0k2
 � supq02Qh;0 kIFh uk2V kq0k2Qkq0k2
 � " kuk2V :To estimate the se
ond term, we use (2.68) and Cau
hy-S
hwarz for 
(:; :):supq12Qh;1 
(�hIFh u; q1)2kq1k2
 = supq12Qh;1 
(�hu; q1)2kq1k2
 � k�huk2
k�uk2
:The 
ombination gives "�1k�hIFh uk2
 � kuk2A;and the theorem is proven.Assume stability of B"(:; :) on Xh with respe
t to the norm k:kX . Then the �niteelement approximation is 
lose to best approximation, i.e.k(u� uh; p� ph)kX � inf(vh;qh) k(u� vh; p� qh)kX :



34 CHAPTER 2. FINITE ELEMENT THEORYTo obtain a rate of 
onvergen
e, we have to leave the natural spa
e X. Assume, thereexist spa
es V + � V � V � and Q+ � Qwith 
orresponding norms k:kV +, k:kV �, and k:kQ+. The embedding is assumed to be denseand 
ontinuous. The standard 
ase is V + = H2(
), V � = L2(
), and Q+ = H1(
). LetIVh and IQh be interpolation operators ful�lling the approximation and 
ontinuity properties~�1ku� IVh ukV � + ku� IVh ukV � ~kukV + (2.71)~�1ku� IVh ukV � + kIVh ukV � kukV (2.72)kIVh ukV � � kukV �; (2.73)and kp� IQh pkQ � ~kpkQ+ (2.74)for proper u and p. The parameter ~ depends on the �nite element spa
e. Usually, it willbe the mesh size ~ = h. If we 
onsider problems of less then full ellipti
 regularity, we set~ = h� with � 2 (0; 1).The dual norm k:k(V �)� is de�ned as usualkfk(V �)� := supv2V � f(v)kvkV � ;and the dual spa
e is (V �)� = ff 2 V � : kfk(V �)� <1g:We have proved for f 2 V � the solution is in (u; p) 2 V � Q. Now we assume that amore regular right hand side f 2 (V �)� provides a more regular solution (u; p) 2 V +�Q+,and there holds the regularity estimatekukV + + kpkQ+ � kfk(V �)�: (2.75)We �nish the se
tion about dis
retization by 
olle
ting the following theorems:Theorem 2.14. Let A"(:; :), B"(:; :) and A"h(:; :) be as de�ned above. Assume there holdsequivalen
e of norms (2.35), the dis
rete 
ounterpart (2.59), and there exists a Fortinoperator as in Theorem 2.12. Then the dis
retization error is bounded by the approximationerror uniformly in " 2 (0; 1):k(u� uh; p� ph)kX;h � inf(vh;qh) k(u� vh; p� qh)kX;h: (2.76)If, in addition, regularity is available, we obtain 
onvergen
e rate estimatesTheorem 2.15. Let the assumptions of Theorem 2.14 be ful�lled. Additionally, assumethat the regularity estimate (2.75) is true. Let IXh = (IVh ; IQh ) be an interpolation operatorful�lling (2.71) and (2.74). Then there holds the a priori estimate~�1ku� uhkV � + ku� uhkV;h + kp� phkQ;h � ~ kfk(V �)�: (2.77)



2.4. SOME EXAMPLES 352.4 Some ExamplesWe 
onsider some parameter dependent problems �tting into the abstra
t framework.2.4.1 The Timoshenko beamIn Se
tion 2.1.3 we shortly 
onsidered the beam model of Timoshenko. Now, we apply theabstra
t ma
hinery to this example. The domain 
 is the interval (0; 1), and the spa
e eVis [H1(
)℄2. We de�ne the bilinear formA"((w; �); (v; �)) = (� 0; �0)0 + t�2(w0 � �; v0 � �)0: (2.78)The small parameter is the square of the thi
kness" = t2:The spa
e for the dual variable is Q = L2(
). With the de�nitionsa((w; �); (v; �)) := (� 0; �0)0;
(p; q) := (p; q)0;�(w; �) := w0 � �;the bilinear form has the stru
ture (2.34).The kernel of the semi norm k:kA 
onsists of the fun
tionsV00 = f(w; �) = (a+ bx; b) : a; b 2 Rg:We obtain the 
losed spa
e V � eV be posing enough boundary 
onditions su
h thatV00 \ V = f0g:We 
he
k the ellipti
ity of A1(:; :) = a(:; :) + 
(�:;�:) on V . First, we verifyk(w; �)k2V = kw0k20 + kwk20 + k� 0k20 + k�k20� 2 kw0 � �k20 + 2 k�k20 + kwk20 + k� 0k20 + k�k20� k(w; �)k2A1 + k(w; �)k20:Theorem 2.4 proves that the norms k:kV and k:kA1 are equivalent on V .Following the abstra
t re
ipe, the dual variable isp = "�1�(w; �) = t�2(w0 � �):The bilinear form B"(:; :) evaluates toB"((w; �; p); (v; �; q)) = (� 0; �0)0 + (w0 � �; q)0 + (v0 � �; p)0 � t2(p; q)0:



36 CHAPTER 2. FINITE ELEMENT THEORYWe de�ne the norms on the dual spa
e and on the produ
t spa
ekpkQ := kpk0;k(w; �; p)kX := (k(w; �)k21 + kpk2Q)1=2:We have to prove norm equivalen
e (2.51), i. e.kpk20 ' sup(w;�)2V (p; w0 � �)20k(w; �)k21 + "kpk20 8 q 2 Q = L2:Clearly, The left hand side dominates the right hand side. To verify the other dire
tion,we have to 
he
k the LBB 
ondition. We will prove it for boundary 
onditions leading tothe smallest primal spa
e V .Theorem 2.16. Let 
 be the interval (0; L) with L � 1. Then there holds the LBB
ondition sup(w;�)2[H10 (
)℄2 (w0 � �; p)0kwk1 + k�k1 � Lkpk0 8 p 2 L2(
): (2.79)On the redu
ed spa
e L02 = fq 2 L2 : R q = 0g, there holds the LBB 
ondition uniformly inL, even on the redu
ed spa
e H10 � f0g:supw2H10 (
) (w0; p)0kwk1 � kpk0 8 p 2 L02(
): (2.80)Proof. We �x a p 2 L2. Compute�(x) = R
 p d�R
 �(L� �) d� x(L� x);w(x) = Z x0 p(�) + �(�) d�:It ful�lls R L0 � d� = R L0 p d�. There holdsk�k1 � L�1 k�k0 � L�1 kpk0;and w 2 H10 with w0 = p+ � su
h thatkwk1 � kp+ �k0 � kpk0:This 
hoi
e gives the LBB 
ondition, namely(w0 � �; p)0kwk1 + k�k1 = (p; p)0kwk1 + k�k1 � kpk20kpk0 + L�1kpk0 � L kpk0:If p 2 L02, then the 
hoi
e gives � = 0, and no fa
tor L enters the estimates.



2.4. SOME EXAMPLES 37Next, we 
hoose �nite element subspa
es for V and Q, namely pie
ewise linear elementsfor the primal and pie
ewise 
onstants for the dual variables, i.e.Vh = fvh 2 V : vhjT 2 [P1℄2g;Qh = fqh 2 Q : qhjT 2 P0g:This leads to the dis
rete operator�h(wh; �h) = (w0h � �h)h:The non-
onforming bilinear form A"h(:; :) isA"h((wh; �h); (vh; �h)) = (� 0h; �0h)0 + t�2(w0h � �hh; v0h � �hh)0:Sin
e the part a(:; :) was not ellipti
 on V , we have to 
he
k ellipti
ity of A1h(:; :) on Vh.We use that w0hh = w0h, and estimatek(wh; �h)k2V � k(wh; �h)k2A1 = k� 0hk20 + kw0h � �hk20= k� 0hk20 + kw0h � �hh + �h � �hhk20 � k� 0hk20 + kw0h � �hhk20 + k�h � �hhk20� k� 0hk20 + kw0h � �hhk20 + h k� 0hk20 � k(wh; �h)k2A1h:We will 
onstru
t the Fortin operator IFh byIFh = IF;1h + IF;2h (I � IF;1h ): (2.81)The operator I1h is the nodal interpolation operator ful�lling optimal approximation esti-mates kI1h(w; �)k1 + h�1k(w; �)� I1h(w; �)k0 � k(w; �)k1:The operator IF;2h ful�lling the 
onstraints is 
onstru
ted as follows. Let Mh = fMg be ama
ro triangulation by 
ombining two by two elements. We set M = (T1; T2). Then(wh; �h) := IF;2h (w; �) (2.82)if wh = �h = 0 on �M 8M 2 M;ZM �h dx = ZM (� � w0) dxZT w0h dx = ZT (w0 � � + �h) dx:One 
he
ks that the 
onstru
tion is possible, and simple s
aling arguments giveh�1 kwhk0 + k�hk0 � kwk1 + k�k0: (2.83)



38 CHAPTER 2. FINITE ELEMENT THEORYWe see that both variables s
ale di�erently. Espe
ially, the estimate k�hk1 � h�1 k�hk0 �h�1kwk1 seems troublesome. Fortunately, the nodal interpolation operator ful�lls addi-tionally ZM(w � IF;1h w)0 dx = 0:Thus, for (wh; �h) := IF;2h (I � IF;1h ); (w; �)�h does not depend on w. This leads to the improved estimate k�hk0 � k�k0, and one gets
ontinuity of IF;2h (I � IF;1h ):k(wh; �h)k1 � h�1kwhk0 + h�1k�hk0� h�1k(I � IF;1h )wk0 + h�1k(I � IF;1h )�k0� k(w; �)k1:Thus also the Fortin operator IFh is 
ontinuous with respe
t to the norm k:kV . An addi-tional property is that the operator maps (w; 0) to (wh; 0). Thus, there hold 
orrespondingstability 
onditions for the �nite element spa
e Vh as proved in Theorem 2.16 for V .There is full regularity available. For the extended problem: Find (w; �) 2 V su
h thatA"((w; �); (v; �)) = (f; v)0 + (Æ; �)0 8 (w; �) 2 Vthere holds kwk2 + k�k2 � kfk0 + kÆk0:A proof is found in [Arn81℄.2.4.2 Nearly in
ompressible materialsWe 
onsider the problem of linear elasti
ity. The problem is to �nd u 2 V := [H10;D(
)℄2su
h that 2� Z
 e(u) : e(v) dx + � Z
 divu div v dx = Z
 ~fTv dx; (2.84)with the positive 
onstants � and � of Lam�e, the strain operator e(u) := 0:5(ru+(ru)T ),and the volume for
e ~f 2 [L2(
)℄2. We are interested in the nearly in
ompressible 
ase,i.e. the Poisson ration � is 
lose to 0.5. Then the parameter " := 2�=� be
omes small.After dividing by 2�, the primal bilinear form A"(:; :), the 
omponents a(:; :) and 
(:; :),the operator �, and the mixed bilinear form areA"(u; v) = (e(u); e(v))0 + "�1(divu; div v)0;a(u; v) = (e(u); e(v))0
(p; q) = (p; q)0� = div;B"((u; p); (v; q)) = (e(u); e(v))0 + (divu; q)0 + (div v; p)0 � " (p; q)0:



2.4. SOME EXAMPLES 39Due to Korn's inequality, and suÆ
ient boundary 
onditions, a(:; :) is 
ontinuous on V .We set kpk2Q = kpk2L2=R + "kpk2L2for pure Diri
hlet boundary 
onditions, and kpkQ = k:kL2 else. The LBB - 
ondition ofStokes' problem supu2[H10 (
)℄2 (divu; p)0kuk1 8 q 2 L02is non-trivial, see [DL76℄. On a 
onvex polygonal domain and pure Diri
hlet boundary
onditions there holds the regularity pi
k upkuk2 + kpk1 � kfk0uniformly in the parameter ", see [BS92
℄, and [KO76℄ for the limit problem of Stokes.The stability theory for �nite element dis
retization of Stokes problem seems to be done[Ste84℄, [BF91℄. A stable �nite element pairing for Stokes is the 
ombination P2�P0. Thuswe set Vh = fvh 2 V : vhjT 2 [P2℄2g;Qh = fqh 2 Q : qhjT 2 P0g:The non-
onforming bilinear form in primal variables evaluates toA"h(u; v) = (e(u); e(v))0 + "�1(divuh; div vh)0:Be
ause a(:; :) is ellipti
 on V , the redu
ed form A"h(u; v) is ellipti
 as well, and the �niteelement always has a unique solution. The stability on Xh is veri�ed by the 
onstru
tionof a Fortin operator adjusting edge bubbles (see [BF91℄, pp 211):IFh = IF;1h + IF;2h (I � IF;1h ):The operator IF;1h shall have full order of approximation, i.e.h�1 k(I � IF;1h )uk0 + kIF;1h k1 � kuk1:Possible 
hoi
es are S
ott-Zhang operators with set � � T , or only � � �T . The otheroperator IF;2h : V ! Vh is de�ned by(IF;2h u)(x) = 0 8 x vertex of Thand Ze IF;2h u ds = Ze u ds 8 e edge of Th:It ful�lls kIF;2h uk1 + h�1kIF;2h uk0 � kuk1 + h�1kuk0:Combining both estimates, one obtains 
ontinuity of IF;2h in energy. The 
onstru
tion isimportant to verify stability on subspa
es. Other stable elements for problems of elasti
ityare found in [Ste88℄. Robust and non-robust elements are found in [Fal91℄.



40 CHAPTER 2. FINITE ELEMENT THEORY2.4.3 The Reissner Mindlin plateWe use the Reissner Mindlin plate model with the dis
retization of [CS98℄. In the primalspa
e V = H10 (
) � [H10 ℄2 we sear
h for the transverse displa
ement w and the ve
tor ofrotations �. The s
aled problem is de�ned byab(�; �) + kt2 (rw � �;rv � �)0 = (g; v)0 8 (v; �) 2 V:The bilinear form ab(�; �) := 16 �(e(�); e(�))0 + �1� � (div�; div �)0�is related to bending energy. The small parameter is the square of the plate thi
kness t.The transverse load is Gt3g. Further, k is the shear 
orre
tion fa
tor, � the Poisson ratio,G the shear modulus and e(:) is the linear strain operator. We extend the linear fun
tional(g; :)0 onto V and set f(v; �) = g(v) + Æ(�) 8 (v; �) 2 V:With the de�nitions � = rw � �;" = t2=kthe bilinear form A"(:; :) has the stru
ture of (2.34). The dual variable, the s
aled shearfor
e is p = "�1�(w; �) = kt2 (rw � �):The mixed form B"(:; :) evaluates toB"((w; �; p); (v; �; q)) = ab(�; �) + (rv � �; p)0 + (rw � �; q)0 � t2k (p; q)0:In [CS98℄ results of [BR80℄ and [AF89℄ were extended to prove the following regularitytheorem. Let (g; Æ) 2 L2. Then the solution (w; �; p) of the mixed problemB"((w; �; p); (v; �; q)) = (g; v)0 + (Æ; �)0 8 (v; �) 2 V 8 p 2 Q (2.85)has a representation w = w0 + wrsu
h that kw0k3 + t�1kwrk2 + k�2k+ t kpk1 + kpk0 � kgk�1 + t kgk0 + kÆk0 (2.86)
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w pβh hhFigure 2.2: Finite elements for Reissner Mindlinholds.We de�ne the normsk(w; �)k2V+ = kwk2V+;w + k�k2V +;� = infw=w0+wr �kw0k23 + t�2kwrk22	 + k�k22;k(w; �)k2V� = kwk2V �;w + k�k2V �;� = infw=w0+wr �kw0k21 + t�2kwrk20	 + k�k20;kpk2Q+ = kpk20 + t2kpk21:The dual norm to k:kV � 
an be evaluated expli
itely:k(g; Æ)k(V �)� = sup(v;�)2V � g(v) + Æ(�)� infv=v0+vr kv0k21 + t�2kvrk20 + k�k20�1=2= supv0;vr;� g(v0) + g(vr) + Æ(�)fkv0k21 + t�2kvrk20 + k�k20g1=2 :The supremum is taken at the solution (w0; wr; �) of the variational problem(w0; v0)1 + t�2(wr; vr)0 + (�; �)0 = g(v0) + g(vr) + Æ(�) 8 v0; vr; �and is equal to fkw0k21 + t�2kwrk20 + k�k20g1=2 = fkgk2�1 + t2kgk20 + kÆk20g1=2. Thus we
omputed k(g; Æ)k2(V�)� = kgk2�1 + t2kgk20 + kÆk20: (2.87)This is exa
tly the norm on the right hand side of (2.86). The estimate of both 
omponentsof the splitting w = w0 + wr give (w; �) 2 V +, and the estimatek(w; �)kV+ + kpkQ+ � k(g; Æ)kV�:The dis
retization of [AB93℄ and [CS98℄ uses P2 elements for the transverse displa
e-ment, P+1 for the rotations and P0 for the shear, see Figure 2.2. The spa
e P+1 are thepie
ewise linear fun
tions enri
hed by the element bubbles �1�2�3 in bary
entri
 
oordi-nates. These spa
es are non-nested due to the bubble fun
tions. Following [CS98℄, the



42 CHAPTER 2. FINITE ELEMENT THEORYbilinear form B"(:; :) is repla
ed by the stabilized formeB((w; �; p); (v; �; q)) = B"((w; �; p); (v; �; q))+ �kt2 + h2 �rw � � � t2k p;rv � � � t2k q�0 :In [CS98℄ a lo
al mesh size is used. For only te
hni
al reasons, we restri
t us to a globalone. In [CS98℄ the stabilization parameter � is assumed to be in (0; 1). The limit 
ase� = 1 
an be allowed as well.For the 
hoi
e of pie
ewise 
onstant elements for Qh, the dis
rete shear operator 
anbe 
omputed lo
ally and evaluates to�h(wh; �h) = (rwh � �h)h;where �h is the element-wise averaging operator. The redu
tion to the positive de�niteproblem gives the formA"h((wh; �h); (vh; �h)) = ab(�h; �h) + k�h2 + t2 (rwh � �h;rvh � �h)0 (2.88)+ � kt2 � k�h2 + t2� (rwh � �hh;rvh � �hh)0:By the stabilization tri
k, a part of the shear energy is assembled with full integration. In[AB93℄, a 
onstant part of the shear energy is used for stabilization. By the mesh dependentstabilization, Chapelle and Stenberg 
ould apply the duality tri
k. Also for multigridmethods, the mesh dependent versions seems to be advantageous, from the theoreti
al aswell as pra
ti
al point of view.Chapelle and Stenberg use � < 1. Thus, also for mesh sizes h < t a reasonable part ofthe shear energy is redu
ed. By the 
hoi
e of � = 1 the non-
onforming form 
onverges tothe original form A"(:; :). Chapelle and Stenberg proved the dis
rete stability 
onditionsto obtain optimal a priori bound. We will use the mixed ma
hinery to obtain equivalentresults. The 
hoi
e � = 1 is independent of te
hnique.We have to write the bilinear form (2.88) asA"h((wh; �h); (vh; Æh)) = a((wh; �h); (vh; Æh)) + "�1
(�h(wh; �h);�h(vh; Æh)):Thus, we are for
ed to seta((wh; �h); (vh; Æh)) = ab(�h; �h) + k�h2 + t2 (rwh � �h;rvh � �h)0
(ph; qh) = "� kt2 � k�h2 + t2� (ph; qh)0:We had set " = k=t2 already. Thus we obtainkpk2
 ' �1� �t2h2 + t2� kpk20:



2.4. SOME EXAMPLES 43Here is one di�eren
e between � < 1 and � = 1. For the �rst 
ase, k:k
 is equivalent tok:k0 uniformly in h and t. For the se
ond one, there holdskpk2
 ' minf1; h2=t2gkpk20:We de�ne the norm k:kV su
h that a(:; :) is ellipti
 and 
ontinuous, namelyk(w; �)k2V := k�k21 + 1h2 + t2krw � �k20: (2.89)The norm k:kQ is de�ned su
h that we obtain stability by de�nition, i.e.kpk2Q := sup(w;�)2V 
(rw � �; p)2k(w; �)k2V + " kpk2
:The �rst part, the norm k:kQ;0, 
an be estimated from above bykpkQ;0 � sup(w;�)2V 
(�(w; �); q)k(w; �)kV (2.90)= supw;� krw � �k
 kqk
k�k1 + (h+ t)�1krw � �k0� supw;� krw � �k0 kqk
(h+ t)�1krw � �k0� (h+ t) kqk
:We use the (relaxed) 
riterion of Fortin to prove stability of B"(:; :) on on the �niteelement spa
e Xh. We split 
 = 
h�t [ 
h>tsu
h that 
h�t = [T2T :hT<tT 
h>t = 
� 
h�t:A

ordingly, we split Qh = Qh�t +Qh>tsu
h that Qh�t = fqh 2 Qh : qh = 0 on 
h>tgQh>t = fqh 2 Qh : qh = 0 on 
h�tg:This splitting is de�ned for general shape regular triangulations. We restri
t ourself toquasi-uniform meshes for a shorter notation, only. The spa
e Qh�t belongs to elements,where the lo
king e�e
t already disappeared. For q0 2 Qh�t we have due to (2.90) thebound kq0kQ ' kq0kQ;0 + "1=2 kq0k
 � (h+ t) kq0k
 + "1=2kq0k
 � "1=2kq0k
:



44 CHAPTER 2. FINITE ELEMENT THEORYThis is 
ondition (2.67) of Theorem 2.12. We have to 
onstru
t the Fortin operator su
hthat IFh : V ! Vh is 
ontinuous, and (wh; �h) = IFh (w; �) ful�lls
(rwh � �h; q1) = 
(rw � �; q1) 8 q1 2 Qh>t:The spa
e Qh>t 
onsists of pie
ewise 
onstant fun
tions on elements with h > t. We buildthe operator by adjusting the bubbles of �h = (�(1)h ; �(2)h ). Let bT be the element bubblefun
tion on the triangle T . Then we de�ne�(i)h = XT2ThT >t (�iw � �(i); 1)T(bT ; 1)T bT :This lo
al proje
tion is L2 stablek�hk0;
h>t � krw � �k0;
h>t:The fun
tion �h depends on (w; �)j
h>t only, thus there holdsk(0; �h)kV � k�hk1 + (h+ t)�1k�hk0� h�1k�hk0� h�1krw � �k0;
h>t� (h+ t)�1krw � �k0 � k(w; �)kV :By Theorem 2.9 we obtain stability of B"(:; :) on Xh, and thus the best approximationpropertyk(w; �)� (wh; �h)kV + kp� phkQ � inf(vh;�h;qh)2Xh k(w; �)� (vh; �h)kV + kp� qhkQholds. In (2.90) we have estimated the k:kQ;0 norm from above. For a �nite elementfun
tion qh 2 Qh we 
an estimate it from below. Therefore, let �h 2 Vh;b in the spa
e ofelement bubbles su
h that ZT �h dx = ZT qh dx 8T 2 T :Then there holdskqhkQ;0 = sup(w;�)2V 
(rw � �; qh)k�k1 + (h+ t)�1krw � �k0 � 
(�h; qh)
h�1k�hk0 � hkqhk2
kqhk0 : (2.91)If one 
ombines (2.90) and (2.91) one gets sharp bounds between k:kQ and k:k0. One hasto distinguish the 
ases � < 1 and � = 1, as well as h < t or h � t. We 
olle
t the resultsin the table below. The estimates take over to lo
ally re�ned meshes.



2.4. SOME EXAMPLES 45� < 1 � = 1h � t h < t h � t h < tkqhk
=kqhk0 1 1 1 h=tkqhkQ;0=kqhk0 h � t h � hkqhkQ=kqhk0 h t h hNext, we will investigate approximation estimates and inverse estimates between thespa
es V �, V , and V +, and between Q and Q+. LetIVh = (IV;wh ; IV;�h )be S
ott-Zhang type proje
tion operators with the order of approximationkw � IV;wh wkk � hl�k kwkl 0 � k � 1; k � l � 3;k� � IV;�h �kk � hl�k k�kl 0 � k � 1; k � l � 2:The operators IV;wh and IV;�h have to preserve quadrati
 and linear fun
tions, respe
tively.The operator IQh performs element wise averaging and ful�llskq � IQh qkk � hl�k kqkl 0 � k � l � 1:We need a di�erent 
hara
terization of the norm k:kV �;w .Lemma 2.17. Let Iwt : V �;w ! V w be a lo
al regularization operator at length s
ale t. Itshall ful�ll t�1kw � Iwt wk0 + kIwt wk1 � kwk1kIwt wk0 + t kIwt wk1 � kwk0:Then the following norms are equivalent:kwkV �;w ' kIwt wk1 + t�1 kw � Iwt wk0: (2.92)Proof. One estimate follows dire
tly from the de�nition of the norm k:kV �;w , namelykwkV �;w ' infw=w0+wr �kw0k1 + t�1kwrk0	 � kIwt wk1 + t�1kw � Iwt wk0:To estimate the other, take a splitting w = w0 + wr su
h thatkw0k1 + t�1 kwrk0 � kwkV �1;w :Then we use the triangle inequality and the assumptions made for Iwt to estimatekIwt wk1 + t�1 kw � Iwt wk0 � kIwt w0k1 + t�1 kw0 � Iwt w0k0+kIwt wrk1 + t�1 kwr � Iwt wrk0� kw0k1 + t�1kwrk0� kwkV �;w :



46 CHAPTER 2. FINITE ELEMENT THEORYFor �nite element fun
tions, the splitting in the norm 
an be redu
ed to the �niteelement spa
e:Lemma 2.18. On the �nite element spa
e V wh , the following norms are equivalent:kwhk2V �;w ' infwh=wh;1+wh;2wh;1;wh;22V wh �kwh;1k21 + t�2kwh;2k20	 : (2.93)Proof. The right hind side trivially dominates the left hand side. Now, let Iwh be a S
ott-Zhang interpolation operator to V wh . It shall be 
ontinuous in k:k0 as well as k:k1-norm.Let Iwt be a operator feasible for Lemma 2.17. Then the splitting of wh 2 Vhwh;1 = Iwh Iwt wh and wh;2 = Iwh (I � Iwt )whis 
hosen to verify the other estimate:infwh=wh;1+wh;2wh;1;wh;22V wh �kwh;1k21 + t�2kwh;2k20	 � kIwh Iwt whk21 + t�2 kIwh (I � Iwt )whk20� kIwt whk21 + t�2 k(I � Iwt )whk20� kwhkV �;w :The last inequality followed by Lemma 2.17.Theorem 2.19. The interpolation operators IVh and IQh have full order of approximation,namely h�1k(w; �)� IVh (w; �)kV� + k(w; �)� IVh (w; �)kV � h k(w; �)kV+ (2.94)h�1k(w; �)� IVh (w; �)kV � + kIVh (w; �)kV � k(w; �)kV (2.95)kIVh (w; �)kV� � k(w; �)kV� ; (2.96)and kp� IQh pkQ � h kpkQ+: (2.97)Proof. We start with the V � norm of (2.94). The estimate of the 
omponent � is theproperty of the interpolation operator IV;�h . Let w = w0 + wr su
h thatkw0k3 + t�1 kwrk2 � kwkV +;wholds. Then kw � IV;wh wkV �;w ' infw�IV;wh w= ~w0+ ~wr �k ~w0k1 + t�1k ~wrk1	� kw0 � IV;wh w0k1 + t�1kwr � IV;wh wrk0� h2 kw0k3 + h2t�1 kwrk2� h2 kwkV +;w :



2.4. SOME EXAMPLES 47The estimate of the V -norm of (2.94) 
an be simply split ask(w; �)� IVh (w; �)kV � k� � IV;�h �k1 + (h+ t)�1kr(w � IV;wh w)� (� � IV;�h �)k0� h k�k2 + (h+ t)�1k(w0 + wr)� IV;wh (w0 + wr)k1� h k�k2 + (h+ t)�1h2 kw0k3 + (h+ t)�1h kwrk2� h k�k2 + h (kw0k3 + t�1kwrk2)� h k(w; �)kV+:The estimate (2.96) is similar.Next, we estimate 
ontinuity in the norm k:kV . We have to apply the Bramble-Hilbertlemma. We de�ne the semi-normj(w; �)jV := (kr�k20 + krw � �k0)1=2:It has the kernel V00 = f(w; �) = (a+ bTx; b) : a 2 R; b 2 R2g:On the referen
e element TR, the following norms are equivalent:k(w; �)k21 ' k(w; �)k20 + j(w; �)jV :The interpolation operator IVh is 
ontinuous in k:k1, and it preserves the kernel V00. ByTheorem 2.4, we 
on
lude that the interpolation operator is 
ontinuous in the semi-norm,i. e. kr(� � IV;�h �)k0 + kr(w � IV;wh w)� (� � IV;�h �)k0 � kr�k0 + krw � �k0:Let x(�) be the mapping from the referen
e element to the element. The fun
tions (w; �)are transformed di�erently, namelyw(x(�)) = wR(�)�(x(�)) = (rx(�)) �(x(�)):Using transformation rules, and krxk ' h, we getkr(� � IV;�h �)kT + h�1kr(w � IV;wh w)� (� � IV;�h �)k0� h�1 �kr(�R � IV;�h �R)k0 + kr(wR � IV;wh wR)� (�R � IV;�h �R)k0�� h�1 �kr�Rk0 + krwR � �Rk0�� kr�k0 + h�1krw � �k0:We obtained that the interpolation operator is 
ontinuous with respe
t to the semi-normkr�k20 + h�2 krw � �k20:



48 CHAPTER 2. FINITE ELEMENT THEORYBe
ause it is also 
ontinuous with respe
t to the semi normkr�k0;the interpolation operator is 
ontinuous with respe
t to the family of semi-normskr�k20 + � krw � �k20with � � h�2:The 
hoi
e � = (h2 + t2)�1 of Chapelle and Stenberg is in the allowed range. For h > t, itis the maximal 
hoi
e su
h that the interpolation operator is 
ontinuous.Next, we estimate the better approximation in the norm k:kV � . We use Lemma 2.17 toestimate the norm k:kV �;w . Then, we distinguish between 
h>t and 
h�t. Using propertiesof the regularization operator we 
onstru
t an splitting for the norm k:kV �;w askw � IV;wh wkV �;w � kIwt (w � IV;wh w)k1 + t�1k(I � Iwt )(w � IV;wh w)k0� kw � IV;wh wk1;
h>t + t�1k(w � IV;wh w)k0;
h�t:We use the approximation properties of the operator IV;wh , and the relations between h andt to 
ontinuekw � IV;wh wkV �;w � kw � IV;wh wk1;
h>t + ht�1k(w � IV;wh w)k1;
h�t� hh+ tk(w � IV;wh w)k1:We insert the rotations � � IV;�h � and obtain the resultkw � IV;wh wkV �;w � h 1h + t �kr(w � IV;wh w)� (� � IV;�h �)k0 + k� � IV;�h �k0�� h� 1h+ tkr(w � IV;wh w)� (� � IV;�h �)k0 + k� � IV;�h �k1�' h k(w; �)� IVh (w; �)kV� h k(w; �)kV + h kIVh (w; �)kV� h k(w; �)kV :The estimate the dual variable, we use the estimation of Q by a s
aled L2 norm, andseparate the domain into 
h>t and 
h�tkq � IQh qkQ � (h+ t)kq � IQh qk0� (h+ t) kq � IQh qk0;
h<t + (h+ t) kq � IQh qk0;
h�t� th kqk1;
h<t + h kqk0;
h�t� h (t kqk1 + kqk0)' h kqkQ+:We have proved the theorem.



2.4. SOME EXAMPLES 49Multigrid theory is based on the interplay between approximation estimates and inverseestimates. We have to establish the inverse estimateTheorem 2.20. There holds the inverse estimatek(wh; �h)kV � h�1 k(wh; �h)kV � 8 (wh; �h) 2 Vh: (2.98)Proof. We estimate k(wh; �h)kV by splitting into 
omponentsk(wh; �h)kV � k�hk0 + (h+ t)�1kwhk1 + (h+ t)�1k�hk0� h�1k�hk0 + (h+ t)�1kwhk1:The term k�hk0 is 
ontained in the norm k:kV � . We estimate kwhk1 by using a splittingwh = w0 + wr su
h that kw0k1 + t�1kwrk0 � kwhkV �;w :Let IV;wh be a proje
tion operator of S
ott Zhang type. Then we estimate(h+ t)�1kwhk1 = (h+ t)�1kIV;wh (w0 + wr)k1� (h+ t)�1 �kIV;wh w0k1 + kIV;wh wrk1�� h�1kw0k1 + (h+ t)�1h�1kIV;wh wrk0:Sin
e (h + t)�1h�1 � h�1t�1, we �nish with(h+ t)�1kwhk1 � h�1kw0k1 + h�1t�1kwrk0� h�1 �kw0k1 + t�1kwrk0�� h�1kwhkV �;w :
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Chapter 3Iterative MethodsIn the last 
hapter we 
ame up with the �nite dimensional variational problem: Finduh 2 Vh su
h that Ah(uh; vh) = fh(vh) 8 vh 2 Vh; (3.1)where Vh is a �nite element spa
e of dimensionN , Ah(:; :) is a symmetri
 and ellipti
 bilinearform on Vh, and fh(:) is a linear form on Vh. By the 
hoi
e of a basis ('i)Ni=1 2 [Vh℄N forthe �nite element spa
e, we 
an represent the �nite element fun
tion uh 2 Vh by the ve
toru = (ui)Ni=1 2 RN via uh = NXi=1 ui'i: (3.2)Usually, the nodal basis is 
hosen. We de�ne the symmetri
 and positive de�nite (spd)system matrix A 2 RN�N as A := (Ah('i; 'j))Ni;j=1; (3.3)and the ve
tor on the right hand side asf := (fh('i))Ni=1: (3.4)The variational problem (3.1) is equivalent to the linear system of equationsAu = f: (3.5)Sin
e the dimension N of the system may be very large, solvers of optimal arithmeti
 
om-plexity and memory 
omplexity are required. Optimal memory 
omplexity is a
hieved bymost iterative methods like 
onjugate gradients (
g) iteration ([HS52℄, for a wide overviewsee [Ha
91℄). The iteration number and the time 
omplexity of the iterative solver dependon the applied pre
onditioner. A spd matrix C is 
alled pre
onditioner, if the operationw := C�1 � d (3.6)is 
omputable. The performan
e of the pre
onditioner C for the solution of (3.5) dependson the arithmeti
 operations needed to 
ompute (3.6), and on the 
onstants of the spe
tralinequalities 
1 C � A � 
2C: (3.7)51



52 CHAPTER 3. ITERATIVE METHODSThe relation A1 � A2 de�ned for two positive de�nite matri
es is equivalent to A2 � A1is positive semi-de�nite. It is well known, that an upper bound for ne
essary 
g iterationsfor a �xed error redu
tion behaves like O(p
2=
1). The optimal time 
omplexity for theapproximative solution of (3.5) with �xed a

ura
y is O(N). This is possible with 
onstants
1 and 
2 independent of N . Multigrid methods are optimal methods (see [Ha
82℄, [Ha
85℄,[Xu92℄, [Bra93℄). We 
all a pre
onditioner robust with respe
t to the parameter ", if thereexists 
onstants 
1 and 
2 independent of " su
h that (3.7) holds.In the next se
tions we will 
olle
t te
hniques to 
onstru
t and analyze pre
onditionersfor problems without parameters. In Se
tion 4 we apply these methods to obtain robustpre
onditioners for parameter dependent problems.3.1 Additive S
hwarz te
hniquesThe additive S
hwarz (AS) framework provides us a simple and elegant te
hnique for the
onstru
tion and analysis of a 
lass of pre
onditioners. A good introdu
tion to the materialis [SBG96℄.For the analysis it is advantageously to stay in the fe spa
e Vh instead of the Eu
lideanspa
e RN . For sure, the obtained methods are the same, but the notation simpli�es. Bymeans of the inner produ
t (:; :)h of the Hilbert spa
e Vh we de�ne the linear operatorAh : Vh ! Vh by (Ahuh; vh)h = Ah(uh; vh) 8 uh; vh 2 Vh:Similarly, the ve
tor fh 2 Vh is de�ned by(fh; vh)h = fh(vh) 8 vh 2 Vh:By means of Ah and fh we 
an rewrite the variational problem (3.1) or the system of linearequations (3.5) equivalently as operator equation: Find uh 2 Vh su
h thatAhuh = fh: (3.8)A pre
onditioner Ch : Vh ! Vh is a (:; :)h - self-adjoint and positive de�nite operator. Thespe
tral estimates 
1Ch � Ah � 
2Ch (3.9)
orrespond to (3.7). The relation A1 � A2 between two self-adjoint operators is de�ned by(A1vh; vh)h � (A2vh; vh)h 8 vh 2 Vh:The idea of additive S
hwarz pre
onditioning is to split one large problem into a set ofsmaller problems. Let f(Vi; (:; :)i) : 1 � i �Mgbe a set of Hilbert spa
es. Ea
h of them is embedded by a lifting operator into the spa
e VhRi : Vi ! Vh: (3.10)



3.1. ADDITIVE SCHWARZ TECHNIQUES 53The whole spa
e Vh shall be de
omposable into lifted lo
al spa
es, i.e.Vh = MXi=1 RiVi: (3.11)The sum is not ne
essarily a dire
t sum. On ea
h one of the spa
es Vi we require asymmetri
, 
ontinuous and ellipti
 bilinear formCi(:; :) : Vi � Vi ! R:As we will see below, it should be a lo
al approximation of Ah(:; :). We de�ne the ASpre
onditioner Ch : Vh ! Vh by the appli
ation of its inverse:wh = C�1h dh;whi
h is 
omputed by wh = NXi=1 Riwi;with wi 2 Vi the unique solution ofCi(wi; vi) = (dh; Rivi)h 8 vi 2 Vi:It is easily seen that the operator C�1h Ah : Vh ! Vh and the �nite element fun
tion C�1h fhdo not 
hange, if the norms of Vh or Vi are repla
ed by equivalent ones.By means of the inner produ
t (:; :)i on Vi we de�ne the linear operator Ci : Vi ! Vi:(Ciui; vi)i = Ci(ui; vi) 8 ui; vi 2 Vi:The adjoint operator RTi of Ri is de�ned by(RTi uh; vi)i = (uh; Rivi)h 8 uh 2 Vh; 8 vi 2 Vi:By these de�nitions we 
an rewrite the pre
onditioning operation C�1h in operator form asC�1h = MXi=1 RiC�1i RTi : (3.12)Although we use the abstra
t notation in the Hilbert spa
e, it is very 
lose related to theimplementation. We de�ne the subspa
e solution operatorsTi := RiC�1i RTi Ah: (3.13)A spe
ial 
hoi
e of the subspa
e bilinear forms is the Galerkin settingCi(ui; vi) := Ai(ui; vi) := A(Riui; Rivi):



54 CHAPTER 3. ITERATIVE METHODSThe a

ording de�nition of Ai : Vi ! Vi evaluates toAi = RTi AhRi:For the Galerkin 
hoi
e the subspa
e solution operatorTi = RiA�1i RTi Ah: (3.14)is the Ah(:; :)-orthogonal proje
tion to RiVi.The following theorem provides the 
entral te
hnique for the analysis of AS pre
on-ditioners. It was formulated in di�erent forms in many papers (see e.g.[MN85℄, [Lio88℄,[DW90℄, [Zha91℄, [BPWX91℄, [Xu92℄, [Nep92℄, [GO95℄).Theorem 3.1 (Additive S
hwarz Lemma). Let us de�ne the splitting normjjjuhjjj2 := infuh=PRiuiui2Vi MXi=1 Ci(ui; ui): (3.15)on Vh. It is equal to the norm kuhkCh := (Chuh; uh)1=2h generated by the AS pre
onditioner,i.e. there holds jjjuhjjj = kuhkCh 8 uh 2 Vh: (3.16)Proof. The 
onstrained minimization problem (3.15) 
an be written as saddle point prob-lem: Find (u1; : : : ; uM) 2 V1 � : : :� VM and �h 2 Vh su
h thatCi(ui; vi) + (�h; Rivi)h = 0 8 vi 2 Vi; 1 � i �M;(PRiui; �h)h = (uh; �h)h 8�h 2 Vh:Eliminating the ui by ui = �C�1i RTi �h, we 
an rewrite the se
ond row as(XRiC�1i RTi �h; �h)h = �(uh; �h)h 8�h 2 Vh:By (3.12) we 
an repla
e the sum by C�1h and obtainC�1h �h = �uh:The minimum of the 
onstrained minimization problem (3.15) is taken at the solution (ui)of the saddle point system and evaluates tojjjuhjjj2 = X(Ciui; ui)i =X(CiC�1i RTi �h; C�1i RTi �h)i =X(RiC�1i RTi �h; �h)h= (C�1h �h; �h)h = (C�1h Chuh; Chuh)h = (Chuh; uh)h = kuhk2Ch;and the proof is 
omplete.



