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STABILIZATION YIELDS STRONG CONVERGENCE OF

MACROSCOPIC MAGNETIZATION VECTORS FOR

MICROMAGNETICS WITHOUT EXCHANGE ENERGY

CARSTEN CARSTENSEN AND DIRK PRAETORIUS

Abstract. The convexified Landau-Lifshitz minimization problem in micromagnetics leads
to a degenerate variational problem. Therefore strong convergence of finite element appro-
ximations cannot be expected in general. This paper introduces a stabilized finite element
discretization which allows for the strong convergence of the discrete magnetization fields
with reduced convergence order for a uniaxial model problem. This yields a convergent
method for the approximation of the Young measure describing the microstructure for the
generalized solution of the non-relaxed Landau-Lifshitz problem.

1. Introduction

Numerical simulations of stationary micromagnetic phenomena are most frequently based on
a mathematical model named after Landau and Lifshitz [2, 12]. In the case of vanishing
exchange energy [13, 9, 21, 17], the mathematical problem reads:

Minimize E(m) over A :=
{
m ∈ L∞(Ω; Rd)

∣∣ |m(x)| = 1 for a.e. x ∈ Ω
}

(1.1)

with the energy functional

E(m) :=

∫

Ω

φ(m) dx −
∫

Ω

f · m dx +
1

2

∫

Rd

|∇u|2 dx.

Here, Ω ⊂ R
d, d = 2, 3, is a bounded Lipschitz domain and φ ∈ C(S; R≥0) is an even function

[i.e., φ(x) = φ(−x)] on the unit sphere S =
{
x ∈ R

d
∣∣ |x| = 1

}
. For the important case of

uniaxial materials, φ reads

φ(x) =
1

2

(
1 − (x · e)2

)
for x ∈ R

d(1.2)

with a fixed unit vector e ∈ R
d, |e| = 1, called easy axis. The potential u is given by

∇u ∈ L2(Rd; Rd) in the magnetostatic Maxwell’s equation

div(−∇u + m) = 0 in R
d in the sense of distributions.(1.3)

The given function f ∈ L2(Ω; Rd) models an exterior field. In fact, the minimum in (1.1) is
in general not attained [13]. Any sequence (mj) in A with limj→∞ E(mj) = inf E(A) [called
infimizing sequence] is enforced to develop finer and finer oscillations [called microstructure]
without a strong limit in Lp(Ω)d. However, there exists a weak limit m of a subsequence
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Figure 1.1. Volume fraction Λ(mh) of Young measure ν computed by Al-
gorithm 1.1 for a uniaxial ferromagnetic rod Ω = (−.5, .5) × (−2.5, 2.5) with
easy axis e = (1, 0) and constant exterior fields, f = (.6, 0) (left), f = (.5, .5)
(middle), and f = (0, .9) (right), respectively, based on the macroscopic mag-
netization vectors mh shown in Figure 5.1; cf. Example 5.3 below.

[called macroscopic magnetization vector] and a Young measure [21, 17]. The macroscopic
solutions are the minimizers of a convexified magnetic energy [9]

E∗∗(m) defined on A∗∗ :=
{
m ∈ L∞(Ω; Rd)

∣∣ |m(x)| ≤ 1 for a.e. x ∈ Ω
}
.(1.4)

This macroscopic model (1.4) allows for the direct computation of the macroscopic magneti-
zation directly. In the uniaxial case (1.2), the corresponding Young measure is obtained from
algebraic manipulations. Figure 1.1 shows the output of the following simple postprocessing
Algorithm 1.1.

Algorithm 1.1 ([9]). Input: Macroscopic solution (resp. approximation) m, easy axis e.

Define Young measure ν as a pointwise convex combination of Dirac measures

ν = Λ(m)δ
m

+ + (1 − Λ(m))δ
m

−(1.5)

for the volume fraction

Λ(m) :=
1

2
+

m · e
2
(
max{1, |m|2} − (m · e⊥)2

)1/2
(1.6)

with e, e⊥(x) ∈ R
d orthonormal vectors such that m(x) ∈ span{e, e⊥(x)} and atoms

m± := ±
(
1 − (m · e⊥)2

)1/2
e + (m · e⊥)e⊥.(1.7)

Output: Young measure ν corresponding to m.
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This paper is concerned with the justification of the plot in Figure 1.1 in the sense that
strong L2-convergence is required to obtain convergence of the volume fractions Λ(m) and
the corresponding Young measures.

Any infimizing sequence (mj) with a weak limit m ∈ A∗∗ cannot converge strongly to m

[because otherwise m ∈ A, and thus E(m) = inf E(A) would be attained]. Consequently,
it is conceptually difficult to design numerical schemes which converge strongly to the weak
limit m. In a much simpler scalar benchmark for non-convex minimization, there are just
two contributions [16, 1] which add a stabilization term and consider a strictly convex total
energy

E∗∗
σ (mh) := E∗∗(mh) +

1

2
σh(mh,mh)(1.8)

[with an appropriate scalar product σh(·, ·)]. In the context of micromagnetics, there is a
suggestion in [20] which the authors failed to generalize to the fully discrete situation [7, 8]
with an integral operator P for the treatment of (1.3) on the entire space R

d, i.e., Pm = ∇u,
and the penalization of |mh| ≤ 1 with a penalty parameter ε > 0. Instead, we establish

σ(mh,mh) =
1

2
‖(id −ΠΠΠh)mh‖2

L2(Ω) +
1

2C
‖h∇ΠΠΠhmh‖2

L2(Ω).(1.9)

Here, T is assumed to be a shape regular triangulation with local mesh-size h, and C > 0
is an appropriate (inverse) constant depending only on the shape of the elements of T but
neither on their number nor size. The operator ΠΠΠh denotes the L2-projection onto the space
S1(T )d of all T -elementwise affine and globally continuous splines.

Our analysis covers, in particular, the uniaxial case (1.2). In this case, the macroscopic
magnetization is unique [17, 7], and there holds

‖Pm − Pmh‖L2(Rd) + ‖Dφ(m) − Dφ(mh)‖L2(Ω) = O(h + ε),(1.10)

provided the exact solution m is sufficiently smooth, cf. Theorem 3.4. Note that we do
not control the error ‖(m − mh) · e‖L2(Ω) in e-direction, but only the error ‖Dφ(m) −
Dφ(mh)‖L2(Ω). Our main result stated in Theorem 4.3 shows, for d = 2, ε = O(h), and the
stabilization (1.9) that

‖m − mh‖L2(Ω) = O(h1/2),(1.11)

for T being quasi-uniform. The proof employs a Helmholtz decomposition in R
2. The

crucial step is Proposition 4.1 which estimates m−mh in the H̃−1-norm dual to H1(Ω). In
particular, we establish weak L2 convergence mh ⇀ m even for the non-stabilized problem
considered in [7, 8].

Remark 1.1. Our a priori estimates need, e.g., m ∈ H1(Ω)d to guarantee the convergence
orders stated in (1.10)–(1.11). However, the authors are unaware of any regularity results
on m.

An important conclusion from (1.11) is the convergence of the discrete Young measure ap-
proximations νh associated with the macroscopic magnetization mh by (1.5)–(1.7). Although
the discrete solutions of the macroscopic model (1.4) and its stabilization (1.8) do not dis-
play any oscillations, the Young measure approximations νh converges to the measure valued
limit ν of any infimizing sequence in (1.1). Said differently, the macroscopic model allows
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for an approximation of the microstructure via a stabilized discretization [which does not
follow from (1.10)].

The remaining part of the paper is organized as follows: Section 2 states the Euler-Lagrange
equations for the relaxed minimization problem (RP ) defined in (1.4), recalls previous dis-
cretizations of which, and introduces the new stabilized discrete problem (RPε,h). Section 3
presents the detailed assertion of a priori error estimates and their proofs. The strong L2

convergence for the discrete solutions of the stabilized problem in 2D is proven in Sec-
tion 4. Finally, Section 5 gives some numerical experiments for the stabilized problem taken
from [7, 8].

2. Mathematical and Discrete Models

2.1. The Macroscopic Model. Throughout this paper, we are concerned with the appro-
ximation of minimizers of the convexified energy functional

E∗∗(m) :=

∫

Ω

φ∗∗(m) dx −
∫

Ω

f · m dx +
1

2

∫

Rd

|∇u|2 dx(2.1)

with the side-constraints (1.3) and

|m(x)| ≤ 1 for almost every x ∈ Ω.(2.2)

Here, φ∗∗ is the convexified density defined, for |x| ≤ 1, by

φ∗∗(x) = sup
{
ϕ(x)

∣∣ ϕ : R
d → R convex and ϕ|S ≤ φ

}
.

The important uniaxial case (1.2) yields

φ∗∗(x) =
1

2

d∑

j=2

|x · zj|2 for |x| ≤ 1,(2.3)

where (e, z2, . . . , zd) is an orthonormal basis of R
d. The relaxed minimization problem (RP )

consists in minimizing E∗∗(m) on A∗∗ = conv(A).

The last energy contribution in (2.1), called magnetostatic far field energy, is modelled via a
Newton integral representation as in [15, 14]. The subsequent theorem gathers the required
properties of the respective integral operator P together.

Theorem 2.1 ([19]). Given any m ∈ L∞(Ω; Rd), there exists (up to an additive constant)
a unique magnetic potential u = Lm ∈ H1

`oc(R
d) such that

∇u ∈ L2(Rd; Rd) and div(−∇u + m) = 0 in D′(Rd).(2.4)

The (extended) operator P : L2(Rd; Rd) → L2(Rd; Rd),m 7→ ∇(Lm) is an L2 orthogonal
projection onto the subspace L2

∇(Rd; Rd) =
{
∇u ∈ L2(Rd; Rd)

∣∣ u ∈ H1
`oc(R

d)
}
. �

Since the energy functional E∗∗ from (2.1) is convex and (Gâteaux-) differentiable, the mini-
ma are equivalently characterized by the corresponding Euler-Lagrange equations [9]. Thus,
the continuous problem (RP )(RP )(RP ) reads: Find (λ,m) ∈ L2(Ω) × L2(Ω; Rd) such that

Pm + Dφ∗∗(m) + λm = f a.e. in Ω,(2.5)

λ ≥ 0, |m| ≤ 1, λ(1 − |m|) = 0 a.e. in Ω.(2.6)
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Theorem 2.2 ([17, 6, 7]). Problem (RP ) has at least one solution (λ,m). For any two
solutions (λ1,m1), (λ2,m2) of (RP ), the magnetic potentials coincide (modulo an additive
constant), Lm1 = Lm2. In the uniaxial model case (1.2) the solution is unique, i.e.,
(λ1,m1) = (λ2,m2) almost everywhere. �

2.2. Numerical Treatment of the Macroscopic Model. The numerical analysis of the

macroscopic model in [6, 20] requires a non-conforming uh on a bounded domain Ω̂ that
surrounds Ω and a piecewise constant mh on Ω. The choice of uh as a conforming, piecewise
affine, and globally continuous finite element scheme leads to instabilities [6, 20] partly
overcome by stabilizing schemes proposed in [10, 20]. In this paper, we follow [15, 14, 7, 8]
and treat (1.3) exactly via an integral representation, i.e., u = Lm with a linear convolution
operator L and Pm := ∇(Lm), cf. Theorem 2.1. The advantage is that the resulting model
requires only the discretization of the magnetization by piecewise constant approximations
mh. Those allow the fulfilment of the side-constraint |mh| ≤ 1 satisfied approximately by a
penalization procedure. The resulting discrete problem minimizes

E∗∗
ε,h(mh) :=

∫

Ω

φ∗∗(mh) dx −
∫

Ω

f · mh dx +
1

2

∫

Rd

|Pmh|2 dx +
1

2

∫

Ω

1

ε
(|mh| − 1)2

+ dx(2.7)

over all T -elementwise constant magnetizations mh ∈ L0(T )d, where T is a partition of Ω
and (·)2

+ := max{·, 0}2.

The analysis from [6, 7, 8] provides error estimates of order O(h) for the term ‖Dφ∗∗(m) −
Dφ∗∗(mh)‖L2(Ω) and the potential gradient ‖∇u −∇uh‖L2(Ω̂) resp. ‖Pm − Pmh‖L2(Rd). No

error analysis is given for the full L2 error of the magnetization vector ‖m − mh‖L2(Ω). A
first a priori error estimate for the latter term in [20] is based on a stabilized higher order
discretization to obtain ‖m−mh‖L2(Ω) = O(h1/2) for a smooth magnetization m ∈ H2(Ω; R2)
and d = 2. This procedure is infeasible for piecewise constant magnetizations mh and, by
other, involves higher-order finite elements. Moreover, some technical details in [20, Proof
of Theorem 2.10] remain unclear and no numerical experiments underline the result.

2.3. The Stabilized Discrete Model. Let T = {T1, . . . , TN} be a finite family of pairwise

disjoint non-empty open sets Tj which satisfy Ω =
⋃N

j=1 Tj. The space of all T -piecewise

constant functions is denoted by L0(T ) and h ∈ L0(T ) is the mesh-size function, h|T :=
hT := diam(T ). For f ∈ L2(Ω), let fT ∈ L0(T ) be the T -piecewise integral mean given by

fT |T :=
1

|T |

∫

T

f dx for all T ∈ T ,

and the map (·)T : L2(Ω) → L0(T ), f 7→ fT is the L2 orthogonal projection onto L0(T ).
Furthermore, let σ(·, ·) : L0(T )d × L0(T )d → R be a symmetric and positive semidefinite
bilinear form. Then, the stabilized discrete problem (RPε,h)(RPε,h)(RPε,h) reads: Given a penalization

parameter ε ∈ L0(T ) with ε > 0, find mh ∈ L0(T )d and λh = ε−1 (|mh|−1)+
|mh|

with (·)+ :=

max{·, 0} such that

〈Pmh + Dφ∗∗(mh) + λhmh ; nh〉L2 + σ(mh,nh) = 〈f ; nh〉L2 for all nh ∈ L0(T )d.(2.8)
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Remark 2.1. Problem (RPε,h) are the Euler-Lagrange equations of the minimization prob-
lem related to the convex functional E∗∗

ε,h,σ(mh) = E∗∗
ε,h(mh) + σ(mh,mh), with E∗∗

ε,h from

(2.7) and the finite dimensional space A = L0(T )d. The penalization term yields the co-
ercivity of this energy functional. Thus, the existence of solutions of the discrete problem
(RPε,h) follows by the direct method of the calculus of variations.

Remark 2.2. (a) The corresponding non-stabilized discrete model, i.e., σ(·, ·) = 0, is con-
sidered in [7, 8].
(b) Later on we will use the Cauchy inequality to estimate σ(m,n) ≤ σ(m,m)1/2σ(n,n)1/2 ≤
σ(m,m)/2 + σ(n,n)/2. Furthermore, since σ(mh, ·) is a linear functional on a finite-
dimensional space, there is an element sh ∈ L0(T )d such that σ(mh,nh) = 〈sh ; nh〉L2

for all nh ∈ L0(T )d.

Theorem 2.3. The discrete Problem (RPε,h) has at least one solution. For any two solutions
(λ1,m1), (λ2,m2) of (RPε,h), the magnetic potentials Lmj coincide. In the uniaxial model
case (1.2), we have uniqueness of the discrete solution, i.e., (λ1,m1) = (λ2,m2).

Sketch of uniqueness proof. For any solutions (λ1,m1), (λ2,m2) of (RPε,h), we have with
δδδ := m2 − m1

〈Pδδδ ; δδδ〉L2 + 〈Dφ∗∗(m2) − Dφ∗∗(m1) ; δδδ〉L2 + 〈λ2m2 − λ1m1 ; δδδ〉L2 + σ(δδδ, δδδ) = 0.

All terms on the left-hand side are non-negative and therefore vanish. Since P is orthogonal,
we obtain Pδδδ = 0. In particular, δδδ is (weakly) divergence free in R

d and Lδδδ = 0. In the
uniaxial case, i.e.,

Dφ∗∗(x) =
d∑

j=2

(x · zj)zj,(2.9)

cf. (2.3), the vanishing second term shows that δδδ vanishes in all but the easy axis direction.
Now, div δδδ = 0 shows that δδδ is also constant in the easy axis direction and therefore vanishes
as well. [Details can be found in [7] for the non-stabilized problem]. �

Remark 2.3. (a) If σ(·, ·) is positive definite, the solution is unique independently of φ∗∗.
(b) If the elements T ∈ T are rectangular, it can easily be shown that according to the Gauss
divergence theorem (and independently of φ∗∗) the solution (λh,mh) of (RPε,h) is unique [7].

3. A Priori Error Control

This section provides an a priori error analysis for the proposed discrete scheme (RPε,h).

3.1. Review of Known Techniques for the New Discrete Problem. First, we recall
briefly the a priori results from [6, 7] extending the model by the stabilization term σ(·, ·).
Theorem 3.1. Let (λ,m) and (λh,mh) solve (RP ) and (RPε,h) respectively. Then,

‖Pm − Pmh‖2
L2(Rd) + 2〈Dφ∗∗(m) − Dφ∗∗(mh) ; m − mh〉L2

+ ‖√ε λhmh‖2
L2(Ω) + σ(mh,mh) + σ(mT − mh,mT − mh)

≤ 3‖m − mT ‖2
L2(Ω) + ‖Dφ∗∗(m) − (Dφ∗∗(m))T ‖2

L2(Ω) + ‖λm − (λm)T ‖2
L2(Ω)

+ ‖√ε λm‖2
L2(Ω) + σ(mT ,mT )

(3.1)
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Note that according to convexity the second term on the left-hand side is also non-negative
and (3.1) holds for any stabilization.

Proof. For the sake of brevity, set d := Dφ∗∗(m), dh := Dφ∗∗(mh), `̀̀ := λm, and `̀̀h := λhmh.
The orthogonality of the projection P , a Cauchy and a Young inequality show

‖Pm − Pmh‖2
L2(Rd) ≤

1

2
‖Pm − Pmh‖2

L2(Rd) +
1

2
‖m − mT ‖2

L2(Ω)

+ 〈Pm − Pmh ; mT − mh〉L2

(3.2)

The Galerkin orthogonality, i.e., the difference of (2.5) and (2.8), reads

〈Pm − Pmh + d − dh + `̀̀ − `̀̀h ; nh〉L2 − σ(mh,nh) = 0 for all nh ∈ L0(T )d.(3.3)

The last term in (3.2) is hence rewritten as

〈Pm − Pmh ; mT − mh〉L2 = −〈d − dh ; m − mh〉L2(Ω) − 〈`̀̀ − `̀̀h ; m − mh〉L2

+〈d − dh ; m − mT 〉L2 + 〈`̀̀ − `̀̀h ; m − mT 〉L2 + σ(mh,mT − mh).
(3.4)

It remains to estimate the terms on the RHS of (3.4). The last term equals

σ(mh,mT − mh) =
1

2
σ(mT ,mT ) − 1

2
σ(mh,mh) −

1

2
σ(mT − mh,mT − mh).

An elementary calculation [6, Proof of Theorem 4.3] proves

−〈`̀̀ − `̀̀h ; m − mh〉L2 ≤ 1

2
‖√ε `̀̀‖2

L2(Ω) −
1

2
‖√ε `̀̀h‖2

L2(Ω),

which dominates the second term. Finally, To estimate the third and fourth term in the
RHS of (3.4), note that (·)T is an orthogonal projection. Hence, we may replace dh and `̀̀h

by dT and `̀̀T therein. Both scalar products are estimated by use of the Young inequality.
This proves (3.1). �

In the following we assume the monotonicity assumption

c1‖Dφ∗∗(m1) − Dφ∗∗(m2)‖2
L2(Ω) ≤ 〈Dφ∗∗(m1) − Dφ∗∗(m2) ; m1 − m2〉L2 ,(3.5)

for all m1,m2 ∈ L2(Ω; Rd) and an independent constant c1 > 0. This is, for instance,
satisfied in the uniaxial case (1.2) with c1 = 1 and equality in (3.5). Provided the exact
solution (λ,m) of (RP ) is sufficiently smooth, e.g. λm,m ∈ H1(Ω)d, Theorem 3.1 then
shows the a priori estimate

‖Pm − Pmh‖L2(Rd) + ‖Dφ∗∗(m) − Dφ∗∗(mh)‖L2(Ω) . O(h + ε1/2) + σ(mT ,mT ).

For certain stabilization terms σ(·, ·), we prove in the following that this estimate can be
sharpened to obtain O(h + ε).

Theorem 3.2. Let (λ,m) and (λh,mh) solve (RP ) and (RPε,h) respectively and suppose the
monotonicity assumption (3.5). Then, there is a constant c2 > 0 which depends only on c1
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such that

‖Pm − Pmh‖2
L2(Rd) + ‖Dφ∗∗(m) − Dφ∗∗(mh)‖2

L2(Ω) + ‖λm − λhmh‖2
L2(Ω)

+ ‖ελhmh‖2
L2(Ω) + σ(mh,mh) + σ(mT − mh,mT − mh)

≤ c2

(
(1 + ‖ε‖L∞(Ω))

{
‖m − mT ‖2

L2(Ω) + ‖Dφ∗∗(m) − (Dφ∗∗(m))T ‖2
L2(Ω)

+ ‖λm − (λm)T ‖2
L2(Ω) + σ(mT ,mT )

}

+ ‖ε‖L∞(Ω)‖
√

ε λm‖2
L2(Ω) + σ((λm)T , (λm)T )

)

+ σ(mh, (λm)T − λhmh).

(3.6)

The constant c2 neither depends on the partition T nor on the stabilization σ(·, ·).
Proof. Adopt notation from the proof of Theorem 3.1. Direct calculations using Galerkin
orthogonality and Cauchy inequalities yield

〈`̀̀ − `̀̀h ; `̀̀T − `̀̀h〉L2 ≤ 2‖Pm − Pmh‖2
L2(Rd) + 2‖d − dh‖2

L2(Ω) + ‖`̀̀ − `̀̀h‖2
L2(Ω)/2

+ ‖`̀̀ − `̀̀T ‖2
L2(Ω)/2 + σ(mh, `̀̀T − `̀̀h).

Since

‖`̀̀ − `̀̀h‖2
L2(Ω) = 〈`̀̀ − `̀̀h ; `̀̀T − `̀̀h〉L2 + ‖`̀̀ − `̀̀T ‖2

L2(Ω),

there holds

‖`̀̀ − `̀̀h‖2
L2(Ω) ≤ 4‖Pm − Pmh‖2

L2(Rd) + 4‖d − dh‖2
L2(Ω) + 3‖`̀̀ − `̀̀T ‖2

L2(Ω)

+ 2σ(mh, `̀̀T − `̀̀h).
(3.7)

This is rewritten as

‖Pm − Pmh‖2
L2(Rd) + ‖d − dh‖2

L2(Ω) + ‖`̀̀ − `̀̀h‖2
L2(Ω)

+ 5σ(mh,mh) + 5σ(mT − mh,mT − mh)

≤ 5
{
‖Pm − Pmh‖2

L2(Rd) + ‖d − dh‖2
L2(Ω) + σ(mh,mh) + σ(mT − mh,mT − mh)

+ ‖`̀̀ − `̀̀T ‖2
L2(Ω)

}
+ 2σ(mh, `̀̀T − `̀̀h).

(3.8)

Assumption (3.5) allows one to dominate the first four terms on the right-hand side of (3.8)
by Theorem 3.1, which leads to

‖Pm − Pmh‖2
L2(Rd) + ‖d − dh‖2

L2(Ω) + ‖`̀̀ − `̀̀h‖2
L2(Ω)

≤ c3

{
‖m − mT ‖2

L2(Ω) + ‖d − dT ‖2
L2(Ω) + ‖`̀̀ − `̀̀T ‖2

L2(Ω) + σ(mT ,mT )
}

+ c3

{
‖ε`̀̀‖2

L2(Ω) − ‖ε`̀̀h‖2
L2(Ω)

}
+ 2σ(mh, `̀̀T − `̀̀h).

(3.9)

with c3 := 5 max{1, c−1
1 }. Elementary calculations for scalars a, b, c ∈ R show

c (a2 − b2) = c (a + b)(a − b) ≤
√

2 c (a2 + b2)1/2|a − b| ≤ c2 (a2 + b2) + |a − b|2/2.

Pointwise application with a = `̀̀(x), b = `̀̀h(x), and c = c3

√
ε(x) yields

c3

(
‖√ε `̀̀‖2

L2(Ω) − ‖√ε `̀̀h‖2
L2(Ω)

)
≤ c2

3

(
‖ε`̀̀‖2

L2(Ω) + ‖ε`̀̀h‖2
L2(Ω)

)
+

1

2
‖`̀̀ − `̀̀h‖2

L2(Ω).
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by integration over Ω. In particular, we can add ‖ε`̀̀h‖2
L2(Ω) to the LHS of (3.8) to obtain

‖Pm − Pmh‖2
L2(Rd) + ‖d − dh‖2

L2(Ω) + ‖`̀̀ − `̀̀h‖2
L2(Ω) + ‖ε`̀̀h‖2

L2(Ω)

+ 5σ(mh,mh) + 5σ(mT − mh,mT − mh)

≤ c3

{
‖m − mT ‖2

L2(Ω) + ‖d − dT ‖2
L2(Ω) + ‖`̀̀ − `̀̀T ‖2

L2(Ω) + σ(mT ,mT )
}

+ c2
3‖ε`̀̀‖2

L2(Ω) + (1 + c2
3)‖ε`̀̀h‖2

L2(Ω) + 2σ(mh, `̀̀T − `̀̀h).

(3.10)

The last but one term on the RHS is dominated by ‖ε `̀̀h‖2
L2(Ω) ≤ ‖ε‖L∞(Ω)‖

√
ε `̀̀h‖2

L2(Ω) and

a second application of Theorem 3.1. �

3.2. A Priori Error Estimates for Particular Stabilization Terms. To obtain an a
priori error estimate out of (3.6), the term σ(mh, (λm)T − λhmh) on the right-hand side
has to be treated carefully for a precise stabilization. The first stabilization term under
consideration is

σ(mh,nh) = 〈hmh ; hnh〉L2 for mh,nh ∈ L0(T )d.(3.11)

Since σ(mh, λhmh) ≥ 0 and a Cauchy inequality,

σ(mh, (λm)T − λhmh) ≤
1

2
σ(mh,mh) − σ(mh, λhmh) +

1

2
σ((λm)T , (λm)T ).

The first and second term can be moved to the left-hand side of (3.6), whereas the last term
is an a priori term. Moreover σ(nT ,nT ) = O(h2) for any function n ∈ L2(Ω; Rd), so that
the resulting error estimate in Theorem 3.2 is of order O(ε + h).

Theorem 3.3. Let (λ,m) and (λh,mh) solve (RP ) and (RPε,h), respectively, suppose the
monotonicity assumption (3.5) and that the stabilization satisfies σ(mh, λhmh) ≥ 0. Then,
there is a constant c4 > 0 which depends only on c1 such that

‖Pm − Pmh‖2
L2(Rd) + ‖Dφ∗∗(m) − Dφ∗∗(mh)‖2

L2(Ω) + ‖λm − λhmh‖2
L2(Ω)

+ ‖ελhmh‖2
L2(Ω) +

1

2
σ(mh,mh) + σ(mh, λhmh) + σ(mT − mh,mT − mh)

≤ c4

(
(1 + ‖ε‖L∞(Ω))

{
‖m − mT ‖2

L2(Ω) + ‖Dφ∗∗(m) − (Dφ∗∗(m))T ‖2
L2(Ω)

+ ‖λm − (λm)T ‖2
L2(Ω) + σ(mT ,mT )

}

+ ‖ε‖L∞(Ω)‖
√

ε λm‖2
L2(Ω) + σ((λm)T , (λm)T )

)
.

(3.12)

The constant c4 does not depend on the partition T . All occurring stabilization terms are
non-negative, and, for the particular stabilization (3.11), the stabilization terms on the right-
hand side are of order O(h2). �

The second stabilization allows for the mathematical proof of ‖m−mh‖L2(Ω) = O
(
(h+ε)1/2

)

for d = 2, cf. Section 4. Suppose that T is a regular triangulation in the sense of Ciarlet
and let S1(T ) =

{
ϕ ∈ C(Ω)

∣∣ ∀T ∈ T ϕ|T ∈ P1(T )
}

denote the P1 finite element space
consisting of globally continuous and T -piecewise affine functions. An inverse estimate leads
to a constant Cinv > 0 such that

‖h∇nh‖L2(Ω) ≤ Cinv‖nh‖L2(Ω) for all nh ∈ S1(T )d.(3.13)

Let Ah : L2(Ω; Rd) → S1(T )d be a linear operator which satisfies
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(A1) ‖Ahm‖L2(Ω) ≤ c5‖m‖L2(Ω) for all m ∈ L2(Ω; Rd),
(A2) ‖m −Ahm‖L2(Ω) = O(h) for all m ∈ H1(Ω; Rd) and h → 0,
(A3) ‖∇(m −Ahm)‖L2(Ω) = O(1) for all m ∈ H1(Ω; Rd) and h → 0,

with an h-independent constants c5 > 0 which may depend on the shape of the elements in
T . With an arbitrary constant c6 ≥ 2

(
(1 + c5)

2 + C2
invc

2
5

)
, we define the stabilization term

σ(mh,nh) =
1

c6

{
〈(id −Ah)mh ; (id −Ah)nh〉L2 + 〈h∇Ahmh ; h∇Ahnh〉L2

}
(3.14)

for mh,nh ∈ L0(T ). Provided, the exact solution (λ,m) of (RP ) is sufficiently smooth,
Theorem 3.2 yields the optimal convergence order O(h + ε) for the corresponding stabilized
model as is proven in the following theorem.

Theorem 3.4. Let (λ,m) and (λh,mh) solve (RP ) and (RPε,h) with σ(·, ·) defined in (3.14),
respectively, and suppose that the monotonicity assumption (3.5) holds. Then, there is a
constant c7 > 0 which depends only on c1 such that

‖Pm − Pmh‖2
L2(Rd) + ‖Dφ∗∗(m) − Dφ∗∗(mh)‖2

L2(Ω) + ‖λm − λhmh‖2
L2(Ω)

+ ‖ελhmh‖2
L2(Ω) + σ(mh,mh) + σ(mT − mh,mT − mh)

≤ c7

(
(1 + ‖ε‖L∞(Ω))

{
‖m − mT ‖2

L2(Ω) + ‖Dφ∗∗(m) − (Dφ∗∗(m))T ‖2
L2(Ω)

+ ‖λm − (λm)T ‖2
L2(Ω) + σ(mT ,mT )

}

+ ‖ε‖L∞(Ω)‖
√

ε λm‖2
L2(Ω) + σ((λm)T , (λm)T )

)
.

(3.15)

Provided m, λm ∈ H1(Ω; Rd), the right-hand side of (3.15) is of order O(ε2 +h2). Note that
the constant c7 is independent of the triangulation T , Ah and Cinv.

Proof. Adopt the notation from the proof of Theorem 3.1. It remains to estimate the stabi-
lization term σ(mh, `̀̀T − `̀̀h) on the RHS of (3.6). With nh = `̀̀T − `̀̀h, assumption (A1) and
the inverse estimate (3.13) show

σ(nh,nh) =
1

c6

(
‖(id −Ah)nh‖2

L2(Ω) + ‖h∇Ahnh‖2
L2(Ω)

)
≤ 1

2
‖nh‖2

L2(Ω).(3.16)

Recall that ‖nh‖2
L2(Ω) ≤ 2‖`̀̀ − `̀̀h‖2

L2(Ω) + 2‖`̀̀ − `̀̀T ‖2
L2(Ω). This and a Cauchy inequality show

σ(mh,nh) ≤
1

2
σ(mh,mh) +

1

2
‖`̀̀ − `̀̀h‖2

L2(Ω) +
1

2
‖`̀̀ − `̀̀T ‖2

L2(Ω).

While the last term is an a priori term, the first two terms can be absorbed on the LHS
of (3.15). Finally, we have to show that the stabilization terms appearing on the the right-
hand side of (3.15) are of order O(h2) provided the exact solution is smooth. For any function
n ∈ H1(Ω; R2), a Poincaré inequality combined with (A1) and (A2) yields

‖(id −Ah)nT ‖L2(Ω) ≤ ‖nT − n‖L2(Ω) + ‖n −Ahn‖L2(Ω) + ‖Ah(n − nT )‖L2(Ω)

≤ (1 + c5)‖nT − n‖L2(Ω) + ‖n −Ahn‖L2(Ω) = O(h).

Furthermore, there holds

‖h∇AhnT ‖L2(Ω) ≤ ‖h∇n‖L2(Ω) + ‖h∇(n −Ahn)‖L2(Ω) + ‖h∇Ah(n − nT )‖L2(Ω).
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The first term on the latter right-hand side is obviously of order O(h). According to (A3),
the second term is also of order O(h). An application of the inverse estimate and (A1) prove

‖h∇Ah(n − nT )‖L2(Ω) ≤ Cinv‖Ah(n − nT )‖L2(Ω) ≤ Cinvc5‖n − nT ‖L2(Ω) = O(h).

Altogether, this shows σ(nT ,nT ) = O(h2), so that the order of the upper bound in the
a priori error estimate (3.15) is not affected by the stabilization terms. �

Remark 3.1. For the L2 projection ΠΠΠh = Ah onto S1(T )d, one can choose c6 ≥ 2C2
inv:

The above choice of c6 is due to the estimate (3.16) which can be sharpened using the
orthogonality of ΠΠΠh. The only critical point is assumption (A3), i.e., the H1-stability of ΠΠΠh.
But this is only connected with the shape of the elements, cf. [3, 4], and holds for a quite
general class of adaptively generated meshes.

Remark 3.2. Another example for an approximation operator with properties (A1)–(A3)
is the Clément interpolation operator Ih defined as follows: For a node z ∈ N of the trian-
gulation T define the patch ωz :=

⋃ {
T ∈ T

∣∣ z ∈ T
}
. Then, Ihm is given by

Ihm =
∑

z∈N

λz(m)ϕz, λz(m) :=
1

|ωz|

∫

ωz

m dx(3.17)

with ϕz ∈ S1(T ) the nodal basis function.

Remark 3.3. Theorem 3.3 and Theorem 3.4 suggest the choice ε = h for the penalization
parameter.

4. Stabilization yields strong L2 convergence

We restrict in the following section to the two-dimensional case Ω ⊆ R
2 and prove that the

stabilization (3.14) yields full L2 convergence of mh towards m. Our first result applies for
the non-stabilized discrete scheme as well and proves weak convergence mh ⇀ m in L2.
Since the proof is essentially based on the Helmholtz decomposition in 2D, we assume in the
following that Ω is a simply connected domain.

By H̃−1(Ω) we denote the dual space of H1(Ω) and use the notation

‖ϕ‖H̃−1(Ω) := sup
u∈H1(Ω)

u6=0

〈ϕ ; u〉L2

‖u‖H1(Ω)

for all ϕ ∈ H̃−1(Ω)

for the corresponding operator norm.

Remark 4.1. Suppose that a sequence ϕh is bounded in L2 and convergent towards ϕ in

H̃−1(Ω). Then, ϕh is also weakly convergent to ϕ in L2(Ω).

Proposition 4.1. There is a constant c8 > 0 which depends only on the bounded Lipschitz
domain Ω ⊆ R

2 such that, for any δδδ ∈ L2(Ω; R2) and any unit vector z ∈ R
2, there holds

‖δδδ‖H̃−1(Ω) ≤ c8

(
‖δδδ · z‖L2(Ω) + ‖Pδδδ‖L2(R2)

)
.(4.1)

Proof. A Helmholtz decomposition [11, Theorem 3.2] of δδδ yields v ∈ H1(Ω) satisfying∫
Ω

v dx = 0 and w ∈ H1
0 (Ω) with

δδδ = ∇v + curlw.(4.2)
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Notice that there hold

‖∇v‖H̃−1(Ω) ≤ ‖∇v‖L2(Ω) and ‖curlw‖H̃−1(Ω) ≤
√

2‖w‖L2(Ω),(4.3)

where the latter estimate follows from vanishing boundary values of w and the integration
by parts formula. We now use the following trick from [20] to dominate the L2-norm of w:
Let the unit vector e ∈ R

2 be perpendicular to z. The Friedrichs inequality shows, again
with w ∈ H1

0 (Ω),

‖w‖L2(Ω) ≤ CF‖∇w · e‖L2(Ω) = CF‖curlw · z‖L2(Ω) ≤ CF

(
‖δδδ · z‖L2(Ω) + ‖∇v‖L2(Ω)

)
.(4.4)

The upper bound for ‖∇v‖L2(Ω) follows from Poincaré and Friedrichs inequalities and the

Stein extension theorem: Let Ω̂ ⊆ R
2 denote a bounded Lipschitz domain which compactly

contains Ω, i.e., Ω ⊂ Ω̂. Then, there is a continuous linear operator E : H1(Ω) → H1
0 (Ω̂)

such that (Eu)|Ω = u. Let CS > 0 denote the operator norm of E, CP > 0 the Poincaré
constant on Ω, and recall v ∈ H1(Ω) from (4.2). Then, a Poincaré inequality shows

‖∇(Ev)‖L2(R2) ≤ ‖Ev‖H1(Ω̂) ≤ CS‖v‖H1(Ω) ≤ CS(1 + CP )1/2‖∇v‖L2(Ω).

Moreover, suppδδδ ⊆ Ω and orthogonality of P yield

〈∇v ; δδδ〉L2(Ω) = 〈∇(Ev) ; δδδ〉L2(Rd) = 〈∇(Ev) ; Pδδδ〉L2(Rd).

Therefore, there holds with c9 = CS(1 + CP )1/2

‖∇v‖L2(Ω) =
〈∇v ; δδδ〉L2(Ω)

‖∇v‖L2(Ω)

≤ c9

〈∇(Ev) ; Pδδδ〉L2(Ω)

‖∇(Ev)‖L2(R2)

≤ c9 ‖Pδδδ‖L2(R2),(4.5)

where we have used 〈∇(Ev) ; δδδ〉L2(Rd) = 〈∇(Ev) ; Pδδδ〉L2(Rd). Combining this with (4.4) we
obtain the desired result,

‖δδδ‖H̃−1(Ω) ≤ ‖∇v‖H̃−1(Ω) + ‖curlw‖H̃−1(Ω)

≤
√

2CF‖δδδ · z‖L2(Ω) + (
√

2CF + 1) c9 ‖Pδδδ‖L2(R2). �

Remark 4.2. The proof of [20, Theorem 2.10] makes use of w ∈ H1
0 (Ω) to prove [20,

Equation (2.114)] [which corresponds to (4.4) in our proof]. Furthermore, it needs zero
boundary conditions of v [which are not provided by the Helmholtz decomposition] in [20,
Equation (2.113)] to estimate ‖∇v · z‖L2(Ω) ≤ ‖div δδδ‖H−1(Ω) with the dual space H−1(Ω) =

H1
0 (Ω)∗. This error in Prohl’s argument can be overcome by replacing H−1(Ω) by H̃−1(Ω)

and by following the same arguments as in our proof of Proposition 4.1. The only difference
is that, one has to replace the stray field operator P since Prohl considers the simplified

setting with a potential u ∈ H1
0 (Ω̂) instead of u ∈ H1

`oc(R
2) with ∇u ∈ L2(Rd; Rd).

Proposition 4.1 and the provided a priori estimates of Section 3.2 imply the following addi-
tional convergence result.

Corollary 4.2. Suppose that there holds σ(nT ,nT ) = O(h2) for any smooth function n ∈
H1(Ω). In the uniaxial case (1.2) for d = 2 with smooth exact solution m, λm ∈ H 1(Ω), we
have

‖m − mh‖H̃−1(Ω) = O(h + ε1/2)
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independently of the stabilization term. Provided either σ(mh, λhmh) ≥ 0 or that the stabi-
lization σ(·, ·) is given by (3.14), there holds

‖m − mh‖H̃−1(Ω) = O(h + ε).

In particular, this proves weak convergence mh ⇀ m in L2 for h, ε → 0.

Proof. It only remains to show that mh stays bounded for h, ε → 0. For a scalar a ≥ 0,
there holds a2 ≤ 2

(
(a − 1)2

+ + 1). Hence,

‖mh‖L2(Ω) ≤
√

2
(
‖ελhmh‖L2(Ω) + |Ω|1/2

)
.

The boundedness of the RHS follows from the proven a priori results in Section 3. �

Remark 4.3. (a) Note that Corollary 4.2 covers, in particular, the non-stabilized problem
treated in [7, 8]. The numerical experiments therein show full L2 convergence of mh towards
m. From this point of view, Corollary 4.2 seems to be suboptimal since it only provides weak
L2 convergence. The numerical experiments in [5] empirically yield the full L2 convergence
of mh towards m even for 3D.
(b) For the uniaxial case, Theorem 3.2 – 3.4 yield the L2 convergence in all directions
orthogonal to the easy axis, cf. Equation (2.9) in the proof of Theorem 2.3.

Remark 4.4. (a) There is only one crucial step in the proof of Proposition 4.1 which
depends on the 2-dimensional setting, namely the estimate

‖curlw‖H̃−1(Ω) . ‖curlw · z‖L2(Ω).

Here, . denotes ≤ up to a multiplicative constant, which depends only on Ω. This estimate
is obtained from the equality ∇w ·e = curlw ·z with the easy axis e ∈ R

2 and an orthogonal
direction z and an application of the Friedrichs inequality for w ∈ H1

0 (Ω). The remaining
parts of the proof are based on general Sobolev arguments and thus independent of the
dimension.
(b) The Helmholtz decomposition in R

3 is more involved [11, Corollary 3.4] and reads (4.2)
with functions v ∈ H1(Ω) and www ∈ H1(Ω)3, that now satisfy

∫
Ω

v dx = 0 and curlwww ∈
{
uuu ∈

HHH(div, Ω)
∣∣uuu|Γ = 0, div uuu = 0

}
, div www = 0 in Ω, www × ννν = 0 on Γ, and 〈www · ννν ; 1〉Γ = 0 instead

of w ∈ H1
0 (Ω) for the 2-dimensional case. Here, ννν denotes the outer normal vector on the

boundary Γ = ∂Ω. An analogous result to Proposition 4.1 for 3D remains open.

Theorem 4.3. Let d = 2 and consider the discrete problem (RPε,h) stabilized by (3.14)
for the uniaxial case (1.2). Let (λ,m) and (λh,mh) be the solutions of (RP ) and (RPε,h),
respectively, and assume m, λm ∈ H1(Ω) and ε = O(h). Then, there holds

‖m − mh‖L2(Ω) = O(h3/2
max/hmin).

with hmax := max
T∈T

hT and hmin := min
T∈T

hT , respectively.

Proof. According to a triangle inequality there holds

‖m − mh‖L2 ≤ ‖m − mT ‖L2 + ‖mT − mh‖L2

and, with respect to a Poincaré inequality, it remains to show that

‖mh − mT ‖L2 = O(h3/2
max/hmin).
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Recall that

σ(mT − mh,mT − mh)
1/2 = O(hmax)

from Theorem 3.4. With the operator Ah involved by stabilization (3.14), there holds

‖mT − mh‖2
L2(Ω) = 〈mT − mh ; (id −Ah)(mT − mh)〉L2 + 〈mT − mh ; Ah(mT − mh)〉L2

≤ ‖mT − mh‖L2(Ω)‖(id −Ah)(mT − mh)‖L2(Ω)

+ ‖mT − mh‖H̃−1(Ω)‖Ah(mT − mh)‖H1(Ω).

The weak L2 convergence shows, in particular, that ‖mh‖L2(Ω) is uniformly bounded for
hmax → 0. Therefore, the first term on the right-hand side is uniformly bounded in hmax,
i.e., ‖mT − mh‖L2 = O(1). The second term satisfies

‖(id −Ah)(mT − mh)‖L2 ≤ σ(mT − mh,mT − mh)
1/2 = O(hmax).

Proposition 4.1 yields ‖mT −mh‖H̃−1(Ω) ≤ ‖m−mT ‖H̃−1(Ω) + ‖m−mh‖H̃−1(Ω) = O(hmax).

It remains to estimate ‖Ah(mT − mh)‖H1(Ω): There holds

‖∇Ah(mT − mh)‖L2(Ω) ≤ h−1
min‖h∇Ah(mT − mh)‖L2(Ω)

≤ h−1
minσ(mT − mh,mT − mh)

1/2 = O(hmax/hmin).

This and assumption (A1) lead to

‖Ah(mT − mh)‖2
H1(Ω) ≤ c2

5‖mT − mh‖2
L2(Ω) + ‖∇Ah(mT − mh)‖2

L2(Ω) = O(h2
max/h

2
min).

The combination of the aforementioned estimates concludes the proof of ‖mT −mh‖2
L2(Ω) =

O(h3
max/h

2
min). �

5. Numerical Realization

This section is devoted to some brief details on the implementation of the discrete model
(RPε,h). For further details, the reader is referred to [7, 8].

5.1. Numerical Solution of (RPε,h)(RPε,h)(RPε,h). With T = {T1, . . . , TN}, we fix a basis {ϕ1, . . . , ϕdN}
of L0(T )d by defining

ϕj := χTj
e1, ϕj+N := χTj

e2, and, for d = 3, ϕj+2N := χTj
e3,

With respect to this basis, we identify any discrete function mh ∈ L0(T )d with the corre-
sponding coefficient vector x ∈ R

dN . The solution mh of (RPε,h) is computed by a Newton-
Raphson scheme for the function

F : R
dN → R

dN , F(x) :=
(
〈Pmh + Dφ∗∗(mh) + λhmh − f ; ϕ`〉L2 + σ(mh, ϕ`)

)dN

`=1
.(5.1)

The computation of F(x) and DF(x) for the non-stabilized problem is discussed in [8], where
it is shown, that an effective implementation (by use of H2-matrices [18]) has (almost) linear
complexity to compute both, F(x) and DF(x), simultaneously. Thus, we can restrict to the
computation of the last summand

F̃(x) :=
(
σ(mh, ϕ`)

)dN

`=1
(5.2)
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in (5.1). Since F̃ is linear, we simply compute the corresponding matrix with respect to the
fixed basis. We consider the stabilization (3.14) and assume that Ah satisfies

Ah(χTj
eα) = (A1

hχTj
) eα(5.3)

with an appropriate (1-dimensional) linear operator A1
h : L2(Ω) → S1(T ). This is, for

instance, satisfied for Ah the Clément interpolation operator or the L2 projection. Let
K ∈ N denote the number of nodes of the triangulation T , and let φj ∈ S1(T ) denote the
hat function corresponding to the jth node of T . The following proposition is stated for
d = 2, but the analogous result obviously holds for d = 3 as well.

Proposition 5.1. Let M,Bαβ ∈ R
K×K and T ∈ R

K×N be defined by

Mjk := 〈φj ; φk〉L2 , B
αβ
jk := 〈h(∂φj/∂xα) ; h(∂φk/∂xβ)〉L2 , and Tj` := 〈φj ; χT`

〉,(5.4)

and note that Bβα = (Bαβ)T . Assume that the kth column vector Yk ∈ R
K of the matrix

Y ∈ R
K×N is the coefficient vector y(k) of

A1
hχTk

=
K∑

`=1

y
(k)
` φ`.(5.5)

Further, define the matrices D := diag(|T1|, . . . , |TN |) ∈ R
N×N and

Aαβ := δαβ

(
D − YTT − TTY + YTMY

)
+ YTBαβY ∈ R

N×N ,(5.6)

where δαβ denotes the Kronecker symbol. Then, there holds

F̃(x) =
1

c6

(
A11 A12

A21 A22

)
x for all x ∈ R

2N(5.7)

and A21 = (A12)T .

Proof. We treat the two summands of σ(mh, χTk
eβ) separately. Plugging in the basis function

χTj
eα and the representation (5.5), we obtain

〈(id −Ah)(χTj
eα) ; (id −Ah)(χTk

eβ)〉L2 = δαβ

(
δjk|Tj| − y(j) · Tk − y(k) · Tj + y(j) · My(k)

)
,

where the Kronecker symbol δαβ stems from assumption (5.3). Further direct computation
yields

〈h∇Ah(χTj
eα) ; h∇Ah(χTk

eβ)〉L2 = y(j) · Bαβy(k)

If we write the last two equations simultaneously for all 1 ≤ j, k ≤ N , we are led to (5.6).
This proves (5.7). �

Now, we consider the special case that Ah = ΠΠΠh : L2(Ω; Rd) → S1(T )d and A1
h = Πh :

L2(Ω) → S1(T ) are L2-projections. In this case, there holds

MY = T,(5.8)

whence YTT = YTMY = TTY according to the symmetry of M. Now, the matrices Aαβ

from (5.6) simplify considerably. We state this observation in the following corollary.

Corollary 5.2. For Ah = ΠΠΠh the L2-projection onto S1(T )d, we have

Aαβ = δαβD + YT (Bαβ − δαβM)Y(5.9)

for the matrices Aαβ from (5.6). �
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Remark 5.1. For the numerical experiments, we used c6 = 2.

5.2. Assembling M,Bαβ, and T in 2D2D2D. The assembling of M,Bαβ, and T is done ele-
mentwise. Let φ1, φ2 be hat functions corresponding to different nodes of a triangle T ∈ T .
The following formulae follow from affine transformation of T to the reference element
Tref := conv{(0, 0), (1, 0), (0, 1)}. Considering the hat functions on Tref , we can assume
that φ1(x, y) = x and φ2(x, y) = y. Then, the entries of the matrices M and T are computed
from

〈φ1 ; χT 〉L2(T ) = |T |/3, 〈φ1 ; φ1〉L2(T ) = |T |/6, 〈φ1 ; φ2〉L2(T ) = |T |/12.

5.3. Numerical Experiment from [6, 7, 8][6, 7, 8][6, 7, 8]. For the numerical experiments, we con-
sider an example from [6] also considered in [7, 8] for the non-stabilized problem. Let
Ω = (−.5, .5)× (−2.5, 2.5) ⊂ R

2 be a uniaxial ferromagnetic rod with easy axis e = (1, 0). It
is magnetized by a constant exterior field f = (.6, 0), f = (.5, .5), and f = (0, .9), respectively.
Note that the exact solution m is unknown for either of the three cases. From the compu-
tations performed in [8], we conjecture that the respective exact solutions m are sufficiently
smooth to satisfy the assumptions of Theorem 4.3. The computations are performed with
penalization ε = h. Figure 5.1 displays the discrete magnetization vectors mh obtained from
the stabilized scheme on a uniform mesh T with n = 640 triangles for either of the three
exterior fields. Figure 1.1 shows the corresponding volume fractions Λ(mh) from (1.6).
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