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Abstract

We consider time-harmonic linear elasticity
equations in domains with cylindrical waveguides.
Since for such problems there exist modes with
different signs of group and phase velocity, stan-
dard PML methods fail. We apply an infinite el-
ement method based on a pole condition, which
characterizes outgoing solutions by the poles of
their Laplace transform in propagation direc-
tion. Since this condition is frequency indepen-
dent, it is well-suited for resonance problems.
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1 Introduction

Let Ω = Ωint ∪ Ωext ∪ Υ be a Lipschitz domain
with a bounded interior domain Ωint ⊂ Rd (d =
2, 3), a bounded interface Υ = {0} × Υ̃ ⊂ ∂Ωint

with Υ̃ ⊂ Rd−1, and an unbounded waveguide
Ωext = R+ × Υ̃ with Ωext ∩ Ωint = Υ. We con-
sider the time-harmonic isotropic linear elastic-
ity problem

−div σ(u)− ω2u = f in Ω. (1)

Here, <(u(x)e−iωt) for x ∈ Ω and time t > 0 is
the time-harmonic displacement vector, ω > 0
the angular frequency, σ(u) the stress tensor,
and f a volumetric force with compact support
in Ωint. We assume traction-free boundary con-
ditions σ(u) · n at ∂Ωext \ Υ and a suitable
boundary condition with compact support in
∂Ωint \ Υ. Additionally, we need a radiation
condition in order to get physically relevant so-
lutions.

2 Elastic Waveguide

The radiation condition for elastic waveguides
is constructed out of a modal expansion: The
modes

u(ξ, η;ω) = eiκ(ω)ξw(η;ω), (ξ, η) ∈ R+ × Υ̃,

are solutions to (1), if and only if the wavenum-
ber κ(ω) ∈ C solves a dispersion relation. A
mode is called outgoing, if
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Figure 1: The first eight dispersion curves for a
two-dimensional waveguide. Modes correspond-
ing to the red solid part have positive group
velocity and modes corresponding to the blue
dashed part have negative group velocity.

• it is evanescent, i.e. =(κ(ω)) > 0, or

• if the group velocity ∂κω(κ) and with it
the energy transport is positive for κ(ω) ∈
R.

Fig. 1 shows a typical situation for real wavenum-
bers: There exist backward propagating modes
with positive group and negative phase velocity
ω/κ. A standard complex scaling method fails
in such cases, since it selects modes with posi-
tive phase instead of positive group velocities.

More details for the modal decomposition
can be found in [1]. In particular it is shown
in [1], that there exists a sequence of positive
frequencies (ωj)j∈N such that the traces of out-
going modes are dense in H1(Υ) for all ω ∈
R+ \ {ωj , j ∈ N}. In Fig. 1 there exist eight
such frequencies ωj with vanishing group veloc-
ity, six of them with vanishing wavenumbers.

3 Pole Condition

The modal radiation condition is frequency de-
pendent and therefore not well-suited for reso-
nance problems. An alternative radiation con-
dition is the pole condition, which assumes the
Laplace transform in propagation direction

Lu(•, η;ω)(s) =
w(η;ω)

s− iκ(ω)
, s ∈ C \ {iκ(ω)},
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Figure 2: Lowest outgoing (red) and incoming
(blue) wavenumbers (multiplied with i) for ω ∈
(1.57, 1.78) with separating curve Γ (green).

to be holomorphic in some region of the complex
plane for all modes, all η ∈ Υ̃ and all frequen-
cies ω ∈ (ω̃1, ω̃2)\{ωj , j ∈ N} with 0 < ω̃1 < ω̃2.
For the second interval in Fig. 1 the situation is
sketched in Fig. 2: There exist an oriented curve
Γ with Γ+ on the left and Γ− on the right, such
that most of the outgoing poles of Lu(•, η;ω)
are separated by Γ from the incoming poles.
Only two frequencies exist with vanishing group
velocities and poles on Γ.

For the exact definition of the pole condition
and the Hardy space infinite element method
based on this framework we refer to [2,3]. Note,
that the radiation condition is clearly indepen-
dent of ω in an interval of frequencies.

4 Resonance Problem

(1) leads after discretization to a linear system
of the form (A − ω2B)uh = fh with frequency
independent matrices A and B. For the cor-
responding resonance problem we are looking
for resonances ω ∈ C with <(ω) > 0 with non-
trivial eigenfunction uh such that

Auh = ω2Buh.

Figure 3: Scattering of an incoming wave by a
cavity
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(a) stress in the cavity
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(b) spectrum for two differ-
ent discretizations

Figure 4: Frequency dependency

5 Numerics

We study the scattering of a wave signal con-
taining a backward propagating mode by a cav-
ity in a two dimensional waveguide, see Fig. 3
for the domain. In Fig. 4(a) the stress in the
cavity was measured for different frequencies.
The first peak coincides with the resonance with
|=(ωres)|most low. The second peak corresponds
to a second resonance with small absolute value
of imaginary part, which is hidden in Fig. 4(b)
behind the discretization of an essential spec-
trum. A zoom into this region illustrates this
resonance.

Hence, the Hardy space method is well-suited
for resonance as well as scattering problems even
in the case of backward propagating modes.
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