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Abstract

We discuss numerical problems and solution methods for interface problems, mostly
stemming from two-phase flow problems. The mathematical models of the considered
problems describe rather standard continuum models on subdomains which are coupled
through interface conditions. These conditions lead to (weak) discontinuities in the
solution quantities which makes the numerical treatment challenging.

For the description of the interface position and its evolution we consider interface
capturing methods, for instance the level set method. In those methods the mesh is not
aligned to the evolving interface such that the interface intersects mesh elements. Hence,
the (possibly moving) discontinuities are located within individual elements which makes
the numerical treatment challenging.

For the discretization of such problems we present and analyze modern discretization
techniques. The first component is an enrichment with an extended finite element
(XFEM) space which provides the possibility to approximate discontinuous quantities
accurately without the need for aligned meshes. This enrichment, however, does not
respect all interface conditions automatically. To cure this issue we introduce and
discuss different strategies to impose the interface condition using the discrete variational
formulation of the finite element method. For a stationary interface the combination
of both techniques offers a good way to provide reliable methods for the simulation
of mass transport in two-phase flows. However, the most difficult aspect of two-phase
flow problems is the fact that the interface is typically not stationary, but moving in
time. The numerical treatment of the moving discontinuity requires special care. For
this purpose a space-time variational formulation is introduced and combined with the
previously discussed techniques.

In this lecture we present the components and the resulting methods one after another,
for stationary and non-stationary interfaces. We analyze the methods with respect to
accuracy and stability and discuss important properties.

The lecture is (to a great extend) based on [GR11, Leh15b].
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1 Interface problems in two-phase
flows with mass transport

1.1 Introduction

The two-phase flow problem (including additional transport problems) will be our guiding
example of interface problems. In this chapter we derive two-phase flow models for the
fluid dynamic and the mass transport and discuss the arising numerical challenges. At
the end of the chapter we give a brief structure of the remaining parts of the lecture.

Lagrangian and Eulerian descriptions In fluid dynamics a specification of the balance
laws which is based on specific fixed locations in space is called Eulerian. The counter-
part of an Eulerian description is the Lagrangian specification where the balances are
formulated relative to a fluid parcel which moves through space and time following the
flow field.

We derive an Eulerian description of the balance laws in two-phase flows in a sharp
interface formulation. The fluids are contained in an open domain Ω ⊂ Rd, d ∈ {1, 2, 3}.
The fluids are contained in the domains Ω1, Ω2 which are separated by Γ = Ω1 ∩ Ω2.
We assume that one phase is completely surrounded by the other, s.t. Γ ∩ ∂Ω = ∅ (
∀ t ).

Γ

Ω1

Ω2

Γ

Ω1

Ω2

Figure 1.1.1: Sketch of two phases.
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Assumptions on the two-phase flow equations

We make the following assumptions:

• The fluids are immiscible (pure, no mixtures) and there is no phase transition.

• The interface has thickness zero, we say the interface is sharp.

• The fluids are incompressible.

• The fluids are viscous and Newtonian.

• We consider isothermal conditions, that implies that there are no variations in
density or (dynamic) viscosity due to temperature.

• Transported species do not adhere at the interface and no chemical reactions take
place at the interface.

1.2 Formulation of balances on moving domains

1.2.1 Material derivative

Let Xξ(t) denote the solution to

Ẋξ(t) = u(Xξ(t), t), t > 0, Xξ(0) = ξ

for a point ξ ∈ Ω, called the trajectory of the particle with initial position ξ.

The material derivative of a (sufficiently smooth) function f(x, t) is defined as the rate
of change of f w.r.t. to the trajectory crossing x in t:

ḟ(Xξ(t), t) =
d

dt
f(Xξ(t), t) =

∂

∂t
f +

∂Xξ

∂t
· ∇f

where in the last step we have to assume that f is also sufficiently smooth in a neighbor-
hood of x.

Due to the immiscibility of the fluids we have that Xξ(t) ∈ Ωi(t) ∀ t for a fixed i = 1 or
i = 2, i.e. a particle will not change phase. As a consequence particles on the interface
will stay on the interface and thus

Γ(t) = {Xξ(t) : ξ ∈ Γ(0)}.

For u = 0 on ∂Ω, there also holds Ωi(t) = {Xξ(t) : ξ ∈ Ωi(0)}.
Another direct conclusion concerns the velocity of the interface V .

V · nΓ = u · nΓ,

with nΓ the normal to the interface pointing from Ω1 to Ω2.
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1.2.2 Reynolds transport theorem

Consider a (small) subdomain W0 ⊂ Ω which is completely contained in one phase, i.e.
W0 ∈ Ωi(0), i ∈ {1, 2}, called a material volume. We define the material volume at a
later time as

W (t) := {Xξ(t) : ξ ∈ W0}.

x

t

W (t)

W (0) = W0

Figure 1.2.1: Sketch of material volume.

The rate of change of a smooth quantity f in a (time-dependent) domain W (t)
can be described as

d

dt

∫
W (t)

f(x, t)dx =

∫
W (t)

ḟ(x, t) + f div(u(x, t)) dx

=

∫
W (t)

∂

∂t
f(x, t) + div(f · u)(x, t) dx

=

∫
W (t)

∂

∂t
f(x, t) dx +

∫
∂W (t)

f(u · n)(s, t) ds

Theorem 1.1 (Reynold’s transport theorem).

1.3 Balances for fluid dynamics

1.3.1 Conservation of mass

The total mass within the material volume is conserved (no ingoing or outgoing fluxes,
no sources), this implies

d

dt

∫
W (t)

ρ dx︸ ︷︷ ︸
total mass in W (t)

=

∫
W (t)

∂ρ

∂t
+ div(ρu) dx = 0.
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As the material volume W0 and the time t are essentially arbitrary, the balance can be
localized towards

∂ρ

∂t
+ div(ρu) = 0 in Ωi(t).

Now, further exploiting ρ = const within each phase gives

div(u) = 0 in Ωi(t). (1.1)

1.3.2 Conservation of momentum

Following Newton’s law the rate of change of the momentum within the control volume
has to balance with the forces acting on that volume:

d

dt

∫
W (t)

ρu dx︸ ︷︷ ︸
total momentum W (t)

=

∫
W (t)

ρg dx +

∫
∂W (t)

σ · n ds︸ ︷︷ ︸
forces acting on W (t)

=

∫
W (t)

ρg + div(σ)dx.

This gives ∫
W (t)

∂(ρu)

∂t
+ div(ρu⊗ u)− div(σ)dx =

∫
W (t)

ρg dx

Due to ρ = const (and hence (1.1)) we have div(ρu⊗ u) = ρ(u · ∇)u. Further we use
the assumed Newtonian behavior of the stress tensor, i.e.

σ = −pI + λ(div(u))︸ ︷︷ ︸
=0

I + µD(u), D(u) = ∇u +∇uT

All together, the localized versions give the Navier-Stokes equations for the subdo-
mains: {

ρ(∂u
∂t

+ (u · ∇)u) +∇p− div(µD(u)) = ρg in Ωi(t), i = 1, 2
div(u) = 0 in Ωi(t), i = 1, 2.

(1.2)

Now, we are only missing the boundary conditions and the coupling conditions at the
interface to complete the model for the two-phase hydrodynamics.

1.3.3 Coupling conditions

To close the model in (1.2) w.r.t. to the interface conditions we need 2d scalar conditions,
with d the space dimension.
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Continuity As there is no change in phase and the fluids are viscous, we conclude that
the velocity is continuous, i.e.

[[u]] = 0 on Γ(t)

with the jump operator [[f ]] = limh→0 f(x− hnΓ)− f(x + hnΓ) for sufficiently smooth
functions f . These are the first d conditions. The d remaining scalar conditons are related
to the force balance at the interface. Note that due to div(u) = 0 in Ωi(t), i = 1, 2 and
[[u · nΓ]] = 0 on Γi(t), we have div(u) = 0 in Ω (in the L2-sense).

Surface tension force We now consider a control volume W (t) which contains both
phases (and a part of the interface). We have W1(t) := W (t)∩Ω1(t), W2(t) := W (t)∩Ω2(t)
and ΓW (t) := W (t)∩Γ(t). At the interface an additional force exists, the surface tension
force. It is usually modeled as

−τ
∫

ΓW (t)

κ · nΓ ds

with a constant surface tension coefficient τ and the mean curvature κ (κ(x) = div(nΓ(x))).
In the definition of the curvature the orientation can be different in other literature, in
our definition a convex interior of Γ results in a negative κ. The curvature of a sphere
(in d dimensions) with radius R is κ = d−1

R
.

A force balance on W (t) gives

d

dt

∫
W (t)

ρu dx︸ ︷︷ ︸
rate of change in mom.

=

∫
W (t)

ρg dx︸ ︷︷ ︸
volume force

+

∫
∂W (t)

σ · n ds︸ ︷︷ ︸
surface force(stress)

− τ
∫

ΓW

κ · nΓ ds︸ ︷︷ ︸
surface tension force

In order to do partial integration on the stress tensor part of the outer forces we have to
divide the integral into its subdomains (where σ is smooth).∫

∂W (t)

σ · n =

∫
∂W1(t)

σ1 · n1 ds +

∫
∂W2(t)

σ2 · n2 ds−
∫

ΓW

(σ1 · n1 + σ2 · n2) ds

and hence get∫
W (t)

ρ(
∂

∂t
u + (u · ∇)u) +∇p− div(µD(u)) dx =

∫
W (t)

ρg −
∫

ΓW

[[σ · nΓ]] + τκnΓ ds

Note that the balance holds already for W1(t) and W2(t) and we can thus conclude
that there holds

∫
ΓW

[[σ · nΓ]] ds = −τ
∫

ΓW
κnΓ ds and localizing this (ΓW is essentially

arbitrary) we get:
[[σ · nΓ]] = −τκnΓ on Γ(t) (1.3)
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1.3.4 Two-phase fluid dynamics model

We end up with the a standard model from the literature [Scr60, BKZ92, GR11].

Given suitable boundary conditions and initial values for u, find u(x, t) and p(x, t),
s.t.

ρi(
∂

∂t
u + (u · ∇)u)− div(µiD(u)) +∇p = ρig in Ωi(t), i = 1, 2 (1.4a)

div(u) = 0 in Ωi(t), i = 1, 2, (1.4b)

[[σ · nΓ]] = −τκnΓ, on Γ(t), (1.4c)

[[u]] = 0, on Γ(t). (1.4d)

Problem 1.1.

Exercise 1.1 (Static bubble). We consider the unit cube Ω = Cd = [−1, 1]d in a d-
dimensional domain. One phase is contained in the unit sphere Ω1 = B1(0) = {x| ‖x‖2 ≤
1} and thus Ω2 = Ω \ Ω1. We assume the fluids to be at rest, u = 0. We further assume
no gravitational force (g = 0) or equal densities (ρ1 = ρ2). What are the solutions for
the pressure field? (cf. solution A.1)

1.4 Balances for species transport

Considering the transport of a species c, the species mass balance for a material volume
W (t) inside one domain gives

d

dt

∫
W (t)

c dx =

∫
W (t)

f dx +

∫
∂W (t)

F (c) ds

with sources/sinks f and F (c) the outgoing flux. The outgoing flux is driven by molecular
diffusion and modeled by Fick’s law: F (c) = α∇c ·n for α constant inside each subdomain
Ωi(t), i = 1, 2. We often assume no sources/sinks, f = 0. This finally gives the localized
equation, which is a convection diffusion equation problem in the subdomains

∂

∂t
c+ u · ∇c− α∆c = f = 0 in Ωi, i = 1, 2 (1.5)

A mass balance for domains which contain some part of the interface we get

α1∇c1 · nΓ = α2∇c2 · nΓ on Γ(t). (1.6)

To close the model with respect to the interface conditions we need an additional condition
at the interface, which is discussed next.
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1.4.1 Henry interface condition

The second interface condition is the Henry interface condition, that results from a
constitutive law known as Henry’s law. Henry’s law assumes that chemical potentials
from both sites are in balance, i.e. an instantaneous thermodynamical equilibrium is
assumed. This assumption is reasonable as long as kinetic processes at the interface are
sufficiently fast. Then, Henry’s law states that the concentrations at the interface are
proportional to the partial pressure of the species in the fluids p = βici with constants
βi which depend on the solute, the solvent and the temperature. Using these constants
Henry’s law reads as

β1c1 = β2c2.

For further details on the modeling we refer to [Ish75, SAC97, SSO07]. The Henry
interface condition leads to a discontinuity of the quantity c across the (evolving) interface
as we typically have β1 6= β2.

1.4.2 Two-phase mass transport model

Given suitable initial and boundary conditions for c, find c(x, t), s.t.

∂

∂t
c+ u · ∇c− div(α∇c) = f in Ωi(t), i = 1, 2, (1.7a)

[[α∇c · n]] = 0 on Γ, (1.7b)

[[βc]] = 0 on Γ, (1.7c)

Problem 1.2.

1.5 Simplified problem

We introduce two simplified problems which are stationary versions of problem 1.1 and
problem 1.2 (with ∂tu = 0) which further neglect convection effects.
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1.5.1 Two-domain Stokes equation

Given suitable boundary conditions for u, find u(x) and p(x), s.t.

− div(µiD(u)) +∇p = ρig in Ωi, i = 1, 2

div(u) = 0 in Ωi, i = 1, 2,

[[σ · nΓ]] = −τκnΓ, [[u]] = 0, on Γ.

Problem 1.3.

There holds div(D(u)) = ∆u + ∇ div(u), s.t. one often replaces − div(µiD(u)) with
− div(µi∇u). Note however, that the treatment of the interface and boundary conditions
is most natural for a formulation with − div(µiD(u)).

1.5.2 Two-domain Poisson equation

The simplest version of problem 1.2 is obtained by considering a stationary problem
without convection:

Given suitable boundary conditions for c, find c(x), s.t.

− div(α∇c) = f in Ωi, i = 1, 2, (1.9a)

[[α∇c · n]] = 0 on Γ, (1.9b)

[[βc]] = 0 on Γ, (1.9c)

c = gD on ∂Ω. (1.9d)

Problem 1.4.

For β1 = β2 (or after reformulation as a problem of βc) the problem is a standard problem
in the literature of interface problems.

1.6 Summary of numerical challenges

We briefly summarize the most important features of the derived models:

• Solutions to the fluid dynamics problem may exhibit discontinuities across the
interface, i.e. the velocity may have kinks (”weak discontinuity”) while the pressure
(and the species concentration) may have jumps (”strong discontinuity”).

• The surface tension force acts only on a manifold and is sensitive to geometrical
errors. An accurate numerical treatment is challenging.

• The (weak) discontinuities travel in time (following the interface).
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• In the scope of this lecture we focus on methods where the interface is ”captured”
which means that only an implicit description of the interface exists, s.t. the
interface is typically not aligned to the computational mesh.

Other problems with interfaces

There are many other fluid flow problems which involve (moving) interfaces or boundaries.
In the student projects of this lecture some of these problems can be considered, e.g.:

• Free surface flows, i.e. one-phase flows with moving boundaries.

• Surfactant equations: In many two-phase flows soluable species adhere at the
interface. The distribution of these quantities on the interface is a challenging task
for the numerical discretization.

• Osmosis problems: Here, the concentration at the interface while the mean curvature
of the domain boundary determine the evolution of the domain.

• Phase transition due to melting (Stefan problem). The problem is formulated for
the temperature of water/ice and the interface is implicitly defined as the zero-level
of the temperature.

• . . .

1.7 Ways to describe the interface and its motion

In the description of physical balances a specification of the laws can be set in different
coordinate systems. For fluid dynamic problems the two most important ones are an
“Eulerian” and a “Lagrangian” coordinate system. Both (and mixed) formulations are used
to derive different discretization methods for flow problems. Discretizations based on a
Lagrangian description offer a natural treatment for problems with moving boundaries or
interfaces. However, Lagrangian methods have significant drawbacks if deformations get
large or topologies change. These issues can be overcome by Eulerian methods. However,
the discretization of problems with moving boundaries or interfaces in an Eulerian frame
is difficult. A major component of the numerical difficulties discussed in this lecture arise
from the fact that we consider the problem in an Eulerian framework with an implicit
description of the interface. In contrast to methods which are based on a Lagrangian
formulation at the interface, e.g. a full Lagrangian method or an Arbitrary-Lagrangian-
Eulerian formulation, the computational mesh is not adapted to fit the interface. As a
consequence the interface and thus the discontinuity of the concentration lies or even
moves inside a computational element rather than coinciding with element facets.

13



There are also many intermediate ways between both descriptions, especially coordi-
nate systems where only the moving boundary or interface is treated as a Lagrangian
particles.

For the representation of a possibly moving interface, there are two popular techniques
to represent the motion of a sharp interface. Most methods for sharp interface models
of two-phase flows fall into one of those two classes: interface tracking or interface
capturing methods. We only briefly mention the approaches here. In chapter 4 this topic
is discussed in more detail.

1.7.1 Interface tracking

In interface tracking methods, points on the interface (grid points or artificial marker
points) are transported explicitly with the flow field. This method has the advantage
that an explicit description of the interface can be preserved. The major drawback of this
method is that the distribution of control points (grid points or marker points) at the
interface will typically deviate significantly from a uniform distribution and redistribution
gets necessary. If grid points of a mesh are used as control points, this means that
an automated remeshing procedure has to take place after several time steps which
is typically challenging and computationally expensive. Especially difficult to handle
are situations where the topology of the domains changes, for instance collisions of
droplets.

1.7.2 Interface capturing

Interface capturing methods such as the Volume of Fluid (VoF) and the level set method
were developed to circumvent problems with topology changes and frequent remeshing.
These methods use an implicit description of the interface, typically in an Eulerian
framework. For that an auxiliary indicator field is introduced. The transport of this field
is described by a linear hyperbolic PDE. This topic is discussed in chapter 4.

In the following we will concentrate on the discussion of problems where an interface
capturing method is used. This has the following important implications:

• The interface is described only implicitly via some characterization of the indicator
field.

• The interface is not aligned with element boundaries.
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Γ
Ω1

Ω2

Fluid dynamics (in the bulks Ωi)

Navier-Stokes equations (u, p)
(conservation of mass and momentum)

ρi(∂tu + (u · ∇)u)− div(σ) +∇p = ρig,
div(u) = 0

Species transport (in the bulks Ωi)

Convection-diffusion equation (c)
(conservation of species)

∂tc+ (u · ∇)c− div(α∇c) = 0

Interface conditions (at Γ)

fluid dyn.: conserv. of mass+mom. (surf. tension) (u, p)
[[σ · n]] = τκn, [[u]] = 0

species transp..: conserv. of species and thermodyn. equil. (c)
[[βc]] = 0

Surfactants equations (on Γ)

conservation of surfactant (adsorption / desorption)
ċΓ − αΓ∆ΓcΓ = f(u|Γ, cΓ)

Non-aligned grids

Figure 1.7.1: Summary of model equations for Eulerian two-phase flow problems

Structure of the lecture

• The approximation of unfitted discontinuities (XFEM) for problems with a
stationary interface will be discussed. Here, the interface is assumed to be known
but not aligned to the mesh

• A special case is the discretization of the Stokes problem using only an (XFEM)
enriched pressure space and a special discretization for the surface tension force.
Interface conditions can be treated naturally.

• The imposition of interface conditions. Due to the non-aligned nature of the
interface it is usually hard - or even impossible - to implement certain interface
conditions as essential conditions even though they are essential conditions in an
according weak formulation for the continuous problem. We discuss methods on
how to implement interface and boundary conditions on non-conforming finite
element spaces and analyze them.

• Discretization of the interface motion. In the previous topics we assume that
the interface position is known. We discuss different approaches how the evolution
can be discretized and arising problems.

• Extremely ill-conditioned linear systems may arise from XFEM enrichments.
We discuss the problem and possible solutions.

• The discretization of moving discontinuities needs special care. We introduce
the framework of space-time finite element methods and its combination with
extended finite elements (XFEM) for problems with moving discontinuities.
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Excursion: The two-phase Stokes
problem

Weak formulation of two-phase Stokes problems The weak formulation for the
Stokes problem takes the following form:
Find u ∈ [H1(Ω)]3, p ∈ L2(Ω), s.t.∫

Ω1,2

µi
2
D(u) : D(v) dx−

∫
Ω1,2

div(u)q dx−
∫

Ω1,2

div(v)p dx =

∫
Ω1,2

ρigv dx−τ
∫

Γ

κnΓv ds

for all v ∈ [H1(Ω)]3, q ∈ L2(Ω).
Exercise 1.2 (Computational exercise, using tutorial mystokes). Follow the instructions
of the corresponding tutorials to solve the two-phase Stokes problem on a fitted mesh in
two and three dimensions. Investigate the following:

• The pressure is in general discontinuous due to the surface tension force. How well
do the different velocity-pressure spaces cope with this discontinuity?

• How sensitive is the solution to the approximation quality of the surface tension
force?

One interesting feature of the two-phase Stokes problem is the fact, that interface
conditions are imposed naturally on the finite element spaces for “standard” stable finite
element methods for the Stokes problem. This especially means, that we do not have to
impose an additional condition at the interface.
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2 Approximation of discontinuous
functions

This chapter is devoted to the approximation of functions which have special discontinu-
ities in the sense that the location of these are known.

2.1 Preliminaries / Notation

Let {Th}h>0 be a family of shape regular simplex triangulation of Ω. A triangulation Th
consists of simplices T , with hT := diam(T ) and h := max{hT | T ∈ Th}. In general we
have that the interface Γ does not coincide with element boundaries. The triangulation
is unfitted. We introduce some notation for cut elements, i.e. elements T with Γ ∩ T 6= ∅.
For any simplex T ∈ Th, Ti := T ∩ Ωi denotes the part of T in Ωi and ΓT := T ∩ Γ
the part of the interface that lies in T . T Γ

h denotes the set of elements that are “close
to the interface”, T Γ

h := {T : T ∩ Γ 6= ∅}. The corresponding domain is denoted by
ΩΓ = {x ∈ T : T ∈ T Γ

h }. Further, we define the set of elements with nonzero support in
one domain: T ih := {T : T ∩ Ωi 6= ∅}, i = 1, 2, the corresponding domain is denoted by
Ω+
i = {x ∈ T : T ∈ T ih}. We also define the domain of uncut elements in domain i as

Ω−i = Ωi \ ΩΓ = Ω+
i \ ΩΓ.

At some places we use the notation with the relations � and �.
Definition 2.1 (Notation: smaller/greater up to a constant (�, �), equivalent (')).
For a, b ∈ R we use the notation a � b (a � b), if there exists a constant c ∈ R such
that there holds a ≤ c b (a ≥ c b), with c independent of h or the cut position. If we have
a � b and b � a, we write a ' b.
Assumption 2.1 (Resolution of the interface). We assume that the resolution close to
the interface is sufficiently high such that the interface can be resolved by the triangulation,
in the sense that if Γ∩T =: ΓT 6= ∅ then ΓT can be represented as the graph of a function
on a planar cross-section of T . We refer to [HH02] for precise conditions.
Remark 2.1 (Interface approximation). In implementations of any method with an
unfitted triangulation one needs to deal with the interface Γ in terms of subdomain and
interface integrals. In practice Γ is often defined implicitly, e.g. as the zero level of a
given level set function. As soon as the level set function is not (piecewise) linear the
interface Γ is not (piecewise) planar and an explicit construction is (usually) not feasible.
Often an approximation Γh of Γ is constructed which has an explicit representation and
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easily allows for implementations of subdomain and interface integrals. In this chapter
however we neglect this issue and assume that we can evaluate integrals on subdomains
and the interface exactly.

2.2 Approximating discontinuities

In this section we consider the approximation quality of certain finite element spaces
w.r.t. domain-wise smooth functions u with a discontinuity across the interface, i.e. the
approximation error of a finite element space Vh.

inf
vh∈Vh

‖vh − u‖Hk(Ω1,2) , k = 0, 1, u ∈ Hk(Ω1) ∩Hk(Ω2) =: Hk(Ω1,2)

We consider the finite element space Vh of functions which are polynomials of degree k
on each element (discontinuous or continuous across element boundaries):

Vh := {v ∈ H1(Ω) : v|T ∈ Pk(T ), T ∈ Th}.

The approximation of discontinuous functions u (with an unfitted discontinuity) with
piecewise polynomials only allows for an approximation estimates of the form:

inf
vh∈Vh

‖vh − u‖L2(Ω) ≤ c
√
h ‖u‖Hk(Ω1,2), k ≥ 1 (2.1)

Exercise 2.1. Prove that the estimate in (2.1) is sharp.
Hint:
Consider the domain Ω = [0, 1] and Γ = {1

3
} and Ω1 = [0, 1

3
], Ω2 = [1

3
, 1] and the solution

u = χΩ1, i.e. u = 1 in Ω1 and u = 0 in Ω2. A familiy of triangulations with uniform
grid size h = 2−n is given as is T nh = {[(k − 1) · 2−n, k · 2−n]}k=1,2n, i.e. T 0

h = {[0, 1]},
T 1
h = {[0, 1

2
], [1

2
, 1]}, T 2

h = {[0, 1
4
], [1

4
, 1

2
], [1

2
, 3

4
], [3

4
, 1]}.

x

u Γ = { 1
3}

1
0

T 3
h

T 2
h

T 1
h

Consider a corresponding family of finite element spaces V n
h with piecewise polynomials of

degree p which are discontinuous across element boundaries, i.e. V n
h := {v ∈ Pk(T ), T ∈

T nh . (cf. solution A.2)
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Consider the simpler problem with β1 = β2. The jump discontinuity vanishes but the
discontinuity in the derivative (kink discontinuity) due to different diffusivities α̃ remains.
In this case the approximation quality of standard finite element spaces is better. Still,
the sub-optimal approximation error estimate

inf
vh∈Vh

‖vh − u‖L2(Ω) ≤ ch
3
2 ‖u‖Hk(Ω1,2), k ≥ 2

is sharp, independent of the polynomial degree of the finite element space Vh. In the
next sections a remedy to this problem is presented.

2.3 The fictitious domain approach

To overcome the approximation problem for kinks and jumps that are not fitted to the
mesh we introduce special finite element spaces. The main idea is sketched in figure 2.3.1
and is as follows: Consider the problem of approximating a function u1 in Ω1 when ∂Ω1

is not fitted to the discretization elements. If that function u1 is sufficiently smooth it
can be extended smoothly to Ω and a standard finite element space Vh with (element-)
piecewise polynomials of degree k can be used to approximate the function with the usual
(good) quality of approximation. We denote the corresponding (continuous) extension
operator as E1 : Hk(Ω1)→ Hk(Ω). For the L2-norm one directly gets

inf
vh∈Vh
‖vh − u‖L2(Ω1)≤ inf

vh∈Vh
‖vh − E1u‖L2(Ω)≤chk+1‖E1u‖Hk+1(Ω)≤chk+1‖u‖Hk+1(Ω1).

It is already sufficient to extend the functions to the smallest set of elements that have
some part in domain i, Ω+

i . This is the basic idea of the fictitious domain approach and
it appears in the literature under different names and in different contexts. We briefly
discuss the literature on fictitious domain approaches in chapter 3.

The same idea that we just applied for Ω1 can also be applied for the function in Ω2. In
order to approximate both functions at the same time we have to use twice the degrees
of freedom of Vh in the overlap region ΩΓ.

We get the finite element space

V Γ
h := { v ∈ H1

0 (Ω1,2) | v|Ti ∈ Pk(Ti) for all T ∈ Th, i = 1, 2. }. (2.2)

which can be characterized as

V Γ
h = R1Vh ⊕R2Vh (2.3)

with Ri : L2(Ω)→ L2(Ωi) the restriction operator on domain i.

Note that V Γ
h ⊂ H1

0 (Ω1,2), but the Henry interface condition [[βvh]] = 0 does not necessarily
hold for vh ∈ V Γ

h . The task of enforcing the interface condition is shifted to the (discrete)
variational formulation. This is later discussed in chapter 3.

A different characterization can be made which is typically better suited for implementa-
tion and discussed in the next section.
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Ω+
1

Ω+
2

Γ

Ω−2

Ω−1

ΩΓ

Figure 2.3.1: Fictituous domain approach applied for domain Ω1 (left) and Ω2 (center). Com-
bining both results in a finite element space with double-valued representatives in
the overlap region ΩΓ(right).

2.4 The extended finite element method

In the literature a finite element discretization based on the space V Γ
h is often called an

extended finite element method (XFEM), cf. [MDB99, BMUP01, CB03]. Furthermore, in
the (engineering) literature this space is usually characterized in a different way, which
we briefly explain for linear finite elements (k = 1).

Let Vh ⊂ H1
0 (Ω) be the standard finite element space of continuous piecewise linear

functions, corresponding to the triangulation Th.
Define the index set J = {1, . . . , n}, where n = dimVh, and let (ϕi)i∈J be the nodal
basis in Vh. Let JΓ := { j ∈ J | |Γ ∩ supp(ϕj)| > 0 } be the index set of those basis
functions the support of which is intersected by Γ.

The Heaviside function HΓ has the values HΓ(x) = 0 for x ∈ Ω1, HΓ(x) = 1 for
x ∈ Ω2. Using this, for j ∈ JΓ we introduce a so-called enrichment function Φj(x) :=
|HΓ(x)−HΓ(xj)|, where xj is the vertex with index j. We introduce new basis functions
ϕΓ
j := ϕjΦj, j ∈ JΓ, and define the space

Vh ⊕ V x
h with V x

h := span{ϕΓ
j | j ∈ JΓ }. (2.4)

In figure 2.4.1 a sketch of an added basis function is depicted. The space Vh ⊕ V x
h is the

same as V Γ
h in (2.2) and the characterization in (2.4) accounts for the name “extended

finite element method”.

The new basis functions ϕΓ
j have the property ϕΓ

j (xi) = 0 for all i ∈ J . From an
implementational point of view this is an important property as it guarantees that
v(x) = 0 for x ∈ Ω \ ΩΓ and v ∈ V x

h , i.e. that only on discretization elements which
are cut, (non-zero) enrichment functions exist. An L2-stability property of the basis
(ϕj)j∈J ∪ (ϕΓ

j )j∈JΓ
of V Γ

h (for k = 1) is given in [Reu08].
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Figure 2.4.1: Example of an XFEM shape functions. On the left a shape function ϕj from the
standard finite element space Vh is shown. On the right the restriction R1ϕj on
Ω1 is shown. The function R1ϕj is a basis function of V x

h .

In the XFEM literature the enrichment process is typically characterized more general.
The presented enrichment technique is a special case, called the “Heaviside” enrich-
ment.

2.5 Relation to other methods in the literature

The general idea of fictitious domain approaches is to find a solution to a PDE problem
on a complicated domain Ω by replacing the problem with a problem on a larger domain
Ω̃ ⊃ Ω such that the restriction to Ω of the solution coincides with the solution of
the original problem. Typically, the domain Ω̃ is chosen as a simple geometry which
is easily meshed. The main motivation for this approach is that one can work with a
simple background mesh that is independent of a (possibly) complex and time-dependent
geometry. This apparent simplification comes at a price. The interface is not aligned to
element boundaries of a triangulation, the interface is unfitted. Managing data structures
pertaining the actual geometry is in general not trivial.

The first unfitted finite element methods have been investigated and analyzed in, a.o.,
[Bab73b, BE86, GPP94a, GPP94b, GG95]. An important problem for unfitted finite
elements is the question of how to implement boundary(interface) conditions. This is
due to the fact that it is not feasible to implement Dirichlet (or continuity) conditions
as essential boundary conditions into the unfitted finite element space. The mentioned
papers use penalty or Lagrange multiplier techniques to enforce the desired boundary
(interface) conditions. The problem of enforcing boundary (interface) conditions will be
discussed in chapter 3.

The general idea of the fictitious domain method is applied in many different contexts
under different names. We mention a few of these methods.

In fluid-structure interaction problems, immersed boundary (IB) methods (see, e.g.,
[PM89]) use non-matching overlapping grids, for example a static mesh for the fluid

21



and a moving mesh for the object which is in contact with the fluid (and its vicinity).
Typically, on one of the meshes the equations are formulated in an Eulerian framework,
while on the other mesh, which is moving, one uses a Lagrangian (or semi-Lagrangian)
formulation. Force balance is then controlled at a number of points in the intersection of
both domains. A variant of the IB method is the Immersed Interface (II) method (cf.
[LL94]). For problems with perforated domains or domains with single holes, the Fat
Boundary method (FBM) introduced in [Mau01] is another method which adapts the
fictitious domain idea similar to the IB and II method.

Similar to the FBM the finite cell method (FCM) introduced in [PDR07] is a method to
compute structure problems in solids with randomly shaped voids on regular grids using
higher order elements. In [VvLS08] an overview over several fictitious domain approaches
which are suitable for higher order discretizations is given. A higher order discretization
of an unfitted interface problem is presented in [Mas12].

After easter break:
Exercise 2.2 (Computational exercise, using ngsxfem). Execute the NGSolve-example
d1 approx.pde and examine the approximation quality of standard spaces and XFE
spaces as explained in the corresponding documentation.
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3 Enforcing boundary/interface
conditions

In this chapter we discuss different approaches on how to impose boundary/interface
conditions for problems where these conditions are not imposed as essential conditions
into the finite element space. We consider four different situation according to two
situations:

• The problem is either related to imposing boundary conditions (one domain) or
interface (transmission) conditions

• The interface/boundary can be fitted or unfitted w.r.t. the computational mesh

Imposition of boundary con-Imposition of boundary con-Imposition of boundary con-Imposition of boundary con-Imposition of boundary con-Imposition of boundary con-Imposition of boundary con-Imposition of boundary con-Imposition of boundary con-Imposition of boundary con-Imposition of boundary con-Imposition of boundary con-Imposition of boundary con-Imposition of boundary con-Imposition of boundary con-Imposition of boundary con-Imposition of boundary con-
ditions with the Penalty,ditions with the Penalty,ditions with the Penalty,ditions with the Penalty,ditions with the Penalty,ditions with the Penalty,ditions with the Penalty,ditions with the Penalty,ditions with the Penalty,ditions with the Penalty,ditions with the Penalty,ditions with the Penalty,ditions with the Penalty,ditions with the Penalty,ditions with the Penalty,ditions with the Penalty,ditions with the Penalty,
Lagrange multiplier andLagrange multiplier andLagrange multiplier andLagrange multiplier andLagrange multiplier andLagrange multiplier andLagrange multiplier andLagrange multiplier andLagrange multiplier andLagrange multiplier andLagrange multiplier andLagrange multiplier andLagrange multiplier andLagrange multiplier andLagrange multiplier andLagrange multiplier andLagrange multiplier and
Nitsche method and theirNitsche method and theirNitsche method and theirNitsche method and theirNitsche method and theirNitsche method and theirNitsche method and theirNitsche method and theirNitsche method and theirNitsche method and theirNitsche method and theirNitsche method and theirNitsche method and theirNitsche method and theirNitsche method and theirNitsche method and theirNitsche method and their
relation.relation.relation.relation.relation.relation.relation.relation.relation.relation.relation.relation.relation.relation.relation.relation.relation.

Nitsche method and relationNitsche method and relationNitsche method and relationNitsche method and relationNitsche method and relationNitsche method and relationNitsche method and relationNitsche method and relationNitsche method and relationNitsche method and relationNitsche method and relationNitsche method and relationNitsche method and relationNitsche method and relationNitsche method and relationNitsche method and relationNitsche method and relation
to the IP-DG methodto the IP-DG methodto the IP-DG methodto the IP-DG methodto the IP-DG methodto the IP-DG methodto the IP-DG methodto the IP-DG methodto the IP-DG methodto the IP-DG methodto the IP-DG methodto the IP-DG methodto the IP-DG methodto the IP-DG methodto the IP-DG methodto the IP-DG methodto the IP-DG method
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Error analysisError analysisError analysisError analysisError analysisError analysisError analysisError analysisError analysisError analysisError analysisError analysisError analysisError analysisError analysisError analysisError analysis

fi
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ed

boundary condition

u
n

fi
tt

ed

interface condition

We consider the following problems in order:

1. One-domain problems on a fitted meshes with boundary conditions which are not
essential conditions in the finite element space (fitted, boundary, section 3.1).
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2. A problem with a fitted mesh with interface conditions, e.g. continuity, which are
not fulfilled for all basis functions (fitted, interface).

3. A problem with a unfitted mesh with interface conditions, e.g. continuity, which
not fulfilled for all basis functions (unfitted, interface).

4. A problem with a unfitted mesh with boundary conditions, which not fulfilled for
all basis functions (unfitted, boundary).

3.1 Boundary problems with fitted boundaries

We consider the simple one-domain problem with matching boundaries:

− div(∇u) = f in Ω, (3.1a)

u = gD on ∂Ω. (3.1b)

Problem 3.1.

The triangulation is fitting (or matching) in the sense that⋃
T∈Th

T = Ω.

The finite element space on that triangulation is denoted as Vh ⊂ H1(Ω), i.e. we assume
that functions in Vh are continuous. Further we assume that the boundary condition
u = gD on ∂Ω is not implemented as an essential boundary condition. We want to
consider methods to implement the boundary condition via the discrete variational
formulation.

3.1.1 Penalty methods

A very early approach to enforce Dirichlet boundary conditions in a weak sense is to
replace the boundary conditions with similar ones which allow a simple integration into
a weak form. In our context such a boundary condition would be

−∇u · n1 = λh−ρ(u− gD) on ∂Ω

for ρ > 0. Starting form −∆u = f and testing with test functions v only in H1(Ω) ( not
in H1

0 (Ω) !), we arrive at the discrete weak formulation:
Find u ∈ Vh so that∫

Ω

∇u∇v dx + λh−ρ
∫
∂Ω

uv ds = 〈f, v〉+ λh−ρ
∫
∂Ω

gv ds v ∈ Vh.
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Due to the change in the interface condition, this formulation introduces a consistency
error. However, for different values of ρ the consistency error vanishes fast enough to
obtain optimal error bounds at least in some norms (cf. [Bab73b, BE86]). However
a choice for ρ which gives optimal error estimates in all norms comes at the price of
ill-conditioned system matrices.

3.1.2 The method of Lagrange multipliers

The method of Lagrange multipliers to implement Dirichlet boundary conditions has
originally been introduced in [Bab73a]. Again, we start from −∆u = f and test with
test functions v ∈ H1(Ω). This time we get boundary integrals from partial integration
and introduce the flux term σn = −∇u · n as a new unknown.∫

Ω

∇u∇v dx +

∫
∂Ω

σn v ds = 〈f, v〉 (3.2)

To impose the boundary condition on the boundary, we multiply u = gD by sufficiently
many test functions q and integrate over ∂Ω:∫

∂Ω

qu ds =

∫
∂Ω

qgD ∀q ∈ Qh (3.3)

with Qh to be determined later. We choose the unknown σn in the same space, such
that it appears as the Lagrange multiplier for the boundary condition in the saddle point
problem:
Find (u, σn) ∈ Vh ×Qh, such that∫

Ω

uv dx +

∫
∂Ω

σnv ds = 〈f, v〉 ∀v ∈ Vh (3.4a)∫
∂Ω

qu ds =

∫
∂Ω

qgD ds ∀q ∈ Qh. (3.4b)

This is a saddle point problem which can also be written as: Find (u, σn) ∈ Vh × Qh,
such that

K((u, σn), (v, q)) = a(u, v) + b(u, q) + b(v, σn) = 〈f, v〉+ b(gD, q) ∀ (v, q) ∈ Vh ×Qh

where

a :H1(Ω)×H1(Ω)→ R, a(u, v) =

∫
Ω

∇u∇v dx,

b :H1(Ω)× L2(∂Ω)→ R, b(v, q) =

∫
∂Ω

vq ds.

Note that a(·, ·) is elliptic on the kernel of b(·, ·).
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A crucial condition for a stable discretization is the discrete “inf-sup”-condition:

sup
v∈Vh

b(v, q)

‖v‖1,h

≥ c‖q‖− 1
2
,h,∂Ω ∀ q ∈ Qh (3.5)

for a c > 0 independent of h where ‖v‖2
1,h := |v|21,Ω + ‖v‖2

1
2
,h,∂Ω

and ‖v‖2
± 1

2
,h,∂Ω

=

h∓1
∫
∂Ω
v2 ds.

Exercise 3.1. Assume (3.5) holds for Qh and Vh and f ∈ L2(Ω) and gD ∈ L2(∂Ω). Let
(uh, σn) be the discrete solution and u be the solution to the continuous problem with
u ∈ H2(Ω). Show that

‖∇(uh − u)‖L2(Ω) + ‖uh − gD‖ 1
2
,h,∂Ω + ‖σn +∇u · n‖− 1

2
,h,∂Ω

≤ c inf
(vh,q)∈Vh×Qh

{‖∇(vh − u)‖L2(Ω) + ‖vh − gD‖ 1
2
,h,∂Ω + ‖q +∇u · n‖− 1

2
,h,∂Ω}.

Make use of theorem B.1 (Brezzi’s Theorem). (cf. solution A.3)

In a series of papers by Pitkäranta [Pit79, Pit80, Pit81] this problem (with only one
phase) has been studied in detail and it was shown that in order to achieve optimal order
of convergence of the method the space Qh has to be chosen very carefully.

For example choosing piecewise linear functions for Vh and piecewise linears on the
boundary for Qh leads to an unstable discretization. It turns out that constructing a
suitable space Qh is an involved procedure which raises the question of the practical use
of the method. To overcome this problem suitable modifications of the method have
been proposed in the literature.

In [Ver91] and [Ste95] the close connection between a modified (“stabilized”) Lagrange
multiplier method and the Nitsche method has been pointed out. In the next section we
present a “stabilized” Lagrange multiplier method.

3.1.3 A Stabilized Lagrange multiplier formulation

The discrete “inf-sup”-condition in (3.5) is in general hard to fulfill. Further, already the
saddle-point structure of the Lagrange multiplier formulation is, from a computational
point of view, a drawback of the method. In order to circumvent both, one can introduce
another consistent term which couples σn and q and allows to eliminate the unknown
σn.

The coupling between q and σn is introduced by adding the symmetric bilinear form

d : (H2(Ω), L2(∂Ω))× (H2(Ω), L2(∂Ω))→ R,

d((u, σn), (v, q)) := −
∫
∂Ω

δh(σn − σ̂n(u))(q − σ̂n(v)) ds
(3.6)

with a small stabilization parameter δ = const and σ̂n(w) = −∇w · n the flux. By
construction σn − σ̂n(u) vanishes for the true solution.
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We can now solve the modified version of (3.4b) for σn. We have

b(u, q) + d((u, σn), (0, q)) = 0 ∀ q ∈ Qh

and can thus express σn in terms of u:

σn = ΠQ(−∇u · n +
1

δh
(u− gD)) (3.7)

where ΠQ is the L2(∂Ω)-projection into the space Qh. If Qh is element-wise discontinuous
this projector is element-local. Substituting σn into (3.4a) we get the discrete problem:
Find u ∈ Vh such that∫

Ω

∇u∇v dx−
∫
∂Ω

∇u · n ΠQ(v) ds−
∫
∂Ω

∇v · n ΠQ(u) ds (3.8)

+

∫
∂Ω

1

δh
ΠQuΠQv ds +

∫
∂Ω

δhΠ⊥Q(∇u · n) Π⊥Q(∇v · n) ds

= −
∫
∂Ω

∇v · n ΠQ(gD) ds +

∫
∂Ω

1

δh
ΠQgDΠQvds

+ 〈f, v〉 ∀ v ∈ Vh
with Π⊥Q = I − ΠQ.

Note that we no longer need the pair (Vh, Qh) to fulfill an inf-sup-condition and we can
choose Qh = tr|∂Ω

Vh. Hence, we can replace ΠQ with the identity and Π⊥Q with zero.

This results in the much simpler formulation which is also known as the Nitsche’s
method: ∫

Ω

∇u∇vds−
∫
∂Ω

∇u · nvds−
∫
∂Ω

∇v · nuds +

∫
∂Ω

1

δh
uvds

= 〈f, v〉+

∫
∂Ω

gD(−∇v · n +
1

δh
v)ds

(3.9)

3.1.4 A simpler derivation of Nitsche’s method

The formulation in eq:nitsche1 can also be derived simpler by testing ∆u = f with a test
function v ∈ H1(Ω) and doing partial integration:∫

Ω

∇u∇vdx−
∫
∂Ω

∇u · nvds =< f, v >

This time we leave the boundary integral and add additional terms. One term for
symmetry

−
∫
∂Ω

∇v · n(u− gD)ds

and another for stability

+

∫
∂Ω

λ

h
(u− gD)vds.

which results in eq:nitsche1 with λ = 1
δ
.
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3.1.5 Error analysis for Nitsche’s method

For simplicity we consider a quasi-uniform mesh with a single representative mesh size h
and assume the usage of a constant λ for the stabilization of the Nitsche method. We
consider a finite element space Vh ⊂ H1(Ω) of piecewise polynomials of fixed degree
k.

For the error analysis we are primarily interested in properties of the bilinear form

ah(u, v) :=

∫
Ω

∇u∇v dx−
∫
∂Ω

∇u · n v ds−
∫
∂Ω

∇v · nu ds +
λ

h

∫
∂Ω

uv ds.

Norms We introduce the following discrete norms

‖u‖2
1,h := ‖u‖2

1 + ‖u‖2
1
2
,h,∂Ω

|||u|||2 := ‖u‖2
1,h + ‖∇u · n‖− 1

2
,h,∂Ω

On the discrete space Vh there holds:

‖u‖1,h ' |||u|||.

Lemma 3.1.

Proof. We have by definition ‖u‖1,h ≤ |||u||| and thus only need to show |||u||| ≤ c‖u‖1,h for
which it is further sufficient to show

‖∇u · n‖− 1
2
,h,∂Ω ≤ c‖u‖1,h.

We show this element-by-element, i.e. we show

‖∇u · n‖− 1
2
,h,∂Ω∩T ≤ c‖∇u‖T

for every T ∈ Th. This again follows from the trace inverse inequality (cf. lemma 3.2).
Let F be a facet of ∂Ω ∩ T , then q := ∇u · n ∈ Pk(F ) and there holds:

h

∫
F

(∇u · n)2ds = h

∫
F

q2ds ≤ c

∫
T

q2dx

for a c only depending on the shape regularity and the polynomial degree.

For q ∈ Pk(T ) and F a facet of T , there holds:

h

∫
F

q2ds ≤ ctr(k)

∫
T

q2dx

with a constant ctr(k) only depending on the shape regularity of T and the
polynomial degree k.

Lemma 3.2 (Trace inverse inequality).
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Proof(sketch). Let Φ : T̂ → T be the affine mapping from the reference element T̂ to the
element T . Then there holds

h

∫
F

q2ds ≤ h c hd−1

∫
F̂

(q ◦ Φ)2dŝ ≤ chd
∫
T̂

(q ◦ Φ)2dx̂ ≤ c

∫
T

q2dx

Note that the first and the last inequality introduce the dependency on the shape
regularity while the inequality on the reference element introduces the dependency on
the polynomial degree. There holds ctr(k) ≤ c∗k2 (cf. [WH03]).

Continuity

There holds
ah(u, v) ≤ c|||u||||||v||| ∀u, v ∈ H2(Ω)

for a constant c only depending on λ.

Lemma 3.3.

Proof. Repeatedly apply Cauchy-Schwarz:

ah(u, v) =

∫
Ω

∇u∇vdx︸ ︷︷ ︸
≤‖u‖1‖v‖1

−
∫
∂Ω

∇u · nvds︸ ︷︷ ︸
≤‖∇u·n‖− 1

2 ,h,∂Ω
‖v‖ 1

2 ,h,∂Ω

−
∫
∂Ω

∇v · nvds︸ ︷︷ ︸
≤‖∇v·n‖− 1

2 ,h,∂Ω
‖u‖ 1

2 ,h,∂Ω

+
λ

h

∫
∂Ω

uvds︸ ︷︷ ︸
≤λ‖u‖ 1

2 ,h,∂Ω
‖v‖ 1

2 ,h,∂Ω

≤ c|||u||||||v||| ∀u, v ∈ H2(Ω)

Coercivity

For u ∈ Vh and λ sufficiently large, there holds:

ah(u, u) ≥ 1

2
‖u‖2

1,h ≥ c|||u|||2

Lemma 3.4.

Proof.

ah(u, u) =

∫
Ω

‖∇u‖2dx− 2

∫
∂Ω

∇u · nuds +
λ

h

∫
∂Ω

u2ds

≥ ‖u‖2
1 + λ‖u‖2

1
2
,h,∂Ω
− 2‖∇u · n‖− 1

2
,h,∂Ω‖u‖ 1

2
,h,∂Ω

≥ ‖u‖2
1 + λ‖u‖2

1
2
,h,∂Ω
− γ‖∇u · n‖2

− 1
2
,h,∂Ω
− γ−1‖u‖ 1

2
,h,∂Ω

≥ ‖u‖2
1 + λ‖u‖2

1
2
,h,∂Ω
− γctr(k)‖u‖2

1 − γ−1‖u‖ 1
2
,h,∂Ω
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We choose γ = (2ctr(k))−1 and λ ≥ 1
2

+ 2ctr(k) and conclude:

ah(u, u) ≥ 1

2
‖u‖2

1,h ≥ c|||u|||2

The coercivity proof essentially displays the dependency of the stability of the method
on λ and provides an (implicit) condition on λ (λ > const, λ ≡ k2).

Consistency Let u ∈ H2(Ω) be the solution to the continuous problem. Then we have
ah(u, v) = f(v)∀v ∈ Vh +H2(Ω) and hence the following lemma holds.

Let u be the solution to the continuous problem and uh the solution to the Nitsche
formulation. Then there holds

ah(u, v) = ah(uh, v) ∀v ∈ Vh +H2(Ω).

Lemma 3.5.

A priori error estimates

Let u be the solution to the continuous problem and uh the solution to the Nitsche
formulation (with a sufficiently large λ). Then there holds:

|||u− uh||| ≤ c inf
vh∈Vh

|||u− vh|||

Lemma 3.6.

Proof. Again, let vh ∈ Vh be arbitrary. We use the triangle inequality:

|||u− uh||| ≤ |||u− vh|||+ |||vh − uh|||

and show |||uh − vh||| ≤ c|||u− vh||| using

c|||uh − vh|||2 ≤ ah(uh − vh, uh − vh)
= ah(u− uh, uh − vh)︸ ︷︷ ︸

=0

+ah(u− vh, uh − vh)

≤ c̃|||u− vh||||||uh − vh|||.

Hence, the claim follows.

Together with standard interpolation estimates we get
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Let u be the solution to the continuous problem and uh the solution to the Nitsche
formulation (with a sufficiently large λ). Then there holds:

|||u− uh||| ≤ c inf
vh∈Vh

|||u− vh||| ≤ chk‖u‖Hk+1

Lemma 3.7.

Duality arguments

Let u be the solution to the continuous problem and uh the solution to the Nitsche
formulation (with a sufficiently large λ). Further assume that for f ∈ L2(Ω), the
solution w of −∆w = f in Ω and w = 0 on ∂Ω is H2-regular in the sense that
‖w‖H2(Ω) ≤ c‖f‖L2(Ω). Then there holds:

‖u− uh‖L2(Ω) ≤ c inf
vh∈Vh

|||u− vh||| ≤ chk+1‖u‖Hk+1

Lemma 3.8.

Proof. We pose the (adjoint) problem with data f = u− uh, i.e. consider the solution w
of the problem −∆w = u−uh in Ω and w = 0 on ∂Ω and have ‖w‖H2(Ω) ≤ c‖u−uh‖L2(Ω).
Then we have

‖u− uh‖2
L2(Ω)

adj.cons.
= ah(u− uh, w) (3.10)

cons.
= ah(u− uh, w − wh) ≤ c|||u− uh||| |||w − wh|||︸ ︷︷ ︸

≤ch‖w‖H2(Ω)

(3.11)

≤ ch‖u− uh‖L2 |||u− uh||| (3.12)

3.2 Interface problems with fitted interfaces

We now consider problems with interfaces instead of boundaries.

Given suitable boundary conditions for u, find u(x), s.t.

− div(α∇u) = f in Ωi, i = {1, ..,m} (1.9a)

[[α∇u · n]] = 0, [[u]] = 0 on Γ, (1.9b-1.9c)

u = gD on ∂Ω. (1.9d)

Problem 3.2 (= problem 1.4, fitted interface, multiple domains, β = 1).
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This kind of problems is often considered in the literature. We discuss the most famous
problem which arives from the discretization with Discontinuous Galerkin (DG) method.
In that case, every sub-domain Ωi coincides with one element T from a triangulation
Th.

3.2.1 Stabilized Lagrange multipliers → Interior Penalty methods

We apply the idea of Lagrange multiplier methods which leads to the saddle point
problem:∫

T

∇u∇v dx +

∫
∂T

σ · nT v ds =

∫
T

fvdx ∀v ∈ Pk(T ), ∀T ∈ Th∑
T∈Th

∫
∂T

u τ · nT ds =
∑
T∈Th

∫
∂T∩∂Ω

gD τ · nT ds ∀τ · nF ∈ Qh

Here σn = σ · nF and q are single valued. The second condition gives [[u]] = 0 on the
inner facets and u = gD on the boundary, in the sense of the L2-projection on Qh. A
typical choice for Qh is

Qh = {v · nF , v ∈ Pk(F ), F ∈ Fh}

where Fh is the set of facets in Th with a unique normal direction nF . Again the problem
is that this discretization is not stable as the inf-sup-condition can in general not be
satisfied. However with a stabilization of the form

−δh
∫
F

(σn − σ̂n(u))(τn − σ̂n(v)) ds

with σn = σ · nF , τn = τ · nF and σ̂n(w) = {{−∇w · nF}} = −(1
2
∇w1 + 1

2
∇w2) · nF , we

get

σn = ΠQ(σ̂n +
1

δh
[[u]]).

We now assume tr|Fh
V disc
h ⊂ Qh, s.t. ΠQ = I and thus

δh(σn − σ̂n) = [[u]].

Plugging that into the equation for the primal unknown u we get:∑
T∈Th

∫
T

∇u∇v dx +
∑
F∈Fh

∫
F

{{−∇u · nF}}[[v]] + {{−∇v · nF}}[[u]] +
1

δh
[[u]][[v]]ds = · · ·

Setting λ = 1
δ

this is the (symmetric) interior penalty formulation which is very famous
in the DG community.
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3.2.2 Connections to other methods

There are several methods where similar problems have to be solved and are tackled with
similar approaches. We mention two important cases:

• Discontinuous Galerkin methods: We derived the Interior Penalty formulation
based on the Lagrange multiplier method. For DG methods a bunch of different
formulations exist. Many of those can be derived in a similar manner. Especially
for the choice of the numerical flux σ̂n(u) many different choices exist.

• Mortar methods: In mortar methods, two PDE are coupled through an interface
which is fitted. However, the surface meshes of different sides of the interface do not
coincide. For this kind of problems different methods based on Lagrange multiplier
or Nitsche formulations.
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3.3 Interface problems with unfitted interfaces

We now turn over to the original problem, where the interface is not fitted by the mesh
and the interface condition involves β1 6= β2 which leads to a jump across the interface.

Given suitable boundary conditions for u, find u(x), s.t.

− div(α∇u) = f in Ωi, i = 1, 2, (1.9a)

[[α∇u · n]] = 0 on Γ, (1.9b)

[[βu]] = 0 on Γ, (1.9c)

u = gD on ∂Ω. (1.9d)

Problem 3.3 (= problem 1.4, unfitted interface).

Assumption 3.1 (βi ≥ 1). Scaling the solubilities βi with the same constant c in both
domains does not change the solution. In the following we set βmax = max{β1, β2} and
βmin = min{β1, β2} and assume βmin = 1.
Assumption 3.2 (moderate ratios of β). If not addressed otherwise we further assume
that the solubilities in the domains are in the same order of magnitude, i.e. we assume
βmax/βmin = O(1).

For this kind of problem with the finite element space V Γ
h as introduced before we want

to derive and analyze a suitable Nitsche formulation.

3.3.1 The Nitsche method for unfitted interface problems

We derive the Nitsche method for the model problem, problem 1.4 and assume (for
simplicity) homogeneous Dirichlet conditions gD = 0. For now, we assume that a smooth
solution to problem 1.4 exists and fulfills u ∈ H2(Ω1,2), s.t. all appearing differentials
exist at least in a weak sense. We introduce β-weighted scalar products:

(u, v)0 =

∫
Ω

βuv dx, (u, v)1,Ω1,2 =
∑
1,2

∫
Ωi

βi∇u∇v dx

As usual in the context of finite element methods, we test equation (1.9a) with an
arbitrary function from our finite element space v ∈ V Γ

h . As u and v may be discontinuous,
integration is done domain-wise. We thus start with∑

i=1,2

∫
Ωi

− div(α∇u) βvdx = (− div(α∇u), v)0 = (f, v)0 =: 〈f, v〉 (3.15)
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where we assume f ∈ L2(Ω) such that the duality paring 〈·, ·〉 between H−1(Ω1,2)
and H1

0 (Ω1,2) reduces to the scalar product (·, ·)0. Applying partial integration we get
a(u, v) = (∇u,∇v)0 and V Γ

h ⊂ H1
0 (Ω1,2)

a(u, v)−
∑
i=1,2

∫
∂Ωi\∂Ω

α∇u · n βv ds = 〈f, v〉. (3.16)

For integrals on the interface we introduce the scalar products

(f, g)Γ :=

∫
Γ

fg ds, (f, g)± 1
2
,h,Γ :=

∑
T∈T Γ

h

h∓1
T (f, g)ΓT

(3.17)

with correspondingly induced norms ‖ · ‖Γ and ‖ · ‖± 1
2
,h,Γ. For the boundary terms

stemming from partial integration there holds

−
∑
i=1,2

∫
∂Ωi\∂Ω

α∇u · n βv dx =
∑
i=1,2

(−αi∇ui · n, βivi)Γ (3.18)

Due to (1.9b) we can replace −α1∇u1 · n with −α2∇u2 · n and vice versa or, what we
do here, replace both with a unique value, which in the DG community is often called
the numerical flux σ̂n:

σ̂n = −{{α∇u · n}} = − (κ1α1∇u1 + κ2α2∇u2) · n1 (3.19)

with κ1 + κ2 = 1 where κi, i = 1, 2 is typically defined in an element-wise fashion. The
choice of κi is an important issue w.r.t. the stability of the formulation and is discussed
in section 3.3.2. We define

Nc : H2(T 1,2
h )×H1(Ω1,2)→ R, Nc(u, v) := −({{α∇u · n}}, [[βv]])Γ (3.20)

where Hk(T 1,2
h ) :=

⋃
i=1,2

⋃
T∈T i

h
Hk(T ∩ Ωi) and arrive at

a(u, v) +Nc(u, v) = 〈f, v〉

In contrast to the continuous formulation this formulation is no longer symmetric. In order
to retain the symmetry of the continuous problem we add the symmetrical counterpart
of Nc(·, ·) and have

a(u, v) +Nc(u, v) +Nc(v, u) = 〈f, v〉 (3.21)

Note that this is also consistent as due to [[βu]] = 0 in (1.9c) for the solution u we have
Nc(v, u) = 0. The bilinear form corresponding to the left hand side is now consistent
and symmetric. To make the corresponding bilinear form also coercive we need to add
another integral term, a stabilization term

Ns : H1(Ω1,2)×H1(Ω1,2)→ R. (3.22)

This is added in order to control the interface jump [[βu]]. There are several variants
on how to choose Ns(·, ·). The most common stabilization in the case of an unfitted
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interface is the one proposed in [HH02], obtained by adding the mesh-dependent bilinear
form

NH
s (u, v) := (

λ

h
ᾱ[[βu]], [[βv]])Γ. (3.23)

This additional term is again consistent due to [[βu]] = 0 in (1.9c). Note that Ns(·, ·) is
not scaled with β which is not a problem due to assumption 3.1 (βi ≥ 1).

Here, λ is the stabilization parameter which has to be chosen larger than a constant
depending on the shape regularity and the polynomial degree. For details see sec-
tion 3.3.2.

Putting all terms together we define the mesh-dependent bilinear form

ah : H2(T 1,2
h ) ∩H1(Ω1,2)×H2(T 1,2

h ) ∩H1(Ω1,2)→ R
ah(u, v) := a(u, v) +Nc(u, v) +Nc(v, u) +Ns(u, v) (3.24)

and have ah(u, v) = 〈f, v〉 for every v ∈ V Γ
h . Accordingly, we denote the following discrete

problem as the Nitsche-XFEM discretization of problem 1.4:
Find uh ∈ V Γ

h , s.t.
ah(uh, vh) = 〈f, vh〉 ∀ vh ∈ V Γ

h (3.25)

Remark 3.1 (Stabilized numerical flux). Adding Ns(·, ·) to (3.21) can also be viewed as
a change in the numerical flux σ̂n in (3.19) to the stabilized numerical flux

σ̂n = −{{α∇u · n}}+ λ
ᾱ

h
[[βu]]. (3.26)

This choice is equivalent to the numerical flux of the interior penalty method [DD76] in
the context of Discontinuous Galerkin methods. See [ABCM02] for a nice overview on
choices for the numerical flux.

3.3.2 Weighted average and the choice of λ

In the derivation of the Nitsche formulation we introduced the weighted average {{·}} with
weights κi, i = 1, 2. For the consistency of the method any convex combination can be
applied. Nevertheless the choice of the weights influences how well the non-symmetric
term Nc(u, v) for u = v can be bounded by a(u, u) and Ns(u, u). This is important for
the stability of the method. The crucial point is that the following inverse inequality for
discrete functions uh with uh|Ti ∈ Pk(Ti), T ∈ Th, i = 1, 2, holds:

κ2
i

∫
ΓT

h‖∇uh‖2 ds ≤ ctr

∫
Ti

‖∇uh‖2 dx, ∀ T ∈ Th, i = 1, 2, (3.27)

with ctr a constant that only depends on the shape regularity of T (not on the shape
regularity of Ti!). The validity of the inequality, however, depends on the choice of κi. A
typical choice for κi for the case of piecewise linear functions for which the inequality
holds (see section 3.3.3.3 for details) has been introduced in [HH02].
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Definition 3.1. We denote the averaging operator {{v}}H := κH1 v1 + κH2 v2 with κHi = |Ti|
|T |

as the hansbo-averaging.

The hansbo-averaging will be our standard choice and if averaging is not addressed
specifically we set {{v}} = {{v}}H .

If the hansbo-averaging is applied, the constant ctr in (3.27) depends only on the shape
regularity of T . The stabilization parameter λ has to be chosen larger than a constant
only depending on ctr (see section 3.3.3.3 for details). It is thus relevant to know the
range in which ctr lies. For simple geometries an explicit description of ctr can be given.
In practice however, λ is typically chosen on the safe side. The benefit of an increasing λ
is two-fold. First, for a sufficiently large λ stability of the discretization can be ensured.
Second, the error in the interface condition is essentially determined by λ and the mesh
resolution. Hence, a large λ leads to a small error in the interface condition. The only
drawback of a large λ is an increase in the condition number. A compromise is typically
to choose λ one order of magnitude larger than necessary for stability. There exist
modifications of the Nitsche discretization which are stable and have no such parameter
as λ.
Remark 3.2 (Variants of the Nitsche formulation). There are different ways to add
stability in a consistent way. As in Discontinuous Galerkin methods there are the following
obvious alternatives, which we only mention briefly:

• “nonsymmetric” or versions of the Nitsche method where instead of the symmetrizing
term −

∫
Γ
{{α∇v · n}}[[βu]]ds one considers +

∫
Γ
{{α∇v · n}}[[βu]]ds. This facilitates

the coercivity, as now for u = v the boundary terms cancel each other out. Then,
for every λ > 0 the discrete formulation is stable. However, the formulation is no
longer adjoint consistent which results in a drop in the convergence order in the
L2-norm.

• “incomplete” versions, where no additional term is added except for the stabilizing
penalty term.

• “lifting” versions, where different stabilization formulations (using lifting operators)
are used. This is comparable to corresponding versions of Discontinuous Galerkin
formulations.

3.3.3 A priori error analysis for Nitsche-XFEM (diffusion dominates)

We now want to analyze the method. Here, the most important aspects in the analysis is
the stability analysis and the discussion of interpolation errors. In this section we consider
the problem 1.4 and its discretization with (3.25). The a priori error analysis is divided
into several sections. In section 3.3.3.2, section 3.3.3.3, section 3.3.3.4 and section 3.3.3.5
we show consistency, coercivity and continuity of ah(·, ·) (on suitable spaces, in suitable
norms) and interpolation bounds for V Γ

h . Based on those properties we apply standard
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ideas to proof an error bound in a natural mesh-dependent norm in section 3.3.3.6. With
the help of duality arguments we further proof error bounds in the norm ‖ · ‖0,Ω.

Note that the analysis in this section applies to (extended) finite elements of arbitrarily
order k, cf. remark 3.3.

3.3.3.1 Preliminaries

We recall the definition of the mean diffusion coefficient ᾱ := 1
2
(α1 +α2) and assume that

the ratio between α1 and α2 is moderate:
Assumption 3.3 (Moderate ratios). The ratio between α1 and α2 is bounded, i.e. for
i = 1, 2, we have ᾱ/αi ≤ cα with a moderate constant cα.

The constants denoted with c used in the results derived below are all independent of λ,
ᾱ, h and of how the interface Γ intersects the triangulation Th (i.e. of the shape regularity
of Ti).

We define the space of smooth functions

Vreg := H1
0 (Ω1,2) ∩H2(Ω1,2) and Wreg := H1

0,β(Ω) ∩H2(Ω1,2) ⊂ Vreg

and recall the bilinear form

ah(u, v) = a(u, v) +Nc(u, v) +Nc(v, u) +Ns(u, v), u, v ∈ V Γ
h + Vreg.

We further summarize the bilinear forms for the interface integrals to

N(u, v) := Nc(u, v) +Nc(v, u) +Ns(u, v), u, v ∈ V Γ
h + Vreg.

The inner products (·, ·)0 and (·, ·)1,Ω1,2 (with corresponding norms ‖ · ‖0 and | · |1,Ω1,2)
have been defined above. The inner products depend on a weighting with β, but this
causes no problem since β is assumed to be of order one (see assumption 3.2 (moderate
ratios of β)) .

For the error analysis we introduce two norms. One in which we show coercivity and
continuity w.r.t. the discrete space V Γ

h and a stronger norm which also allows to show
continuity for all functions in Vreg which specifically means that the norm is able to control
normal derivatives on Γ. The norms allow for continuity and coercivity estimates with
constants independent of ᾱ, h, λ, β and independent of how the interface cuts through
the elements. In the following error analysis the corresponding parameter dependencies,
which exist for the a priori error bounds, essentially only appear in the interpolation
error estimates in these norms. The approximation quality of V Γ

h for functions in Vreg

has to be analyzed in the second, stronger, norm. The norms are

‖u‖2
N := ᾱ|u|21,Ω1,2

+ ᾱ λ ‖[[βu]]‖2
1
2
,h,Γ

, u ∈ Vreg + V Γ
h (3.28)

|||u|||2N := ‖u‖2
N + ᾱ−1‖{{α∇u · n}}‖2

− 1
2
,h,Γ

u ∈ Vreg + V Γ
h (3.29)
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with

‖u‖2
1
2
,h,Γ

:=
∑
i=1,2

∑
T∈T i

h

h−1
T

∫
ΓT

u2 ds and ‖u‖2
− 1

2
,h,Γ

:=
∑
i=1,2

∑
T∈T i

h

hT

∫
ΓT

u2 ds.

Note that both norms (‖ · ‖N and ||| · |||N) depend on β, ᾱ and λ.

3.3.3.2 Consistency

As motivated in the derivation of the Nitsche method we have that for a smooth solution
u of the continuous problem, problem 1.4, most parts of N(u, ·) vanish.

Let u be the solution of problem 1.4 with u ∈ Wreg. Then there holds

N(u, vh) = −
2∑
i=1

(αi∇ui · ni, βivh,i)Γ ∀ vh ∈ V Γ
h . (3.30)

Lemma 3.9 (Consistency of Nitsche bilinear form).

Proof. As u ∈ H1
0,β(Ω) we have [[βu]] = 0 and hence Nc(vh, u) = Ns(u, vh) = 0. This gives

N(u, vh) = