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Introduction

The striking simplicity of averaging techniques in a posteriori error control as well as their
amazing accuracy in many numerical examples have made them an extremely popular tool in
scientific computing over the last decade. Given a discrete stress or fluxph and a post-processed
(smoothened) approximationA ph, the a posteriori error estimator reads

ηA := ‖ph−A ph‖. (1)

There is not even a need for an equation to compute the estimator ηA, and hence averaging tech-
niques are easily employed everywhere. The most prominent example is occasionally named
after Zienkiewicz and Zhu [7, 6], and also calledgradient recovery. The most frequently quoted
paper is [7] for theP1 finite element method for some Laplace equation on some domain ω and
some local averaging operatorA ph on the piecewise constant gradientsph = Duh followed by
linear interpolation. The estimatorηA is then computed with respect to the norm‖ ·‖ onL2(Ω).

Recently, the authors have introduced a class of averaging error estimators for boundary inte-
gral methods [1, 2, 5]. In the latter works, an approximationA ph is computed as some best
approximation ofph based on a higher-order spline space on some coarser mesh. For some
smooth exact solution, the resulting approximation error is of higher order. The corresponding
error estimator is therefore efficient

ηA ≤Ceff ‖p− ph‖+ h.o.t. (2)

up to higher-order terms. The reliability ofηA

‖p− ph‖ ≤CrelηA+ h.o.t. (3)

follows provided the quotient of the mesh-sizes is sufficiently small. These two arguments allow
a unified analysis of reliability and efficiency ofηA. The theoretic results cover finite element
and boundary element methods as well as the coupling of both [3, 4].

In the following, Symm’s integral equation of the first kind serves as a model example which
is studied theoretically and numerically. In particular, we provide an error estimatorµΠ which
can be computed in linear complexity and which provides local refinement indicators for an
adaptive mesh-refining algorithm.



Symm’s Integral Equation of the First Kind

As a model problem, we consider Symm’s integral equation of the first kind

Vu(x) :=
Z

Γ
κ(x,y)u(y)dsy = f (x) for x∈ Γ (4)

with a relatively open subsetΓ ⊆ ∂Ω of the boundary∂Ω of a bounded Lipschitz domainΩ in
Rd, d = 2,3. Here,dsdenotes the integration on the manifoldΓ, andκ(x,y) denotes (up to a
multiplicative constant) the fundamental solution of the Laplace operator,

κ(x,y) = −
1
π

log|x−y| for d = 2 resp. κ(x,y) =
1

2π
|x−y|−1 for d = 3.

For a particular right-hand sidef in (4) andΓ = ∂Ω, Symm’s integral equation is an equivalent
formulation of the Dirichlet problem for the Laplacian. Ford = 3 and provided additionally
diam(Ω) < 1 for d = 2, the operatorV : H̃−1/2(Γ) → H1/2(Γ) is an elliptic isomorphism be-
tween the Sobolev spaceH := H̃−1/2(Γ) and its dualH ∗ = H1/2(Γ). In particular,

〈〈u,v〉〉 := 〈Vu,v〉 for u,v∈ H (5)

defines a scalar product, and the induced energy norm||| · ||| is an equivalent norm onH . For
given f ∈ H ∗, the Galerkin discretization of (4) is then based on the variational form

〈〈u,v〉〉= 〈 f ,v〉 for all v∈ H . (6)

Averaging on Large Patches

Let TH be a regular triangulation ofΓ. For simplicity, each elementγ j of TH is supposed to be a
connected affine boundary piece ford = 2 and a flat triangle ford = 3, respectively. Let a finer
meshTh be obtained byℓ∈ N red-refinements ofTH . For the ease of presentation, we restrict to
the lowest order case and consider aTh-piecewise constant Galerkin solutionuh ∈ Sh := P 0(Th)
of (4). For our averaging method, letGH : H → SH := P 1(TH) denote the Galerkin projection
onto theTH piecewise affine functions.

