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Abstract

The discretization of a partial differential equation leads to a large system of
linear equations. Multigrid methods are iterative solvers for these equations. The
idea is not to use only one finite element mesh, but a whole hierarchy of grids. The
algorithm combines cheap iterative methods on each level. The result is an equation
solver of optimal arithmetic complexity O(N).

While the principle is very simple, a rigorous analysis is quite involved. It requires
results from partial differential equations, finite element analysis, Hilbert space the-
ory, as well as linear algebra. The topics of the lecture is to discuss the design and
analysis of multigrid methods.

In the first part, we consider various techniques for a simple model problem. This
chapter is split into no-regularity techniques and techniques based on shift theo-
rems. The second part discusses extensions to important real-life problems including
elasticity and Maxwell equations.

Overview of Finite Elements

Multigrid analysis is strongly connected to finite element analysis. Therefore, we start with
a short overview of finite elements. We focus on results relevant to multigrid, for general
fem theory please contact one of the available textbooks.
Let Q@ ¢ R% d = 1,2,3 be an open, bounded, polyhedral domain. We consider the
Poisson problem with homogenous Dirichlet boundary conditions:

—Au = f inQ
v = 0 on Jf.

Its weak form is to search u in a suitable Hilbert function space V' such that

A(u,v) = f(v) VveV,

where the symmetric bilinear-form A(.,.) and the linear form f(.) are defined by

A(u,v) := (Vu, Vo) and f) = (f,v).



Here and in the following, (.,.) and ||.|| denote the Lo(€2) inner product and Ls(£2)-norm,
respectively. The bilinear-form A(.,.) defines a second inner product. The corresponding
norm

lolla = Afv,v)"/?

is called energy norm.

1.1 Sobolev Spaces

We define a multi-index o = (a,...,a4) € N, its absolut value |a| = >~ «;, and the
derivatives 0% = 95} ... g
For k € Ny, we define the Hilbert-space (semi)norms

ol =Y 1%

|a|=k

and norms i
lvllz == Jvlf.
1=0

The corresponding inner products are

(w,v) = Z (0%u, 0%v).

laf<k

Let C>(£2) be the function space of infinitely differentiable functions on 2, and C5°(9)
its subspace with compact support (=functions vanish in neighbourhood of 99) in .
Define the Sobolev spaces

HY — C_ooH‘”k and Héc _ C—SOH-HIC'

On the boundary, we define almost everywhere the normal derivative 9, = > n;0,,. If the
domain has Lipschitz continuous boundary, then

Hi={ve H" :v=0,v=...0" =0o0n 00}

n

There holds Friedrichs inequality
loll < cplol Vve Hy,

where the constant cp depends only on the domain €. The dual space of HY is called H .
It consists of continuous linear functionals

f(): H — R
vo— f(v)



For example, a function f € Ly generates the linear functional v € H} — (f,v). The dual
norm is £(o)
v
[fll-r = sup ==
e ol
The duality product
<.,.>H,kXH(1)g : H_kXHé: — R
(fiv) — flv)

is a generalization of the Ls-inner product.
The Sobolev spaces form a nested sequence of spaces

..H*CcH'cH'=L,cH'cH?. ..
Later, we will define also Sobolev spaces of fractional order.
Friedrichs’ inequality proves norm equivalence ||.||4 =~ [|.|[1. Thus,
Vo= (Hy, |-llas ACS L))

is a Hilbert space.
Unique and stable solvability of (1) follows directly from the Riesz’ theorem:

Theorem 1 (Riesz’ representation theorem). For any continuous linear functional f
on a Hilbert space V' there exists an unique uy € V' such that

(ug,v)y = f(v) VoeV

and

lusllv = IIf]

On the other hand, any u € H} is the solution of a weak problem with f € H~!: Take
£() = Alu, ).

Regularity, shift theorem: If the right hand side f belongs to a more regular function
space than H~!, the solution might be more regular than H', too. If  is convex, and
f € Ly, then the solution u belongs to H?, and the shift theorem

Vo

[ulla = {1 £l

is valid. Shift theorems are very specific for each problem class.

Notation: We write a < b if there exists an in principle computable constant ¢ of
moderate value ~ 1 such that a < ¢b. In particular, the constant ¢ does not depend on the
number of elements in the discretization. We write a ~ b if ¢« < b and b < a.

If not stated otherwise, we will use the above definitions of V' and A.



1.2 Finite Element Spaces

The finite element method (FEM) provides a computable approximation to the solution
of (1).
A triangulation 7 is a set of (closed) simplicial (triangular, tetrahedral) elements 7'

T = {T}.

Each element 7T is seen as a one to one, affine-linear mapping from the reference element 7%,
ie.,
T = Fp(TH).

We define the local mesh size hy = ||F}||. This measure is equivalent to diam(T). The
triangulation is called

o regular if two elements T and 7" are either identic, or have a common face (only 3D),
or a common edge, or a common vertex, or are distinct.

e shape regular if it is regular, and cond(Fy) = || Fy| - ||(Fp) 7| < 1.

e quasi uniform if it is shape regular, and hy ~ h, where h is a global mesh size
parameter.

Next, we define the FE sub-space
Vi={veV:vlroFre pk(TR)}a

where P*(T1) is the set of polynomials up to total order & > 1 on the reference element.
Functions in V), are continuous.
On shape regular meshes there holds the following approximation estimate:

Lemma 2 (Approximation). Let k =1 or k = 2. For given v € H* NV, there exists a
vy, € Vi, such that

_ 2(k—1
ST {22 —vlE s + IV @ — w3} 2 D0 A5k,
TeT TeT

Proof: For k = 2, define the nodal interpolation operator I, and choose v, = I,v. For
k =1, replace Ij, by the Clément quasi-interpolation operator (see literature or Section ...
below). O

Lemma 3 (Inverse inequality). On shape reqular triangulations there holds

IVunl| < lhptenll  Von € Vi



Proof: By transformation to the reference element.
The FEM defines the approximation u;, € V}, as unique solution of
A(uh,vh) = f(Uh) V’Uh € Vh. (3)

FEM theory, as well as multigrid analysis, is heavily based on orthogonality relations.
Subtracting (3) from (1) leads to

A(u — up,vp) =0 Yo, € Vi,

i.e., the error is orthogonal to V},
u—up La V.

The FEM approximation uy, is the A-orthogonal projection of u onto Vj:
up = Py, u
with Py, : V — V}, defined by
A(Pw,vy,) = A(w, vp) VYweV Yu, € V.

(Picture orthogonality)
An equivalent definition of the projection is

Pyu €V}, such that: llu — Pyulla < min ||u — vp|4.
v EVR

Proof: For any v, € V}, there holds

lu—wunll% <l —unllh + llun —onl%
w —upll% + 2 (u — up, up — vp)a + |lun — onl%

= |Ju—un+up — vl = llu—wl;
This is Cea’s Lemma for symmetric bilinear-forms.

