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1 Introduction 11 IntroductionThe solution of the Stokes system in polygonal or polyhedral domains has in general sin-gular behaviour near corners and edges of the domain. Hence standard numerical methodslose accuracy on quasi-uniform meshes, and locally re�ned meshes are proposed. Two-dimensional problems with corner singularities have been analyzed by Becker and Ran-nacher [6], Orlt and S�andig [18], and El Bouzid and Nicaise [7]. In the last reference,[7], the authors extend their results also to polyhedral domains where edge and cornersingularities may appear.In [7, 18] the authors use isotropic (regular in Ciarlet's sense) meshes re�ned in a neigh-bourhood of the singular edges and corners in order to compensate the singular behaviourof the solution. In three-dimensional problems this method leads to over-re�nement nearthe edges, as we have seen in the analysis of mesh re�nement for the Poisson problem [2].Therefore we want to use anisotropic meshes with re�nement only perpendicularly to theedge. This leads to elements with arbitrarily large aspect ratios, so called anisotropic ele-ments. We remark that in viscous ow problems also laminar boundary layers may appearwhich can also be resolved favorably by using anisotropic meshes.For the stability of the method it is required that the discrete spaces satisfy an inf-supcondition with a constant independent of the aspect ratio of the elements. Furthermore,the approximation error and, if the method is non-conforming, the consistency error mustbe estimated under the assumption of the weak regularity of the singular solution. Let usrefer to results from the literature.Quadrilateral elements have been analyzed by Becker and Rannacher [5, 6] and bySch�otzau, Schwab, and Stenberg [21, 22]. In particular, the inf-sup condition with a con-stant independent of the aspect ratio was proved in [5] for stabilized Q1�P0 and Q1�Q1rectangular elements, and in [6] for the ~Q1�P0 rectangular element. By Q1 we denote, asusual, the space of bilinear functions, and by ~Q1 the non-parametric rotated Q1 element[19]. The consistency error was not analyzed. In [21, 22] quadrilateral and triangular ele-ments have been considered for the hp-version of the �nite element method, in particularcombinations Qn�Qn�2 and Pn�Pn�2, n � 2. The inf-sup constant does not depend onthe aspect ratio, but slightly on n�1 (n�1=2 for the quadrilaterals and n�3 for the triangles).This is compensated by the exponentially good approximation. We remark that all theseresults were proved for the two-dimensional case.Well-known triangular elements are the mini element (P1 � bubble)� P1, the Taylor-Hood element P2 � P1, and its modi�ed form P1;h=2 � P1. In standard proofs of theinf-sup condition for the isotropic case, the inverse inequality produces a factor h�1 whichis compensated by a factor h coming from an approximation property. The same proofleads in the anisotropic case to an inf-sup constant depending on the aspect ratio. It hasbeen reported by Russo that the mini element becomes instable on anisotropic meshes [1].A non-conforming method on triangular and tetrahedral meshes is obtained by using theCrouzeix-Raviart (nonconforming P1) element for the velocity in combination with piece-wise constant pressure. This element was analyzed by Acosta and Duran [1] for anisotropicmeshes. The inf-sup condition is simple to prove, the challenge is the analysis of the con-