3.1. ADDITIVE SCHWARZ TECHNIQUES 55This theorem provides us with a 
onstru
tive possibility to 
al
ulate or bound the
onstants of the spe
tral inequalities (3.9).If only a �nite number of spa
es overlap, the right inequality of (3.9) is trivial We de�nethe symmetri
 matrix (gi;j)Mi;j=1 of overlapping subspa
es bygi;j := � 1 if 9 ui 2 Vi; vj 2 Vj : Ah(Riui; Rjvj) 6= 00 elseThen we de�ne the overlap of the spa
e splitting asoverlap(fVig) := maxi MXj=1 gi;jLemma 3.2 (Finite Overlap). Let 

 > 0 be a 
onstant su
h thatkRiuik2Ah � 

 kuik2Ci 8 ui 2 Vi; 1 � i �M (3.17)holds. Then the estimate Ah � 
2Chis ful�lled with the 
onstant 
2 := 

 overlap(fVig):Proof. Let uh =PRiui; ui 2 Vi be an arbitrary splitting. There holdskuhk2Ah = Ah(uh; uh) =Xi;j Ah(Riui; Rjuj):Using the symmetri
 matrix of overlapping subspa
es and Young's inequality we getkuhk2Ah = Xi;j gi;j Ah(Riui; Rjuj)� Xi;j gi;j 12(kRiuik2Ah + kRjujk2Ah)= Xi;j gi;jkRiuik2Ah:Now we use the de�nition of overlap(fVig), and (3.17) to getkuhk2Ah � overlap(fVig) Xi kRiuik2Ah� 

 overlap(fVig) Xi kuik2Ci:



56 CHAPTER 3. ITERATIVE METHODSBe
ause this estimate holds for any splitting, it holds also for the minimizer of the splittingnorm kuhk2Ah � 

 overlap(fVig) infuh=PRiuiXi kuik2Ci= 

 overlap(fVig) jjjuhjjj2= 

 overlap(fVig) kuhk2Ch :By the paper of [BPWX91℄, the multipli
ative version of S
hwarz methods is understoodas well. Let us assume that the subspa
e problems are s
aled su
h thatCi � Ai: (3.18)Let Smu := (I � TM)(I � TM�1) : : : (I � T2)(I � T1) (3.19)be one step of the multipli
ative S
hwarz iteration. The adjoint with respe
t to the innerprodu
t Ah(:; :) is S�mu = (I � T1)(I � T2) : : : (I � TM�1)(I � TM): (3.20)The symmetri
 version of multipli
ative S
hwarz isSsmu := S�muSmu: (3.21)It de�nes the pre
onditioner Csmu bySsmu = I � C�1smuAh:Usually, the multipli
ative method leads to a faster 
onvergent method then the additiveversion. But in general, one 
an prove only that the multipli
ative version is not mu
hworse:Theorem 3.3 (Multipli
ative S
hwarz). Let Cadd and Csmu be the pre
onditioners ob-tained by the additive S
hwarz method and the symmetri
 multipli
ative S
hwarz method,respe
tively. Assume the s
aling 3.18 holds. Then the spe
tral estimatesAh � Csmu � overlap(fVig)2Cadd: (3.22)are ful�lled.The proof is similar to [BPWX91℄ and [BP92℄, Chapter 5. A
tually, estimate (3.18)
an be relaxed to allow over-relaxation with parameter ! < 2.
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H hFigure 3.1: Lo
al domain de
omposition3.1.1 The lo
al domain de
omposition pre
onditionerFirst, we 
onsider a domain de
omposition (dd) method with lo
al spa
es, only. LetV = Hm(
), and let A(:; :) be a symmetri
, ellipti
 and 
ontinuous bilinear form on V .Let Vh � V be a �nite element subspa
e of mesh size h, and let Ah(uh; vh) = A(u; v).We will formulate and analyze the lo
al dd pre
onditioner. We de
ompose the domaininto an overlapping set of subdomains 
i of diameter O(H) and overlap O(H), see Fig-ure 3.1. We assume that the number of overlapping subdomains is �nite. Let !i � 
i su
hthat dist(!i; �
i n �
) � h; (3.23)and the 
onstru
tion of a partitioning of unity f ig,  i 2 C1(
) with the followingproperties is possible: supp  i � !i;and krk	kL1 � H�k 0 � k � m:We de�ne the lo
al spa
es Vi = fvh 2 Vh : vh = 0 in 
 n 
ig:The lifting operators Ri : Vi ! Vh are the trivial embedding operators. The inner produ
ts(:; :)i are inherited from Vh. We 
onsider the spa
e splittingVh =XRiVi:The subspa
e forms are de�ned by the Galerkin approa
hCi(ui; vi) = Ai(ui; vi) = Ah(Riui; Rivi):Thus we get Ci = Ai = RTi AhRi:
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ω Ωii

σ j

Figure 3.2: Relation of 
i, !i and �jWe de�ne the overlapping domain de
omposition pre
onditioner Dh without 
oarsegrid
orre
tion D�1h :=XRiA�1i RTi : (3.24)We 
all this pre
onditioner Dh in analogy to diagonal. It will be needed as a part of more
ompli
ated pre
onditioners, later.Theorem 3.4. The overlapping domain de
omposition pre
onditioner Dh without 
oarsegrid 
orre
tion ful�lls the spe
tral inequalitiesH2mDh � Ah � Dh: (3.25)Proof. The upper bound follows from the �nite overlap of subspa
es and Lemma 3.2. Thelower bound is veri�ed by the 
onstru
tion of an expli
it de
omposition uh =P ui, ui 2 Viful�lling X kuik2Ah � H�2mkuhk2Ah:Then we 
an 
on
lude by the Additive S
hwarz lemmaH2mkuhk2Dh = H2mjjjuhjjj2 � H2mX kuik2Ah � kuhk2Ah:Let Ih : V ! Vh be a S
ott-Zhang proje
tion operator of the formIhv = NXj=1 lj(�jv)'j:Ea
h fun
tional lj(�j:) is de�ned on L2(�j), where �j is a set of diameter O(h).Be
ause of (3.23) we 
an 
hose �j su
h that there holdsIh : Hm0 (!i)! Vi;see Figure 3.2. We de�ne ui = Ih( iuh):



3.1. ADDITIVE SCHWARZ TECHNIQUES 59By using the linearity of Ih, the partitioning of unity and the proje
tion property of Ih weverify MXi=1 ui = MXi=1 Ih( iuh) = Ihuh = uh:There holds ui 2 Vi be
ause ( iuh) 2 Hm0 (!i). Thus, we 
onstru
ted a splitting of uh. Usingthe 
ontinuity of Ah(:; :), the 
ontinuity of the S
ott-Zhang proje
tor Ih, and properties ofthe partition of unity (Lemma 2.6), we getkuik2Ah � kuik2m;
 = kIh( iuh)k2m;
� k iuhk2m;
� H�2mkuhk20;!i + krmuhk20;!i:Using the �nite overlap of subdomains and the ellipti
ity of Ah(:; :), we getMXi=1 kuik2Ah � MXi=1 [H�2mkuhk20;!i + krmuhk20;!i℄� H�2mkuhk20;
 + krmuhk20;
 (3.26)� H�2mkuhk2m;
 � H�2mkuhk2Ah;and the proof is 
omplete.3.1.2 Domain de
omposition pre
onditioner with 
oarse gridsystemIn this se
tion we will 
onsider the method of Dryja and Widlund [DW89℄. A pure lo
alspa
e de
omposition 
annot give an pre
onditioner of optimal spe
tral bounds. One hasto add a 
oarse grid system in order to avoid the fa
tor H2m. Let VH be a �nite elementsubspa
e of V of mesh-size H. It is 
alled the 
oarse grid spa
e. It is not ne
essarily asubspa
e of Vh.Let IH be an interpolation operator with the optimal approximation estimatesjv � IHvjm�k � Hk kvkm 8 v 2 V; 0 � k � m: (3.27)Let RH : VH ! Vh be the so 
alled prolongation operator. If there holds VH � Vh we 
anuse natural embedding. In general, it shall ful�ll the approximation estimatesjvH �RHvH jm�k � HkkvHkm 8 vH 2 VH ; 0 � k � m: (3.28)We use the spa
e splitting Vh = RHVH + MXi=1 RiVi: (3.29)



60 CHAPTER 3. ITERATIVE METHODSThe spa
es Vi are lo
al spa
es with natural embedding, and thus we 
an 
hose the Galerkinapproa
h Ai = RTi AhRi. On the spa
e VH we de�neCH(uH ; vH) = AH(uH; vH) = A(uH; vH):If VH 6� Vh, the method di�ers from the Galerkin approa
h, be
ause in generalAH(uH; vH) 6= Ah(RhuH; RhvH):We de�ne the overlapping dd pre
onditioner with 
oarse grid system asC�1h = RHA�1H RTH +XRiA�1i RTi : (3.30)By using the lo
al dd pre
onditioner Dh of (3.24) it 
an be expressed byC�1h = RHA�1H RTH +D�1h :Lemma 3.5 (Optimal two level pre
onditioner). Assume the following is true:i. The overlap of lo
al spa
es is bounded by NO.ii. The prolongation is 
ontinuous, i.e.kRHuHkAh � 
RkuHkAH 8 uH 2 VH : (3.31)iii. There exists an 
ontinuous interpolation operator IH : Vh ! VH, i.e.kIHuhkAH � 
IkuhkAh 8 uh 2 Vh: (3.32)iv. The lo
al splitting of the di�eren
e uf := uh �RHIHuh is stable, i.e.infuf=Puiui2Vi X kuik2Ah � 
Lkuhk2Ah: (3.33)Then the two level pre
onditioner (3.30) ful�lls the optimal spe
tral bounds
1Ch � Ah � 
2Ch (3.34)with 
1 := (
2I + 
L)�1;
2 := (1 +NO) maxf
2R; 1g:Assumptions 2-4 are also ne
essary to obtain an optimal pre
onditioner.



3.1. ADDITIVE SCHWARZ TECHNIQUES 61Proof. We apply Lemma 3.2 to estimate Ah � 
2Ch. The overlap of spa
es is bounded by(1+NO). Due to (3.31), and the Galerkin 
hoi
e for Ai, assumption (3.17) is ful�lled with

 := maxf
2R; 1g;and the upper bound is proven.On the other hand, assumptions (3) and (4) are formulated su
h thatkuhk2Ch = jjjuhjjj2 = infuh=RHuH+Pui nkuHk2AH +X kuik2Aho� kIHuhk2AH + infuf=P uiX kuik2Ah� (
2I + 
L)kuhk2Ah:Now, assume that Ch is a pre
onditioner with optimal bounds, i.ekuhk ' jjjuhjjj:We will derive 
onditions (2) - (4). We start with (2). Let uH 2 VH , and set uh = RHuH .Be
ause Ch is an optimal pre
onditioner, there holdskuhk2Ah � jjjuhjjj2 = infRHuH=RHvH+P vi(kvHk2AH +Xi kvik2) � kuHk2AH :We have 
hosen the splitting vH = uH and vi = 0. The 
ontinuous interpolation operator(3.32) and the stable splitting (3.33) is 
hosen as the minimizer of the splitting norm.Theorem 3.6. The two level pre
onditioner Ch of (3.30) has optimal spe
tral bounds, i.e.Ch � Ah � Ch: (3.35)Proof. We apply the previous lemma. We have assumed �nite overlap of subdomains.Assumptions (2) and (3) follow from (3.28) and (3.27), respe
tively, by the 
hoi
e k = 0and the triangle inequality.We are left to verify (4). By using (3.28) and (3.27) we estimatekufk0 = kuh � RHIHuhk0� kuh � IHuhk0 + kIHuh �RHIHuhk0� Hm kuhkm +Hm kIHuhkm� Hm kuhkm (3.36)and kufkm � kuhkm: (3.37)Pro
eeding similar to Theorem 3.4, we 
hoseui = IH( iuf):
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ording to the intermediate result (3.26) there holdsXi kuik2Ah � H�2mkufk20 + kufk2m:But now, we have the improved L2 estimate (3.36) and we 
an �nish the proof withXi kuik2Ah � kuhk2m � kuhk2Ah:The 
oarse grid mesh sizes H 
an be 
hosen su
h that the total work is minimized. We
annot obtain optimal 
omplexity for a 2 level method. The dimension of the 
oarse gridsystem grows unless H ' 1, and the dimensions of the lo
al systems grow unless H ' h.We will analyze two level methods with H ' h as preparation for the more involvedmultigrid analysis providing optimal pre
onditioners.3.2 Multigrid MethodsOptimal pre
onditioners 
an be 
onstru
ted by the use of variational problems on a se-quen
e of �nite-element spa
es V1; V2; : : : ; VL = Vhwith a

ording inner produ
ts (:; :)l. We do not assume that the spa
es are nested, so weneed grid transfer operators Rl : Vl�1 ! Vl; 2 � l � L:On ea
h level, 1 � l � L, we have the eventually modi�ed bilinear formAl(:; :) : Vl � Vl ! R:The operators Al : Vl ! Vl are de�ned by(Alul; vl)l = Al(ul; vl) 8 ul; vl 2 Vl:The adjoint operators RTl : Vl ! Vl�1 of Rl are de�ned by(RTl ul; vl�1)l�1 = (ul; Rlvl) 8 ul 2 Vl; 8 vl�1 2 Vl�1:On ea
h level l we require a pre
onditioner Dl : Vl ! Vl, whi
h is s
aled su
h thatAl � Dl (3.38)holds. It de�nes the smoothing iterationSl = I �D�1l Al: (3.39)The pre
onditioner Dl might stem from a lo
al additive S
hwarz method on level l.
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edure MG(l; ul; fl)if l = 1MG(l; ul; fl) = A�1l flelse u1;0l = ul(* pre-smoothing *)do j = 1; : : : ; mlu1;jl = u1;j�1l +D�1l (fl �Alu1;j�1l )(* 
oarse grid 
orre
tions *)dl�1 = RTl (fl � Alu1;mll )u2;0l�1 = 0do j = 1; : : : ; qu2;jl�1 =MG(l � 1; u2;j�1l�1 ; dl�1)u3;0l = u1;mll +Rlu2;ql�1(* post-smoothing *)do j = 1; : : : ; mlu3;jl = u3;j�1l +D�1l (fl �Alu3;j�1l )MG(l; ul; fl) = u3;mllAlgorithm 1: Multigrid method3.2.1 Multigrid algorithmOne step of the multigrid iteration ûl :=MG(l; ul; fl) (3.40)is de�ned in Algorithm 1. The parameter q de�nes the type of 
y
le. Usually, the V -
y
le method with q = 1 or the W -
y
le method with q = 2 is performed. The numberof smoothing steps ml on the level l may be �xed, or may depend on the level. For thevariable V -
y
le the number of smoothing steps in
rease geometri
ally on lower levels. Themultigrid algorithm leads to the multigrid operator Ml : Vl ! VlMlul :=MG(l; ul; 0) (3.41)and to the multigrid pre
onditioner Cl : Vl ! Vl de�ned byC�1l fl :=MG(l; 0; fl); (3.42)(see [JLM+89℄). The multigrid operator ful�lls the re
ursion formulaM1 = 0;Ml = (Sl)ml �I � Rl(I � (Ml�1)q)A�1l�1RTl Al� (Sl)ml: (3.43)
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lassi
al multigrid analysis by Ha
kbus
h [Ha
82℄ is based on the approximation prop-erty and the smoothing property. If these properties are available, one 
an prove optimal
onvergen
e of the W -
y
le iteration (with suÆ
iently many smoothing steps), and of thevariable V -
y
le. Several more sophisti
ated te
hniques ([BH83℄, [MMB87℄, [BP93℄) pro-vide optimal 
onvergen
e of the V -
y
le, but, up to the knowledge of the author, only forthe nested 
ase. So, we will fo
us on the 
lassi
al theory.The interplay of the 
oarse grid 
orre
tion step and of the smoother is measured bymeans of two di�erent norms, the energy norm k:kAl and the lo
al normkulkl;~0: (3.44)For full regular, se
ond order problems it iskulkl;~0 = h�1l kulk0;and therefore we will 
all it L2 - like norm. For problems with partial regularity, one hasto 
hose Sobolev norms of fra
tional order. For these two norms, one has to 
he
k theapproximation property kul �RlA�1l�1RTl Alulkl;~0 � CakulkAl (3.45)and the smoothing property k(Sl)mukAl � �(m) kukl;~0; (3.46)where �(m) is a fun
tion with �(m)! 0 as m!1:One part of the proof of the smoothing property is the purely algebrai
 estimatek(Sl)mulkAl = k(I � �D�1l Al)mulkAl � m�1kulkDl;whi
h is well established in multigrid theory. Sin
e the pre
onditioner Dl is s
aled su
hthat k(Sl)mkAl � 1, one 
an 
on
lude by operator interpolationk(Sl)mulkAl � m�� kulk[Al;Dl℄�for any � 2 [0; 1℄. The norm k:k[Al;Dl℄� is the interpolation norm between the energy norm(� = 0) and the k:kDl-norm (� = 1). For the AS smoother applied for se
ond orderproblems one gets kulkDl ' h�1l kulk0:The interpolation norm for this 
ase iskulk[Al;Dl℄� = h��l kulkH1�� :



3.2. MULTIGRID METHODS 65If one 
an establish the link between the algebrai
 smoothing property and the approxi-mation property, namely kuk[Al;Dl℄� � Cskukl;~0; (3.47)the smoothing property (3.46) is proved. We 
olle
t multigrid 
onvergen
e estimates inthe following theorem:Theorem 3.7 (Abstra
t multigrid 
onvergen
e). Let the multigrid pro
edure be asde�ned in Algorithm 1. Assume there holds the s
aling (3.38), the approximation prop-erty (3.45) and the estimate (3.47) used for the smoothing property. Then the followingmultigrid methods lead to optimal solvers:� The W -
y
le multigrid s
heme with suÆ
iently many smoothing steps leads to a
onvergent method. The 
ontra
tion number is bounded bykMLk � Cm��=2 (3.48)with a 
onstant C only depending on Ca and Cs, but independent of the level L.� The variable V -
y
le with mL � 1 and �0ml � ml�1 � �1ml smoothing steps (1 <�0 < �1) leads to a pre
onditioner CL. The 
ondition number is bounded by�(C�1L AL) � 1 + Cm��=2 (3.49)with a 
onstant C only depending on Ca, Cs, and �0, �1, but independent of thelevel L.Proof. The proof of the W -
y
le method follows from the approximation property (3.45)and the smoothing property (3.46) by indu
tion. We refer to [Ha
85℄.The proof of the variable V -
y
le method is provided in [BPX91℄, see also [Bra93℄.First, we derive the type of approximation property used there, then we translate thenotation.Be
ause D�1l Al is a symmetri
 and positive de�nite operator in the inner produ
tDl(:; :), one 
an de�ne the Hilbert s
alejjjuljjj2l;s := Dl((D�1l Al)sul; ul):For a shorter notation, we negle
t the index l indi
ating the level. Espe
ially, there holdsjjjuljjj20 = kulk2Dl;jjjuljjj21 = kulk2Al;jjjuljjj22 = A(D�1l Alul; ul):For � 2 (0; 1), the interpolation norm used above 
an be expressed bykulk[Al;Dl℄� = jjjuljjj1��: (3.50)



66 CHAPTER 3. ITERATIVE METHODSThere holds the estimate of logarithmi
 
onvexityAl(ul; vl) � jjjuljjj1�sjjjvljjj1+s (3.51)for s 2 R, and the interpolation estimatejjjuljjjs � jjjuljjj�s1 jjjuljjj1��s2 (3.52)for s1; s2 2 R, � 2 (0; 1) and s = �s1 + (1� �)s2.We use (3.51) to estimatejAl((I � RlA�1l�1RTl Al)ul; ul)j � jjj(I � RlA�1l�1RTl Al)uljjj1�� jjjuljjj1+�:By (3.50), the approximation property (3.45) and estimate (3.47) we getjjj(I � RlA�1l�1RTl Al)uljjj1�� � CaCskulkAl:We go on and use interpolationjAl((I � RlA�1l�1RTl Al)ul; ul)j � CaCskulkAl jjjuljjj1+� (3.53)� CaCsjjjuljjj1 jjjuljjj�2 jjjuljjj1��1� CaCsjjjuljjj2��1 jjjuljjj�2 :This estimate 
orresponds to [Bra93℄, Assumption 10, page 62. We translate the presentnotation to the formulation used in [Bra93℄, whi
h we will indi
ate by subs
ripts or super-s
ripts Br. We are free to set the inner produ
t on level l to(u; v)Br;l = (Dlu; v)l:Then the operator ABrl : Vl ! Vl evaluates by(Alul; vl)l = Al(ul; vl) = (ABrl ul; vl)Br;l = (DlABrl ul; vl)lto ABrl = D�1l Al:The smoother RBrl evaluates bySl = I �D�1l Al = I �RBrl ABrlto RBrl = I:We set �Brl = 1. We want to apply [Bra93℄, Theorem 4.6. A.4 and A.4� are ful�lled forthe symmetri
 smoother. A.10 is (3.53) with �Br = �=2. A.12 is assumed in the theorem.Estimate (3.49) follows by dividing �Br1 by �Br0 .



3.2. MULTIGRID METHODS 67We have formulated the simple approximation property (3.45) instead of the strongerestimate kul � RlA�1l�1RTl Alulkl;~0 � Ca supvl2Vl Al(ul; vl)kulkl;~0 ; (3.54)whi
h is usually used. This is paid by redu
ing the dependen
y on the number of smoothingsteps from Cm�� to Cm��=2. The reason for 
hoosing (3.45) instead of (3.54) is that onlythe former one 
ould be veri�ed for parameter dependent problems.If the smoothing property and the approximation property are available, the door isopen for other multilevel algorithms, like full multigrid methods [Ha
85℄, Cas
adi
 multi-grid methods [BD96℄, [Sha96℄, [BD99℄, and extension operators [HLMN94℄, [Haa97℄.
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Chapter 4Robust Pre
onditioning forParameter Dependent ProblemsIn this 
hapter we 
ombine the results of the former two to 
onstru
t pre
onditioners forparameter dependent problems. We will start with one level and two level pre
onditioners,and then go on with the multigrid 
ase.4.1 Lo
al pre
onditioningFirst, we show by means of an example that the 
ondition number of standard pre
ondition-ers may deteriorate for parameter dependent problems. Let Ah be the operator obtainedby a stable dis
retization for the Timoshenko beam model, i.e.(Ah(wh; �h); (vh; Æh))h = ZI � 0hÆ0h + t�2(w0h � �hh)(v0h � Æh) dx:Let DJa
 be the Ja
obi pre
onditioner for Ah. We measured the spe
tral 
ondition number�(D�1Ja
Ah) for di�erent values of the mesh size h and the parameter t. The results are:
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70 CHAPTER 4. ROBUST PRECONDITIONINGNow, we try the blo
k Ja
obi pre
onditioner DBJ with the blo
ks indi
ated below. Threeby three nodes are 
onne
ted with an overlap of one node.
Vi

The 
orresponding results for �(D�1BJAh) are:
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We see, the pre
onditioner is robust with respe
t to the small parameter, if the triangulationis �xed. For the interesting range t < h it shows the same dependen
e on the mesh size asa lo
al pre
onditioner for 4th order problems.The reason why the blo
k Ja
obi pre
onditioner is robust, while the pointwise Ja
obideteriorates deals with the kernel Vh;0 of the operator �h. These are the fun
tionsVh;0 = f(wh; �h) : w0h � �hh = 0g:On the kernel, the energy norm k:kAh behaves likek(wh; �h)k2Ah ' k�hk21 8 (wh; �h) 2 Vh;0:The norm indu
ed by the diagonal behaves always likek(wh; �h)k2DJa
 ' (h�2 + t�2)k�hk20 + h�2t�2kwk20:By 
hoosing smooth fun
tions (wh; �h) 2 Vh;0, one sees that the estimateh2t2DJa
 � Ah
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Figure 4.1: Basis fun
tions for kernel Vh;0is asymptoti
ally sharp. Be
ause also Ah � Dh is sharp, the 
ondition number behaveslike �(D�1Ja
Ah) ' h�2t�2:One observes, that errors in Vh;0 are smoothed out very slowly be the Ja
obi pre
onditioner.The kernel is spanned by a set of basis fun
tions of two di�erent types, see Figure 4.1. Theblo
k Ja
obi pre
onditioner is designed to 
apture these basis fun
tions.The idea of the blo
k smoother is related to the methods of [AFW97b℄ and [Hip99℄ forproblems in H(div) and H(rot)The following Theorem gives an abstra
t framework for one level pre
onditioners forparameter dependent problems.Theorem 4.1. Let Ah(:; :) : Vh � Vh ! R be the bilinear formAh(uh; vh) = ah(uh; vh) + "�1 
h(�huh;�hvh) (4.1)with the assumptions made in Se
tion 2.3. Let fVig be a lo
al spa
e splitting with overlapNO su
h that V =XVi:We assume that fun
tions uh 2 Vh and kernel fun
tions u0 2 Vh;0 
an be split lo
ally withestimates depending on the mesh size, i. e.infuh=Puiui2Vi MXi=1 kuik2Vh � 
1(h) kuk2Vh (4.2)infu0=Pu0;iui2Vi\Vh;0 MXi=1 ku0;ik2ah � 
2(h) ku0k2Vh: (4.3)



72 CHAPTER 4. ROBUST PRECONDITIONINGAssume, there holds the inverse estimatekqhk
h � 
3(h)kqhkQh;0 8 qh 2 �hVh; (4.4)where k:kQh;0 is de�ned in (2.64). Then the additive S
hwarz pre
onditioner Dh built onthe spa
e splitting fVig ful�lls(
1(h) + 
2(h)
3(h)2)�1Dh � Ah � NODh (4.5)on Vh. The bounds are independent of the parameter ".Proof. The upper estimate follows immediately from Lemma 3.2. We 
hoose an uh 2 Vh.First, we split uh = u0 + u1with u0 2 Vh;0 by proje
tion into Vh;0. Let (u0; p0) 2 Xh be the solution of the mixedvariational problem with the bilinear form of the limitB0h((u0; p0); (vh; q0)) = a(uh; vh) 8 (vh; qh) 2 Xh:Theorem 2.8 (Brezzi) bounds u0 by ku0kVh � kuhkVh: (4.6)Then u1 = uh � u0 ful�llsB0h((u1;�p0); (vh; qh)) = B0h((uh; 0); (vh; qh))�B0h((u0; p0); (vh; qh))= ah(uh; vh) + 
h(�huh; qh)� ah(uh; vh)= 
h(�huh; qh):We use Cau
hy-S
hwarz, the de�nition (4.1) of Ah(:; :) and the inverse inequality (4.4) topro
eed with B0h((u1; p0); (vh; qh)) � k�huhk
h kqhk
h� "1=2kuhkAh 
3(h)kqhkQh;0:By Theorem 2.8 we get ku1kVh � "1=2
3(h)kuhkAh : (4.7)We use assumptions (4.3) and (4.2) to split u0 =Pu0;i and u1 =P u1;i. Then we use theadditive S
hwarz lemma (Theorem 3.1) to estimatekuhk2Dh = infuh=Pi uiui2Vi kuik2Ah� X ku0;i + u1;ik2Ah� 2Xnku0;ik2Ah + ku1;ik2Aho� Xnku0;ik2ah + "�1ku1;ik2Vho



4.1. LOCAL PRECONDITIONING 73We �nish with the inverse estimates (4.3) and (4.2) and the stability estimates (4.6) and(4.7): kuhk2Dh � 
1(h)ku0k2Vh + "�1
2(h)ku1k2Vh� 
1(h)kuhk2Ah + 
2(h)
3(h)2kuhk2Ah� f
1(h) + 
2(h)
3(h)2g kuhk2Ah:4.1.1 Timoshenko beam and Reissner Mindlin plateWe will prove now the "-robust 
ondition number of the blo
k Ja
obi pre
onditioner forthe beam model of Timoshenko. We will apply Theorem 4.1. Be
ause k:kVh = k:k1,assumptions (4.2) is ful�lled with 
1(h) � h�2;and assumption (4.4) is ful�lled with 
3(h) � 1;sin
e k:k
h = k:kQh;0 = k:k0. We will verify the splitting inequality for kernel fun
tions:inf(wh;�h)=P(wi;�i)(wi;�i)2Vh;0\Vi X k(wi; �i)k2ah � h�4k(wh; �h)k2V;h: (4.8)We use a partitioning of unity f ig as drawn in the �gure below:
ψ i

The support of ea
h fun
tion  is inside four elements. Re
all the 
onstru
tion of the Fortinoperator (2.81). There we used the nodal interpolation operator IF;1h , and the proje
torIF;2h adjusting bubbles. The 
o-proje
tor maps onto Vh;0:I � IF;2h : Vh ! Vh;0:Thus, the 
ombination (I � IF;2h )IF;1h : V ! Vh;0is a proje
tion, too. We 
hose the kernel splitting as(wi; �i) := (I � IF;2h )IF;1h ( i � (wh; �h)):



74 CHAPTER 4. ROBUST PRECONDITIONINGWe have obtained in Se
tion 2.4.1 that IF;2h is 
ontinuous with respe
t to the normh�1kwhk0 + k�hk0. Thus we getk(wi; �i)kah = j�ij1 � h�1k�k0� h�2k iwhk0 + h�1k i�hk0� h�2k(wh; �h)k0;!iSumming up gives the inverse estimateXi k(wi; �i)k2ah � h�4k(wh; �h)k20 � h�4k(wh; �h)k2Vh :The lo
al smoother for the Reissner Mindlin plate is analogous. The inverse inequalities(4.2), (4.3) and (4.4) hold with 
1(h) ' h�2;
2(h) ' h�4;
3(h) ' h�1:Thus, the same upper bound h�4 results as for the beam. The subspa
es Vl;i have to
ontain (I � IF;2h )'i, where 'i is a nodal base fun
tion. This is possible with subspa
esspanned by the nodal base fun
tions 
lustered as follows:
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4.1.2 Nearly in
ompressible materialsWe will 
he
k the 
onditions of Theorem 4.1 for the bilinear form of nearly in
ompressiblematerials Ah(uh; vh) = (e(uh); e(vh)) + "�1(divuhh; div vhh)0:The estimates (4.2) and (4.4) follow dire
tly form the spa
es Vh � H1 and Qh � L2, namely
1(h) ' h�2;
3(h) ' 1:We will prove the splitting estimate for the kernel fun
tions. We are guided by a basis forthe kernel, whi
h 
onsists of the following type of fun
tions:



4.1. LOCAL PRECONDITIONING 75
These basis fun
tions 
annot be split into kernel fun
tions of smaller support. Thus, wewill use subspa
es spanned by the nodal base fun
tions 
onne
ted as follows:
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Vj

The plan for the analysis is to lift the divergen
e free fun
tion to the potential spa
e.For this, we have to assume that 
 is simply 
onne
ted, and there is only one simply
onne
ted part with natural boundary 
onditions. Then the potential fun
tion is split intolo
al fun
tions. The splitting of the original fun
tion is obtained by interpolating the 
urlof the lo
al potential fun
tions by the Fortin operator.We �x uh 2 Vh;0. We 
onstru
t the lifting operator E : Vh ! V as follows. De�ne thespa
es Vlo
 := fv 2 V : v = 0 on �T 8T 2 ThgQlo
 := fq 2 Q : qh = 0g:They split into lo
al spa
es on the elements. The pair Vlo
�Qlo
 is stable for Stokes. Nowlet u := Euh := uh + wwith (w; r) 2 Vlo
 �Qlo
 be the solution of the variational problemB0((w; r); (v; q)) = �B0((uh; 0); (v; q)) 8 (v; q) 2 Vlo
 �Qlo
:We observe that(div (w + uh); q)0 = B0((w + uh; r); (0; q)) = 0 8 q 2 Qlo
:Applying Gauss' theorem to w on ea
h element, and using the assumption uh 2 Vh;0, wealso get div (w + uh)h = 0:



76 CHAPTER 4. ROBUST PRECONDITIONINGWe have 
onstru
ted an u 2 V su
h thatkukV � kuhkV ;div u = 0;and there holds u = uh on �T 8T 2 Th:Let IFh = IF;1h + IF;2(I � IF;1h ) be a Fortin operator based on a S
ott-Zhang proje
tionoperator. It shall be 
onstru
ted su
h that it uses only fun
tion values at �T; T 2 Th, seethe Figure below:
σ

iN

i jω

The Fortin operator is an left inverse to the extension operator, i.e.IFh Euh = uh 8 uh 2 Vh:Due to the assumptions on the domain, there exists an ' 2 H20;D(
) su
h thatrot' = u:Let f ig be a partitioning of unity with supp f ig � !i. We 
an de�ne the splitting asui = IFh rot( i'):It is a splitting, be
auseX ui =X IFh rot( i') = IFh rot(X i') = IFh rot' = IFh u = IFh Euh = uh:Using the 
ontinuity of the Fortin operator, the properties of the partitioning of unity, andthe 
onstru
tion of ' we 
an bound the kernel splitting byX kuik2ah = X kIFh rot( i')k21� X krot( i')k21� X k( i')k22 � h�4k'k22� h�4kuk21 � h�4kuhk2Vh:



4.2. TWO LEVEL PRECONDITIONING 77Thus, we obtained the inverse estimate
2(h) � h�4:We mention that the original problem is of se
ond order, but the lifting to the potentialspa
e lets it behave like a fourth order problem. We have made assumption onto thedomain. They are really essential, be
ause 
urls around a hole 
annot be split into lo
al
urls. When we use a 
oarse grid system, these global 
urls are 
aught by the 
oarse grid.4.2 Two Level Pre
onditioningIn the last se
tion we have 
onstru
ted "-robust lo
al pre
onditioners. Now, we will see howto 
ombine the lo
al pre
onditioner with a 
oarse grid 
orre
tion to obtain a pre
onditionerwith robust and optimal 
ondition number.The bilinear form Ah(uh; vh) = ah(uh; vh) + 1"
h(�huh;�hvh) (4.9)stems from the redu
tion of a mixed �nite element problem with the bilinear form Bh(:; :) :Xh �Xh ! R. We need an additional 
oarse grid bilinear formAH(uH ; vH) = aH(uH; vH) + 1"
H(�HuH ;�HvH) (4.10)
oming from a mixed �nite element method with the bilinear form BH(:; :) : XH�XH ! Ron the 
oarser spa
e XH = VH � QH . The forms Bh(:; :) and BH(:; :) may di�er. Theymight be obtained by stabilized methods with di�erent weights. We do not assume thatthe primal spa
es are nested, i.e.VH � Vh or VH 6� Vh:Thus we need a prolongation operatorRV;0H : VH ! Vh:If the spa
es are nested, we may take the natural embedding. We 
all RV;0H trivial pro-longation operator, be
ause we will a
tually use a more 
ompli
ated one. The trivialprolongation operator shall be bounded bykRV;0H uHkV;h � kuHkV;H 8 uH 2 VH : (4.11)The spa
es for the dual variable shall be nestedQH � Qh:



78 CHAPTER 4. ROBUST PRECONDITIONINGThis is not a strong assumption, be
ause the spa
e Q is L2 or weaker for our appli
ations.We assume that the a

ording norms are equivalent, i.e.kqHkQH ' kqHkQh 8 qH 2 QH (4.12)and kqHk
H ' kqHk
h 8 qH 2 QH : (4.13)We have �xed the 
oarse grid operator AH . Next, have to de�ne the a
tual prolongationoperator RVH : VH ! Vh:In Lemma 3.5 we have shown, that the 
ontinuity in energy is a ne
essary 
ondition for anoptimal two level pre
onditioner. ThuskRVHuHkAh � kuHkAHmust be ful�lled uniformly with respe
t of the small parameter ". To get a feeling for this
ondition, we take a 
oarse grid kernel fun
tionuH 2 VH;0 = kern �HThe 
oarse grid energy kuHk2AH = kuHk2aHdoes not depend on ". The �ne grid energy of the prolongated fun
tionkRVHuHk2Ah = kRVHuHk2ah + 1"k�hRVHuHk2
hhas to be bounded by a 
onstant independent of ". This is only possible, if k�hRVHuHk2
h �". Essentially, this means that the prolongation has to map the 
oarse grid kernel to the�ne grid kernel: RVH : VH;0 ! Vh;0: (4.14)Indeed, the prolongation may produ
e a small perturbation out of Vh;0.We 
onsider the Timoshenko beam as example, see Figure 4.2. Let (wH ; �H) be afun
tion in VH;0. This means that w0H � �HH = 0:The prolongation has to 
onstru
t fun
tions (wh; �h) su
h thatw0h � �hh = 0; (4.15)i.e. the averaging is done on the �ne grid. The trivial prolongation RV;0H 
an be 
hosen asembedding. It does not ful�ll that 
ondition. But, by a lo
al modi�
ation of the fun
tions,
ondition (4.15) 
an be a
hieved. We 
an adjust the nodal values of the de
e
tion wh onthe new nodes.It is always the question whi
h degrees of freedom have to be adjusted. The followingtheorem gives an abstra
t guide for the 
onstru
tion of robust prolongation operators:
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Hβ

Hw

TH ; (wH ; �H)
hβ

wh

Th; RV;0H (wH ; �H)
hβ

wh

Th; RVH(wH ; �H)Figure 4.2: Prolongation for Timoshenko beamTheorem 4.2 (Robust prolongation operator). Assume that the dual spa
e Qh issplit 
h(:; :)-orthogonal into Qh = eQH �QT (4.16)with eQH � QH . The 
orresponding proje
tion operators are P 
heQH and P 
hQT . The trivialprolongation operator RV;0H is assumed to satisfy
h(�hRV;0H uH ; eqH) = 
H(�HuH; eqH) 8 eqh 2 eQH : (4.17)Assume there exists a spa
e VT � Vh su
h that the bilinear form Bh(:; :) is stable onXT := VT �QT , i.e.sup(uT ;pT )2XT Bh((uT ; pT ); (vT ; qT ))k(uT ; pT )kX;h � k(vT ; qT )kXh 8 (vT ; qT ) 2 XT : (4.18)Additionally, we assume the orthogonality 
ondition
h(�hvT ; eqH) = 0 8 vT 2 VT ; 8 eqh 2 eQH : (4.19)Let wT 2 VT be the solution of the variational problemAh(wT ; vT ) = Ah(RV;0H uH ; vT ) 8 vT 2 VT : (4.20)Then the prolongation RVH de�ned byRVHuH := RV;0H uH � wT (4.21)is 
ontinuous in energy norm:kRVHuHkAh � kuHkAH 8 uH 2 VH : (4.22)



80 CHAPTER 4. ROBUST PRECONDITIONINGRemark 4.3. The splitting of Qh has the following meaning. The 
onstraints a

ordingto eQH are inherited from the 
oarse grid. This is only possible, if the trivial prolongationpreserves the 
onstraints. The 
onstraints belonging to QT are ful�lled by 
onstru
tion.For an eÆ
ient implementation it is important that the problem 
an be solved lo
ally.Proof. First, we observe that the orthogonality relations (4.16) and (4.19) imply that�hVT � QT :Using the relations Bh((uh; "�1�huh); (vh; 0)) = Ah(uh; vh);Bh((uh; "�1�huh); (0; qh)) = 0for all uh; vh 2 Vh and qh 2 Qh we 
an rewrite (4.20) in mixed variables:Bh((wT ; "�1�hwT ); (vT ; qT )) = Bh((RV;0H uH ; "�1�hRV;0H uH); (vT ; qT )) 8 (vT ; qT ) 2 XT :By the orthogonality relations (4.16) and (4.19) we 
an insert the proje
tion P 
hQT :Bh((wT ; "�1P 
hQT�hwT ); (vT ; qT )) = Bh((RV;0H uH ; "�1P 
hQT�hRV;0H uH); (vT ; qT )):We bring the dual variable to the left hand side, and use 
ontinuity of Bh(:; :) to obtainBh((wT ; "�1P 
hQT�h(wT �RV;0H uH)); (vT ; qT )) = Bh((RV;0H uH ; 0); (vT ; qT ))� kRV;0H uHkVh k(vT ; qT )kXh:By stability of Bh(:; :) on XT we getkwTkVh + k"�1P 
hQT�h(wT � RV;0H uH)kQh � kRV;0H uHkVh � kuHkVH : (4.23)This bounds the �rst term of estimate (4.22):kRVHuHkah � kRVHuHkVh � kRV;0H uH � whkVh � kuHkVH : (4.24)We are left to bound"�1 k�huhk2
h = "�1 kP 
hQT�huhk2
h + "�1 kP 
heQH�huhk2
h:By the de�nition of the norm kqhk2Qh := kqhk2Qh;0 + " kqhk2
h and (4.23) we bound the �rstterm "�1 kP 
hQT�huhk2
h � "�2 kP 
hQT�huhk2Qh (4.25)= "�2 kP 
hQT�h(RV;0H uH � wT )k2Qh� kuHkVH :



4.2. TWO LEVEL PRECONDITIONING 81We use P 
heQh�hwT = 0, property (4.17) of the prolongation and norm equivalen
e k:k
h 'k:k
H to bound the se
ond termkP 
heQH�huhk
h = kP 
heQH�hRV;0H uHk
h= supeqH2 eQH 
h(�hRV;0H uH ; eqH)keqHk
h= supeqH2 eQH 
H(�HuH ; eqH)keqHk
h� supeqH2 eQH k�HuHk
HkeqHk
HkeqHk
h� k�HuHk
H :This gives "�1 kP 
heQH�huhk2
h � "�1 k�HuHk2
H � kuHk2AH : (4.26)Combining (4.24), (4.25), and (4.26) proves the theorem.A

ording to Lemma 3.5 we have to prove the existen
e of an interpolation operatorIVH : Vh ! VHwhi
h is 
ontinuous in energy, i.e.kIVHuhkAH � kuhkAh 8 uh 2 Vh: (4.27)As in Theorem 2.13, the Fortin operator IFH has the desired properties. LetQH = QH;0 �QH;1be a stable de
omposition with respe
t to k:k
H . The subspa
e QH;0 ful�llskqHk2QH � " kqHk2
H 8 qH 2 QH :The Fortin operator shall be 
ontinuous in the normkIFHuhkV;H � kuhkV;hand preserve 
onstraints belonging to QH;1, i.e.
h(�huh; q1) = 
H(�HIFHuh; q1) 8 q1 2 QH;1:Then Theorem 2.13 proves its 
ontinuity (4.27). The last assumption of Lemma 3.5, namelythe stable de
omposability of uf := uh �RVHIFHuh;will be formulated for the spe
i�
 examples.



82 CHAPTER 4. ROBUST PRECONDITIONING4.2.1 Nearly in
ompressible materialsLet us 
onsider the 
ase of nearly in
ompressible materials. We have the �ne grid bilinear-form Ah(uh; vh) = (e(uh); e(vh))0 + "�1 (divuhh; divvhh)0at the �ne grid spa
e Vh, and the 
oarse grid formAH(uH ; vH) = (e(uH); e(vH))0 + "�1 (divuHH ; divvHH)0at a 
oarse grid spa
e VH of P2 elements. The 
oarse triangulation TH may be arbitrarily
oarse. The triangulations must be nested.We 
onstru
t the prolongation operator RVH following Theorem 4.2. Therefore, we splitQh = QH �QT :The spa
e QH 
onsists of the pie
ewise 
onstants on the 
oarse grid, fa
tored by the global
onstant. The spa
e QT is QT = fqh 2 Qh : qhH = 0g:The spa
e VT is 
hosen asVT = fvh 2 Vh : vhj�TH = 0 8TH 2 THg:If the �ne mesh is obtained by bise
tion, the prolongation requires the solution of the lo
alproblems indi
ated below:
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This is a stable pair for the Stokes problem. The orthogonality (4.19) follows by thetheorem of Gauss, i.e(div vT ; qH)0 =XTH ZTH div vT qH dx =XTH qH jT Z�TH (nT vT ) ds = 0:Thus the prolongation operator 
onsists of solving lo
al Stokes problems in the 
oarse gridelements TH . The Fortin operator is su
h that the fun
tion values at 
oarse grid edges EHare preserved. By 
onstru
tion, the lo
al 
omplementuf = uh �RVHIFHuh



4.2. TWO LEVEL PRECONDITIONING 83is bounded by kufk1 � kuhk1:and ful�lls ZEH uf ds = 0for ea
h 
oarse grid edge EH . By the Bramble Hilbert lemma we getkufk0 � H kufk1 � H kuhk1:We will 
onstru
t a lo
al splitting of mesh size hlo
 with h � hlo
 � H. There are the twoextreme 
ases hlo
 ' h, and hlo
 ' H. The �rst one gives 
heap lo
al problems, while theother one leads to an pre
onditioner with optimal bounds. For H ' h both properties areful�lled.We split uf into two parts uf = u0 + u1;with u0Vh;0. This is done using the spa
e XT on
e more. Let (u1; p1) 2 XT be the solutionof B0((u1; p1); (vT ; qT )) = 
(�huf ; qT ) 8 (vT ; qT ) 2 XT : (4.28)Then there holds 
(�hu0; qT ) = 
(�h(uf � u1); qT ) = 0per 
onstru
tion. Additionally, applying Gauss' theorem on ea
h element of TH and usingREH uf ds = REH u1 ds = 0 we get
(�hu0; qH) = 
(�huf ; qH)� 
(�hu1; qH) = 0:We got divu0h = 0:We pro
eed as in Se
tion 4.1.2. We lift to u 2 V su
h thatdivu = 0 and u = u0 on Eh;and 
onstru
t ' 2 H20 su
h that rot' = u:But now, we have the additional propertyZEH �'�t ds = ZEH nT rot' ds = ZEH nTu ds = ZEH nTuf ds = 0:This means that ' has a 
onstant value in all 
orner nodes of TH . By the 
hoi
e ofboundary 
onditions it is 0. An other 
onsequen
e is that the potential ' exists alsofor general domains. Applying the Bramble Hilbert lemma to ', we get the optimal L2estimate k'k0 � H2k'k2:
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ation with the p.o.u. at mesh size hlo
 we getk i'k2 � h�2lo
H2k'k2;and as in Se
tion 4.1.2ku0k2Dh � Xi kIFh rot ( i')k1 �Xi k( i')k22� h�2lo
H2k'k22 � h�2lo
H2ku0k21:The other 
omponent u1 vanishes at �TH , thusku1k0 � Hku1k1holds. By the de�nition (4.28) of u1 and Theorem 2.8 (Brezzi) there holdsku1k1 � kdivufhk0:Combining we get ku1k20 � H2" kufk2Ah:Thus we have optimal L2 estimate, with the additional fa
tor ". We 
an use the partitioningof unity method starting with the original form Ah, namelyku1k2Dh = infu1=PuiX kuik2Ah� "�1X k iu1k1 � "�1fku1k21 + h�2lo
ku1k20g � h�2lo
H2kufkAhSumming up, we getkufk2Dh � ku1k2Dh + ku2k2Dh � h�2lo
H2 kufk2Ah � h�2lo
H2kuhk2Ah:If we have hlo
 ' H, we have 
onstru
ted and analyzed a pre
onditioner with robust andoptimal spe
tral bounds.4.2.2 Reissner Mindlin plateWe analyze the two level method for the Reissner Mindlin plate model. The �ne gridbilinear form Ah(:; :) isAh((wh; �h); (vh; Æh)) = a(�h; Æh) + 1h2 + t2 (rwh � �h;rvh � Æh)0+ � 1t2 � 1h2 + t2� (rwh � �hh;rvh � Æhh)0:



4.2. TWO LEVEL PRECONDITIONING 85The 
oarse grid form is de�ned by stabilization and averaging at the 
oarse grid, i.e.AH((wH ; �H); (vH ; ÆH)) = ab(�H ; ÆH) + 1H2 + t2 (rw � �;rv � Æ)0+ � 1t2 � 1H2 + t2� (rw � �H ;rv � ÆH)0:We re
all the norms of the primal and dual spa
es, on the �ne and on the 
oarse level:k(wh; �h)k2Vh = k�hk21 + (h+ t)�2krwh � �hk20k(wH ; �H)k2VH = k�Hk21 + (H + t)�2krwH � �Hk20and kqhk2Qh = fh2 + t2g kqhk2L2kqHk2QH = fH2 + t2g kqHk2L2:To obtain a stable prolongation, we need that the norms k:kQh and k:kQH are equivalent.Thus, we have to restri
t us to the 
ase H ' h: (4.29)The 
onstru
tion of the prolongation operator follows Theorem 4.2. We split the dualspa
e trivially into Qh = QT :The spa
e VT = f(0; �h) 2 Vh : �hjT 2 B3gis enough to obtain stability (see Se
tion 2.4.3). By the trivial 
hoi
e eQH = f0g, assump-tions (4.17) and (4.19) are 
learly satis�ed.The prolongation is implemented very 
heap by just performing one step of Point-Ja
obi iteration on the subspa
e of �-bubbles. The bubble-spa
e splits Ah(:; :) orthogonalinto two-dimensional subspa
es inside ea
h element on the �ne grid. Thus, the Ja
obi stepbe
omes and exa
t solver.The interpolation is the Fortin operator IFH . We 
an 
hose a nodal interpolation operatorIF;1H for the 
orner nodes, be
ause we had to assume H ' h. The se
ond step, IF;2H adjustsbubble fun
tions for elements with H > t. The �ne grid 
omplement(wf ; �f) = (wh; �h)�RVHIFH(wh; �h)has to be split lo
ally. It vanishes at 
orner nodes, thus the Bramble Hilbert lemma givesk�fk0 � h k�fk1;



86 CHAPTER 4. ROBUST PRECONDITIONINGand kwfk0 � h krwfk0 � h fkrwf � �fk0 + k�fk0g� h krwf � �fk0 + h2 k�fk1� h(h + t)k(wf ; �f)kVh:We de�ne the lo
al normk(wh; �h)k2Vh;lo
 := 1h2k�hk20 + 1h2(h+ t)2kwhk20: (4.30)Combining both estimates above, we obtain thatk(wf ; �f)k2Vh;lo
 � k(wf ; �f)k2Ah : (4.31)By 
ontinuity in energy of the interpolation IFH and of the prolongation RVH , there holdsk(wf ; �f)kAh � k(wh; �h)kAh: (4.32)All information we will need is 
ontained now ink(wf ; �f)k2Vh;lo
 + t�2krwf � �fhk20 � k(wh; �h)k2Ah: (4.33)This is the approximation property for the two-level method.We will estimatek(wf ; �f)k2Dh = inf(wf ;�f )=P(wi;�i) k(wi; �i)k2Ah � k(wf ; �f)k2Vh;lo
 + t�2krwf � �f hk20Let IF;2h be the operator for adjusting �h-bubbles for elements with h > t, i.e.
h(�hIF;2h (wh; �h); qh) = 
h(�h(wh; �h); qh) 8 qh 2 Qh;h>t:It is 
ontinuous with respe
t to the lo
al norm (4.30). The 
o-proje
tor I � IF;2h maps intothe (redu
ed) kernel, thus there holdsk(wh; �h)� IF;2h (wh; �h)k2Ah � k(wh; �h)� IF;2h (wh; �h)k2Vh � k(wh; �h)k2Vh;lo
: (4.34)We split (wf ; �f) = (w0; �0) + (w1; �1) by(w0; �0) = (wf ; �f)� IF;2h (wf ; �f) and (w1; �1) = IF;2h (wf ; �f):into a kernel fun
tion and into the rest. The splitting is stable in Vh;lo
-norm. The followingidentity using a partitioning of unity f ig adjusted to the S
ott-Zhang proje
tor IF;1h(w0; �0) = (I � IF;2h )IF;1h (X i)(w0; �0)



4.3. MULTIGRID METHODS 87leads to the splitting of (w0; �0):(w0;i; �0;i) = (I � IF;2h )IF;1h  i(w0; �0):Combining (4.34) and estimates related to the partitioning of unity we getk(w0; �0)k2D � X k(w0;i; �0;i)k2Ah (4.35)= X k(I � IF;2h )IF;1h  i(w0; �0)k2Ah� X kIF;1h  i(w0; �0)k2Vh;lo
� X k(w0; �0)k2Vh;lo
;!i� k(w0; �0)k2Vh;lo
:The other 
omponent, (w1; �1), 
onsists only of �-bubbles on elements with h > t, thus wehave k(w1; �1)k2D ' t�2k�1k20 � t�2krwf � �fhk20:Combining the last two estimates with (4.33), we obtain the resultk(wf ; �f)k2Dh � k(w0; �0)k2Dh + k(w1; �1)k2Dh � k(wh; �h)kAh:Thus, the two level pre
onditioner is robust with respe
t to h and t.4.3 Multigrid MethodsIn this se
tion we formulate multigrid methods for parameter dependent problems and givean outline of the analysis. The proofs of the approximation property and of the smoothingproperties will be postponed to the next se
tions.The multigrid formulation is based on a sequen
e of possibly non-nested non-
onforming�nite element spa
es V1; V2; : : : ; VLand on a 
hain of nested spa
es Q1 � Q2 � : : : QL � Qwith norms k:kVl and k:kQl. The norms may and will depend on the level as well as on theparameter. We setXl = Vl�Ql with the produ
t norm k(u; p)kXl := (kuk2Vl+kpk2Ql)1=2. Theindex l denotes the level and takes the values 1 to L, unless expli
itely de�ned di�erently.On ea
h level l we need the symmetri
 and positive de�nite bilinear form in primal variablesAl(ul; vl) = al(ul; vl) + "�1 
l(�lul;�lvl): (4.36)It is related to the symmetri
 bilinear form in mixed variablesBl((ul; pl); (vl; ql)) = al(ul; vl) + 
l(�lul; ql) + 
l(�lvl; pl)� " 
l(pl; ql) (4.37)



88 CHAPTER 4. ROBUST PRECONDITIONINGde�ned on Xl � Xl. The bilinear form Bl(:; :) shall be 
onsistent with the form B(:; :) :X �X ! R in the sense ofBl((u; "�1�u); (v; q)) = B((u; "�1�u); (v; q)) 8 u 2 V 8 (v; q) 2 X:We assume that al(:; :) is symmetri
 and non-negative, i.e.al(ul; ul) � 0 8 ul 2 Vl: (4.38)The form 
l(:; :) is assumed to be symmetri
 and positive, i.e.
l(pl; pl) > 0 8 0 6= pl 2 Ql: (4.39)The bilinear form Bl(:; :) is assumed to be 
ontinuousBl((ul; pl); (vl; ql)) � k(ul; pl)kXl k(vl; ql)kXl (4.40)and stable sup(vl;ql)2Xl Bl((ul; pl); (vl; ql))k(vl; ql)kXl � k(ul; pl)kXl 8 (ul; pl) 2 Xl: (4.41)Let V + � V and Q+ � Q be subspa
es with stronger norms k:kV + and k:kQ+, respe
tively.Let V � � V be a larger spa
e with norm k:kV �. Its dual is (V �)� with norm k:k(V �)� . Weassume that Vl � V �. The 
ontinuous variational problem: Find (u; p) 2 X su
h thatB((u; p); (v; q)) = f(v) 8 (v; q) 2 X (4.42)is assumed to ful�ll the regularity shiftkukV + + kpkQ+ � kfk(V �)�: (4.43)We require interpolation operatorsIXl = (IVl ; IQl ) : (V + �Q+)! Xl (4.44)ful�lling the approximation estimates~�1l kv � IVl vkV � + k(v; q)� IXl (v; q)kXl � ~l (kvkV + + kqkQ+) (4.45)for given (v; q) 2 V + � Q+. The 
oeÆ
ient ~l is related to the mesh size on level l.Additionally, on ea
h spa
e Vl the inverse estimatekulkVl � ~�1l kulkV � (4.46)shall be ful�lled with the same 
oeÆ
ient ~l. Let (ul; pl) 2 Xl be the solution of the mixed�nite element problemBl((ul; pl); (vl; ql)) = f(vl) 8 (vl; ql) 2 Xl: (4.47)



4.3. MULTIGRID METHODS 89Then, by Theorem 2.15, the a priori error estimate to the solution (u; p) of (4.42)~�1l ku� ulkV � + ku� ulkVl + kp� plkQl � ~l kfk(V �)� (4.48)is valid.As in Se
tion 4.2 we de�ne the trivial prolongation operatorsRV;0l : Vl�1 ! Vl; (4.49)with 2 � l � L. They are supposed to ful�ll the 
ontinuity and approximation estimateskRV;0l ul�1kVl + ~�1l kul�1 �RV;0l ul�1kV � � kul�1kVl�1 ;kIVl u�RV;0l IVl�1ukV � � ~2l kukV + (4.50)for all ul�1 2 Vl�1 and u 2 V +. Sin
e Ql�1 � Ql, we do not need expli
ite prolongationoperators for the dual variable. We 
ombine the RV;0l with the identity to the trivial mixedprolongation operator RX;0l = (RV;0l ; id) : Xl�1 ! Xl:We assume norm equivalen
e a
ross two levelskpl�1kQl�1 ' kpl�1kQl 8 pl�1 2 Ql�1: (4.51)The a
tual grid transfer operator RV;0l requires the spa
eXl;T = Vl;T �Ql;T � Xl (4.52)with the properties de�ned below. We have to solve a variational problem with the bilinearform Al(:; :) on the spa
e Vl;T . To be eÆ
ient it is ne
essary that Vl;T splits into subspa
es ofsmall dimension whi
h are orthogonal with respe
t to Al(:; :). The spa
e Ql is de
omposedas Ql = Ql;T � eQl�1 (4.53)with eQl�1 � Ql�1. The de
omposition is assumed to be orthogonal with respe
t to theinner produ
t 
l(:; :). The spa
e eQl�1 
orresponds to 
oarse grid 
onstraints whi
h will beinherited on the �ne grid. The 
omplement Ql;T 
hara
terizes the 
onstraints whi
h 
anbe ful�lled by lo
al proje
tions. We de�ne the 
l ortho-proje
tor I eQl�1 : Ql ! eQl�1. It isassumed to be 
ontinuous with norm k:kQl!Ql�1. The bilinear-from Bl(:; :) is assumed tobe stable on Xl;T , namely for all (u; p) 2 Xl;T there holdssup(v;q)2Xl;T Bl((u; p); (v; q))k(v; q)kXl � k(u; p)kXl: (4.54)We assume the in
lusion �lVl;T � Ql;T : (4.55)
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lusion ensures that 
orre
tions in Vl;T will not disturb 
onstraints 
orresponding toeQl�1. The trivial prolongation is supposed to satisfyBl�1((ul�1; pl�1); (0; ~ql�1)) = Bl((RV;0l ul�1; pl�1); (0; ~ql�1)) (4.56)for all (ul�1; pl�1) 2 Xl�1 and ~ql�1 2 eQl�1. This 
ondition guarantees that 
onstraints
orresponding to eQl�1 are preserved by the grid transfer. On the spa
e Vl;T not only theinverse estimate (4.46), but also the norm equivalen
ekul;TkV � ' ~l kul;TkVl 8 ul;T 2 Vl;T (4.57)shall be ful�lled. For 2 � l � L, we de�ne the proje
tionPAl;T : Vl ! Vl;T : Al(PAl;Tul; vl;T ) = Al(ul; vl;T ) 8 ul 2 Vl; 8vl;T 2 Vl;T : (4.58)Then the a
tual grid transfer operator is de�ned asRVl := (I � PAl;T )RV;0l (4.59)The 
onstru
tion of the smoother needs the de
ompositionVl = MlXi=1 Vl;i; Ql = MlXi=1 Ql;i: (4.60)into subspa
es of small dimension. The de
omposition may be overlapping. The in
lusions�lVl;i � Ql;i (4.61)must be ful�lled for all 1 � i � Ml. Let eal(:; :) : Vl � Vl ! R be symmetri
 bilinear formssu
h that eal(ul; ul) � al(ul; ul) 8 ul 2 Vl: (4.62)We de�ne the parameter dependent primal formeAl(ul; vl) := eal(ul; vl) + "�1 
l(�lul;�lvl): (4.63)The smoother is an additive S
hwarz method with subspa
e problems derived from thebilinear form eAl(:; :). That is Sl := I � � MlXi=1 TAl;i; (4.64)where the operator TAl;i is de�ned byTAl;i : Vl ! Vl;i : eAl(TAl;iul; vl;i) = Al(ul; vl;i) 8 ul 2 Vl; 8 vl;i 2 Vl;i: (4.65)The smoother is an iteration with symmetri
 pre
onditioner Dl, i.e.Sl = I � �D�1l Al:



4.3. MULTIGRID METHODS 91By the Additive S
hwarz lemma, the norm indu
ed by the pre
onditioner 
an be repre-sented by kulk2Dl = inful=Pul;iul;i2Vl;i MlXi=1 kul;ik2eAl: (4.66)We will prove the approximation property for the normkulk2Vl;~0 := ~�2l kuk2V� + "�1k�lulk2
l + "�2kI eQl�1�lulk2Ql: (4.67)The norm 
ombines three di�erent terms. The �rst one is the improved 
onvergen
e in aweaker norm stemming from the usual duality argument. The se
ond term is essential tore
e
t 
ontinuity in energy norm. The last term bounds the 
oarse grid part of the dualvariable "�1�lul.In Se
tion 4.5 and Se
tion 4.6 we will establish the estimatekulk[Al;Dl℄� � kulkVl;~0 8 ul 2 Vl (4.68)for two di�erent types of smoothers for the 
onsidered problems. These 
omponents leadto optimal and robust multigrid solvers:Theorem 4.4 (Robust multigrid method). De�ne a multigrid method with the 
om-ponents introdu
ed above. Then a W-
y
le s
heme with suÆ
iently many smoothing stepslead to an iterative pro
ess with 
ontra
tion number independent of the level l and theparameter ". A variable V -
y
le lead to a pre
onditioner for Al with spe
tral bounds inde-pendent of the level l and the parameter ".Proof. A

ording to Theorem 3.7 we have to 
he
k 3 
onditions: The approximation prop-erty kul �RVl A�1l�1[RVl ℄TAlulkVl;~0 � kulkAl (4.69)will be veri�ed in Se
tion 4.4. The lo
al pre
onditioner ��1Dl of the smoother is s
aledsu
h that Al � ��1Dl:Estimate (4.68) will be veri�ed in Se
tion 4.5 and Se
tion 4.6 for two di�erent type ofsmoothers. All estimates are independent of the level l and the parameter ". Together,these 
onditions prove the theorem.4.3.1 Multigrid methods in mixed variablesBefore we go into the details of the multigrid analysis, we derive an equivalent multigridpro
edure in mixed variables. Let the operatorBl : Xl ! Xl be de�ned by an inner produ
ton Xl. A

ording to (4.63), we de�ne the inexa
t mixed form eBl(:; :) : Xl �Xl ! R byeBl((ul; pl); (vl; ql)) := al(ul; vl) + 
l(�lul; ql) + 
l(�lvl; pl)� " 
l(pl; ql): (4.70)



92 CHAPTER 4. ROBUST PRECONDITIONINGThe proje
tion PBl;T : Xl ! Xl;T and the operators TBl;i : Xl ! Xl;i are de�ned byBl(PBl;T (ul; pl); (vl;T ; ql;T )) = Bl((ul; pl); (vl;T ; ql;T )) 8 (vl;T ; ql;T ) 2 Xl;T (4.71)and eBl(TBl;i(ul; pl); (vl;i; ql;i)) = Bl((ul; pl); (vl;i; ql;i)) 8 (vl;i; ql;i) 2 Xl;i (4.72)for all (ul; pl) 2 Xl, respe
tively. Then the smoother and the prolongation operator areSBl := I � �XTBl;i ;RXl := (I � PBl;T )RX;0l :The smoother requires the solution of lo
al saddle point problems. That is like a Vanka -smoother [Van86℄. But usual versions of the family of Vanka smoothers do not ful�ll ourassumption (4.61). The multigrid method for the mixed problem is de�ned 
orrespondingto Algorithm 1.We de�ne the subspa
es Xl;0 � XlXl;0 = f(ul; pl) 2 Xl : �lul = "plg: (4.73)For all (ul; pl) 2 Xl;0 there holdsBl((ul; pl); (0; ql)) = 0 8 ql 2 Ql (4.74)as well as Al(ul; vl) = Bl((ul; pl); (vl; 0)) 8 vl 2 Vl; (4.75)and 
orresponding relations for eAl(:; :) and eBl(:; :). The multigrid 
omponents in mixedvariables preserve the spa
es Xl;0. On the subspa
e, they redu
e to the 
omponents inprimal variables. This is 
olle
ted in the following lemma:Lemma 4.5. The multigrid 
omponents ful�ll the following properties:1. The smoother SBl preserves Xl;0. On the subspa
e it is equivalent to the smoother SAlin primal variables. This means for (ul; pl) 2 Xl;0 and(ûl; p̂l) = SBl (ul; pl)there holds (ûl; p̂l) 2 Xl;0 and ûl = SAl ul:2. The prolongation RXl maps Xl�1;0 into Xl;0. On the subspa
e it is equivalent to theprolongation RVl in primal variables. This means for (ul�1; pl�1) 2 Xl�1;0 and(ûl; p̂l) = RXl (ul�1; pl�1)there holds (ûl; p̂l) 2 Xl;0 and ûl = RVl ul�1:
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oarse grid solution operator maps Xl;0 into Xl�1;0. On the subspa
e it isequivalent to the 
oarse grid solution operator in primal variables. This means for(ul; pl) 2 Xl;0 and (ûl�1; p̂l�1) = B�1l�1[RXl ℄TBl (ul; pl)there holds (ûl�1; p̂l�1) 2 Xl�1;0 andûl�1 = A�1l�1[RAl ℄TAlul:Proof. 1. It is suÆ
ient to prove the 
orresponding properties for the operators TBl;i. Let(ul; pl) 2 Xl;0 and (ûl; p̂l) = TBl;i(ul; pl). From (4.61), �lVl;i � Ql;i, there follows �lû� "p̂ 2Ql;i. Using the de�nition (4.72) of the operator TBl;i, we getk�lûl � "p̂lk
l = supql;i2Ql;i (�lûl � "p̂l; ql;i)
lkql;ik
l = supql;i2Ql;i (�lul � "pl; ql;i)
lkql;ik
l = 0;i. e. (ûl; p̂l) 2 Xl;0. By (ûl; p̂l) 2 Xl;0 \Xl;i and (4.75) we obtaineAl(ûl; vl;i) = eBl((ûl; p̂l); (vl;i; 0)) = Bl((ul; pl); (vl;i; 0)) = Al(ul; vl;i) 8 vl;i 2 Vl;i;what is the de�nition of TAl;i.2. Let (ul�1; pl�1) 2 Xl�1;0. We de�ne(~ul; ~pl) = RX;0l (ul�1; pl�1);(ul;T ; pl;T ) = PBl;T (~ul; ~pl);(ûl; p̂l) = (~ul; ~pl)� (ul;T ; pl;T ):By the de�nition of the proje
tion PBl;T we have(�lul;T � "pl;T ; ql;T )
l = (�l~ul � "~pl; ql;T )
l 8 ql;T 2 Ql;T ;and by �lul;T � "pl;T 2 Ql;T?
l eQl�1 we have(�lul;T � "pl;T ; ~ql�1)
l = 0 8 ~ql�1 2 eQl�1:Thus we get (�lûl � "p̂l; ql)
l = (�l~ul � "~pl; I eQl�1ql)
l 8 ql 2 Ql:We use assumption (4.56), I eQl�1ql 2 Ql�1, and (4.74) to show(�lûl � "p̂l; ql)
l = Bl((~ul; ~pl); (0; I eQl�1ql)) = Bl�1((ul�1; pl�1); (0; I eQl�1ql)) = 0;i.e. (ûl; p̂l) 2 Xl;0. We apply (4.75) to (ûl; p̂l), namelyAl(ûl; vl) = Bl((ûl; p̂l); (vl; 0)) 8 vl 2 Vl:



94 CHAPTER 4. ROBUST PRECONDITIONINGFor vl;T 2 Vl;T this gives Al(~ul � ul;T ; vl;T ) = 0;i.e. ul;T = PAl;T ~ul, and ûl = (I � PAl;T )~ul = (I � PAl;T )RV;0l ul�1;and the equivalen
e is proved.3. Let (ul; pl) 2 Xl. The de�nition of (ûl�1; p̂l�1) is equivalent to �nd (ûl�1; p̂l�1) 2 Xl�1su
h thatBl�1((ûl�1; p̂l�1); (vl�1; ql�1)) = Bl((ul; pl); RX;0l (vl�1; ql�1)) 8 (vl�1; ql�1) 2 Xl�1:We set (vl�1; ql�1) = (0; ql�1) and obtain (ûl�1; p̂l�1) 2 Xl�1;0. Thus we 
an apply (4.75)on both sides to getAl�1(ûl�1; vl�1) = Al(ul; RV;0l vl�1) 8 vl�1 2 Vl�1;what is equivalent to ûl�1 = A�1l�1[RV;0l ℄TAlul.Theorem 4.6 (Equivalen
e of algorithms). The multigrid algorithm in mixed vari-ables preserves the spa
e Xl;0. On this subspa
e it is equivalent to the multigrid algorithmin primal variables. This means for (ul; pl) 2 Xl;0 and (ûl; p̂l) = MBl (ul; pl) there holds(ûl; p̂l) 2 Xl;0 and ûl =MAl ul:Proof. The multigrid operator MAl ful�lls the re
ursionMA1 = 0;MAl = (SAl )ml �I � RVl (I � (MAl�1)q)A�1l�1[RVl ℄TAl� (SAl )ml ;and the mixed operator MBl ful�lls a 
orresponding one. We apply Lemma 4.5 and thetheorem is proved by indu
tion.We de�ne the norm k(ul; pl)k2Bl := al(ul; ul) + "
l(pl; pl): (4.76)On the spa
e Xl;0 it is identi
 to the primal energy norm k:kAl, i.e.kulkAl = k(ul; pl)kBl 8 (ul; pl) 2 Xl;0: (4.77)For " = 0 the norm k:kBl degenerates to a semi-norm.



4.4. THE APPROXIMATION PROPERTY 95Theorem 4.7 (Optimal 
onvergen
e rate of multigrid in mixed variables). Let" > 0. The initial error is assumed to be in Xl;0. Perform either a W -
y
le withsuÆ
iently many smoothing steps or a variable V -
y
le with suÆ
ient damping for thesystem in mixed variables. Then the iterates 
onverge with rates uniformly in L and "with respe
t to the norm k:kBL.Assume additionally Bl;"(:; :)! Bl;"=0(:; :), and the limit form Bl;"=0(:; :) is stable withrespe
t to a limit norm k:kXl;"=0 on the subspa
es de�ned above. Then the algorithm inmixed variables 
an be performed for " = 0 and the primal variable 
onverges with respe
tto the norm k:kal uniformly in L and ".Proof. First, we assume " > 0. The errors of the iterates stay in Xl;0. Thus, the algorithmis equivalent to the 
orresponding one in primal variables. The last theorem stated uniform
onvergen
e rates with respe
t to the primal energy norm. Due to (4.77), this is equivalentto 
onvergen
e in the norm k:kBl.If the additional assumption is ful�lled, we 
an apply 
ontinuity arguments and passto the limit " = 0.4.4 The Approximation PropertyIn this se
tion we will prove the approximation property (4.69) for parameter dependentproblems. The 
oarse grid 
orre
tion stepu5 := u1 � RVl A�1l�1[RVl ℄TAlu1 (4.78)in primal variables is equivalent to the 
oarse grid 
orre
tion in mixed variables. We setp1 = "�1�lu1, and Lemma 4.5 provides(u5; p5) = (I �RXl B�1l�1[RXl ℄TBl)(u1; p1): (4.79)On Xl, we de�ne the lo
al norm in mixed variables ask(ul; pl)k2Xl;~0 = ~�2l kulk2V � + "kplk2
l + kI eQl�1plk2Ql:On the subspa
e Xl;0 it redu
es to k:kVl;~0, i.e.k(ul; pl)kXl;~0 = kulkVl;~0 8 (ul; pl) 2 Xl;0:The property to be proven is ku5kVl;~0 � ku1kAl; (4.80)whi
h reads in mixed variables ask(u5; p5)kXl;~0 � k(u1; p1)kBl:



96 CHAPTER 4. ROBUST PRECONDITIONINGWe re
all the de�nition of RXl and evaluate its adjointRXl = (I � PBl;T )RX;0l ;[RXl ℄T = [RX;0l ℄TBl(I � PBl;T )B�1l :The operation (4.79) is split into the steps(u2; p2) = (I � PBl;T )(u1; p1); (4.81)(u3; p3) = B�1l�1[RX;0l ℄TBl(u2; p2); (4.82)(u4; p4) = (I � PBl;T )RX;0l (u3; p3); (4.83)(u5; p5) = (u1; p1)� (u4; p4):The �rst step is 
alled prepro
essing step. The third step (4.83) is similar, it is 
alledpost-pro
essing. Both modify the fun
tions by lo
al operations, su
h that the 
lassi
al
oarse grid 
orre
tion (4.82) be
omes eÆ
ient.We apply the triangle inequality in the formk(u5; p5)kXl;~0 = k(u1; p1)� (u4; p4)kXl;~0� k(u1; p1)� (u2; p2)kXl;~0 + k(u2; p2)� RX;0l (u3; p3)kXl;~0 +kRX;0l (u3; p3)� (u4; p4)kXl;~0Ea
h one of the three lemmas below estimates one of the three terms. We start with theprepro
essing step.Lemma 4.8. There holds the approximation estimatek(u2; p2)� (u1; p1)kXl;~0 � k(u1; p1)kBl :Additionally, the stability estimateku2kVl + kp2 � I eQl�1p2kQl � k(u1; p1)kBl:is ful�lled.Proof. We use (u2; p2) 2 Xl;0, and thusk(u2; p2)kBl = ku2kAl = k(I � PAl;T )u1kAl � ku1kAl = k(u1; p1)kBl :This bounds the �rst term of the stability estimate. Next, we will establish the estimatekwkVl � kwkAl: (4.84)



4.4. THE APPROXIMATION PROPERTY 97We use stability (4.41) and 
ontinuity (4.40) of Bl(:; :) on Xl to obtainkwlkVl � sup(vl;ql)2Xl Bl((wl; 0); (vl; ql))k(vl; ql)kXl = sup(vl;ql)2Xl al(wl; vl)� 
l(�lwl; ql)k(vl; ql)kXl� sup(vl;ql)2Xl [al(wl; wl) + "�1 
l(�lwl;�lwl)℄1=2 [al(vl; vl) + " 
l(ql; ql)℄1=2k(vl; ql)kXl= sup(vl;ql)2Xl Al(wl; wl)1=2Bl((vl; ql); (vl;�ql))1=2k(vl; ql)kXl � kwlkAl:For (ul; pl) 2 Xl;0, inequality (4.84) 
an be rewritten askulkVl � k(ul; pl)kBl:To bound the approximation term we use (u2 � u1; p2 � p1) 2 Xl;T \ Xl;0, the normequivalen
e (4.57), the orthogonal de
omposition (4.53), and the estimate above to obtaink(u2; p2)� (u1; p1)k2Xl;~0 = ~�2l ku2 � u1k2V � + " kp2 � p1k2
l + kI eQl�1(p2 � p1)k2Ql� ku2 � u1k2Vl + " kp2 � p1k2
l � k(u2 � u1; p2 � p1)k2Bl � k(u1; p1)k2Bl:From p2� I eQl�1p2 2 Ql;T , stability (4.54) of Xl;T , in
lusion (4.55), orthogonality (4.53), andthe de�nition of PBl;T we obtainkp2 � IQl�1p2kQl � sup(v;q)2Xl;T Bl((0; p2 � I eQl�1p2); (v; q))k(v; q)kXl= sup(v;q)2Xl;T Bl((0; p2); (v; q))� 
l(I eQl�1p2;�lv � q)k(v; q)kXl = sup(v;q)2Xl;T Bl((0; p2); (v; q))k(v; q)kXl= sup(v;q)2Xl;T Bl((�u2; 0); (v; q))k(v; q)kXl � ku2kVl � k(u2; p2)k2Bl:Lemma 4.9. The 
lassi
al 
oarse grid 
orre
tion ful�lls the approximation inequalitykRX;0l (u3; p3)� (u2; p2)kXl;~0 � k(u1; p1)kBl:Additionally, the stability estimateku3kVl�1 + kp3 � I eQl�1p3kQl � k(u1; p1)kBl:is ful�lled.



98 CHAPTER 4. ROBUST PRECONDITIONINGProof. From the variational de�nition of (u3; p3) 2 Xl�1Bl�1((u3; p3); (v; q)) = Bl((u2; p2); RX;0l (v; q)) 8 (v; q) 2 Xl�1; (4.85)and property (4.56) we getBl�1((u3; p3 � I eQl�1p2); (v; q)) = Bl((u2; p2 � I eQl�1p2); RX;0l (v; q)) 8 (v; q) 2 Xl�1:Stability (4.41) on Xl�1, 
ontinuity (4.40) of Bl(:; :), 
ontinuity (4.50)+(4.51) of the pro-longation operator RX;0l , and Lemma 4.8 giveku3kVl�1 + kp3 � I eQl�1p2kQl�1 � sup(v;q)2Xl�1 Bl�1((u3; p3 � I eQl�1p2); (v; q))k(v; q)kXl�1= sup(v;q)2Xl�1 Bl((u2; p2 � I eQl�1p2); RX;0l (v; q))k(v; q)kXl�1� ku2kVl + kp2 � I eQl�1p2kQl � k(u1; p1)kBl :Norm equivalen
e (4.51) on Ql�1 and Ql, and Lemma 4.8 givekp3 � p2kQl � kp3 � I eQl�1p2kQl�1 + kp2 � I eQl�1p2kQl � k(u1; p1)kBland the estimatekp3 � I eQl�1p3kQl � kp3 � p2 + I eQl�1(p2 � p3)kQl + kp2 � I eQl�1p2kQl � k(u1; p1)kBl:We use 
ontinuity (4.40) of Bl(:; :) to bound the term "k:k2
l of the approximation estimate,namely " kp2 � p3k2
l � " kp2 � I eQl�1p2k
l + " kp3 � I eQl�1p2k
l� kp2 � I eQl�1p2kQl + kp3 � I eQl�1p2kQl� k(u1; p1)kBlThe only term left is the improved estimate in the weaker norm, whi
h we will boundby ku2 � RV;0l u3kV � � ~l k(u2; p2 � I eQl�1p2)kXl: (4.86)We de�ne the dual problemB((';  ); (v; q)) = (u2 �RV;0l u3; v)V � :The right hand side is a linear fun
tional in (V �)� with norm ku2�RV;0l u3kV �. We de�nethe �nite element problemsBl(('l;  l); (vl; ql)) = (u2 �RV;0l u3; vl)V �; (4.87)Bl�1(('l�1;  l�1); (vl�1; ql�1)) = (u2 �RV;0l u3; vl�1)V �; (4.88)Bl�1((e'l�1; e l�1); (vl�1; ql�1)) = (u2 �RV;0l u3; RV;0l vl�1)V �: (4.89)



4.4. THE APPROXIMATION PROPERTY 99with test fun
tions (vl; ql) 2 Xl and (vl�1; ql�1) 2 Xl�1.First, we estimate the di�eren
e of the solutions of (4.88) and (4.89) byk('l�1 � e'l�1;  l�1 � e l�1)kXl�1 (4.90)� sup(vl�1;ql�1)2Xl�1 Bl�1(('l�1 � e'l�1;  l�1 � e l�1); (vl�1; ql�1))k(vl�1; ql�1)kXl�1= sup(vl�1;ql�1)2Xl�1 (u2 � RV;0l u3; vl�1 � RV;0l vl�1)V �k(vl�1; ql�1)kXl�1� ku2 � RV;0l u3kV � supvl�12Vl�1 kvl�1 � RV;0l vl�1kV �kvl�1kVl�1 � h ku2 �RV;0l u3kV �:We have used the approximation (4.50). Using the variational problems (4.87) and (4.89),and the variational spe
i�
ation of the 
oarse grid 
orre
tion (4.85) we getku2 � RV;0l u3k2V � = (u2 �RV;0l u3; u2)V � � (u2 �RV;0l u3; RV;0l u3)V �= Bl(('l;  l); (u2; p2))� Bl�1((e'l�1; e l�1); (u3; p3))= Bl(('l;  l); (u2; p2))� Bl(RX;0l (e'l�1; e l�1); (u2; p2))= Bl(('l;  l)�RX;0l (e'l; e l); (u2; p2)):Next, we use (4.56) and observe thatBl(('l;  l)� RX;0l (e'l�1; e l�1); (0; I eQl�1p2)) (4.91)= Bl(('l;  l); (0; I eQl�1p2))�Bl�1((e'l�1; e l�1); (0; I eQl�1p2)) = 0:We 
ontinue and obtainku2 �RV;0l u3k2V � = Bl(('l;  l)� RX;0l (e'l; e l); (u2; p2 � I eQl�1p2)) (4.92)� k('l;  l)�RX;0l (e'l; e l)kXl k(u2; p2 � I eQl�1p2)kXl: (4.93)We use the 
ontinuity of the prolongation RX;0l , and (4.90) to getk('l;  l)� RX;0l (e'l; e l)kXl� k('l;  l)� RX;0l ('l�1;  l�1)kXl + kRX;0l ('l�1;  l�1)�RX;0l (e'l�1; e l�1)kXl� k'l � RV;0l 'l�1kVl + k l �  l�1kQl + h ku2 �RV;0l u3kV �:If the spa
es Vl�1 and Vl are nested, and RV;0l is the embedding operator, we 
an apply thea priori estimate (4.48) and we are done. We did not use the regularity estimate (4.43)expli
itely for this 
ase. If RV;0l is not the embedding, we need the intermediate stepsk'l � RV;0l 'l�1kVl � k'l � IVl 'kVl + kIVl '� RV;0l IVl�1'kVl + kRV;0l IVl�1'�RV;0l 'l�1kVl:



100 CHAPTER 4. ROBUST PRECONDITIONINGNow we apply the approximation estimate (4.45) of the interpolation operator, the a prioriestimate (4.48), the approximation estimate of the prolongation operator (4.50), and theregularity estimate (4.43) to obtaink'l � RV;0l 'l�1kVl + k l �  l�1kQl � h ku2 � RV;0l u3kV � :Using these estimates in (4.92) and 
an
eling one fa
tor ku2 �RV;0l u3kV � gives the result.Lemma 4.10. The post-pro
essing step (4.83) ful�lls the approximation estimatek(u4; p4)� RX;0l (u3; p3)kXl;~0 � k(u1; p1)kBl: (4.94)Proof. Norm equivalen
e (4.57) on Vl;T , orthogonality (4.53), stability (4.54) of Xl;T andthe de�nition of the proje
tion (4.71) givek(u4; p4)� RX;0l (u3; p3)kXl;~0 ' ku4 �RV;0l u3kVl + "1=2kp4 � p3k
l� k(u4; p4)�RX;0l (u3; p3)kXl � sup(v;q)2Xl;T Bl((RV;0l u3 � u4; p3 � p4); (v; q))k(v; q)kXl= sup(v;q)2Xl;T Bl((RV;0l u3; p3); (v; q))k(v; q)kXl = sup(v;q)2Xl;T Bl((RV;0l u3; p3 � I eQl�1p3); (v; q))k(v; q)kXl� k(RV;0l u3; p3 � I eQl�1p3)kXl � k(u3; p3 � I eQl�1p3)kXl�1 � k(u1; p1)kBl ;and the proof if 
omplete.4.5 The Smoother of Braess and SarazinRe
ently, Braess and Sarazin [BS97℄ suggested a new smoothing iteration for saddle pointproblems. It is relatively simple to implement, and it is the only known method providingan optimal dependen
y O(m�1) on the number of smoothing steps. It was observed in[BS97℄ that the iteration depends on the primal variable, only. Although the iterationis 
alled smoother, it is responsible for the grid transfer as well. In [Wie99℄ the s
hemeis applied for parameter dependent problems in primal variables arising from nearly in-
ompressibility. The task of this se
tion is the integration of the smoother by Braess andSarazin into the theory based on the norm related to primal variables.The 
onstru
tion of the smoother is based on a bilinear form ~al(:; :) : Vl � Vl su
h thatthe problem: Find ul 2 Vl su
h that~al(ul; vl) = f(vl) 8 vl 2 Vl (4.95)
an be easily solved. E.g., the matrix arising from ~al may be diagonal. It is assumed that~al is s
aled su
h that ~al(ul; ul) � al(ul; ul) 8 ul 2 Vl: (4.96)



4.5. THE SMOOTHER OF BRAESS AND SARAZIN 101The bilinear form eAl(ul; vl) := ~al(ul; vl) + "�1
l(�lul;�lvl) (4.97)is feasible for (4.63). A spe
ial 
hoi
e of spa
e de
omposition is to 
hoose just one spa
e(M = 1). Then the pre
onditioner Dl used in the smoother be
omes a global operation.With Dl(ul; vl) = eAl(ul; vl)and the a

ording de�nition of the operator Dl, the smoothing iteration SBS : Vl ! Vl iswritten as SBS = I �D�1l Al: (4.98)Before stepping into the analysis, we shortly 
omment on the implementation. One stepof the iteration ûl = SBSulis written as ûl = ul � wl;where wl is the solution of the problemeDl(wl; vl) = Al(ul; vl) 8 vl 2 Vl: (4.99)One has to solve a global saddle point problem for wl as well, but by transforming to the(dis
rete) dual problem, it (may) be
ome mu
h simpler. First, we formulate an a

ordingmixed problem. Therefore, set pl = "�1�lul, and rl = "�1�lwl. Then (wl; rl) 2 Xl is thesolution of the problem in mixed variables:~al(wl; vl) + 
l(�lvl; rl) = al(ul; vl) + 
l(�lvl; pl) 8 vl 2 Vl;
l(�lwl; ql) � " 
l(rl; ql) = 0 8 ql 2 Ql: (4.100)With the de�nition of eBl((ul; pl); (vl; ql)) = ~al(ul; vL)+ 
l(�lul; ql)+ 
l(�lvl; pl)� " 
l(pl; ql),the variational problem is rewritten aseBl((wl; rl); (vl; ql)) = Bl((ul; pl); (vl; 0)) 8 (vl; ql) 2 Xl: (4.101)In the notation of linear algebra, it reads as� ~a �T� �"
 �� wr � = � a u+ �Tp0 � :One 
an pass to the S
hur 
omplement problem:��~a�1�T + "
� r = �~a�1(a u+ �Tp) (4.102)It is assumed, that this problem is simple, and 
an be solved by a few steps of a pre
ondi-tioned iterative s
heme. The 
orresponding norm 
an be expressed bypT (�~a�1�T + "
)p = supvl2Vl 
l(�lvl; pl)2kvlk2~al + " kplk2
l: (4.103)



102 CHAPTER 4. ROBUST PRECONDITIONINGIf the multigrid iteration is performed in mixed variables, an approximative solution of(4.102) is theoreti
ally understood by the work of [Zul98b℄. We will assume that (4.102)will be solved exa
tly. If the dual variable r is 
al
ulated, the primal variable w is obtainedby w = ~a�1 �a u+ �Tp� �T r� :We will return to the S
hur 
omplement problems later, when we 
onsider the spe
i�
examples of nearly in
ompressibility and Reissner Mindlin plates.Lemma 4.11. Assume that there holds the full regularity estimatekulk~al � ~�1kulkV � 8 ul 2 Vl: (4.104)Then estimate (4.68) holds with � = 1, i.e.kulkDl � kulkVl;~0: (4.105)Proof. The estimate follows immediately by the de�nition of the norm (4.67)kulk2Vl;~0 = ~�2l kulk2V � + "�1k�lulk2
l + "�2kI eQl�1�lulk2Ql:The last term is not used.Theorem 4.4 proves robust multigrid 
onvergen
e with rate O(m�1=2), if the 
oarsegrid 
orre
tion from Se
tion 4.4 is used. The iteration of Braess and Sarazin 
an be usedto 
onstru
t robust grid transfer operations, too. Using it, the rate 
an be improved toO(m�1).The smoother of Braess Sarazin maps into the kernel spa
e. Thus, it is bounded as amapping from a parameter free norm to a parameter dependent norm. This is formulatedin the following lemma:Lemma 4.12. There holds the estimatekSBSulkDl � kulk~al 8 ul 2 Vl: (4.106)Proof. We �x ul 2 Vl and de�ne wl 2 Vl as solution ofDl(wl; vl) = Al(ul; vl) 8 vl 2 Vl:We represent the norm by kSBSulkDl = supvl2Vl Dl(SBSul; vl)kvlkDl : (4.107)The numerator is estimated byDl(SBSul; vl) = Dl(ul � wl; vl) = Dl(ul; vl)� Al(ul; vl)= ~al(ul; vl)� al(ul; vl)� kulk~al�alkvlk~al�al� kulk~al kvlkDl:Here, we have applied Cau
hy-S
hwarz to the (semi)-de�nite form ~a(:; :)�a(:; :). Insertingthe estimate in (4.107) proves the lemma.



4.5. THE SMOOTHER OF BRAESS AND SARAZIN 103It is mentioned, that we used only algebrai
 properties to obtain a stable grid transferoperator. Espe
ially, we do not require stability of the dis
retization. Ch. Wieners pointedout this advantage, if not 100 per
ent stable �nite element s
hemes like Q1 � P0 elementsare used.By a slight modi�
ation of the multigrid s
heme, one 
an obtain the improved depen-den
y O(m�1) on smoothing steps. This improvement 
ould not be obtained by lo
al gridtransfer operators. For te
hni
al reasons we assume now, that the spa
es Vl are nested,and the trivial prolongation operator is just embedding, i.e.RV;0l = I: (4.108)But nevertheless, the forms are non-nested. Then we obtain the improved approximationproperty.Theorem 4.13. Assume, there holds the regularity and approximation estimateku� ulkV � � ~2l kfk(V �)� (4.109)derived from (4.48). It is assumed that there holds the full regularity estimate:kulk~al � ~�1kulkV � 8 ul 2 Vl: (4.110)Let RV;0l = I. Assume, there exists an interpolation operator Il : V ! Vl whi
h is aproje
tion and whi
h is 
ontinuous with respe
t to k:kV �. The alternative 
oarse grid
orre
tion step is de�ned by the pro
edureu5 = SBS(I � RV;0l A�1l�1[RV;0l ℄TAl)SBSu1: (4.111)Then there holds the improved approximation property:ku5kDl � supvl2Vl Al(u1; vl)kvlkDl : (4.112)Proof. We �x u1 2 Vl. The 
oarse grid approximation is split into the stepsu2 := SBSu1;u3 := RV;0l A�1l�1[RV;0l ℄TAlu2;u4 := u2 � u3;u5 = SBSu4:We de�ne the linear fun
tional ~f 2 (V �)� by~f(~v) := Al(u2; Il~v) 8 ~v 2 V �:



104 CHAPTER 4. ROBUST PRECONDITIONINGUsing the symmetry of the smoother we obtain for an arbitrary ~v 2 V �:~f(~v) = Al(u2; Il~v) = Al(SBSu1; Il~v) (4.113)= Al(u1; SBSIl~v)� kSBSIl~vkDl supvl2Vl Al(u1; vl)kvlkDlNext, we use Lemma 4.12, norm estimate (4.110), and 
ontinuity of Il to obtainkSBSIl~vkDl � kIl~vk~al � ~�1kIl~vkV � � ~�1k~vkV �: (4.114)Combining (4.113) with (4.114) bounds k ~fk(V �)� by the right hand side of (4.112), i.e.k ~fk(V �)� = sup~v2V � ~f(~v)k~vkV � � ~�1 supvl Al(u1; vl)kvlkDl :By de�nition of ~f , and by the variational de�nition of the 
oarse grid solution, there holdsAl(u2; vl) = ~f(vl) 8 vl 2 Vl;Al�1(u3; vl�1) = ~f(vl�1) 8 vl�1 2 Vl�1:We de�ne the arti�
ial problem: Find ~u 2 V su
h thatA(~u; v) = ~f(v) 8 v 2 V:Then we 
an use the a priori estimate (4.109) to obtainku4kV � = ku2 � u3kV � � ku2 � ukV � + ku3 � ukV � (4.115)� ~2l kfk(V �)� : (4.116)Finally, we apply Lemma 4.12 on
e more to obtain the resultku5kDl = kSBSu4kDl � ku4k~al� ~�1l ku4kV �� ~lk ~fk(V �)�� supvl Al(u1; vl)kvlkDl :The proof is 
omplete.This approximation property gives optimal rate of 
onvergen
e of order O(m�1). Thete
hnique to proof the approximation property for non-nested forms was used by [BV90℄ forproblems without parameters. In [Wie99℄ a similar te
hnique was applied for a parameterdependent problem. Wieners used the intermediate estimate (4.115) as approximationproperty, and veri�ed an a

ording smoothing property.Both versions lead to equivalent results for problems with full regularity. But, forproblems with less regularity there may o

ur di�eren
es. The formulation presented heresuggests to use interpolation norms based on the parameter dependent norms k:kAl andk:kDl, while Wieners analysis suggests to use interpolation between the norms withoutparameters k:kal and k:k~al. This point is only mentioned, and has to be analyzed in furtherwork.



4.5. THE SMOOTHER OF BRAESS AND SARAZIN 1054.5.1 Appli
ation to nearly in
ompressible materialsThe smoother of Braess and Sarazin was applied in [Wie99℄ to the problem of nearlyin
ompressible materials. We will shortly 
olle
t the involved bilinear forms. The form~a(:; :) is ~a(uh; vh) = NlXi=1 a('i; 'j)uivi 8 uh =Xui'i; vh =X vi'j;i.e. the diagonal of the system matrix assembled with respe
t to the nodal basis ('i)Nli=1. Byan appropriate s
aling fa
tor ' 1 the 
ondition (4.96) is a
hieved. By an inverse inequalityand by Friedri
hs' inequality there holds the equivalen
ekulk~al ' h�1l kulk0 8 ul 2 Vl:For problems with full ellipti
 regularity, the norm k:kV � was 
hosen as k:k0 and ~ = h,su
h that kulk~al � ~�1l kulkV �holds. The dis
rete S
hur 
omplement problem behaves like� ~a�1 �T + "
 ' �h2l�h + "Isu
h that a Poisson solver 
an be used.4.5.2 Appli
ation to Reissner Mindlin platesIn order to get an eÆ
ient smoother, one has to de�ne to pre
onditioners, namely one aris-ing from ~al(:; :), and one for the S
hur 
omplement. We suggest the following 
omponents.Let ~al be the blo
k diagonal formk(wl; �l)k2~al = ��1 nkwlk2~al;w + k�lk2~al;�o (4.117)with a proper s
aling fa
tor � ' 1. The pre
onditioners are 
hosen byk�lk2~al;� ' h�2k�lk20 (4.118)and ~a�1l;w := C�11 + C�12 (4.119)with kwlk2C1 ' h�2 kwlk21 and kwlk2C2 ' h�2t2 kwlk20:This means, we 
hoose a sum of a pre
onditioner for the Poisson equation and of a diagonalpre
onditioner. For the S
hur 
omplement, we 
hoose a pre
onditioner Ŝ su
h thatkplk2̂S ' (h2l + t2)kpk2
l: (4.120)



106 CHAPTER 4. ROBUST PRECONDITIONINGTheorem 4.14. The smoother of Braess and Sarazin with the 
omponents (4.119)and (4.120) leads to an eÆ
ient smoother.Proof. First, we 
he
k 
onditions (4.96) and (4.110), namelyk(wl; �l)k2al � k(wl; �l)k2~al � h�2k(wl; �l)k2V �:By the additive S
hwarz lemma, and Lemma 2.18 we havekwlk2~al;w = infwl=wl;1+wl;2 �kwl;1k2C1 + kwl;2k2C2	' infwl=wl;1+wl;2 �h�2kwl;1k21 + h�2t2kwl;2k20	' infwl=w1+w2 �h�2kw1k21 + h�2t2kw2k20	= h�2kwlk2V �;w :Additionally, there holds k�lk~al;� ' h�1k�lk0 ' h�1k�kV �;� ;and thus k(wl; �l)k~al ' h�1k(wl; �l)kV �:By the inverse inequality k(wl; �l)kV�l � h�1k(wl; �l)kV � proved in Theorem 2.20, and aproper s
aling fa
tor � ' 1, we getk(wl; �l)kal � k(wl; �l)k~al:Additionally, we have to 
he
k that the diagonal pre
onditioner for the S
hur 
omple-ment is an optimal one. We have to 
he
k that(h2 + t2)kplk2
l ' sup(wl;�l)2Vl 
l(rwl � �l; pl)2k(wl; �l)k2~al + t2kplk2
l: (4.121)We start with bounding the right hand side from above:sup(wl;�l) 
l(rwl � �l; pl)2k(wl; �l)k2~al + t2kplk2
l � ( sup(wl;�l) krwl � �lk2
lk(wl; �l)k2~al + t2) kplk2
l� ( sup(wl;�l) (h2 + t2)k(wl; �l)k2alk(wl; �l)k2~al + t2) kplk2
l� (h2 + t2) kplk2
l:We bound the right hand side from below, by 
hoosing wl = 0 and �l in the bubble spa
eV �h;bub su
h thatZT �l dx = ZT pl dx for T with hT > t; and �ljT = 0 else:



4.6. LOCAL SMOOTHERS 107This gives sup(wl;�l) 
l(rwl � �l; pl)2k(wl; �l)k2~al + t2kplk2
l � 
l(�l; pl)2k�lk2~al;� + t2 kplk2
l' kplk40;h>th�2kplk20;h>t + t2 kplk2
l' (h2 + t2) kplk2
l;and the equivalen
e is proved.4.6 Lo
al SmoothersIn this se
tion we will verify the smoothing property for lo
al smoothers. The estimate tobe proven is (3.47), namely kulk[Al;Dl℄� � kulkVl;~0 8 ul 2 Vl: (4.122)The interpolation norm of index � 2 (0; 1℄ is de�ned by interpolating between the energynorm k:kAl, and the splitting normkulk2Dl = inful=Puiui2Vl;i MlXi=1 kulk2Al: (4.123)Sin
e we will use only small lo
al problems, there is no need to repla
e Al(:; :) by a simpli�edform eAl(:; :). But there is no diÆ
ulty, when al(:; :) is repla
ed by a spe
trally equivalentform ~al;i(:; :) on the subspa
e Vl;i. The norm on the right hand side was de�ned in (4.67):kulk2Vl;~0 = ~�2l kuk2V � + "�1k�lulk2
l + "�2kI eQl�1�lulk2Ql: (4.124)The general strategy to prove estimate (4.122) is to split a fun
tion ul into three parts. Thesplitting has to be stable in k:kVl;~0, and ea
h of the three terms is estimated by one of theterms of k:kVl;~0. For the 
ase of nearly in
ompressible materials we use a global proje
tionby the limit problem, while for the Reissner Mindlin plate we 
an use lo
al interpolationoperators.4.6.1 A lo
al smoother for nearly in
ompressible materialsWe verify the smoothing property for the lo
al pre
onditioner introdu
ed in Se
tion 4.1.2.We re
all the bilinear form for the limit 
ase " = 0B0((u; p); (v; q)) = (e(u); e(v))0 + (divu; q)0 + (div v; p)0: (4.125)The abstra
t norm k:kVl;~0 has the spe
i�
 formkuk2Vl;~0 = h�2kuk20 + "�1kdiv ulk20 + "�2kdiv ul�1k20:



108 CHAPTER 4. ROBUST PRECONDITIONINGTheorem 4.15 (Smoothing Property). Assume that the domain is simply 
onne
ted,and pure Diri
hlet 
onditions are posed on V . Assume there holds full ellipti
 regularityfor the limit problem, i.e. the solution (~u; ~p) 2 X ofB0((~u; ~p); (v; q)) = ( ~f; v) 8 (v; q) 2 Xful�lls k~uk2 + k~pk1 � k ~fk0:Then estimate (4.122) holds with � = 0:5.Proof. We split ul = u1 + u2 + u3 by solving for (ui; pi) 2 Xl su
h thatB0((u1; p1); (v; q)) = B0((ul; 0); (v; 0));B0((u2; p2); (v; q)) = B0((ul; 0); (0; q � IQl�1q)); (4.126)B0((u3; p3); (v; q)) = B0((ul; 0); (0; IQl�1q)) 8(v; q) 2 Xl:The splitting is 
onstru
ted su
h that u1 is dis
rete divergen
e free, u2 has non-smoothdivergen
e and u3 has smooth divergen
e. Then we apply the triangle inequality,Lemma 4.17 - 4.19, and Lemma 4.16 below to obtain (4.122) bykulk[Dl;Al℄1=2 � ku1k[Dl;Al℄1=2 + ku2k[Dl;Al℄1=2 + ku3k[Dl;Al℄1=2� ku1kVl;~0 + ku2kVl;~0 + ku3kVl;~0� kulkVl;~0:Lemma 4.16. The de
omposition (4.126) is stable in k:kVl;~0 norm, namelyku1kVl;~0 + ku2kVl;~0 + ku3kVl;~0 � kulkVl;~0: (4.127)Proof. By Theorem 2.8 (Brezzi) we get the bounds ku1k1 + kp1k0 � kulk1 and ku2k1 +kp2k0 � kIQl divulk0. First, we bound ku1k2Vl;~0 = h�2ku1k20. The solution of the dualproblem �nd (';  ) 2 X su
h thatB0((';  ); (v; q)) = (u1; v)0 8 (v; q) 2 X;is bounded by k'k2+k k1 � ku1k0. By Galerkin orthogonality, approximation, regularity,the inverse inequality h kulk1 � kulk0, and integration by parts we obtainku1k20 = B0((';  ); (u1; p1))= B0((';  )� IXl (';  ); (u1; p1)) +B0(IXl (';  )� (';  ); (ul; 0)) +B0((';  ); (ul; 0))� h (k'k2 + k k1) (ku1k1 + kp1k0) + h (k'k2 + k k1) kulk1 + (k'k2 + k k1)kulk0� h ku1k0 kulk1 + ku1k0kulk0 � ku1k0 kulk0:



4.6. LOCAL SMOOTHERS 109Next, we verify the estimateh�2ku2k20 � kIQl div ulk20 � " kulk2Vl;~0: (4.128)Therefore let B0((';  ); (v; q)) = (u2; v)0 8 (v; q) 2 X;then we get by B((u2; p2); (vl; ql�1)) = 0 8 vl 2 Vl; ql�1 2 Ql�1 the boundku2k20 = B0((';  )� (IVl '; IQl�1  ); (u2; p2))� h(k'k2 + k k1) (ku2k1 + kp2k0) � ku2k0 h kIQl div ulk0:Dividing by ku2k0 proves (4.128). The last term u3 is bounded by the triangle inequality.The dis
rete divergen
e free part u1 is estimated by lifting to the potential spa
e andSobolev-Spa
e interpolation in the next lemma.Lemma 4.17. Let u1 be de�ned in (4.126). Then the estimateku1k[Dl;Al℄1=2 � ku1kVl;~0 (4.129)is valid.Proof. We re
all the lifting operator E : Vl ! V and the Fortin operator IFl : V ! Vl wehave introdu
ed in Se
tion 4.1.1. The operator E solves Stokes problems in ea
h triangleto map Vl;0 to V0. The interpolation operator IFl uses only values from �T , su
h that it isa left inverse to E.By stability of the Stokes problem, and Friedri
hs' inequality there holdskEu1k1 + h�1kEu1k0 � h�1ku1k0:By the assumptions onto the domain and boundary 
onditions, and divEu1 = 0, thereexists a potential ' 2 H20 (
) su
h thatEu1 = rot' k'k2 + h�1k'k1 � h�1ku1k0:Di�erent as in Se
tion 4.2.1, we have no optimal bound for h�2k'k0. Thus we have toapply operator interpolation.On one hand, we havekIFl rot ~'k2Al ' kIFl rot ~'k21 � k ~'k22 8 ~' 2 H20 (
): (4.130)We use the partition of unity from Se
tion 4.1.2 to estimate for any ~' 2 H20kIFl rot ~'k2D �X kIFl rot ( i ~')k2Al �X krot ( i ~')k2Al �X k i ~'k22� X�h�4k ~'k20;
i + k ~'k22;
i� � �h�4k ~'k20 + k ~'k22�



110 CHAPTER 4. ROBUST PRECONDITIONINGLet IH2h : L2 ! H20 be a lo
al regularization operator at mesh size h su
h thath�2k(I � IH2h )'k0 + kIH2h 'k2 � k'k2;kIH2h 'k0 + h2kIH2h 'k2 � k'k0holds. One 
an 
hoose a Cl�ement operator mapping to a �nite element subspa
e of H20 .Then there holds kIFl rotIH2h ~'kAl � k ~'k2 8 ~' 2 H20 ;and kIFl rot IH2h ~'kDl � h�2kIH2h ~'k0 + kIH2h ~'k2 � h�2k ~'k0 8 ~' 2 L2:We use operator interpolation, and H10 = [L2; H20 ℄1=2 (see [Bra95℄) to 
on
ludekIFl rot IH2h ~'k[Al;Dl℄1=2 � h�1k ~'k1 8 ~' 2 H10 :Sin
e Al � Dl, there holds for the other 
omponentkIFl rot( ~'� IH2h ~')k[Al;Dl℄1=2 � kIFl rot( ~'� IH2h ~')kDl� h�2k ~'� IH2h ~'k0 + k ~'� IH2h ~'k2� k ~'k2:Thus we obtainku1k[Dl;Al℄1=2 = kIFl rot'k[Dl;Al℄1=2� kIFl rot IH2h 'k[Dl;Al℄1=2 + kIFl rot ('� IH2h ')k[Dl;Al℄1=2� h�1k'k1 + k'k2� h�1ku1k0 � ku1kVl;~0:The lemma is proven.The 
omponent u2 is orthogonal to divergen
e free fun
tions and has non-smooth di-vergen
e.Lemma 4.18. Let u2 be de�ned in (4.126). Then the estimateku2k[Dl;Al℄1=2 � ku2kVl;~0 (4.131)is valid.Proof. We use k:k2Al � k:k2Dl, k:k2Al � h�2"�1k:k20 and the intermediate result (4.128) toobtain ku2k2[Dl;Al℄1=2 � ku2k2Dl = infu2=PuiX kuik2Al� infu2=P ui h�2"�1kuik20 � h�2"�1ku2k20 � kulk2Vl;~0:



4.6. LOCAL SMOOTHERS 111The part u3 with smooth divergen
e will now be estimated by better approximation ofthe 
oarse grid interpolant of the dual variable.Lemma 4.19. Let u3 be de�ned in (4.126). Then the estimateku3k[Dl;Al℄1=2 � ku3kVl;~0 (4.132)is valid.Proof. By de�nition of u3 we have IQl div u3 = IQl�1 div u, and together with stability ofXl�1 we get ku3k1 � kIQl�1 divulk0. This givesku3k2Al � (ku3k21 + "�1kIQl divu3k20) � "�1kIQl�1 divulk20 � " ku3k2Vl;~0:On the other hand, we haveku3k2Dl � infu3=Pui h�2"�1kuik20 � "�1 h�2 ku3k20 � "�1 ku3k2Vl;~0:By operator interpolation we �nish the proof.4.6.2 A lo
al smoother for Reissner Mindlin platesWe verify the smoothing property of the lo
al pre
onditioner analyzed in Se
tion 4.2.2 forthe two level method. Here, the abstra
t norm k:kVl;~0 has the spe
i�
 formk(w; �)k2Vl;~0 = h�2k(w; �)k2V� + t�2k�l(w; �)k2
l= h�2 infw=w0+wrfkw0k21 + t�2kwrk20g+ h�2k�k20 + t�2krw � �lk0:Theorem 4.20. Assume that pure Diri
hlet boundary 
onditions are posed on V . Thenthe 
ondition (4.122) holds with � = 0:5, i.e. the estimatek(wl; �l)k[Al;Dl℄1=2 � k(wl; �l)kVl;~0 (4.133)is valid for all (wl; �l) 2 Vl.Proof. We will split the �nite element fun
tion (wl; �l) into a Kir
hho� part, and the rest.For this we de�ne two interpolation operators. Let IH2l : L2 ! H20 be a lo
al regularizationoperator at length-s
ale h. It shall ful�ll the approximation inequalitieskw � IH2l wkk � hm�kkwkm 8w 2 H l0 0 � k < m � 2;and the 
ontinuity and inverse inequalitieskIH2l wkk � hm�kkwkm 8w 2 H l0 0 � m � k � 2:



112 CHAPTER 4. ROBUST PRECONDITIONINGFurther, let Iwt : L2 ! V w a regularization operator at length-s
ale t. It shall ful�ll theapproximation kw � Iwt wk0 � t kwk1 8w 2 H10 ;and the 
ontinuity and inverse inequalitieskIwt wkk � tm�kkwkm 8w 2 H l0 0 � m � k � 1:This interpolation operator is feasible for Lemma 2.17. We re
all the Fortin operatorIFl = IF;1l + IF;2l (I � IF;1l );where we use a S
ott-Zhang Operator IF;1l preserving quadrati
 polynomials for w andlinear polynomials for �. The operator IF;2l adjusts �-bubbles for elements with h > t, seeSe
tion 4.2.2. Then the Kir
hho� part is de�ned as(w1; �1) := IFl (IH2l Iwt wl;r IH2l Iwt wl): (4.134)The rest is (w2; �2) := (wl; �l)� (w1; �1):We re
all the two-level approximation norm (4.30)k(w; �)k2Vl;lo
 = 1h2k�k20 + 1h2(h+ t)2kwk20:By Lemma 2.17, we 
an use a 
onstru
tive expression of the normk(wl; �l)k2V � ' kIwt wlk21 + t�2kwl � Iwt wlk20:Using this representation, one veri�es thatk(w2; �2)k2Vl;lo
 + t�2krw2 � �2k20 � h�2k(wl; �l)k2V � + t�2krwl � �lk20;and (4.35) gives the estimate for the rest (w2; �2):k(w2; �2)kDl � k(wl; �l)kVl;~0:To bound the Kir
hho� part (w1; �1) we have to apply operator interpolation. We de�neT : L2 ! Vl by ~w! T ~w := IFl (IH2l ~w;rIH2l ~w): (4.135)We use Theorem 2.13 to estimatekT ~wk2Al � k(IH2l ~w;rIH2l ~w)k2A' krIH2l ~wk21 + t�2k0k20� kIH2l ~wk22� k ~wk22:



4.6. LOCAL SMOOTHERS 113Using a partition of unity, the additive S
hwarz lemma, and an inverse inequality for IH2l ,we obtain kT ~wk2Dl � X kT ( i ~w)k2Al� X kIH2l ( i ~w)k22� X h�4k( i ~w)k20 � h�4k ~wk20:Operator interpolation and H10 = [H20 ; L2℄1=2 giveskT ~wk[Al;Dl℄1=2 � h�1k ~wk1 8 ~w 2 H10 :We apply this to ~w = Iwt wl and get the resultk(w2; �2)k[Al;Dl℄1=2 = kTIwt wlk[Al;Dl℄1=2 � h�1kIwt wlk1� h�1k(wl; �l)kV � � k(wl; �l)kVl;~0:
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Chapter 5Numeri
al resultsSeveral versions of the multigrid methods in primal variables with lo
al smoothers havebeen tested numeri
ally. The following problems have been investigated within the �niteelement 
ode FEPP on a SUN Ultra 1 / 166 MHz workstation with 320 MB RAM.Problem A: Driven Cavity example.We 
onsider a Stokes 
ow on the unit square 
 = (0; 1)2. The in
ompressibility is approx-imated by a penalty term. The initial triangulation T1 is given by two triangles, furthermeshes are obtained by su

essive re�nement. We have used the �nite element spa
e basedon P2 elements. The bilinear form Ah(:; :) on the �nest level is de�ned by averaging thedivergen
e on the �nest mesh, i.e.Ah(u; v) = Z
rurv dx + "�1 Z
 divuhdiv vh dx (5.1)The sour
e term is set to f = 0. Diri
hlet boundary 
onditions are spe
i�ed asuh = � (1; 0)T at nodes 2 [0; 1℄� f1g;(0; 0)T at nodes 62 [0; 1℄� f1g;and in
orporated by homogenization of the FE system. A plot of the solution at level 5 isgiven in Figure 5.1.Problem B: Flow through a pipe.The geometry and the solution at level 4 are given in Figure 5.2. The boundary is splitinto the ja
ket �1, inlet boundary �2 and outlet boundary �3. We spe
ify homogeneousDiri
hlet boundary 
onditions at �1 and natural boundary 
onditions elsewhere. We solvethe �nite element problem �nd uh 2 Vh su
h thatAh(uh; vh) = (g; vh)0;�2 8 vh 2 Vh:The bilinear form Ah(:; :) is the form de�ned in (5.1). The boundary stress is de�ned asg = (0; 1)T . The problem involves 
urved boundary approximation, a non-
onvex domain115
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Figure 5.1: Solution of Problem A

Figure 5.2: Solution of Problem Band mixed boundary 
onditions.Problem C: Nearly In
ompressible Sub-domains.We 
onsider a problem of linear elasti
ity with two in
ompressible sub-domains. Thegeometry and the solution at level 4 are given in Figure 5.3. Diri
hlet boundary 
onditionsare introdu
ed at the bottom, twisting volume for
es are applied in 
2. The material dataare E = 100; � = 0:3 in 
1 [ 
2 and E = 1; � = 0:499 in 
3 [ 
4.At �rst, we investigate the behavior of the 
ondition number �(C�1h Ah) in dependen
eof the number of levels L and the parameter ". The pre
onditioner Ch is obtained by theappli
ation of a symmetri
 multigrid operator, either a W-2-2 
y
le or a V-1-1 
y
le. Weused an additive smoother as well as a multipli
ative smoother. The numeri
al resultsfor the 
ondition number �(C�1h Ah) for Problem A obtained by the Lanz
os method aregiven in Table 5.1 for a V-1-1 
y
le and in Table 5.2 for a W-2-2 
y
le. For the W-2-2 the
al
ulated 
ondition numbers neither depend on the level nor on the parameter, what is in
orresponden
e with the analysis provided. We do not have optimal estimates for V-
y
le
onvergen
e rate yet, but the numeri
al results seem to be very promising.Next, we used the V-1-1 multigrid pre
onditioner in a pre
onditioned 
onjugate gradi-
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Figure 5.3: Geometry and solution of Problem C
l Unknowns additive smoother multipli
ative smoother" = 100 10�2 10�4 10�6 100 10�2 10�4 10�62 50 1.82 2.51 2.66 2.66 1.04 1.10 1.11 1.113 162 2.27 6.79 7.66 7.67 1.26 2.15 2.29 2.304 578 2.58 8.59 9.91 9.93 1.37 2.47 2.64 2.645 2178 2.72 9.79 11.60 11.62 1.39 2.56 2.73 2.736 8450 2.79 10.84 13.12 13.15 1.39 2.65 2.82 2.827 33282 2.73 11.66 14.41 14.45 1.39 2.72 2.90 2.91Table 5.1: Condition numbers for V-1-1 
y
le, Problem A
l Unknowns additive smoother multipli
ative smoother" = 100 10�2 10�4 10�6 100 10�2 10�4 10�62 50 1.05 1.08 1.10 1.10 1.000 1.00 1.00 1.003 162 1.15 1.65 1.74 1.74 1.002 1.05 1.06 1.064 578 1.19 1.76 1.73 1.73 1.002 1.05 1.05 1.065 2178 1.24 1.79 1.87 1.86 1.002 1.04 1.05 1.056 8450 1.26 1.86 1.92 1.91 1.002 1.05 1.05 1.057 33282 1.26 1.87 1.92 1.92 1.002 1.05 1.05 1.05Table 5.2: Condition numbers for W-2-2 
y
le, Problem A



118 CHAPTER 5. NUMERICAL RESULTSLevel Unknowns Iterations Time[se
℄2 50 4 0.013 162 10 0.084 578 15 0.415 2178 15 1.886 8450 16 8.567 33282 16 37.068 132098 16 154.80Table 5.3: Iteration numbers and CPU times for Problem A, PCG with V-1-1 
y
leLevel Unknowns Iterations Time[se
℄2 230 10 0.13 810 13 0.64 3026 15 2.75 11682 17 12.96 45890 18 58.27 181890 18 242.0Table 5.4: Iteration numbers and CPU times for Problem B, PCG with V-1-1 
y
leents solver for the solution of Problem A, Problem B, and Problem C. The small parameteris set to " = 10�6 in Problem A and Problem B. The iteration is terminated after a redu
-tion of the error in energy norm by a fa
tor of 108. The ne
essary iteration numbers andCPU times are shown in Table 5.3, Table 5.4, and Table 5.5, respe
tively.Problem D: Timoshenko beam.We 
onsider the Timoshenko beam model. The dis
retization is done with P 1-elements forboth variables, and element-wise averaging of the shear at the �nest mesh. The 
onsideredLevel Unknowns Iterations Time[se
℄2 1344 11 0.73 4928 14 4.14 18816 15 19.45 73472 16 87.36 290304 16 351.4Table 5.5: Iteration numbers and CPU times for Problem C, PCG with V-1-1 
y
le



119Level Nodes t = 1 t = 0:1 t = 0:01 t = 0:0013 5 1.000 1.00 1.00 1.004 9 1.002 1.11 1.22 1.225 17 1.002 1.13 1.30 1.306 33 1.002 1.14 1.34 1.357 65 1.002 1.14 1.36 1.388 129 1.002 1.14 1.36 1.409 257 1.002 1.14 1.36 1.4210 513 1.002 1.14 1.36 1.4211 1025 1.002 1.14 1.36 1.4312 2049 1.002 1.14 1.36 1.4313 4097 1.002 1.14 1.36 1.4314 8193 1.002 1.14 1.36 1.4315 16385 1.002 1.14 1.36 1.43Table 5.6: Condition numbers for Timoshenko beam, V-1-1 
y
lebilinear form Ah(:; :) isAh((w; �); (v; �)) = Z 10 w0v0 dx + t�2 Z 10 w0 � �h v0 � �h dx:Problem E: Reissner Mindlin plate.We 
onsider the Reissner Mindlin plate model on the unit square 
 = (0; 1)2. The dis-
retization is done by the stabilized method from [CS98℄. The 
onsidered bilinear formAh(:; :) isAh((w; �); (v; �)) = Z
 e(�) : D : e(�) dx + 1h2 + t2 Z
 (rw � �)T (rv � �) dx+�1� 1h2 + t2�Z
 (rw � �)h;T (rv � �)h dx:The tensor D 
orresponds to plane stress linear elasti
ity. We have 
hosen E = 1 and� = 0:2. We used P+2 elements for both variables, and 
ondensed the bubble in theassembling pro
edure.The relative 
ondition numbers of C�1h Ah with a V-1-1 
y
le multigrid with multipli
a-tive smoother for the Timoshenko beam (Problem D) has been measured. Table 5.6 showsthe results for varying mesh size and thi
kness parameter. For the Reissner Mindlin plateproblem, we 
ould observe diverging W -
y
le s
hemes for m � 3. We measured the 
on-dition numbers of C�1h Ah for the V-1-1-
y
le multigrid with multipli
ative smoother. The



120 CHAPTER 5. NUMERICAL RESULTSLevel Elements mesh-size t = 1 t = 0:1 t = 0:01 t = 0:0013 32 0.25 1.29 1.49 3.00 3.114 128 0.0125 1.36 1.31 3.94 4.605 512 0.0062 1.39 1.39 3.50 5.406 4096 0.0031 1.39 1.46 2.87 5.537 8192 0.0016 1.39 1.47 2.78 5.088 32768 0.0008 1.39 1.48 2.76 4.30Table 5.7: Condition numbers for Reissner Mindlin plate, V-1-1 
y
leresults are given in Table 5.7. We mention that the 
ondition number de
reases from a
ertain level of re�nement. The reason may be that the forms are nearly nested for h � t.
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