Theorem 4. On shape reqular meshes there holds the a priori error estimate
lu—wnll% = W lul3. (4)
T

On quasi-uniform meshes and convex domains there holds

[ = unlla = 2l o (5)

Proof. Follows immediately from orthogonality, approximation, and shift theorem. O

The shift theorem provides a better rate of convergence in a weaker norm:



Theorem 5 (Aubin Nitsche). Let u, = Py,u. On quasi-uniform meshes and convex
domains there holds
lu—unllo 2 hflu—uplla

Proof. Pose the additional variational problem
A(w,v) = (u— up,v)o VoeV

Due to regularity there holds w € H? and ||w||s = ||[u — usllo- Define wy, according to
Lemma 2. The choice v = u — uy, gives

lu—wunlls = A(w,u—up) = A(w — wy,u — up)
lw = wnlallu = unlla

hlwla flu = unlla

LA T IA

hllu = unllo[lu = unla-

Dividing one factor proves the result. ]

This technique is essential for many types of multigrid proofs. The following theorem
proves a multi-level decomposition using the Aubin-Nitsche trick. It relates the H' norm
to scaled Ls-norms on different levels:

Theorem 6. Let L € N, 7y,7:,...,7; a family of hierarchically refined quasi-uniform

triangulations on a convexr domain ). The mesh-size of T, is by = 27'. The generated

fe-spaces Vo C Vi C ... C Vy, are nested. Let P, : Vi, — V; be the A-orthogonal projections.
Take uy, € Vi, and its decomposition

L
ur, = wo + Zwl with wo = Pour,, w; = (P — P_1)up.
=1

Then there holds

L
gl = [lwol %+ by *fwall5.
=1

Proof. From (wy,v;_1)a = (Pur,vi—1)a— (P—1ur,v_1)a = 0 there follows w; L 4 V;_1. The
whole decomposition is A-orthogonal. Thus

L L L L
luclli = 1wl =) (wwe)a = il
1=0 1=0 k=0 1=0

The inverse estimate Lemma 3 applied to w, € V; claims ||w||a = h;*|lwillo, and the
Aubin-Nitsche Lemma (applied to w; = (I — P,_1)w; proves the opposite estimate ||w;||o <
hl le HA O]



After choosing a basis (¢1,...,¢,) for V,, n = dimV},, one ends up with the linear
system

Au = f, (6)

with A;; = A(gp;, i) and f. = f(pi). The FEM approximation is uj, = > i, u;0;. We use
underbars for vectors in R™, and sub-scripts h for fe functions.
The isomorphism between R™ and V}, is denoted by

o R”—>Vh

Its dual ®* : V¥ — R" is defined by
(@*dn)" v = (dp, PV)yerry,,  Vdp €V VueR”
By choosing v = e;, the i** unit vector, we observe
(®*dn)i = (P*dn)" e = (dn, Pei)yury, = (dn, D)y r, = dn(27)

Instead of matrices in R™*", we will prefer to work with operators between V}, and its
dual V;*. For this, define Aj : Vj, — V;* implicitly by

(Ahuh, Uh> = A(uh,vh) Vuh, vp, € Vh.

There holds
A=9"A,0,

since
ej Aei = Api, 05) = (Anpi, 5) = (AnPej, Dej) = €] " Ay Pe;

fori,j=1,...,n.

We are interested in efficient solution methods for the linear system (6).



2 Iterative methods

Let C' be a regular matrix. The preconditioned Richardson iteration is

Choose u'.

For k=1,2,...
dk = f — Auk
wk = Ofldk
WF L — Lk

The game is to define matrices C' such that the iteration converges fast, and the appli-
cation of C~! is efficient.
The iteration can be written as

uP T = uF O (f — AuP).

Define the error as e¥ = u* — u and use f = Au to obtain the error transition relation
M = W = — w4+ TCT A — )
= (I-707'A)€"
T

The goal is to prove estimates for |[M]| in a proper norm.

It is useful to choose symmetric and positive definite preconditioning matrices C'. Then
the iteration matrix M = (I — 7C7'A) is self-adjoint w.r.t. the energy inner product
(u,v)a = u’ Av:

(Mu,v)a = (I —-7C Aw)"Av =u" (A - TAC A
= uTA(I — 7C7'A)v = (u, Mv) 4
If a matrix is self-adjoint in some norm, its corresponding matrix norm is equal to the

spectral radius (=the absolute value of its largest eigen-value).
The following two statements are equivalent:

e )\; is an eigen-value of Az = A\Cx

o 1; :=1—7)\; is an eigen-value of (I —7C'A)x = ux

Thus
IM||la= sup |1 =7\
AEa(C—1A)
Let o(C7'A) C [A1, \,] with A\; > 0. Then the optimal choice 7 = ﬁ leads to
T p——

Thus, the goal is to prove spectral estimates
Mllvlle < lvlld < Aallvlle.

In practice, one uses conjugate gradient iterations instead of the Richardson iteration.
Also there, the spectral estimates are the basis for estimating the rate of convergence.



2.1 Representation in FE space
A simple preconditioner is the Jacobi preconditioner, i.e., choose
C = diag A.

The goal is to rewrite the preconditioning matrix operation C~! as operator in the

finite element space, namely
CI; 1 . Vh* — Vh

The definition is
C’,;l = oC "

We start with dj, € V" and compute w;, = Ch’ldh. Intermediate steps are d = ®*d), €
R” w = C~'d € R" and w;, = ®w. The matrix preconditioning operation is

w=C"'d=) ei(e] Ae;) el d.
=1

Let d; = ef'd and w; = (el Ae;)~'d;. This scalar equation can be written in variational
form:
of (e Aeiw; = dw; Vo €R,

Now, using the definition of the matrix and the vector d, we have

This is a variational problem on V; := span{;}: The finite element function w;p; is
the unique solution w; € V; of

A(vi,wi) = d(UZ) VUZ' € ‘/z
Finally, we get
wy = 0w =Y Pew, =Y o, =Y w;.
Combining the steps above, we have derived the preconditioning operator
ColVE =V id() —w
w = Zwi with  w; € V; s.t. A(wg,v;) = d(v;) Yo € V.
The error reduction operator translated to the finite element space, My : Vj, — V}, is

M, = dMO'=d( —-7C AP
= O —71(27'C, oY 1D A,P)) D!
= I — TC,;lAh.



Lemma 7. Let P, : V;, — V; be the A-orthogonal projection. Then

My,=I-7Y P,
i=1
Proof. Set u? = Myu}, = u} — Twy,, where wy, = C; ' Apui. By the results above,
wy, = Zwi, with A(w;,v;) = <Ahu1,vi> Vv, € V.

In other words, w; = Pu? O

Now, we started with a preconditioner in matrix-form, and translated the operation
into fe notation. The analysis is performed in the fe notation. In the following, we will
work in the fe notation. Only, when it comes to implementation, one has to think about
the matrix-vector representation.

Some more examples:
e The Gauss-Seidel iteration is (k € N,i € {1,...,n}):

uk—l—i/n _ uk+(i—1)/n . 61A516?<f . Auk—i—(i—l)/n)

The iteration matrix of one full step u* — u**! is
M =M,...MyM;,  with M;=1—¢A;'elA
In fe form, one step is

the product is
My,=(I-PR,)...(I —P)(I—P)

P; is an A-orthogonal projection, so also I — P;. The norm of an orthogonal projection
is 1 (or, in the trivial case, it is 0). Thus, the Gauss-Seidel iteration without damping
is non-expansive in A-norm. Later we will see whether it is convergent.

In general, the multiplicative iteration is not A-self-adjoint, namely
My=(I-P)...(I—F,)

Only if P, = P,, P, = P,_q,..., it is A-self-adjoint. Such an iteration is called
symmetric.