2 2 Statement of the problem and regularity resultssistency error. Acosta and Duran used the connection to Raviart-Thomas interpolationand succeeded in the case of regular solutions (u; p) 2 (H2(
))3 �H1(
). Our analysis ofthis element was performed independently, by a di�erent approach, and, in particular, forsolutions with edge singularities. Basic results, without connection to the Stokes system,have already been published in [4].Since the analysis of the consistency error is not straightforward we are restricted here totensor product domains 
 = G�Z and tensor product meshes. The inf-sup condition holdsfor general meshes and the interpolation error can be estimated for non-tensor productmeshes under a maximal angle condition and a coordinate system condition. We consideralso pentahedral meshes where the elements are triangular prisms, because we needed thisas an intermediate step in the basic investigations of the consistency error in [4].The outline of the paper is as follows. In Section 2 we state the Stokes problem in adomain with an edge, introduce some function spaces, and prove the regularity result inthe form appropriate for our further analysis. In Section 3 we describe and ana-lyse thediscretization. We obtain the optimal �nite element error estimateku� uhk1;h + kp� phk0;
 . hkfk0;
where h � maxK diamK and k:k2m;h :=PK j : j2m;K, m � 0. The notation a . b means theexistence of a positive constant C (which is independent of Th and of the function underconsideration) such that a � Cb. For the assessment of this result it is essential to pointout that the number of elements/degrees of freedom is of the order h�3, that means, it isasymptotically not larger than that for uniform meshes where only a reduced convergenceorder h�, 0 < � < 1, is obtained. A numerical test in Section 4 con�rms our theoreticalresults.2 Statement of the problem and regularity resultsLet 
 = G � Z where G � IR2 is a polygonal domain and Z is a real interval. By thelocal nature of corner singularities (and then edge ones for 
), we may suppose that Ghas possibly one corner with interior angle ! > � at the origin, the other interior anglesbeing smaller than �. The corresponding edge of 
 is part of the x3-axis and will be calledthe singular edge of 
. Over this domain 
, we consider the stationary Stokes problemwith Dirichlet boundary conditions: Given a vector function f = (f1; f2; f3), �nd a vectorfunction u = (u1; u2; u3) representing the velocity of the uid and a scalar function prepresenting the pressure and satisfying8<: ��u+rp = f in 
;r � u = 0 in 
;u = 0 on @
: (1)Here we use the weak formulation which has a unique solution (u; p) 2 X �M ,X := fv 2 (H1(
))3 : vj� = 0g; M := fv 2 L2(
) : Z
 v = 0g;



2 Statement of the problem and regularity results 3for f 2 L2(
)3 as shown in [11, Theorem I.5.1], namely� a(u; v) + b(v; p) = (f; v) 8v 2 X;b(u; q) = 0 8q 2M; (2)where a(v; w) = 3Xi=1 Z
rvi(x) � rwi(x); b(v; q) = � Z
 qr � v:As usual, we denote by Lp(:) (1 � p � 1) the Lebesgue spaces and by W s;p(:) (s � 0,1 � p � 1) the Sobolev(-Slobodetski��) spaces. Sometimes we write W 0;p(:) for Lp(:) andHs(:) for W s;2(:). The usual norm and seminorm of W s;p(
) is denoted by k � ks;p;
 andj � js;p;
. In the case p = 2, we will drop the index p. In order to describe the edge regularityof the solution of our problem, we will use weighted Sobolev spaces of Kondrat'ev type:V `;p� (
) := fv 2 D0(
) : kvk`;p;�;
 <1g; ` 2 IN; p 2 (1;1); � 2 IR;kvkp̀;p;�;
 := Xi+j+k�` kr��`+i+j+k@i1@j2@k3v;Lp(
)kp;where r(x) = (x21 + x22)1=2 is the distance of x = (x1; x2; x3) to the singular edge. Again,we will drop the index p in the case p = 2. We use the abbreviations @i for @@xi and @ij for@i@j.Theorem 1 Let � > 0 be the smallest positive solution ofsin(�!) = �� sin! (3)and assume that f 2 L2(
)3. Then the solution (u; p) 2 X �M of the Stokes problem (2)satis�es u 2 V 2;2� (
)3 and p 2 V 1;2� (
) 8� 2 (1� �; 1); (4)@3u 2 V 1;20 (
)3 and @3p 2 L2(
): (5)and the a-priori estimatekuk2;�;
 + k@3uk1;0;
 + kpk1;�;
 + k@3pk0;
 . kfk0;
holds.Proof Theorem 6.2 of [15] yields the regularityr�@iju 2 L2(
)3; i; j = 1; 2; 3;r�@ip 2 L2(
); i = 1; 2; 3;with � from (4) since there is no vertex singularity in the strip [�1=2; 1], see Section 6.2of [15]. A localization argument and the application of Hardy's inequalities [12, page 28]



4 3 Discretization and error estimatesyield the regularity u 2 V 2;2� (
)3 and p 2 V 1;2� (
). Note that Theorem 6.1 of [13] states thesame regularity results because of the absence of vertex singularities in the strip [�1=2; 1].It remains to prove the extra regularity in the edge direction for u and p. First thisextra regularity is satis�ed far from the endpoint of the singular edge as a consequenceof the general arguments of [14]. Near a �xed vertex S of the singular edge, we use alocalization argument as in [3, 15]. Fix a cut-o� function � equal to 1 near S and equal tozero outside a small neighbourhood of S and use spherical coordinates (R; �; �) centeredat S such that � is the angular distance to the singular edge. Then by Theorems 4.3 and4.4 of [15] the couple (w; q) de�ned byw(t; �; �) = e� t2 (�u)(et; �; �);q(t; �; �) = e t2 (�p)(et; �; �);is solution of an elliptic problem in IR � GS (whose principal part frozen at � = 0 isthe Stokes system), where GS is the intersection of 
 and the unit sphere centered at S.Theorem 3.4 of [15] implies that w 2 V 2;2� (IR � GS) with � from (4), its norm dependingcontinuously on the norms of the data; furthermore Theorem 3.1 of [14] guarantees that@w@t belongs to V 10 (IR � GS) and that @q@t belongs to L2(IR � GS) with norms dependingcontinuously on the norms of the data, where V `;2� (IR�GS) is the weighted Sobolev spaceon IR � GS of Kondrat'ev's type de�ned as before where r is replaced by �, the distanceto the singular edge of IR � GS. Going back to the spherical coordinates and using theregularity (4), we get the desired regularities (5). 2Remark 1 The leading singularity of u3 is characterized by r�=!. But the smallest positivesolution � of (3) satis�es 1=2 < � < �!;see for instance [10]. Consequently, the global regularity is dominated by r�.3 Discretization and error estimatesLet us recall the meshes used for the treatment of edge singularities of the Poisson problem[2, 4]. We de�ne families of meshes Th = fKg by introducing in G the standard meshgrading for two-dimensional corner problems, see for example [16, 20]. Let fTg be aregular isotropic triangulation of G; the elements are triangles. With h being the globalmesh parameter, � 2 (0; 1] being the grading parameter, rT being the distance of T to thecorner, rT := inf(x1;x2)2T(x21 + x22)1=2;and with some constant R > 0, we assume that the element size hT := diamT satis�eshT � 8<: h1=� for rT = 0;hr1��T for 0 < rT � R;h for rT > R:



3 Discretization and error estimates 5

h1=� h
Figure 1: Example for an anisotropic mesh.This graded two-dimensional mesh is now extended in the third dimension using a uniformmesh size, h. In this way we obtain a pentahedral triangulation or, by dividing eachpentahedron, a tetrahedral triangulation of 
, see Figure 1 for an illustration. Note thatthe number of elements is of the order h�3 for the full range of �. The notation is extendedto the three-dimensional case as follows. Let rK be the distance of an element K to theedge (x3-axis) and let hi;K be the length of the projection of K on the xi-axis. Then theseelement sizes satisfyh3;K � h; h1;K � h2;K � 8<: h1=� for rK = 0;hr1��K for 0 < rK � R;h for rK > R: : (6)On tetrahedral meshes Th we approximate the velocity in the Crouzeix-Raviart �niteelement space Xh and the pressure in the space Mh of piecewise constant functions,Xh := fvh 2 (L2(
))3 : vhjK 2 (P1)3 8K; ZF [vh] = 0 8Fg; (7)Mh := fqh 2 L2(
) : qhjK 2 P0 8K; Z
 qh = 0g; (8)where we denote faces of elements by F and by [vh] the jump of the function vh on thefaces F . For boundary faces we identify [vh] with vh. In analogy to [4] we introduce as thecorresponding space Xh for pentahedral meshesXh := fvh 2 (L2(
))3 : vhjK 2 (P1 � span fx23g)3 8K; ZF [vh] = 0 8Fg: (9)We note that Xh 6� X. Hence we de�ne the approximate solution by using the weakerbilinear forms ah(:; :) and bh(:; :),ah(u; v) := XK 3Xi=1 ZK rui � rvi; (10)



6 3 Discretization and error estimatesbh(u; v) := �XK ZK qr � u: (11)The mixed �nite element formulation reads now: Find uh 2 Xh, ph 2Mh, such that( ah(uh; vh) + bh(vh; ph) = (f; vh) 8vh 2 Xh;bh(uh; qh) = 0 8qh 2Mh: (12)For the analysis of this method it is convenient to introduce the Crouzeix-Raviartinterpolant Ih : X ! Xh which is de�ned elementwise byZF u = ZF Ihu 8F � @K; 8K 2 Th: (13)In [4] it is analyzed that this interpolant is well de�ned also for our choice (9) of Xh in thecase of pentahedral meshes. In particular, this interpolant is stable in H1(
),jIhuj1;K . juj1;K: (14)Hence we can prove the inf-sup condition by the standard proof.Lemma 1 (inf-sup condition) There is a constant � > 0 (independent of h) such thatinfqh2Mh supvh2Xh bh(vh; qh)kvhk1;hkqhk0;
 � �: (15)Proof Consider an arbitrary but �xed qh 2Mh. By Corollary I.2.4 of [11] (see also Lemma6 of [9]), there exists v 2 X satisfyingr � v = �qh; jvj1;
 . kqhk0;
: (16)Since by (13) and Green's formulaZK r � v = XF2@K ZF v = XF2@K ZF Ihv = ZK r � Ihvwe get by using qhjK 2 P0 and (16)bh(Ihv; qh) = �XK ZK qhr � Ihv = �XK ZK qhr � v = kqhk20;
: (17)By (14) and (16) we have kIhvk1;h . jvj1;
 . kqhk0;
: (18)Combining (17) and (18) we obtainsupvh2Xh bh(vh; qh)kvhk1;hkqhk0;
 � bh(Ihv; qh)kIhvk1;hkqhk0;
 & 1:Since qh was chosen arbitrarily we have proved the assertion. 2Note that the proof works for both tetrahedra and prisms.



3 Discretization and error estimates 7Remark 2 In the proof of the inf-sup condition we used only the boundedness (14) of Ihwhich was proved in [4] for general tetrahedral elements, that means, the inf-sup conditionis valid for general tetrahedral meshes.Lemma 2 (approximation) Let (u; p) be the solution of the Stokes problem (2). Thenthe estimates infvh2Xh ku� vhk1;h . hkfk0;
 (19)infqh2Mh ku� qhk1;h . hkfk0;
 (20)hold if the mesh grading parameter � and the singular exponent � from (3) satisfy � < �.Proof According to Theorem 1 the velocity components ui satisfyk@1uik1;�;
 + k@2uik1;�;
 + k@3uik1;0;
 . kfk0;
with � 2 (1� �; 1). Hence we can apply Theorem 5.1 of [4] and obtainkui � Ihuik1;h . hkfk0;
:For (20), we estimate kp �Mhpk0;
 where MhpjK := MKp := (meas3K)�1 RK p. Notethat MK preserves polynomials of degree 0.For all elements K with rK > 0 we apply the estimatekp� pk0;K . 3Xi=1 hi;Kk@ipk0;Kwhich can be proved by the standard Bramble-Hilbert theory. We can proceed in analogyto the proof for kui � Ihuik1;h and obtain for � = 1� �kp�MKpk0;K . 3Xi=1 hi;Kk@ipk0;K. 2Xi=1 hi;Kr��K k@ipk0;�;K + h3;Kk@3pk0;K. h 2Xi=1 k@ipk0;�;K + hk@3pk0;K: (21)Consider now the elements K with rK = 0. We use that MK : L2(K) ! P0 is boundedand thus for � � 1kp�MKpk0;K . kpk0;K � kr1��k0;1;K kr��1pk0;K. h1��1;K kr��1pk0;K � hkpk1;�;K: (22)



8 3 Discretization and error estimatesSumming up the square of the estimates (21) and (22) over all elements we obtainkp�Mhpk0;
 . h (kpk1;�;
 + k@3pk0;
) . hkfk0;
where we have again used Theorem 1. 2Lemma 3 (consistency) Let (u; p) be the solution of the Stokes problem (2), and letah(:; :) and bh(:; :) be the bilinear forms de�ned in (10), (11). Then the estimatejah(u; vh) + bh(vh; p)� (f; vh)j . h kvhk1;hkfk0;
holds for any vh 2 Xh if � < �.Proof Let (u; v)h :=PK RK uv be the mesh dependent scalar product and denote by vh;ithe components of vh. We observe thatah(u; vh) + bh(vh; p)� (f; vh) = 3Xi=1 [(rui;rvh;i)h + (p; @ivh;i)h � (fi; vh;i)]:For i = 1 we set � := ru1 + (p; 0; 0)T . Since r � � = f 2 L2(
) and by Theorem 1�1; �2 2 V 1;2� (
); � 2 (1� �; 1) � [0; 1]; �3 2 V 1;20 (
); (23)we can apply [4, Lemma 4.6] and obtain in analogy to [4, Theorem 5.2]j(ru1;rvh;1)h + (p; @1vh;1)h � (f1; vh;1)j = j(�;rvh;1)h � (f1; vh;1)j. h kvh;1k1;hkf1k0;
: (24)In the same way we can treat the case i = 2.The case i = 3 is di�erent since @3u3 + p 62 V 1;20 (
). Here we set � := ru3 and get theproperties (23) to apply the theory from [4]:j(�;rvh;3)h � (r � �; vh;3)j . h kvh;3k1;hkr � �k0;
 = h kvh;3k1;hkf3 + @3pk0;
: (25)The desired term is now written asj(ru3;rvh;3)h + (p; @3vh;3)h � (f3; vh;3)j= j(�;rvh;3)h + (r � �; vh;3)hj+ j(p; @3vh;3)h � (f3; vh;3)� (r � �; vh;3)hj (26)where the �rst term is already estimated by (25). The second term is reformulated toj(p; @3vh;3)h � (f3; vh;3)� (r � �; vh;3)hj = j(p; @3vh;3)h � (@3p; vh;3)j= �����XK XF�@K n3;F ZF pvh;3�����= �����XK XF�@K n3;F ZF (p�MFp)(vh;3 �MFvh;3)�����



3 Discretization and error estimates 9where we have used a standard technique. We can apply now [4, Lemma 4.3] and getj(p; @3vh;3)h � (f3; vh;3)� (r � �; vh;3)hj. XK XF�@Kn3;F meas2Fmeas3K  3Xi=1 h�2�i;K1;K h2i;Kkr�i;K@ipk20;K!1=2 3Xi=1 h2i;Kk@ivh;3k20;K!1=2 (27)with �1;K = �2;K = � = 1 � �, �3;K = 0 if rK = 0 and �1;K = �2;K = �3;K = 0 ifrK > 0. We observe now that n3;F �meas2F � 1 � h21;K for small faces and n3;F �meas2F .h�13;Kh1;K � h1;Kh3;K � h21;K for large faces, that meansn3;F meas2Fmeas3K . h�13;K � h�1: (28)Furthermore we get by the known techniqueh�2�i1;K h2i;Kkr�i;K@ipk20;K � h2(1��)=�kr�i;K@ipk20;K � h2kr�i;K@ipk20;K for rK = 0h2i;Kk@ipk20;K � h2r2(1��)K k@ipk20;K . h2kr�@ipk20;K for rK > 0so that  3Xi=1 h�2�i;K1;K h2i;Kkr�i;K@ipk20;K!1=2 . h 2Xi=1 kr�@ipk20;K + k@3pk20;K!1=2 : (29)Combining (27), (28) and (29) we derivej(p; @3vh;3)h � (f3; vh;3)� (r � �; vh;3)hj . hXK  2Xi=1 kr�@ipk20;K + k@3pk20;K!1=2jvh;3j1;K. h 2Xi=1 kr�@ipk0;
 + k@3pk0;
! kvh;3k1;h: (30)With (24), (25), (26) and Theorem 1 we obtain the desired estimate. 2Remark 3 We remark that the consistency term can be reformulated by using k� �RT(�)k0, � := ru � pI, RT being the Raviart-Thomas interpolant. This is analyzed forregular solutions � 2 (H1(
))3�3 in [1].We are now ready to derive our �nite element error estimate.Theorem 2 Let (u; p) be the solution of the Stokes problem (2), and let (uh; ph) be thesolution de�ned by (12). Assume that the mesh is re�ned according to � < �, with � from(3). Then the �nite element error can be estimated byku� uhk1;h + kp� phk0;
 . hkfk0;
:



10 4 Numerical testProof By [8, Proposition 2.16] we getku� uhk1;h + kp� phk0;
 . infvh2Xh ku� vhk1;h + infqh2Mh kp� qhk1;h ++ supvh2Xh jah(u; vh) + bh(vh; p)� (f; vh)jkvhk1;h :The error estimate follows with Lemmata 1, 2, and 3. 2Remark 4 By analogy one can prove for � < � � 1 thatku� uhk1;h + kp� phk0;
 . h�=��"kfk0;
for arbitrary small " > 0, compare with [2] where the modi�cations of the proof areexplained for the case of a conforming discretization of the Poisson equation. That meansthat we get for the unre�ned mesh (� = 1) only an approximation order �� ".4 Numerical testConsider the Stokes problem 8<: ��u +rp = f in 
;r � u = 0 in 
;u = g on @
in the three-dimensional domain
 = f(r cos�; r sin�; x3) 2 IR3 : 0 < r < 1; 0 < � < !; 0 < x3 < 1g:with ! = 3�=2. The right hand sides f and g are taken such that the exact solution isu = 0@ x3r��1(�)x3r��2(�)r2=3 sin 23� 1A ; p = x3r��1�p(�);where � � 0:5445 is the smallest positive solution of equation (3) and�1(�) = � sin(��) cos! � � sin(�) cos(�(! � �) + �) + � sin(! � �) cos(��� �)+ sin(�(! � �));�2(�) = � sin(��) sin! � � sin(�) sin(�(! � �) + �)� � sin(! � �) sin(��� �);�p(�) = 2� [sin((�� 1)�+ !) + sin((�� 1)�� �!)]:Since this choice means that r��1(�), r��2(�), r��1�p(�) is a solution of the homoge-neous Stokes problem over the two-dimensional domain G = f(r cos �; r sin�) 2 IR2 : 0 <r < 1; 0 < � < !g [17], this solution has the typical singular behaviour near the edge.
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Figure 2: Comparison of uniform vs. graded meshes: error norms for the velocity (left)and the pressure (right).We constructed tetrahedral meshes as described in Section 3, with � = 1 (quasi-uniform) and � = 0:4 (anisotropically re�ned) and with di�erent numbers of elements.From the numerical solutions (uh; p) 2 Xh �Mh and the known exact solution, the errornorms ku � uhk1;h and kp � phk0;
 were computed. Figure 2 shows the plots of thesenorms against the number N = 3Nface +Nelement of unknowns. A double logarithmic scalewas used such that the slope of the curves corresponds to the approximation order. Theexample veri�es the theoretically predicted convergence orders.Note that the curved boundary at r = 1 is approximated by plane triangular faces.As the test has shown, this crime, and also the e�ect of the non-homogeneous boundarycondition on the face r = 1, had no inuence on our result.Acknowledgement. The work of JS is supported by the Austrian Science Fund Fondszur F�orderung der wissenschaftlichen Forschung, Spezialforschungsbereich F013. The visitof TA in Valenciennes was �nanced by the Universit�e de Valenciennes et du HainautCambr�esis. The visit of SN in Chemnitz was �nanced by the Procope project 99011.The visit of JS in Chemnitz was �nanced by the DFG (German Research Foundation),Sonderforschungsbereich 393.References[1] G. Acosta and R. G. Dur�an. The maximum angle condition for mixed and non-conforming elements. Application to the Stokes equations. SIAM J. Numer. Anal.,37:18{36, 1999.



12 REFERENCES[2] Th. Apel. Anisotropic �nite elements: Local estimates and applications. Advances inNumerical Mathematics. Teubner, Stuttgart, 1999. Habilitationsschrift.[3] Th. Apel and S. Nicaise. The �nite element method with anisotropic mesh gradingfor elliptic problems in domains with corners and edges. Math. Methods Appl. Sci.,21:519{549, 1998.[4] Th. Apel, S. Nicaise, and J. Sch�oberl. Crouzeix-raviart type �nite elements onanisotropic meshes. Preprint SFB393/99-10, TU Chemnitz, 1999.[5] R. Becker. An adaptive �nite element method for the incompressible Navier{Stokesequations on time-dependent domains. PhD thesis, Ruprecht-Karls-Universit�at Hei-delberg, 1995.[6] R. Becker and R. Rannacher. Finite element solution of the incompressible navier-stokes equations on anisotropically re�ned meshes. In Fast solvers for ow problems,volume 49 of Notes on Numerical Fluid Mechanics, pages 52{62, Wiesbaden, 1995.Vieweg.[7] H. El Bouzid and S. Nicaise. Re�ned mixed �nite element method for the Stokes prob-lem. In M. Bach, C. Constanda, G. C. Hsiao, A.-M. S�andig, and P. Werner, editors,Analysis, numerics and applications of di�erential and integral equations, volume 379of Pitman Research Notes in Mathematics, pages 158{162, Harlow, 1998. Longman.[8] F. Brezzi and M. Fortin. Mixed and hybrid �nite element methods. Springer, NewYork, 1991.[9] M. Crouzeix and P. A. Raviart. Conforming and non-conforming �nite elements forsolving the stationary Stokes equations. R.A.I.R.O. Anal. Num�er., 7:33{76, 1973.[10] M. Dauge. Stationary Stokes and Navier-Stokes systems on two- and three-dimensionaldomains with corners. Part I: Linearized equations. SIAM J. Math. Anal., 20:27{52,1989.[11] V. Girault and P.-A. Raviart. Finite element methods for Navier-Stokes equations,Theory and algorithms, volume 5 of Springer Series in Computational Mathematics.Springer, Berlin, 1986.[12] P. Grisvard. Elliptic problems in nonsmooth domains. Monographs and Studies inMathematics, vol. 21. Pitman, Boston{London{Melbourne, 1985.[13] V. G. Maz'ya and B. A. Plamenevski��. The �rst boundary value problem for classicalequations of mathematical physics in domains with piecewise smooth boundaries, partI, II. Z. Anal. Anwend., 2:335{359, 523{551, 1983. In Russian.[14] V. G. Maz'ya and J. Ro�mann. �Uber die Asymptotik der L�osung elliptischer Rand-wertaufgaben in der Umgebung von Kanten. Math. Nachr., 138:27{53, 1988.



REFERENCES 13[15] S. Nicaise. Regularity of the solutions of elliptic systems in polyhedral domains.Bulletin Belgium Math. Soc.-S. Stevin, 4:411{429, 1997.[16] L. A. Oganesyan and L. A. Rukhovets. Variational-di�erence methods for the solutionof elliptic equations. Izd. Akad. Nauk Armyanskoi SSR, Jerevan, 1979. In Russian.[17] M. Orlt. Regularit�atsuntersuchungen und FEM-Fehlerabsch�atzungen f�ur allgemeineRandwertprobleme der Navier-Stokes-Gleichungen. PhD thesis, Universit�at Rostock,1997.[18] M. Orlt and A.-M. S�andig. Regularity of viscous Navier-Stokes ows in nonsmoothdomains. In M. Costabel, M. Dauge, and S. Nicaise, editors, Boundary value problemsand integral equations in nonsmooth domains, volume 167 of Lecture Notes in Pureand Applied Mathematics, pages 101{120. Marcel Dekker, New York, 1995.[19] R. Rannacher and St. Turek. Simple nonconforming quadrilateral stokes element.Numer. Meth. Partial Di�er. Equations, 8:97{111, 1992.[20] G. Raugel. R�esolution num�erique par une m�ethode d'�el�ements �nis du probl�emeDirichlet pour le Laplacien dans un polygone. C. R. Acad. Sci. Paris, S�er. A,286(18):A791{A794, 1978.[21] D. Sch�otzau and Ch. Schwab. Mixed hp-FEM on anisotropic meshes. Math. ModelsMethods Appl. Sci., 8:787{820, 1998.[22] D. Sch�otzau, Ch. Schwab, and R. Stenberg. Mixed hp-FEM on anisotropic meshesII: Hanging nodes and tensor products of boundary layer meshes. Numer. Math.,83:667{697, 1999.



Other titles in the SFB393 series include:99-02 A. Meyer. Hierarchical preconditioners for higher order elements and applications in com-putational mechanics. January 1999.99-03 T. Apel. Anisotropic �nite elements: local estimates and applications (Habilitationsschrift).January 1999.99-10 T. Apel, S. Nicaise, J. Sch�oberl. Crouzeix-Raviart type �nite elements on anisotropicmeshes. May 1999.99-11 M. Jung. Einige Klassen iterativer Aufl�osungsverfahren (Habilitationsschrift). Mai 1999.99-16 S. V. Nepomnyaschikh. Domain decomposition for isotropic and anisotropic elliptic prob-lems. July 1999.99-22 M. Bollh�ofer, V. Mehrmann. A new approach to algebraic multilevel methods based onsparse approximate inverses. August 1999.99-25 A. Meyer. Projected PCGM for handling hanging in adaptive �nite element procedures.September 1999.99-38 B. Nkemzi. Singularities in elasticity and their treatment with Fourier series. December1999.00-01 G. Kunert. Anisotropic mesh construction and error estimation in the �nite elementmethod. January 2000.00-02 V. Mehrmann, D. Watkins. Structure-preserving methods for computing eigenpairs of largesparse skew-Hamiltonian/Hamiltonian pencils. January 2000.00-03 X. W. Guan, U. Grimm, R. A. R�omer, M. Schreiber. Integrable impurities for an openfermion chain. January 2000.00-04 R. A. R�omer, M. Schreiber, T. Vojta. Disorder and two-particle interaction in low-dimensional quantum systems. January 2000.00-05 P. Benner, R. Byers, V. Mehrmann, H. Xu. A uni�ed deating subspace approach forclasses of polynomial and rational matrix equations. January 2000.00-06 M. Jung, S. Nicaise, J. Tabka. Some multilevel methods on graded meshes. February 2000.00-07 H. Harbrecht, F. Paiva, C. Perez, R. Schneider. Multiscale Preconditioning for the Couplingof FEM-BEM. February 2000.00-08 P. Kunkel, V. Mehrmann. Analysis of over- and underdetermined nonlinear di�erential-algebraic systems with application to nonlinear control problems. February 2000.00-09 U.-J. G�orke, A. Bucher, R. Krei�ig, D. Michael. Ein Beitrag zur L�osung von Anfangs-Randwert-Problemen einschlie�lich der Materialmodellierung bei �niten elastisch-plasti-schen Verzerrungen mit Hilfe der FEM. M�arz 2000.00-10 M. J. Martins, X.-W. Guan. Integrability of the D2n vertex models with open boundary.March 2000.The complete list of current and former preprints is available viahttp://www.tu-chemnitz.de/sfb393/preprints.html.