Theorem 1. Provided the exact solution u∈ H is TH-piecewise smooth, namely u∈ H1+ε(TH)
for someε > 0, the averaging error estimator

ηM := |||uh−GHuh|||= min
vH∈SH

|||uh−vH ||| (7)

is efficient(2) with Ceff = 1. Moreover, if the mesh-refinement parameterℓ is sufficiently large,
ηM is reliable(3). The constant Crel depends onℓ and the shape of the elements inTH . �

A mayor disadvantage in the definition ofηM is that it is based on the non-local norm||| · ||| ∼
‖ · ‖H̃−1/2(Γ), i.e. ηM is not the sum of local contributions. Therefore, one may useηM for error



estimation but not for an indicator-based adaptive mesh-refinement. This can be overcome by
use of an inverse estimate, which proves

‖H1/2(uh−GHuh)‖L2(Γ) ≤Cinv ηM,

whereH denotes the local mesh-size ofTH . However, this would still involve the computation
of the (dense) stiffness matrix corresponding toGH . Therefore, we suggest to use theTH-
piecewiseL2-projectionΠHuh ∈ SH instead ofGHuh, which is definedTH-elementwiseby

Z

γk

Φ j(x)ΠHuh(x)dsx =

Z

γk

Φ j(x)uh(x)ds for all γk ∈ TH and Φ j ∈ P
1(γk). (8)

Note that we only have to solve #TH linear systems of sizeO (1). Therefore, the error estimator

µΠ := ‖H1/2(uh−GHuh)‖L2(Γ) (9)

can be computed in linear complexity. In particular, theµΠ-based error estimation is much
cheaper than the computation of the discrete solutionuh ∈ Sh – even if one makes use of data
compression techniques for the efficient treatment of the stiffness matrix, e.g., multipole meth-
ods,H-matrices, or panel clustering.

Theorem 2. There are constants c1,c2 > 0 such that c1µΠ ≤ ηM ≤ c2µΠ, i.e. the error estimator
µΠ is efficient(2) and reliable(3) under the assumptions of Theorem 1. The constants c1 and c2
only depend on the shape of the elements inTH . �

According to Theorem 2, it is reasonable to useµΠ for an adaptive mesh-refinement: Forγ j ∈

TH , we define the refinement indicatorsµΠ, j := H1/2‖uh−ΠHuh‖L2(γ j). Note thatµΠ is just the
ℓ2-sum of the refinement indicators. Our adaptive algorithm then reads as follows:

Algorithm. (o) Start with an initial coarse meshTH .
(i) ObtainTh fromTH by ℓ red-refinements.
(ii) Compute discrete solution uh ∈ Sh.
(iii) Compute refinement indicators µΠ, j and whence error estimator µΠ.
(iv) Stop if µΠ is sufficiently small.
(v) Mark coarse elementsγ j ∈ TH for refinement provided µΠ, j is relatively large.
(vi) Refine marked elements, obtain a new coarse mesh, and proceed with (i).

For numerical experiments for Symm’s integral equation, the reader is referred to [1, 3, 5].
Therein, it is empirically observed that the adaptive algorithm provides a robust procedure
which retains the optimal order of convergence – even in cases, where the exact solution only
has reduced regularity and thus does not satisfy the assumptions of Theorem 1. Moreover, for
adaptive mesh-refinement the quotient|||u− uh|||/ηM tends to 1 ash → 0, i.e. one observes
asymptotically exact error estimation.



Conclusions and Outlook

For Symm’s integral equation, we introduced a new class of averaging estimators for the a pos-
teriori error estimation. The analysis is based on a two-level method with discrete spacesSh and
SH . The analysis of the preceding section holds in a quite general framework of the numerical
treatment of differential and integral equations by use of Galerkin schemes. In many cases,

ηM := min
vH∈SH

|||uh−vH ||| (10)

can mathematically be justified for the a posteriori error estimation of the error|||u−uh|||, cf. [3,
4]. Here,u ∈ H is the (unknown) solution,uh ∈ Sh is the computed Galerkin approximation,
and||| · ||| is the energy norm. In cases, where the energy norm is non-local, we have provided a
localization technique which yields local refinement indicators [1, 2, 5].
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