10



e Block version: Let i = 1,..., N, and E; € RV*™i be a full-rank matrix. Now, define
the block-Jacobi preconditioner

N
C™':=) Ei(EAE,)"'Ef

=1

The usual case is F = (e;,, €y, - - -, €i ). The embedding matrices R™ generate small

spaces
V; = OE;R™

The translation of the iteration matrix is the same as in the Jacobi case.

N
Mﬁ:]—TE:B.

i=1
Examples: Block relaxation of some nodes, local or global, anisotropic, high order
blocks, systems of pdes, ...
The iteration does not depend on the specific choice of the basis, it depends on the

sub-spaces V;, only.

e Two-level preconditioner: Let Vi be a finite element sub-space of V), on a coarser
grid. Set Ny = dim V. Basis functions are ¢ff. The coarse grid basis functions can
be expressed as linear combination of fine grid basis functions:

N
H __
¥y = ZCU%‘
i=1

Define transformation matrix

By = (ci) pmreoy

Example: 1D hat functions.

The corresponding finite element function is

Nu Ng N N

H H H H H

up = E ujpy = E E Uj Cijpi = E (Eru”)ip; = PEgu™.
j=1 j=1 i=1 i=1

The matrix Ey transforms the coarse-grid coefficient vector u, to the fine grid coef-
ficient vector representing the same finite element function. It is called prolongation.

The idea of two-level preconditioning is to add a correction step on the coarse grid:

dk = f - Auk
uFtt =Pl

11



The matrix ELAFEy is the fe - matrix on the coarse grid space w.r.t the basis .
The additive 2-Level iteration is defined as

N
My=1-7(Py+ ) P)

i=1
The multiplicative one with additive smoother is

M), = ([—PH)(I—TZB'),

i=1
and the multiplicative one with multiplicative smoother is

My,=(I—-Py)I—-P)...(I — Py)

e Multi-level preconditioner: Let Vo, C Vi C ... C V} a nested sequence of fe spaces.
Let V; = span{ep;;,i = 1,...m}. Then the additive multi-level iteration is

L n
Mh:[—TZZZPM

=0 =1

The multiplicative counterpart is the conventional multigrid iteration.

12



3 Additive Schwarz theory

Let (V, A(.,.)) be a Hilbert space. Let {(V;,C;(.,.))} be a countable set of Hilbert spaces.
Denote embedding operators E; : V; — V. Then, the

inexact additive Schwarz preconditioner C~' : V* — V,d(.) — w is defined by
The following theorem analyzes whether C~! is indeed the inverse of an operator C' : V —
%8
Theorem 8 (Additive Schwarz Lemma). Define the splitting norm

[ull[* == _inf Z lville, -

v; GV
Assume that ||].||| is an equivalent norm to ||.||a. Then C is an isomorphism between V
and V*, and
[ulle: = [fulll (7)

Proof. The right hand side of (7) is a constrained minimization problem on X := V; x V5. ..
with constraint ) F;v; = u. We will formulate it as Kuhn-Tucker system (a saddle point
problem). First, rewrite the constrained minimization problem as unconstrained one using
the characteristic function of the feasible set:

el = it Sl = fof, s 3 el +2<u,u—zm>

> Ez'“z u

7L(v A)

We search for the saddle-point (u, A) of the strictly-convex/concave Lagrange functional
L(v, A). The condition dy;, L(v, u) = 0 is

O,(UZ,U2)+<)\,EZU,> =0 Vv, €V, 1=1,2,... (8)
the partial derivative w.r.t. © € V* is the constraint

<”,ZEUZ> ()  Ypev. 9)

Existence and uniqueness of a solution follows from saddle-point theory. The essential LBB
condition follows from the assumption V' = > E;V; is stable.
Equations (8) and equation (9) state

uw=C"'\
Thus, u is in the domain of C. Testing (8) with v; = u; gives

ull? =D lhullE, =D (A Baw) = (3 u) = (Cu, )

13



The ASM Lemma reduces the analysis of the condition number x(C7'A) = \,/\; to
the norm estimates
Ml < Jlulld < X[l

Usually, the left inequality requires some work. The technique is to construct an explicit
decomposition u = > E;u,;. Often, the right estimate is simply the Lemma below:

Lemma 9. Define the interaction matriz G = (g;;) by

AEiui,E-v-
e wp A B

wevisey; [[tille:luslle;
Let p(G) denote the spectral radius of G. Then
lull% < p(G) [l [ull*.

Proof. Let u=">_ E;v; (with v; € V) be an arbitrary decomposition. Then

lulla = 11 Ewilli = A(Eiv, Ejoy) <> gigllvil
7 ,J 2,J

C; UjHQ"

From ¢ Ge < p(G)||c||* applied to ¢; = ||v;]

¢, there follows
lull < p(G) Y lluill?,

Since the decomposition was arbitrary, the estimate is true for the infimum as well. O

14



3.1 Overlapping domain decomposition

In this section we apply the abstract ASM theory to domain decomposition methods.
Decompose the domain 2 into overlapping sub-domains €2; of (local) diameter H;. The
overlap is of order H;. Only a finite number of domains overlap.
This allows to define a partition of unity {1}, ¢; € C°°(Q) with the following properties:

D =1,

Wil =1 and [ Vellr, < H

The functions 1); live inside €2;
supp ¥; C €.

For technical reasons we will need that v; are strictly inside:
dist(supp(¥), 084 \ 0Q) = H;

Now, let V}, be a finite element space on a shape-regular triangulation. The local mesh
size fulfills h < H. Define sub-spaces

V}:{vievh:vi:() IHQ\Ql}

We assume that everything was chosen s.t. V' = > V;. The operator E; : V; — V}, is trivial
embedding, and the local forms are the same as the global:

C’i(ui, Ui) = A(EUZ, Evl) = A(U“ Ui)
Some remarks:

e The implementation of the additive Schwarz preconditioner requires the solution of
local Dirichlet problems in V.

e A special case with h ~ H is the Jacobi preconditioner (or a block-Jacobi precondi-
tioner with small blocks).

We prove the splitting estimate required by the ASM theory:

Lemma 10. There holds
unll| 2 min{H} Huplla  Vun € Vi (10)
Proof. Let I, : H' — V}, be a Clément-type operator with the following properties:
Iy, = vy, (projection)

and
IV Ihvnllo = [Vonllo (A — continuity).

15



Then, for given u, € V}, we chose the decomposition

By linearity, >, u; = >, In(viup) = In((Q_, ¥i)un) = Ipup = wy,. The assumption
supp{v;} strictly inside ; ensures that u; € V;.

Thus, (u;) is a feasible candidate for the minimization problem.

We start to estimate

alll? < Dl = D IV Iaaun)lls = > IV (aun)

The involved functions are smooth enough to apply the product rule (together with (a +
b)? < 2(a® + b?)):
[l =D Ve unlls + 19:(Vun)ll}

Next, using L., estimates and local support of ;:

[l =D IH;

o, + 1 Vunllga, }

Since a finite number of domains are overlapping, parts of the norms are duplicated a finite
number of times:
ull* = 1H unllg o + [ Vunllg o)

Finally, Friedrichs inequality gives the result
[1ull[* = min{ H;} ~|Jun [ o = min{H;} (| Vua|f5.
O

The other estimate, ||ul/4 =< |||u||| follows from Theorem 9. Since only a finite number
of domains overlap, each row of G has the same finite number of non-zero entries. The
spectral radius is bounded by the number of overlapping sub-domains.

Remark:

e For H ~ h, there follows from the proof of Lemma 10 the equivalence

llunll] ~ 1R~ un |z, (11)

3.2 Overlapping Domain Decomposition with Coarse Grid Sys-
tem
Now, we improve the overlapping domain decomposition algorithm by adding a global
coarse grid space. This will give optimal condition number estimates.
Let Vg C V. Let Ey : Vg — Vj, be an embedding operator (usually called prolonga-

tion). In the case Vi C V}, we choose Ej, = id. We assume that the prolongation operator
has the following properties:

IVEgug|o =< [[Vuglo (A — continuity)

16



||H;1(uH — Egug)l|lo <X [|Vugllo (approximation)

The coarse-grid form Cy is defined by Cy(.,.) = Au(.,.) = A(.,.). (An alternative possi-
bility would be Cg(.,.) = A(En., En.)).

Now, let the DD preconditioner with coarse grid system be defined as ASM method
with respect to the set of triplets

{(Va, Eu, Au(.,.), Ui(Vi,id, A(.,.))}.
Lemma 11. The DD preconditioner with CG fulfills the stable splitting estimate
Hunll| 2 flunlla Vun € Vi

Proof. Let additionally Iy : V — Vg be a Clément-type interpolation operator into the
coarse grid space fulfilling |.|;-continuity and L, approximation

1H;  (uw— Igu)||p, + [VIgulln, 2 || Vullp,  VuelV.

From the proof of Lemma 10 we know that
inf D Nl < IH  oullg + IVonlly VYou € Vi (12)
Vh=2_; Vi

We choose the 2-level decomposition
Up = EHUH + Uy
with
uyg = Iguy, and up =up — Eglguy

(with index f as fine).
We bound the minimal decomposition by this candidate:

2 : 2 2
— f ,
[ualll S ] e B 1
o 2 : 112
= if {Joali+ i)l

up—Bgog=31v;
< ualli+ inf Dl
up=3 v
We apply (12) with v, = up, — Eguy = uy:
[l = w2+ 1H g g+ gl
From |.|;-continuity of Iy and Ey we get
lumlla+ lluglla = llumlla
Lo-approximation of Ey and Iy proofs
1 ugllo = 1 H;(un—ErTaun)llo < | H; (un—Tmup) o+ H (id—Em) Tun)|lo = Jlun] 4.
O]

17



We denote the ASM preconditioner associated with the fine-grid spaces V; by D, :
V¥ — V. By the ASM Lemma, the energy norm <Dh“h7“h>v,jxvh generated by Dy, is
exactly the splitting norm:

lonllh, = inf > lill
- k2

It is a Hilbert-space norm, the inner product is denoted by Dp(.,.).
The 2-level method can be seen as a ASM with two local spaces (namely Vg and V),
and inexact bilinear-forms Ay and Dy:

2 _ . 2 2
nll B tcv =, el + gl

Lemma 12. The estimate
unlla 2 (llunlll2—tever  Yun € Vi
15 valid.
Proof. We apply Lemma 9 for 2 sub-spaces and bound all entries of G:

B A(Eguy, Egvy)
gHgH =  Sup
ug Vaevy  um|allve|a

— ?

which is due to continuity od F.

Alug,v
g = sup (uf, vf)

=g,
uporevi [usllpllvgllo

which follos from finite overlap of local spaces implying ||v]la =< ||vn||p. The off-diagonal
value gp is bounded by an additional Cauchy-Schwarz inequality. [

3.3 Clément-type quasi-interpolation operators

We used several times local quasi-interpolation operators fulfilling various continuity and
approximation estimates. Now, we are going to construct and analyse such operators.
Let V}, be a finite element sub-space (or order p,) of Hj ,(€2) on a shape-regular trian-
gulation {7 }. Choose the nodal basis {;} for the set of nodes N'= {N;}. The nodes are
assigned to vertices, edges, faces and elements.
To each node N; define a set w; such that dist(N;,w;) < h;, and function f; € L (w;)
such that the following is true:

1fillew =" lfillzy <1 (13)

Assume that f;(.) coincides with point evaluation in the node when applied to polynomials

up to order p:
(th)LQ(wi) =v(V;) Vo e ll?

18



Then, the Clément-type operator is defined as

Ih : L2—>Vh
Ihv = Z (f“ >L2 wz
NiGN

Lemma 13. On finite element spaces, the Ly norm and the H' semi-norm are equivalent
to the discrete norms, respectively:

loall3, > b fun (N
N;

IVollZ, = > A fon(Ni) — on(N)P
N, NjeN
3T:N;€T,N;eT

Proof. Both estimates are proven by transformation techniques. O]

Theorem 14 (Continuity). For p > —1, the operator I}, is continuous in Ly norm. For
p >0, the operator I is continuous in the H' semi-norm.

Proof. By means of Lemma 13 it is enough to establish

—d
(In0)(N2) = (Fis0) 1awn) = 7 (0] oo

to prove the Lo estimate. This follows immediately from (13) by |’fiH%2(wi)

1fill o I fill Loy = 5
To establish he H! estimate, we start with

(B)(¥) =~ (1)) = [ etz = [ e dy

The assumptino p > 0 onto f; ensures that [ f; dz = 1. Thus,
1)) = (1)) = [ [ r@)fwlete) o) dy de
The difference v(x) — v(y) is expressed as integral
= [[ont@de= [ @0ty e -
Changing order of integration (i.e. fol fwi fw]-)’ and a couple of C.-S. estimates, proves that

—d
|(1h0) (N3) = (In0) (N7)] = B 22)90| 1y (sl

with the convex hull [w;,w;] of w; Uw;. O
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Theorem 15 (Approximation). For 1 < ¢ < min{p,p,}, there holds the approximation

estimate
15 (v = Ino)lo + 1B~V (0 = Tpo)[lo = [Vl

Proof. Since I, preservers locally polynomials up to order min{p,p,} (in the sense of
(Inw)|r = w|r if w|,, is a polynomial).
We split the global norm into element terms, and insert an arbitrary polynomial w of
order ¢:
thv - IthLz(T) = th@d - Ih)(v - w)“L2(T) = thv - wHLz(wT)'

The rest is the approximation infyens |0 — W| £y wr) = 2V Ly(wr)- The H' estimate is
the same argument. ]

There are many possibilities to choose the local domains w; and weighting functions f;.
Thus various properties can be achieved:

e The operators I, can be constructed as projections onto V},. For this, choose w; such
that IV; € ;. Then, take the restiction of V}, onto w;, i.e. V; = {vp|,, : vn € Vi }. The
linear functional

filv) + Vi—=R
fi(v) = (PLiv)(N;)

(with PX;’ the Lo projection of Ls(w;) onto V;) is continous on Ly. Thus, it can be
represented as Lo function f;. In general, the norm of f; depends on the choice of w;.
The original construction by Clément used

wi:{TET:NiET},
an alternative version (by Scott and Zhang) uses

w; =Tn;, Tn, some element s.t. NV; € T,

e The choice
fi= (/soi dz) ™ p; (14)

is consistent of order 0. The corresponding quasi-interpolation operator is Ly self-
adjoint:

o), = (O / ) (00 0) a0 V)1

%

= Z(/ i) (@i ) 15 (93, V)1,

i

= (u,Ipv)r,
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e The case of jumping coefficients accross sub-domains requires special care. The
influence domain w; must be chosen as sub-set of elements with large coefficient.
Then, under the so called quasi-monotonicity assumption, the quasi-interpolation
operator is continuous in energy norm.

e [t is possible to choose lower dimensional manifolds w;. Then, of coarse, I, is not
defined on L, anymore, but the H! estimates may stay valid. Scott and Zhang used
boundary faces for w; to preserver polynomial boundary conditions.

4 Multi-level and multigrid methods

Multi-level and multigrid methods can be seen as extension of 2-level methods. Instead
of one fine and one coarse grid, one works with a hierarchy of many grids. On each grid
(except maybe the coarsest), one applies a cheap (local) preconditioner.

Let L € N denote the number of levels,

767 7‘17 et 72/7
be a family of nested triangulations, and
WwcVvic...cV,

the generated family of nested finite element spaces.
On each level [,0 < < L, we need a (cheap) preconditioner Dy, i.e. an operation

D V=W
It shall be defined by means of the symmetric bilinear form D;(.,.) : V; x V; — R via
Di(D;  gi,v) = gi(vr) VgeV ' Vuy eV,

The simplest (and typical) choice is a Jacobi preconditioner. For computations, a
(symmetric) Gauss Seidel preconditioner is favourable. In terms of the last section we will
call D an additive (or multiplicative) Schwarz preconditioner.

Since V; C Vp, every functional in V}* has a canonical restriction onto V;*, and we can
apply D, ! on the whole V}* without special notation.

One possibility to combine the preconditioners is to add them all up (ASM), i.e. define
the preconditioning operation C~! : V} — V7, as

c'=> Dt (15)

This method is called multi-level preconditioner. The case of Jacobi preconditioners D is
called BPX preconditioner (after Bramble,Pasciak and Xu), or MDL (multilevel diagonal
scaling).
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An other possibility is to run the individual preconditioners sequentially (MSM):
WD/ (LAL) g b/ (L) 4 DY (f - ApufH D), (16)

The corresponding iteration operator M is
(I = D*A)(I — DY AL ... (I — Dyt AL).

To obtain an A-symmetric iteration, one should run the symmetric version. This iteration
is the classical multigrid V-1-1 - cycle.

4.1 Implementation

The implementation of the additive and the multiplicative preconditioners use the hierar-
chical structure. Let N; = dim{V,}.

Define, for 0 < [ < k < L, the embedding matrices Ef : RM — RN, For | < m < k,
there holds Ef = EF E™.

The finite element matrix 4; € RM*M on level [ fulfills the Galerkin relation

A = (ElTALEL.

On each level, there is defined the preconditioning matrix D;' € RM*N (eg., D, =
dlag Al)

The additive Schwarz preconditioner in matrix notation is

L
o =Y BEDT B
=0

We define the intermediate preconditioners
!

Gt =) EBDNE)T

k=0

Clearly, there is C~! = (..
Theorem 16. Starting with C; - Dy L the preconditioners can be computed recursively:

Crl =D + B, Cy (Bly)" (17)
Proof. Per induction. Assume the relation is true for [ — 1. Then

Dfl + EllflCli—llElel =
= D'+ li BB DB (BL)”
k=0

-1
= D7 BB
k=0

= O/
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The computational complexity CPU(C; ") can be estimated from (17). The operations
D;Y, Bl and (E! )T are all of linear complexity O(N;). Thus

CPU(C; ) = O(N,) + CPU(C).

If the number of unknowns grows geometrically (i.e. N; = O(8') with 3 > 1), one obtains
optimal ! complexity
CPU(C; ) = O(N).

For the multiplicative version we define C;"! per recursion as follows: C;' = Dy, and
C;':d; — wy is defined by the algorithm:

UJ? = Ell—lclill(Ell—l)le (18)
w, = w)+ Dy (d — Aw?)

Theorem 17. The iteration defined in (16) can be written as
M=1-C;"Ap,
where C, is defined by (18).
Proof. One step of the iteration (16) is m; = [ — EFD; ' (EF)T Ap, and, by recursion, we
define
M() = My
My = mM;,
The multiplicative iteration defined in (16) is M = M. The operation C; ' defined in (18)
1s
' = ELC(BL)" + D (I - AE CLy(EL)T)
= (I =D A)E_,C\ (B + Dy
Now, we proof by induction
M, =1-EFC7YENT AL
Assume, the relation is true for [ — 1. Then
[—-ErCrUEN)"A = I-E[(I- D A)E L CL(E)" + Dyt (B AL
= I- ElLDfl(ElL)TAL - ElL—101111(ElL—1>TAL
+E Dy (B ALES Oy (Bl) T AL
(I = Bf Dy NEL) A - B, CLy(BE) A
= myMiy
- M,
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Other versions of multigrid cycles can be computed similarly to the above V-cycle with
post-smoothing. A symmetric V-cycle with pre-smoothing and post-smoothing is defined
as:

w? = Dl_ldl
wp = w) + B O (B (d — Awy)
w; = wll + Dl_l(dl — Alwll)

One can run several steps of the smoothing iterations.

4.2 Analysis of the additive multi-level method
The additive multi-level method is an ASM method with the set of triples

{(‘/h id? Dl('a ))}
Thus, the norm generated by the preconditioner is exactly the splitting norm
L
lulle = llell? = it S
UZGVZZ =0

What is the Di-norm ? For the bilinear-form A(u,v) = (Vu, Vov), and D; is a Jacobi
preconditioner, it is the corresponding splitting norm

lly, = it Sl b Sl
%ESPan{iPi} viGSpaH{ZQ@i}
One verifies that this local norm is equivalent to the global Ls-norm, i.e.

laallp, = 1y - (19)

Lemma 18. For the additive multi-level preconditioner C' with Jacobi smoothers there
holds the following norm equivalence:

L
lullé = inf > l1h iz, (20)
UZEVll =0

Next, we will investigate the bounds of the norm estimates Ay ||u||} < [Jul|z2 < Aofjul/Z.
Especially, we are interested in the (in)dependency of the number of levels L.

Lemma 19. Assume that §2 is convez, and the triangulation is quasi-uniform. Then there
holds
lulle = llull%
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The proof is given in Theorem 6. It used the A-orthogonal decomposition v; := (PA —
PA))u.

Lemma 20. Assume that the family of triangulations is shape-reqular. Further, assume
h; ~ h;_1. Then
Julle: < L fJull%

Proof. We choose wy = lyu, and w; = (I; — [;_1)u for 1 < [ < L, where [; is a Clément
type quasi-interpolation operator. Then

1Ay willo = My (u = L) llo + 1y (w = Lioyw)llo = [lull.
If we consider hg to be a constant, then ||hy wollo < |Jul| 4. O

Remark: If the coarse grid 7 is already fine, i.e., it is not appropriate to consider hg
to be a constant, one should use Dq(.,.) = A(.,.). Then, hy does not enter the generic
constant c.

Lemma 21. There holds
Jull% = Lilull?,

Proof. Follows from Lemma 9. Since |lu|[a < ||w]|p, implies g;; < 1, and G € RE*E] the
spectral radius p(G) is bounded by cL. O

The above, quite simple, norm estimates depend on the number of levels L. This might
be acceptable for the analysis of preconditioners, since, in practice, the number of levels is
not too large (maybe, 5 to 10). But, it is not optimal. An improved analysis can remove
the factors L in both estimates. This allows to push the number of levels to infinity, and
prove theorems about H!.

Theorem 22. Let {7;} be a familiy of quasi-uniform triangulations of mesh-sizes hy ~ 27¢.
Let V; be the piece-wise linear finite element space. Then there holds

lully = llulle Vo€V (21)

Proof. We will establish the sharper estimate for the coefficients of the interaction ma-
trix G-
A(u,v)

< ,y\i—ﬂ (22)
||Dj

gij = sup

J

for some v € (0,1). Then, the row sum (and thus, the spectral radius), is bounded

independently of L:
T
J€Z -
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Assume that ¢ < j, and choose u; € V; and v; € V. Define the union of edges at the
coarser grid
E=U0T :T €T,

First, we verify
A(uj,w) =0 YweV st. w=00né&

by integration by parts: (Vu;, Vw) = > (=Au, w) 1) + (Ontt, W) pyom) = 0.
Next, define the fine-grid finite element function v; € V; as

- vj(x) x a vertex in &;
0 x a vertex not in &;.

Since v; — v; = 0 on &;, there holds
A(UZ’, Uj) = A(U“ ’5])

Define the strip
Sij:UY}:TjE’]}andeﬂ&#@.

There holds o
‘S”ﬂﬂl §C2J7’L|ﬂ‘ VTzEZ

Using the above observations, and the fact that Vu; = const on each T;, we estimate

Auz,vy) = Alug, 05) = Z(Vui,V@j)Lg(sijmT)
TeT;

1/2 ~ 1/2
T T

i—j 1/2 ~ 1/2
2 ])/Q{Z ||Vui||%2(T)} / {Z ||ij||%2(sijmT)} /
T T

VNV w1,V £,

W | L, 155 2

IN

PN

A TATA

V0 il b Mgl 2,

12

A il by lvs b,

]

For the reverse estimate, ||ul|c < ||u||4, we will improve the estimates onto the decom-
position Y h; ?(|(Z; — I,—1)ul|3,. Some of the terms will depend more on the smooth parts
of u, while other terms will depend more on the high frequency part. The idea is similar
to Fourier decomposition of w.

We define the so-called K-functionals, Kq : RT x H'(Q) — R as

Kot = nf =l e+ E 10l
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For rough functions u € Ly, there is the trivial bound K (¢,u) < ||ul|z,, and for smooth
functions, there tholds K (t,u) < t|lu|gz. The asymptotic decay as ¢t — 0 is a measure of
smoothness.

Let I; : Ly — V be quasi-interpolation operators preserving locally linear polynomials.
Since for arbitrary v € H? there holds

(2 = Li-y)ullZ, (7 = L) (u = W)L, + (7 = a7,

=
2w =l + R le,

if follows that
(L — Ly)ull7, = K(hi,u)?,

and, after summation,
lulle: =Y B = Dea)ullz, =) by 2K (R ).

Lemma 23. Let Q be a Lipschitz domain. For vy € Rt \ {1} there holds

Y K ) =Vl (23)
leZ.
Proof. First, we verify estimate (23) for the domain 2 = R? by Fourier analysis. Let
a(€) = (2m) 12 / e (1) da.
Rd
Then ||ullL, = ||@]L,, |Vullz, = ||I€]@]|L,, etc. The K-functional is
: L . 1/2
K(t,u) = inf {[|a—olz, + &g *ollz,} 2
The global optimization splits into the one dimensional, quadratic minimization problems
[ (&) — 0(&)* + t2|€]*9]?, which solution is taken at

1
0(§) = Wﬁ(f)’

and takes the value

t1¢l*

Integrating & over R?, one obtains

2| ¢4
K(ta? = [ s R de
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The quantity of interest is

) ey
SoKehe = 3 [ i@ Pae

leZ leZ

7€ 215 ()12
< 6p{ = 2,|§|4} JAGEGIRE

The second factor is exactly |[Vu||?, the first factor is bounded by a constant. To prove
this, let lp € R such that v~ = [£|2. Assume |y| > 1. Then, the first factor is

1—lo
D I D
= < + <
2(1—1 lo—1 1=l 1=l lo—1 _
ZGZ1+7( v ez VT s = -1
Thus, we have proved
> v Kga(y!, w)? < | Vull}, g (24)

leZ

We are left to prove estimate (23) on the Lipschitz domain Q. Let E : HY(Q) — H'(R?)
be a continous extension operator (which is available for Lipschitz domains). From

Kot = nf {lu= ol e+ El0lnm

< b {]|Bu—vl[g, e + 20l

vEH?2(RY)
= KRd(t, EU,),

together with (24), there follows estimate (23). O

Theorem 24. On Lipschitz domains Q, spaces V.= H'(Q), and quasi-uniform triangula-
tions {T;} of mesh-sizes h;y = 27, there holds the norm estimate

Julle 2 llulla  Yue Vi

Proof. Follos immediately form the collected results above:

L L
lallE <>k = Lea)ullz, =) b 2K (R, w)? = [Vl
1=0 =0
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4.3 Analysis of the multigrid V-cycle

In this section, we analyse the multiplicative version of the multi-level iteration. This is
the popular V-cycle multigrid iteration.

Theorem 25. Assume that there exists s.p.d. bilinear forms El(., ) Vix Vi — R sucht
that

e The smoothers are properly scaled:

[villa < llvillp,  Yvi € Vi (25)

e The smoothers are bounded by the forms Dy(.,.):

[villp; = llvills, Vi€ Vi (26)

e There exists v € (0,1) such that
Alui o) A Muillallogls,  YweViVuy eV0<i<j<L  (27)
e The lower bound of the ASM preconditioner with 51(., .) is uniform in L:
L o~
lucld = AD; Aug,ug)  Yup €V (28)
i=0
Then the convergence rate of the multigrid V-cycle is independent of the number of levels,
1.€.
I(1=Dg'A)...(I = DM AT = Dy ' A)[a < C, (29)
with C € (0,1) independent of L.
Some comments:
e The idea of introducing 55 is to compare the smoother D; with a simple smoother
D;.
e Assumption (27) is proven as in the proof of Theorem 22. One inverse inequality is
skipped.
e Condition (28) follows form Cagys =< A, which implies A(C'j&,,Au,u) > A(u, u).

Proof. We define per induction

M,l - [
M; = (I-D/'A)M;_;, 0<i<L.
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The goal is to estimate
A(Mpu, Mpu) < CA(u,u),

with C' € (0,1). This is equivalent to
A(u,u) = A(u,u) — A(Mpu, Mpu). (30)
The inductive definition of M; immediately gives (for 0 <1 < L)
M;_y — M; = Dy "AM, 4,
and

A(Ml_lu, Ml_lu) — A(Mlu, Mlu)
= A((QD;lA — DlilADlilA)lelu, Ml,ﬂi)
> A(D;PAMqu, My ). (31)

The last inequality follows from A < D;.
Using the ASM estimate

1Au w)

Mh

1=0
rewriting (30) as telescopic sum and substituting (31),

L L
A(u, u)—A(Mpu, Mpu) = ZA(Ml,lu, M;_yu)—A(Myu, Myu) > Z DflAMl,lu, M;_qu),
1=0 1=0

reduces the proof to verify

ZA D Au, ) Z l_lAMl_lu,Ml_lu). (32)

1=0 =0
The left hand side is bounded by ((a + b)? < 2(a? + b?)):

L L
> A Auu) <23 T AD AMy_yu, My_qu) +2) " A(D AL = My, (I— Mi_y)u).
=0

=0

The first term is simply bounded by D, ' < D,. The key point to handle the second
term is to bound the interaction of the correction on level [, with smoothing on coarser
levels. We telescope I — M;_q, namely

-1 -1
[ - lel = M,l - lel = ZMj,l - M] - ZD;lAMj,1

Jj=0
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Inserting this expansion into the second term above, we obtain

L L I-11-1
> ADAL = Mizy)u, (T = Myyu) = A(D;'AD;YAM;_yu, D AMy ).

1=0 1=0 j=0 k=0

x~
I

To simplify the notation, we introduce w; := Dj’lAMj,lu eV
The next, intermediate step is to bound

A(D; Awy, wy) =y w; || ay' ™ w4
This follows by Cauchy-Schwarz w.r.t. the spd form A(ﬁf 'A.,.), and assumption (25)
A(D; M Awj, w; ) 2 A IID w5, [wslla = ' AD Aw, wi) Y [l a,
——
eV eV

and dividing one factor completes the step.
We continue

L L 1-11-1
> ADAT = Myi_y)u, (I = Mi_y)u) =) A(D; Y Aw;,wy,)
=0 =0 j=0 k=0

L 1-11-1
=Y Y wgllallwel 4

N
Il
o
<
Il
o
—
Ll
-
|
L

VY Mlws %+ Nlwnl%

IA
=
\}

T I
(]

Mh
™
g

D

—
-4
bl

Il
o

YR w14

1=0 j=0 k=0
L 1-1 1-1
< D AT g,
1=0 j=0 k=0
L-1 L
I—j 2
< Y Al
Jj=0 l=j+1
L1 L1
= lw;l5, = Z |D; P AM;ul|3,
7=0
L1
= A(D;lAMj,lu, Mj,1U)
=0
This is the right hand side of (32), and thus, the proof is complete. ]
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5 Multigrid analysis based on Smoothing and Ap-
proximation

A different approach to multigrid analysis is the Hackbusch theory based on the smooth-
ing property and the approximation property. Here, just the interaction of two levels is
explored.

Consider a multiplicative 2-level method. One step is the coarse grid correction

(I - Pllil)v
the other one consists of m smoothing steps
(I — DA™

If D, is properly scaled, then both steps are non-expansive. We will show that under

regularity assumptions the product is a contraction. We consider second order problems.
There holds ||.||4 = |||z, and ||.||p = A7 ||| L,

Lemma 26 (Approximation property). If the underlying pde provides the full reqularity
shift theorem (||u|lgz = || fllz,), then the approximation property is fulfilled:

lus — P2 wi|p, =< ] a-

Proof: Follows from Aubin Nitsche lemma, and the scaling of the smoother ||w|p, <
il 5

The coarse grid correction step is measured in |[|.|[4_p. Accordingly, the smoothing
steps are measured in ||.||p_4:

Lemma 27 (Smoothing property). Assume that o(D;'A) C [0,1]. Then
1 am 1

10— DAy il < o, (33)

Proof. The estimate is rewritten as
1 i\2m 1
(DT = DAY M, w)p < ol

Since D;'A is self-adjoint in (.,.)p, so is also D™*A(I — D; ' A)*™, and one can apply
spectral theory:

|IDPA(I — D7 YA |p < sup  a(l —a)®™,
aGO'(DflA)

The maximum of a(1 — a)?™ on [0,1] is attained at @ = 1/(1 + 2m), and is less than
1/(2m). ]
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5.1 V-cycle analysis with full regularity

The V-cylce analysis needs the stronger full-regularity assumption than the multi-level
type analysis, but, the result here is also stronger: More smoothing steps improve the rate
of convergence. The following theorem is due to Braess-Hackbusch:

Theorem 28. Assume that
[ = Py, < Cllwly  YueVi 1<1< L. (34)
Then

C
C+2m

(1= Dy Ay ...(1 = D Ay |}4 <
Proof. Define S; = I — D; ' A and
MO =1 and Ml = Ml,15l7n

Observe that
D' Av =10 Vo eV :vlaV,

and thus
M(I — P =(I- P

Now, we prove by induction
A(Myug, Myw) < 6A(w,w) YV €V,

where § = C'/(C' + 2m). The hypothesis is true for | = 0 since Dy(.,.) = A(.,.). Now,
assume that the hypothesis is true for [ — 1. Then

Ml = [IMi-aSul% = [|Mia (1 — P2+ B STl
= [|Mia(1 = PL)STull% + | Mi-1 Py STl
+2(Mi1 (I = P2,) S u, My Py S"u) 4
= (I = BE)Sull% + | Mia Py STl .

The last step is due to M;_1 : V;_y — V,_y, and M;_;(I — Plél) =(I- Plfl). We continue
by using the induction hypothesis

1Myl < I = PR S ully + Ol P Sl
= (1= = Pa) S ull% + 01| S ully

Next, we establish the smoothing+approximation result

m C m
I Pro)S7aly < 5 (hully — 157l

33



I = PSP ully = Di(( = A1) Si"u, Dy P AS] )
I(Z = Pie1) S/ ullp || Dy S/l p,

<
< VO|(I — Py)S{™ul| al| Dy AST | -

We used that (I — P,_;) is a projector, and assumption (34). Dividing one factor gives

I(T = Py)Siull < C D7 ATl

Again, using spectral theory (a*(1 — a)*™ < (2m)~*(a — a(1 — a)*™) we obtain

- m 1 m
1D A ullp, < 5= (llull’ = 157 ul2),

and thus the statement. We conclude the proof by

C
o (lull = 1S ul%) + 8l Sl

C(1—6 O(L—6).,
= O s - LDy

= Ofull%-

[Mully < (1-9)

6 Multigrid analysis with partial regularity

The goal of this chapter is multigrid analysis under partial regularity. We will consider
the variable V-cycle, and the classical W-cycle. The results are weaker in comparison to
Section 4.3 since the spaces and/or forms are not necessarily nested.

6.1 Interpolation spaces

Let Vy and Vj be two Hilbert spaces with compact embedding V; C V5. Then the eigen
value problem

(z5,0)v, = A} (24,0)v; Yvel (35)
leads to a sequence of eigen values \; — co. The eigen vectors are normalized in || - ||v,-
They form an orthonormal basis in Vj, and an orthogonal basis in Vj. There holds for
u €V

U = Z(ua xi)VOxia
i=0
and -
lullfy =Y (u,2.)3,
i=0
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If uw € Vi, then
lullfy =D A2, 23,
i=0

For s € (0,1), we define the interpolation norm (Hilbert space interpolation)

[e.e]

all? = Nullfi v, = Y A (@), (36)

i=1
and the (Hilbert) space
V= [Vo,Vi]s == {v € Vo : [Jvlls < oo}
It is interesting to consider operators between spaces and interpolation spaces:

Theorem 29. Let Vi C Vg (compact) and Wy C Wy (compact). Let T : Vo — Wy, linear,
with norm | T||o = |T||ve—wy, as well as T : Vi — Wy with norm | T||y = |T'||v,—w,. Then

T:Vi— W,

and

Iy, < ITHo~ 17115

The proof will use the real method of interpolation and is given below.

A different approach to interpolation spaces is the so called real method of interpolation
based on K-functionals. This is defined for Banach spaces. Let B; C By be Banach spaces.
The K-functional K : R™ x By — R is defined as

K(tu) = inf {[lullB, + *[|usll5,}"*.

u=ug+u
u; €EVy

Note that K(t,u) < ||ullg,, and K(t,u) < t|jul|p, for u € By. The decay of K(t,u)
for ¢ — 0 can be used to measure the smoothness of u. One possibility is to define the
interpolation norm is

llullB, o :=supt *K(t,u).
>0

Other weightings are possible (1 < p < 00):

00 1/
B, = ( / P KP(t,u) dt/t)

0
Note that K(t,u) ~ K(ct, u) there holds for fixed v € R\ {1}

o (S P = S

kEZ

[l

[

This interpolation norm has been used already in Section 4.2 with s = 1/2 and p = 2.

If B; are Hilbert spaces, and p = 2, then both methods of interpolation coincide:
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Lemma 30. Let Vi C Vi (compact) be Hilbert spaces. Define ||ul|s as Hilbert space inter-
polation norm (36). Then

HUHS = CSHU| Bs,2

with Cy = ([;°(t7%)/(t* + 1) dt)~'/? = \/2/7 sin(ws).
Proof. There is
K(t,u)® = inf {[lu—wlfy +¢[lu]?}-
u1€Vy
With u = ) a;x; and uy = ) b;x; there holds
lu = walf3y + Iy =Y (@i = bi)* + £2A207].

We choose b; to minimize (a; — b;)? 4+ t2A20?, which is b; = a;(t*A? + 1), Hence

K2(tu) =Y 2NN + 1) a}.
=1
Now,

/ 2Rt u)dt )t = 2/ tIBN2(202 1)L dta?
- > / PSRN 4 1)) Al

— Z </oo 725 (r 4 1)_1d7> a7
0

%
= C7|ullg
O

Lemma 31. Let B; C By and El - Eo be Banach spaces. Let T : B; — El-, linear, with
norm C; := ||T||l;. Then T : By, Bilsp — [Bo, Bilsp with norm

ITlsp < CoCH-

Proof. For u = ug + uy, also Tug + Tuy is a proper decomposition of Tu. Thus

e ~ 1/p
b = ( / t*SPK(t,Tu)pdt/Q
0

[Tl

o 1/p
< (/ ik ([Tl + 2w 3,371

0 u=ug+u 0 1

o . 1/p
< ([ e it (Cluoll, + £CEwl, )

1/p

- o / (Crt/Co)™ it {fuollh, +12C}/Cllur[3, }/%dt/t)

1/p

= cier( [ o it (lal, + vl )
0 u=ug+ui
= Cy;*C%||ul

Bsp+
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The excursion to the real method of interpolation proofs Theorem 29:

Proof. of Theorem 29: Let u € V. Then

ITulls = Cull Tulls,, < CsCo"CF|lul

$,2 —

B2 = Co "Cilulls

6.2 Finite element analysis in interpolation spaces
The fractional order Sobolev spaces H* = H*+® are interpolation spaces
H** = [H* H*),,  a€(0,1).

A symmetric, second order elliptic problem Lu = f on non-convex domains fulfulls (typi-
cally) a partial regularity shift theorem

[ullia < 1Fl-11a- (37)

The rate of convergence in fractional order Sobolev spaces is obtained immediately by
interpolation.

Lemma 32. There holds the a priori estimate
Ju—unlly 2 A |ufli4a

Proof. Let P, : H' — V), be the energy projector into the finite element space. The
coprojection I — P, is a linear operator from H' into H!, and also from H? into H'. The
norms are

12 = Pl < 1,

and
(I — Pp)||lgrz—mr < h.

Thus, there follows by interpolation
H(I - Ph)HHlJraﬂHl =< h“.
O

Lemma 33 (Aubin-Nitsche technique in fractional Sobolev spaces). Assume that
the shift theorem (37) is available. Then there holds

HU — PhUHHl—a j haH'U/HHI (38)
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Proof. Pose the dual problem
a(p,v) = g(v) with 9(v) = (u = up, v)1-0.
There holds

||gHH_1+a = Sup ﬂ — Sup w —_— Hu J— uhHHl—@'
veri-o [Vlica  vemi-a  [li-a
Choose v = u — uy, to obtain
lu—uplli_, = ale — Pup,u—un) < ||(1 = Bu)gllillu— unl

< B¥lellirallu = unlly < A9l 1vallu = unlly
= h%lu = unlli-allu — unls-

0]
6.3 Multigrid analysis with partial regularity assumption
The smoothing iteration S; = I — Dl_lA : Vi — Vj fulfills the norm estimates
157" ulla < [lulla
and ]
IS ulla < 5 -l
By interpolation, there follows (with o € (0,1)):
" 1
157" ulla < WHUH[A,DZ]Q-
Lemma 34. There holds
m 1 —Q
157l = e~ o (39)

Proof. Note that, (H®, || - ||z+) is defined as interpolation space between Ly, and H'. The
norm is different to the interpolation norm between (Vi, || - ||z,) and (Vi, || - ||z1). Let I; be
a Clément-type quasi-interpolation operator being a projection on V;. Then

1S hulla < [Mrulla = flul

and ] ) )
-1 -1
15" Trulla < o —lTwullp = o —hy [ Hrullz, = 5 —hylullr,
Now, using interpolation, there follows [|.S]"[jul|a < wh_aﬂuﬂmm. In particular, the
estimate is true for u; € Vj, where the interpolation operator I; vanishes. O
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Theorem 35 (Two-Grid Convergence). Assume that the shift theorem (37) is valid.
Then the norm of the two grid iteration

Ml,2g = Slm(f - Plél>

15 bounded by
[Miglla < em™.

Proof. Combine smoothing property (39) and approximation property (38):

1S = P < 1S o |7 = PR | m—i-a < em™
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6.4 W-cycle analysis
Define the W-cycle multigrid iteration 4, = Mg;(uy, f;) by o = Ay ' fo, and, for i = 1,... L,

uf = u Tt + DN — Ayt k=1,...m (presmoothing)
w, = 0
dii = B (fi—Aw)

wy = w Mg (wiy,di),. . k=1,2 (2coarsegridcorrectionsteps)
ut = u + Bl

uf = ut+ DI — Ayt k=m+2,...k=2m+1 (postsmoothing)
Then, the iteration operator M fulfills the recursive definition
M, = S[M(I — E(I — M)A ENA)S™

Theorem 36 (W-cycle analysis). Assume that the two-grid iteration matriz is bounded
in some norm .||y,

[ Mia]lvi < € <7

and assume that the smoother is non-expansive in the same norm, i.e.,
[Silvi < 1.
Then, the norm of the W - cylce multigrid iteration is bounded by

1M <7
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