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NUMERICAL ANALYSIS FOR A MACROSCOPIC
MODEL IN MICROMAGNETICS∗

CARSTEN CARSTENSEN† AND DIRK PRAETORIUS‡

Abstract. The macroscopic behavior of stationary micromagnetic phenomena can be modeled
by a relaxed version of the Landau–Lifshitz minimization problem. In the limit of large and soft
magnets Ω, it is reasonable to exclude the exchange energy and convexify the remaining energy
densities. The numerical analysis of the resulting minimization problem,

minE∗∗
0 (m) amongst m : Ω → R

d with |m(x)| ≤ 1 for almost every x ∈ Ω,

for d = 2, 3, faces difficulties caused by the pointwise side-constraint |m| ≤ 1 and an integral over
the whole space Rd for the stray field energy. This paper involves a penalty method to model the
side-constraint and reformulates the exterior Maxwell equation via a nonlocal integral operator P
acting on functions exclusively defined on Ω. The discretization with piecewise constant discrete
magnetizations leads to edge-oriented boundary integrals, the implementation of which and related
numerical quadrature are discussed, as are adaptive algorithms for automatic mesh-refinement. A pri-
ori and a posteriori error estimates provide a thorough rigorous error control of certain quantities.
Three classes of numerical experiments study the penalization, empirical convergence rates, and
performance of the uniform and adaptive mesh-refining algorithms.
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1. Introduction. Numerical simulations of stationary micromagnetic phenom-
ena are most frequently based on a mathematical model named after Landau and
Lifshitz [2, 11]. Therein, one minimizes the energy functional

Eα(m) :=

∫
Ω

φ(m) dx−
∫

Ω

f · m dx +
1

2

∫
Rd

|∇u|2 dx + α

∫
Ω

|∇m|2 dx(1.1)

over some admissible vector-valued magnetizations m : Ω → R
d on the magnet Ω;

m(x) := 0 for x ∈ R
d\Ω. Moreover, φ ∈ C∞(Rd; R≥0) denotes the anisotropy density

(it models material properties on a crystalline level), f ∈ L2(Ω; Rd) denotes an applied
exterior magnetic field, α ≥ 0 is the very small exchange parameter, and u is the
magnetic potential related to m by Maxwell’s equation

div(−∇u + m) = 0 in D′(Rd).(1.2)

The model description is completed by a nonconvex side-constraint given by the point-
wise length condition on the magnetization vector, namely,

|m(x)| = 1 for almost every x ∈ Ω.(1.3)
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Any of the summands in (1.1) favors another property of an energy-minimizing mag-
netization. First, uniaxial materials such as cobalt allow the uniaxial anisotropy
energy

φ(x) =
1

2

(
1 − (x · e)2

)
for all |x| = 1(1.4)

with given easy axis e ∈ R
d, a fixed unit vector, which favors magnetizations m aligned

with e. Second, the exterior energy favors magnetizations m aligned to the exterior
field f . Third, the magnetic energy vanishes for divergence-free magnetizations, as
seen in (1.2); notice that (1.2) involves a boundary condition [∂u/∂n] = −m · n for
the jump [·] on ∂Ω, where n denotes the outer normal vector on ∂Ω. Fourth, the
exchange energy penalizes changes in the magnetization m and so yields Weissian
domains and rapidly changes at the Bloch walls between those.

The macroscopic material behavior for large and soft magnets, however, is con-
served in the case α = 0. Then, the model lacks classical solutions in general [12] and
hence has to be relaxed by considering measure-valued solutions [17] or by convexifi-
cation [6, 21]. Notice that the convexified problem is the mathematical foundation of
the so-called phase theory [11, p. 184].

Throughout this paper, the focus is on the numerical approximation of macro-
scopic quantities such as the magnetic potential u or the space-averages of the mag-
netization vector m. In fact, in a certain limit configuration of soft-large bodies,
α → 0, and then E0 is the correct model with generalized solutions. The well-posed
macroscopic values of E0 are u and m, which minimize the convexified model E∗∗

0 .
We refer to [6, 21] for justifications of this and the proof of

E∗∗
0 (m) :=

∫
Ω

φ∗∗(m) dx−
∫

Ω

f · m dx +
1

2

∫
Rd

|∇u|2 dx(1.5)

with the side-constraint (1.2) and

|m(x)| ≤ 1 for almost every x ∈ Ω.(1.6)

Here, φ∗∗ is the convexified density defined by

φ∗∗(x) = sup
{
ϕ(x)

∣∣ϕ : R
d → R convex and ϕ|S ≤ φ

}
for |x| ≤ 1,

where S =
{
x ∈ R

d
∣∣ |x| = 1

}
denotes the unit sphere. Then the relaxed problem (RP )

reads as follows:

Minimize E∗∗
0 (m) over A :=

{
m ∈ L∞(Ω; Rd)

∣∣ ‖m‖L∞ ≤ 1
}
.

In contrast to the ill-posed problem E0, its convexification is well-posed. In particular,
the minimum of E∗∗

0 (A) is attained in A.
The numerical analysis of the model in [5, 20] considers d = 2 only, replaces the

entire space R
d in (1.2) by a bounded Lipschitz domain Ω̂ containing Ω, and solves

for u ∈ H1
0 (Ω̂). The potential u is discretized by a nonconforming uh and a piecewise

constant mh on Ω. The choice of uh as a conforming, piecewise affine, and glob-
ally continuous finite element scheme leads to instabilities [5, 20]. In this paper, we
treat (1.2) exactly via an integral representation, i.e., u = Lm with a linear convolu-
tion operator L and Pm := ∇(Lm); cf. Theorem 2.1. The algorithmic realization of
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P is less obvious and discussed in subsection 4.1. The advantage is that the result-
ing model requires only one discretization, e.g., by piecewise constant approximations
mh. Those allow exact fulfillment of the side-constraint |mh| ≤ 1 involved approxi-
mately by a penalization procedure. The resulting discrete minimization problem is
to minimize

E∗∗
ε,h(mh) :=

∫
Ω

φ∗∗(mh) dx−
∫

Ω

f · mh dx +
1

2

∫
Rd

|Pmh|2 dx(1.7)

+
1

2

∫
Ω

1

ε
(|mh| − 1)2+ dx

over all T -piecewise constant magnetizations mh ∈ L0(T )d, where T is a partition
of Ω. According to the a priori error analysis, the T -piecewise constant penalization
function ε ∈ L0(T ; R>0) will be a power of the local mesh-size later on. It turns
out that the error analysis of [5] essentially carries over to the situation presented in
section 3 and generalizes to d = 2, 3.

The remaining part of the paper is organized as follows: Section 2 states the
Euler–Lagrange equations related to (RP ) and gives an alternate proof of the unique-
ness of the solution of (RP ) in the uniaxial case. The discrete problem (RPε,h) is
formulated and unique existence of discrete solutions is discussed. Section 3 presents
the assertion and proofs of a priori and a posteriori error estimates. Section 4 dis-
plays details on a possible implementation: the computation of a discrete solution
by a Newton–Raphson scheme (subsection 4.1), an indicator-based adaptive mesh-
refinement (subsection 4.2), the implementation of the proposed refinement indica-
tors (subsection 4.3), and the efficient realization of the involved integral operator
P by an H-matrix approach (subsection 4.4). Sections 5–7 report on the results of
careful numerical studies. The first and second examples provide a closed formula for
the smooth and nonsmooth exact solution with a computable error ‖m − mh‖L2(Ω).

Empirical evidence supports the choice of the penalty parameter ε = h3/2 and the
superiority of adaptive mesh-refining strategies over uniform meshes. The real-life sci-
entific computing in section 7 with unknown solution shows, very much in surprising
contrast to [5], that almost no local mesh-refinement is required.

2. Preliminaries. This section is devoted to the Euler–Lagrange equations re-
lated to (RP ) which characterize the minimizers and introduces the proposed dis-
cretization by a penalization strategy. For (RP ) and the discrete problem (RPε,h) we
prove unique existence of solutions in the uniaxial case.

The magnetic potential is modeled via a Newton integral representation as in [14,
13]. The subsequent theorem gathers the required properties of the respective integral
operator. Proofs can be found in [19] although we expect that the result is known
to the experts. The Newtonian kernel G : R

d\{0} → R is defined by

G(x) :=

{
1
γd

log |x| for d = 2
1

(2−d)γd
|x|2−d for d > 2

for x �= 0,(2.1)

where the constant γd := |S| > 0 denotes the surface measure of the unit sphere.
Theorem 2.1. Given any m∈L∞(Ω; Rd), there exists (up to an additive con-

stant) a unique magnetic potential u = Lm ∈ H1
�oc(R

d) such that

∇u ∈ L2(Rd; Rd) and div(−∇u + m) = 0 in D′(Rd).(2.2)
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The (extended) operator P : L2(Rd; Rd) → L2(Rd; Rd),m 	→ ∇(Lm) is an L2 orthog-
onal projection. The potential Lm can be represented as a convolution operator

Lm =

d∑
j=1

∂G

∂xj
∗ mj ,(2.3)

where m = (m1, . . . ,md) is trivially extended (by zero) from Ω to R
d (so that the

convolution is formally well-defined).
Remark 2.1. For d = 3 it can be shown that the convolution Lm from (2.3)

already is in H1(Rd). Further details on the case m ∈ Lp(Rd; Rd) for 1 < p < ∞ are
found in [19].

Since the energy functional E∗∗
0 from (1.5) is convex and (Gâteaux-)differentiable,

the minima are equivalently characterized by the corresponding Euler–Lagrange equa-
tions [6]. Thus, problem (RP ) reads as follows: Find (λ,m)∈L2(Ω)×L2(Ω; Rd) such
that

Pm + Dφ∗∗(m) + λm = f a.e. in Ω,(2.4)

λ ≥ 0, |m| ≤ 1, λ(1 − |m|) = 0 a.e. in Ω.(2.5)

Remark 2.2. For the uniaxial model case (1.4), direct calculations show φ∗∗(x) =
1
2

∑d
j=2(x · zj)2, where e ∈ R

d is the easy axis and {e, z2, . . . , zd} is an orthonormal

basis of R
d. Thus, Dφ∗∗(x) =

∑d
j=1(x · zj)zj .

Theorem 2.2. Problem (RP ) has at least one solution (λ,m). For any two
solutions (λ1,m1), (λ2,m2) of (RP ), the magnetic potentials coincide (modulo an
additive constant), Lm1 = Lm2. In the uniaxial model case (1.4) the solution is
unique, i.e., (λ1,m1) = (λ2,m2) a.e.

Proof. Existence of solutions of (RP ) is obtained by the direct method of the cal-
culus of variations. For any solutions (λj ,mj) of (RP ) and δδδ = m2 −m1, (2.4) yields

〈Pδδδ ; δδδ〉L2(Ω) + 〈Dφ∗∗(m2) −Dφ∗∗(m1) ; δδδ〉L2(Ω) + 〈λ2m2 − λ1m1 ; δδδ〉L2(Ω) = 0.
(2.6)

By orthogonality of P, we have 〈Pδδδ ; δδδ〉L2(Ω) = ‖Pδδδ‖L2(Ω) ≥ 0. Further, convexity
yields that the second term in (2.6) is nonnegative. Direct calculation shows the same
for the last term [5, Proof of Theorem 2.1]. Thus, all three terms vanish. Hence,
Pδδδ = 0; i.e., the potentials coincide and moreover δδδ is (weakly) divergence free in R

d

by definition of P (and L); see (2.2) in Theorem 2.1.
In the model case we may assume that the easy axis e = e1 is the first standard

unit vector. The vanishing second term in (2.6) shows that δδδ vanishes in all but the
e1 direction. Now we use a standard mollification argument: For any test function
ψ ∈ D(Rd), we have ψ ∗ δδδ ∈ D(Rd) with 0 = ψ ∗ (divδδδ) = div(ψ ∗ δδδ) = ∂(ψ ∗ δδδ)/∂x1.
Hence ψ ∗ δδδ is constant in the e1 direction and must therefore vanish. This shows
δδδ = 0. From (2.4) and (2.5) we infer that λj is uniquely determined by (mj , f).
Therefore uniqueness of mj implies uniqueness of λj .

Let T = {T1, . . . , TN} be a finite family of pairwise disjoint nonempty open sets

Tj which satisfy Ω =
⋃N

j=1 Tj . The space of all T -piecewise constant functions is

denoted by L0(T ), and h ∈ L0(T ) is the mesh-size function, h|T := hT := diam(T ).
For f ∈ L2(Ω), let fT ∈ L0(T ) be the T -piecewise integral mean given by

fT |T :=
1

|T |

∫
T

f dx for all T ∈ T .
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The map (·)T : L2(Ω) → L0(T ), f 	→ fT is the L2 orthogonal projection.
The discrete problem (RPε,h) reads as follows: Given a penalization parameter

ε ∈ L0(T ) with ε > 0, find mh ∈ L0(T )d such that

〈Pmh + Dφ∗∗(mh) + λhmh ; νννh〉L2(Ω) = 〈f ; νννh〉L2(Ω) for all νννh ∈ L0(T )d,(2.7)

where λh ∈ L0(T ) is defined by

λh = ε−1 (|mh| − 1)+
|mh|

with (·)+ := max{·, 0}.(2.8)

Remark 2.3. Problem (RPε,h) are the Euler–Lagrange equations of the minimiza-
tion problem related to the convex functional from (1.7) and the finite-dimensional
space A = L0(T )d. Thus, the existence of solutions of the discrete problem (RPε,h)
follows by the direct method of the calculus of variations.

Theorem 2.3. The discrete problem (RPε,h) has at least one solution. For any
two solutions (λ1,m1), (λ2,m2) of (RPε,h), the magnetic potentials Lmj coincide.
In the uniaxial model case (1.4), we have uniqueness of the discrete solution, i.e.,
(λ1,m1) = (λ2,m2).

Proof. The same proof as for Theorem 2.2 applies for the discrete setting as
well.

Remark 2.4. (a) If the elements T ∈ T are rectangular, it can easily be shown that
(independent of φ∗∗) the solution (λh,mh) of (RPε,h) is unique. The easy proof just
needs that for two discrete solutions (λ1,m1), (λ2,m2) the difference δδδ := m2 −m1 ∈
L0(T )d is (weakly) divergence free in R

d. Consider the set T ∗ :=
{
T ∈ T

∣∣δδδ|T �= 0
}

and Ω∗ :=
⋃{

T
∣∣T ∈ T ∗} and argue by contradiction: If T ∗ is not empty, we have

δδδ · n = 0 a.e. by the Gauss divergence theorem, where n is the outer normal vector
on ∂Ω∗. Using that δδδ is T ∗-piecewise constant, the contradiction easily follows.

(b) The preceding argument applies to more general (but not all) triangula-
tions T .

3. A priori and a posteriori error control. This section provides an a priori
and a posteriori error analysis for the proposed discrete scheme (RPε,h) with or with-
out a further monotonicity assumption (3.4) on φ∗∗ valid in the uniaxial case (1.4).

Theorem 3.1. Let (λ,m) and (λh,mh) solve (RP ) and (RPε,h), respectively.
Then

‖Pm − Pmh‖2
L2(Rd) + 2〈Dφ∗∗(m) −Dφ∗∗(mh) ; m − mh〉L2(Ω) + ‖

√
ε λhmh‖2

L2(Ω)

≤ 3‖m − mT ‖2
L2(Ω) + ‖Dφ∗∗(m) − (Dφ∗∗(m))T ‖2

L2(Ω) + ‖λm − (λm)T ‖2
L2(Ω)

+ ‖
√
ε λm‖2

L2(Ω).

(3.1)

(Note that according to convexity, the second term on the left-hand side is also non-
negative.)

Proof. To abbreviate notation, define d := Dφ∗∗(m) and dh := Dφ∗∗(mh). Using
the orthogonal projection P and the Cauchy inequality, we infer

‖Pm − Pmh‖2
L2(Rd) ≤

1

2
‖Pm − Pmh‖2

L2(Rd) +
1

2
‖m − mT ‖2

L2(Ω)

+ 〈Pm − Pmh ; mT − mh〉L2(Ω).
(3.2)
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According to the Galerkin orthogonality

〈Pm − Pmh + d − dh + λm − λhmh ; νννh〉L2(Ω) = 0 for all νννh ∈ L0(T )d,(3.3)

the last term in (3.2) may be written as

〈Pm − Pmh ; mT − mh〉L2(Ω)

= −〈d − dh ; m − mh〉L2(Ω) − 〈λm − λhmh ; m − mh〉L2(Ω)

+ 〈d − dh ; m − mT 〉L2(Ω) + 〈λm − λhmh ; m − mT 〉L2(Ω).

Since (·)T is an orthogonal projection, dh and λhmh may be replaced by dT and
(λm)T in the third and fourth terms. Pointwise evaluation [5, Proof of Theorem 4.3]
shows

−〈λm − λhmh ; m − mh〉L2(Ω) ≤
1

2
‖
√
ε λm‖2

L2(Ω) −
1

2
‖
√
ε λhmh‖2

L2(Ω).

Combining the last two results with two Cauchy inequalities, we conclude (3.1).
Theorem 3.2. Let (λ,m) and (λh,mh) solve (RP ) and (RPε,h), respectively,

and assume that there is a constant c1 > 0 such that, for all m1,m2 ∈ L2(Ω; Rd), the
following holds:

c1‖Dφ∗∗(m1) −Dφ∗∗(m2)‖2
L2(Ω) ≤ 〈Dφ∗∗(m1) −Dφ∗∗(m2) ; m1 − m2〉L2(Ω).

(3.4)

Then there is a constant c2 > 0 which depends only on c1 such that

‖Pm − Pmh‖2
L2(Rd) + ‖Dφ∗∗(m) −Dφ∗∗(mh)‖2

L2(Ω) + ‖λm − λhmh‖2
L2(Ω)

≤ c2

(
(1 + ‖ε‖L∞(Ω))

{
‖m − mT ‖2

L2(Ω) + ‖Dφ∗∗(m) − (Dφ∗∗(m))T ‖2
L2(Ω)

+ ‖λm − (λm)T ‖2
L2(Ω)

}
+ ‖ε‖L∞(Ω)‖

√
ε λm‖2

L2(Ω)

)
.

(3.5)

Proof. Use notation from the proof of Theorem 3.1. Direct calculation with
Galerkin orthogonality, orthogonal projections (·)T and P, and simple use of the
Cauchy inequality shows

‖λm − λhmh‖2
L2(Ω)

≤ 4
(
‖λm − (λm)T ‖2

L2(Ω) + ‖Pm − Pmh‖2
L2(Rd) + ‖d − dh‖2

L2(Ω)

)
,

(3.6)

whence the left-hand side of (3.5) ≤ 5× the right-hand side of (3.6). Assumption
(3.4) allows us to dominate the last two terms by Theorem 3.1, which leads to
c3
(
‖
√
ε λm‖2

L2(Ω)−‖
√
ε λhmh‖2

L2(Ω)

)
on the right-hand side with c3 := 5 max{1, c−1

1 }.
Elementary calculations for scalars a, b, c ∈ R show c (a2 − b2) = c (a + b)(a − b) ≤√

2 c (a2 + b2)1/2|a− b| ≤ c2 (a2 + b2) + |a− b|2/2, whence

c3
(
‖
√
ε λm‖2

L2(Ω) − ‖
√
ε λhmh‖2

L2(Ω)

)
≤ c23

(
‖ελm‖2

L2(Ω) + ‖ελhmh‖2
L2(Ω)

)
+

1

2
‖λm − λhmh‖2

L2(Ω)
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by pointwise application and integration over Ω. Finally, the second term is dom-
inated by ‖ε λhmh‖2

L2(Ω) ≤ ‖ε‖L∞(Ω)‖
√
ε λhmh‖2

L2(Ω) and a second application of
Theorem 3.1.

Remark 3.1. Theorem 3.2 applies in particular to the uniaxial case, where we
have equality with c1 = 1 in the monotonicity assumption (3.4).

Remark 3.2. Assume the monotonicity assumption (3.4) and that the exact so-
lution is sufficiently smooth. Whereas Theorem 3.1 leads to an estimate of order
O(ε1/2 + h) for the error ‖Pm−Pmh‖L2(Rd) + ‖Dφ∗∗(m)−Dφ∗∗(mh)‖L2(Ω), Theo-
rem 3.2 leads to O(ε+h). This favors the choice ε = h for the penalization parameter.

Remark 3.3. Note that the full L2 convergence of mh towards m could not be
proven, although it is observed in the numerical experiments. For the uniaxial case,
Theorem 3.2 yields the L2 convergence in all directions orthogonal to the easy axis;
cf. Remark 2.2.

Theorem 3.3. Let (λ,m) and (λh,mh) solve (RP ) and (RPε,h), respectively, and
assume monotonicity as in (3.4). Then

‖Pm − Pmh‖2
L2(Rd) + c1‖Dφ∗∗(m) −Dφ∗∗(mh)‖2

L2(Ω)

≤ (1 + 1/c1) ‖ε λhmh‖2
L2(Ω) + 2‖ε|λhmh|{(f − fT ) − (Pmh − (Pmh)T )}‖L1(Ω)

+ 2〈(f − fT ) − (Pmh − (Pmh)T ) ; m − mT 〉L2(Ω).

(3.7)

Remark 3.4. (a) In fact, the last term on the right-hand side of (3.7) is not
an a posteriori term but can always be dominated by an application of the Hölder
inequality and (1.6)

〈(f − fT ) − (Pmh − (Pmh)T ) ; m − mT 〉L2(Ω)

≤ 2‖(f − fT ) − (Pmh − (Pmh)T )‖L1(Ω),

where we used the side-constraint ‖m‖L∞(Ω) ≤ 1.

(b) For m ∈ W 1,∞(Ω; Rd) and C = CP ‖m‖W 1,∞(Ω), Poincaré’s inequality yields

〈(f − fT ) − (Pmh − (Pmh)T ) ; m − mT 〉L2(Ω)

≤ C ‖h{(f − fT ) − (Pmh − (Pmh)T )}‖L1(Ω).

Remark 3.5. We did not succeed in deriving an a posteriori bound for the a priori
term ‖λm − λhmh‖L2(Ω).

Proof of Theorem 3.3. Adopt notation from the proof of Theorem 3.1. By defini-
tion of the discretization scheme, we have

f − fT = (Pm − Pmh) + (Pmh − (Pmh)T ) + (d − dh) + (λm − λhmh) a.e. in Ω.
(3.8)

This and the elementary inequality [5, Proof of Theorem 5.2]

−〈λm − λhmh ; m − mh〉L2(Ω) ≤
∫

Ω

ε|λhmh| |λm − λhmh| dx

allow us to dominate the left-hand side of (3.7),

‖Pm − Pmh‖2
L2(Rd) + c1‖d − dh‖2

L2(Ω)

≤ 〈(f − fT ) − (Pmh − (Pmh)T ) ; m − mh〉L2(Ω) +

∫
Ω

ε|λhmh| |λm − λhmh| dx.
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In the scalar product, m − mh may be replaced my m − mT due to orthogonality
of (·)T . Inserting λm − λhmh from (3.8) into the integrand and serious use of the
Cauchy inequality yield the assertion.

4. Numerical algorithms. This section is devoted to the implementation of
(RPε,h) for the uniaxial case (1.4) in MATLAB. The discrete problem (RPε,h) leads
to a nonlinear systems of equations solved by a Newton–Raphson scheme. Subsec-
tions 4.2 and 4.3 describe an adaptive mesh-refinement based on refinement indicators
motivated by Theorem 3.3 and the practical computation of the refinement indica-
tors. The computation of both—the Galerkin element and the refinement indicators—
involves the integral operator P and hence leads to dense matrices. Subsection 4.4
gives
an outlook of their efficient approximation with an H-matrix approach.

4.1. Computation of the discrete solution mh. Given T = {T1, . . . , TN},
the set B :=

{
χTj

ek
∣∣ 1 ≤ j ≤ N, 1 ≤ k ≤ d

}
is a basis of L0(T )d, where ek denotes

the kth standard unit vector in R
d. The computation of a discrete solution mh =∑dN

j=1 μjϕj is done via a Newton–Raphson scheme. To abbreviate notation and fix a
numbering of the basis elements ϕ� ∈ B, let{

[j, 1] := j
[j, 2] := j + N

for d = 2 and

⎧⎨⎩
[j, 1] := j
[j, 2] := j + N
[j, 3] := j + 2N

for d = 3,

respectively, and for all 1 ≤ j ≤ N . Further let ϕ[j,k] := χTj
ek ∈ B. With x ∈ R

dN

and

mh =

N∑
j=1

d∑
k=1

x[j,k]ϕ[j,k],(4.1)

equation (2.7) is equivalent to the nonlinear system F(x) = 0 with

F : R
dN → R

dN , F� = 〈Pmh ; ϕ�〉L2(Ω) + 〈λhmh + Dφ∗∗(mh) − f ; ϕ�〉L2(Ω).

(4.2)

Thus, the discrete scheme needs the computation of the matrix

A ∈ R
dN×dN , Amn := 〈Pϕm ; ϕn〉L2(Ω) for basis functions ϕm, ϕn ∈ B.(4.3)

Provided all Tj ∈ T are bounded Lipschitz domains, the following lemma allows for
the exact computation of (4.3).

Lemma 4.1 (see [10, 19]). Let m, m̃ ∈ R
d and let ω, ω̃ ⊆ R

d be bounded Lipschitz
domains with outer normals n, ñ, respectively. Then A(χωm, χω̃m̃) := 〈P(χωm);
χω̃m̃〉L2(Rd) satisfies

A(χωm, χω̃m̃) = A(χω̃m̃, χωm) = A(χωm̃, χω̃m)

= −
∫
∂ω

∫
∂ω̃

G(x− y)(n(x) · m)(ñ(y) · m̃) dsy dsx.
(4.4)

Remark 4.1. In the context of the boundary element method, boundary integrals∫
E

∫
Ẽ

G(x− y) dsy dsx
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occur for the computation of the Galerkin elements for Symm’s integral equation and
piecewise constant ansatz functions. Analytic formulas are known for E, Ẽ being
affine boundary pieces (d = 2) [15, 16, 4] or axis-orientated flat rectangles (d = 3)
[15, 16, 9].

4.2. Adaptive mesh-refinement. Theorem 3.3 gives rise to the error estima-
tors

μ :=

(∑
T∈T

μ2
T

)1/2

and η :=

(∑
T∈T

η2
T

)1/2

,(4.5)

where the refinement indicators μT , ηT , for T ∈ T , are defined by

�T := (ελh|mh|)|T = (|mh|T | − 1)+,

μ2
T := (1 + �T )‖(f − fT ) − (Pmh − (Pmh)T )‖L1(T ) + |T |�2T ,
η2
T := (hT + �T )‖(f − fT ) − (Pmh − (Pmh)T )‖L1(T ) + |T |�2T .

(4.6)

Remark 4.2. (a) The estimator μ is reliable, i.e., an upper bound for the error
‖Pm−Pmh‖L2(Rd) + ‖Dφ∗∗(m) −Dφ∗∗(mh)‖L2(Ω) up to a multiplicative constant.

(b) μ cannot be efficient, i.e., a lower bound for the error.
(c) η is reliable for m ∈ W 1,∞(Ω; Rd), but not in general.
(d) Efficiency of η is expected but could not be proven.
Algorithm 4.2 (adaptive mesh-refinement). Let T (0) be the initial triangula-

tion, n = 0, α > 0, and 0 ≤ θ ≤ 1.
(i) For Tj ∈ T (n) = {T1, . . . , TN} choose a penalization parameter εj = hα

Tj
> 0.

(ii) Compute approximation mh with respect to the current triangulation T (n)

and ε ∈ L0(T (n)), ε|Tj
:= εj, by the Newton–Raphson scheme.

(iii) Compute error estimators μ and η from (4.5) and refinement indicators ηj :=
ηTj and μj := μTj

from (4.6).

(iv) Mark an element Tj ∈ T (n) provided ηj ≥ θmax1≤k≤N ηk for η-adaptive
mesh-refinement and provided μj ≥ θmax1≤k≤N μk for μ-adaptive mesh-
refinement.

(v) Refine the marked elements, update n 	→ n + 1, and go to (i).
Remark 4.3. The choice θ = 0 in Algorithm 4.2 leads to uniform mesh-refinement,

whereas θ ≈ 1 leads to highly adapted meshes. In the numerical experiments, θ = 0
or θ = 1/2.

Remark 4.4. To lower the computational cost for the Newton–Raphson scheme,
we used nested iterations: In step (ii) of Algorithm 4.2, the Newton–Raphson scheme

was started with the prolonged discrete solution m
(n−1)
h for the previous grid T (n−1).

4.3. Implementation of the refinement indicators. The L1 norm in the
definition of μT and ηT , respectively, was computed by a (2×2)-tensor Gauss quadra-
ture rule. The following lemma shows that the point evaluation of Pmh is well-defined
outside the skeleton of T .

Lemma 4.3. For mh ∈ L0(T ; Rd), the corresponding potential satisfies Lmh ∈
C(Rd) ∩ C1(Rd\S), where S :=

⋃{
∂T

∣∣T ∈ T
}

denotes the skeleton of the triangula-
tion. Moreover, the derivative Pmh = ∇(Lmh) can be computed pointwise by

Pmh(x) =
1

|S|
∑
T∈T

∫
∂T

mh|T · (x− y)

|x− y|d n(y) dsy for x ∈ R
d\S,(4.7)
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where n(y) denotes the outer normal with respect to T ∈ T and S ⊆ R
d the unit

sphere.
Proof. For the Lipschitz domain T ∈ T , the Newtonian potential of the charac-

teristic function satisfies G ∗ χT ∈ C1(Rd) ∩ C2(intT ) with

∂2

∂xj∂xk

(
G ∗ χT

)
(x) =

∂

∂xk

(
(∂G/∂xj) ∗ χT

)
(x) =

∫
∂T

∂G

∂xj
(x− y)nk(y) dsy;(4.8)

see [8, Lemma 4.2]. With the abbreviated notation m(T ) := mh|T , we have

Lmh =
∑
T∈T

d∑
j=1

m
(T )
j

∂G

∂xj
∗ χT =

∑
T∈T

m(T ) ·
(
(∇G) ∗ χT

)
.

Computing the kth partial derivative of Lmh via (4.8), we verify the assertion.
Remark 4.5. Note that the singularities of Pmh on the skeleton S are quite weak

since it can be shown that Pmh ∈ Lp(Ω; Rd) for all 1 < p < ∞; see [19]. This seems
to justify the computation of the L1 norms by a simple quadrature rule.

Remark 4.6. In the context of the boundary element method, boundary integrals
as in (4.7) occur for the computation of the double layer potential for piecewise con-
stants. If one replaces ∂T by a bounded boundary piece E, the analytic formulas are
known for E being affine (d = 2) [15, 16, 4] and being a triangle or rectangle (d = 3)
[15, 16, 9].

4.4. Efficient realization of the involved integral operator PPP. The dense
matrix A ∈ R

dN×dN
sym from (4.3) has certain symmetry properties. To decrease com-

putation time and memory, H- and H2-matrix approaches can be used [1, 10, 19, 18],

where A is replaced by an approximation Ã.
Lemma 4.4. For any bounded open sets ω, ω̃ ⊆ R

d with dist(ω; ω̃) > 0, for
α, β = 1, . . . , d, and the �th canonical unit vector e� ∈ R

d, the bilinear form A(·, ·)
from Lemma 4.1 satisfies

A(χωeα, χω̃eβ) =

∫
ω

∫
ω̃

∂2G

∂xα∂xβ
(x− y) dy dx.

Proof. The lemma follows from standard results on convolutions.
The idea of the H2-matrix approach is to approximate the kernel

gαβ(x, y) :=
∂2G

∂xα∂xβ
(x− y)

based on panel clustering. For certain σ, τ ⊆ T with dist(∪σ,∪τ) > 0, let vectors

x
(σ)
m1 ∈ ∪σ, y(τ)

m2 ∈ ∪τ and polynomials p
(σ)
m1 , p

(τ)
m2 on ∪σ, respectively, ∪τ , be given and

define

g̃αβ(x, y) :=

M1∑
m1=1

M2∑
m2=1

gαβ(x(σ)
m , y(τ)

m2
) p(σ)

m1
(x) p(τ)

m2
(y) for (x, y) ∈ ∪σ × ∪τ.

For Tj ∈ σ and Tk ∈ τ there holds the approximation

∫
Tj

∫
Tk

gαβ(x, y) dy dx≈
M1∑

m1=1

M2∑
m2=1

gαβ(x(σ)
m1

, y(τ)
m2

)︸ ︷︷ ︸
=:Dm1m2

{∫
Tj

p(σ)
m1

(x) dx
}

︸ ︷︷ ︸
=:C

(σ)
jm1

{∫
Tk

p(τ)
m2

(y) dy
}

︸ ︷︷ ︸
=:C

(τ)
km2

.

(4.9)
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For fixed α, β, consider the matrix B ∈ R
N×N
sym , Bjk := A(χTj

eα, χTk
eβ). With the

matrices C(σ) ∈ R
|σ|×M1 , C(τ) ∈ R

|τ |×M2 , and D ∈ R
M1×M2 defined in (4.9), the

submatrix B|σ×τ from B satisfies

B|σ×τ ≈ C(σ)D(C(τ))T .(4.10)

The use of the latter approximation significantly reduces the computational cost for
assembling the matrix B|σ×τ , provided max{M1,M2} < min{|σ|, |τ |}.

Remark 4.7. Notice that only the matrix D in (4.9) depends on α and β and the

matrix A can be approximated by the block-matrix Ã with blocks of H2-matrix type.
The time to assemble the matrix A could be highly decreased by use of the indicated
H2-matrix approach. However, all experiments in this paper have been made using
the exactly computed matrix A, but the much cheaper H2-matrix approach leads
to (almost) the same accuracy, in (almost) linear complexity. (Since the present
implementation is in MATLAB, comparisons will appear in [18].)

Remark 4.8. The computation of the refinement indicators can also be based on
an H-matrix approach since the computation of Pmh(x) corresponds to a collocation
method with the double layer potential; cf. Lemma 4.3.

5. Numerical example with exact solution m ∈ W 1,∞(Ω; R
2). The unit

square Ω = (0, 1)2 is filled with a uniaxial magnetic material (1.4) with easy axis
e = (−1, 1)/

√
2, i.e., z = (1, 1)/

√
2 in Remark 2.2. Define

m(x) :=

{
x for |x| ≤ 1,
x/|x| for |x| ≥ 1

and λ(x) :=

{
0 for |x| < 1,
1 for |x| ≥ 1.

(5.1)

Then (m, λ) ∈ W 1,∞(Ω; R2) × L∞(Ω) solves (2.4)–(2.5) with given right-hand side

f := Pm + (m · z)z + λm ∈ L2(Ω; R2).(5.2)

In all our numerical experiments, we replaced Pm on the right-hand side of (5.2) by
PmT for the elementwise integral means mT of m. Recall that Lemma 4.1 allows the
exact integration of PmT . Figure 1 shows discrete solutions mh for the penalization
parameter α = 1.

For a given sequence of h-uniform meshes with N = h−2 elements in T (n), the
first set of experiments studies the choice of the parameter α > 0 in the penalization
ε = hα. Figure 2 displays the L2 error of the magnetization vectors as a function
of the mesh-size h = N−2 for 12 values of α. Any choice of α ≥ 1 seems to result
in a linear convergence, while values α < 1 seem to result in smaller experimental
convergence rates (until α = 1/4 with almost no convergence). The length |mh(x)|
for |x| > 1 and α = 1/2 are about 1.1, compared to ≤ 1.01 for α = 3/2. The
value α = 3/2 is recommended throughout all examples of this paper. Theoretical
estimates concern the z direction of m−mh exclusively. In the numerical examples,
however, linear convergence is observed also for the easy axis direction e. Notice that
m is essentially smooth, and hence adaptive mesh-refinements cannot improve the
experimental convergence rates further.

In conclusion, the first example gives empirical support for the a priori analysis
and the choice of the penalization parameter. As indicated by Theorem 3.2, the choice
of ε = hα with α ≥ 1 appears to be necessary for optimal experimental convergence
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Fig. 1. Discrete solution (mh, λh) in section 5 on T4 (with N = 1024) for penalization param-
eter ε = h: mh as vectors mh|T and |mh|T | in grayscale (left) and λh in grayscale (right).
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Fig. 2. Error ‖m − mh‖L2(Ω) versus the number of elements N = 4, 16, . . . , 4096 for various
choices of the penalization parameter ε = hα for uniform meshes with α = .25, .5, .75, 1, 1.25, 1.5,
1.75, 2, 2.25, 2.5, 2.75, 3. The results for α = 1.5, 1.75, . . . , 3 essentially coincide and lead to the
linear convergence in h indicated by the slope 1/2.

behavior. The lower order of convergence for a choice of α < 1 can be explained as
follows: Theorem 3.2 shows the L2 convergence λhmh → λm in Ω, particularly on
the restricted domain ω :=

{
x ∈ Ω

∣∣ |x| ≥ 1
}
; i.e., the smaller α, the larger the length

|mh|:

h−α(|mh| − 1)+ = λh|mh| → λ|m| = 1 in L2(ω).

6. Numerical example with exact solution m �∈ H1(Ω). This section is
devoted to the numerical approximation of a more singular magnetization,

(m(x), λ(x)) :=

{
(y(x), 0) for x ∈ ω,
(x1x2(1 − y1(x))−1(1 − y2(x))−2y(x), 1) for x ∈ Ω\ω(6.1)
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Fig. 3. Best approximation mT (left) of the magnetization vector m in section 6 on a uniform
mesh (with N = 1024), and elementwise distribution of the corresponding best approximation error
‖m − mT ‖L2(Tj)

(right). Notice that the grayscale displays values multiplied with 1 (left) and

10−3 = 1/1000 (right).
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Fig. 4. Best approximation mT (left) in section 6 on an error adapted generated mesh
(with N = 1717), and elementwise distribution of the corresponding best approximation error
‖m − mT ‖L2(Ω) (right). For the adaptive mesh-refinement, we used Algorithm 4.2 with refine-

ment indicators �j = ‖m − mT ‖L2(Tj)
. Notice that the grayscale displays values multiplied with 1

(left) and 10−4 = 1/10000 (right).

with a singular gradient at the three vertices (0, 1), (1, 0), (1, 1) on the boundary of
the magnetic body Ω = (0, 1)2. Here,

y(x) :=
(1, 1) − x

|(1, 1) − x| and ω :=
{
x ∈ Ω

∣∣ |(1, 1) − x| < 1
}
.

The remaining data φ, z, and f are as in section 5. The magnetization vector m
(6.1) and the error by the piecewise integral means are depicted in Figure 3. We
observe a larger elementwise L2 error in Ω\ω and hence expect the necessity of
adaptive mesh-refining for an effective computation. For a comparison, Figure 4
displays the best approximation mT and its elementwise L2 errors ‖m − mT ‖L2(T )

on an adapted mesh. The latter was generated by Algorithm 4.2 with the refine-
ment indicator �j := ‖m − mT ‖L2(Tj); i.e., an element Tj is marked in step (iv) if
�j ≥ 1/2 max1≤k≤n �k. The singularity at (1, 1) is visible in Figures 3 and 4, as is
a refinement near the arc

{
x ∈ Ω

∣∣ |(1, 1) − x| = 1
}
. There is no theoretical support
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Fig. 5. Error ‖m−mh‖L2(Ω) and dependence from penalization parameter ε = hα for uniform
mesh-refinement. For comparison, the best approximation errors on uniform and adapted meshes
from Figure 4 are also shown.

that the refinement indicator �j leads to optimal meshes, but it allows an interesting
theoretical comparison. Also, heuristically we expect optimal meshes (asymptoti-
cally) since the mesh-refinement with respect to � leads to meshes on which the best
approximation errors are equidistributed.

A comparison between Figures 3 and 4 (keeping in mind the different scalings
in the right figures) shows that adaptive meshes have the potential for improvement.
Numerical evidence for this is provided in Figure 5: Besides various choices of penaliza-
tion parameter α with conclusions similar to those of section 5, the sequence of uniform
and �-adapted mesh-refining are compared. The adaptive meshes yield linear conver-
gence in a reference mesh-size h := N−2 even in all components of ‖m − mT ‖L2(Ω).
The sequence of uniform meshes shows a suboptimal convergence rate.

Figures 6 and 7 display the L2 error ‖m − mh‖L2(Ω) and the error estimators μ
and η from (4.5) as functions of the number of elements N for various sequences of
meshes. Those are generated by Algorithm 4.2 with refinement indicators ηj and μj

from (4.6) and penalizations ε = hα for α = 1 and α = 3/2. The two penalizations
show similar convergence rates; the overall recommendation of α = 3/2 is again
supported in Figure 6 by better results. Each of the two adaptive algorithms leads
to optimal convergence rates and is (asymptotically) factor 2 for α = 1, respectively,
1.3, for α = 3/2 worse than the best approximation errors.

Figure 7 illustrates the reliability-efficiency gap [3]: What is reliable is not effi-
cient and what is efficient is not (known to be) reliable. Theorem 3.2 and Remark 3.1
show that the error terms are bounded from above by c1μ and c2(m)η, and the lat-
ter bound is of higher order but valid only for a smooth magnetization. The second
estimate is also expected to be efficient (up to higher-order terms in the magnetiza-
tion). Figure 7 displays η and μ and clearly shows their different convergence rates.
From Figure 7 there is no support that adaptive is more effective than uniform mesh-
refining.
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nalization parameter ε = h or ε = h3/2. The improvement of the error by adaptive mesh-refinement
strategies as shown in Figure 6 is not reflected by the estimators. There is (up to a multiplicative
constant) no improvement of the convergence behavior by the adaptive mesh-refinement.
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Fig. 8. Discrete magnetization mh (zoom on the left) on the η-adaptively generated mesh T4

(with N = 236) and corresponding potential uh (right) for constant exterior field f = (.6, 0), easy
axis e = (1, 0), and penalization parameter ε = h3/2. The grayscale in the zoomed magnet displays
the length |mh| of the discrete magnetization. On the right, the pointwise value of uh is shown by
the grayscale and some isolines have been drawn.

0.65 0.7 0.75 0.8 0.85 0.9 0.95 1

Fig. 9. η-adaptively generated meshes T0 (with N = 5) till T7 (with N = 1604) in section 7 for
f = (.6, 0), e = (1, 0), and ε = h3/2. The grayscale shows the length |mh| of the discrete solution.

7. Real-life scientific computing. The ferromagnetic body Ω = (−1/2, 1/2)×
(−5/2, 5/2) is loaded with a constant applied magnetic field f := (0.6, 0) aligned with
the easy axis e = (1, 0). Figure 8 displays the magnetic potential uh = Lmh and the
magnetization vectors mh on an adaptively generated mesh. The exact solution m
is unknown. The first numerical computations for this example have been performed
in [5]. Although there the potential equation

div(−∇u + m) = 0 in R
2

is discretized and solved by a finite element scheme for a bounded domain that sur-
rounds Ω instead of the full space, we obtain similar results.

The initial mesh T0 consists of 5 congruent squares with side-length 1. Figure 9
shows η-adaptively generated meshes T0, . . . , T7 with N = 5, . . . , 1604 elements. We
observe some mesh-refinement towards the 4 vertices of Ω which we might expect to
be caused by singularities in the stray field. However, this refinement seems to be
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Fig. 10. Experimental convergence of the error estimators η and μ in section 7 for uniform,
η-adaptive, and μ-adaptive mesh-refinement and penalization parameter ε = h3/2. There is (up
to a multiplicative constant) no improvement of the convergence behavior by the adaptive mesh-
refinement, although we obtain some local mesh-refinement towards the corners in Figure 9.

accomplished in T0, . . . , T6 as T7 and T8 show a refinement of a more global zone.
Figure 8 displays the discrete solution which follows the exterior field f and develops
some flowering at the tips of Ω. One observes large curvatures of the magnetiza-
tion near the top and bottom of the magnet Ω but no strong point singularity there.
Furthermore, Figure 8 displays the corresponding magnetic potential uh = Lmh com-
puted analytically by

Lmh(x) =

N∑
k=1

∫
∂Tk

G(x− y)mh|Tk
· n(y) dsy for all x ∈ R

d,(7.1)

as follows from partial integration of (2.3). In comparison with a corresponding nu-
merical experiment in [5], we see that the potential lines of the magnetic potential
are not perpendicular on the boundary of the domain displayed. This is a conse-
quence of the correct treatment of the stray field in the full space R

2. More impor-
tant, the discretization in [5] shows a strong refinement towards the vertices, much
stronger than those visible in Figures 8 or 10. To monitor the asymptotic behavior,
Figure 10 displays the error estimators μ and η. In comparison with uniform and η-
and μ-adaptive mesh-refinement one deduces that, in this example, adaptivity is not
important—there is a small improvement, but one obtains essentially the same con-
vergence rate for all three strategies. Our interpretation is that, to our great surprise,
there is no singularity in the integral-operator model at hand and so the formulation
is indeed superior to that of [5].

Finally, Figure 11 shows the discrete Lagrange multipliers λh corresponding to
the triangulations from Figure 9. They do not indicate some particular resolution of
the set {x ∈ Ω : λh(x) = 0} (or some other level set of λh).
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Fig. 11. Discrete Lagrange multiplier λh on η-adaptively generated meshes T0 (with N = 5)
till T7 (with N = 1604) in section 7 for f = (.6, 0), e = (1, 0), and ε = h3/2. The grayscale shows
the pointwise value of λh. In the white region we have λh ≡ 0, i.e., |mh| ≤ 1.
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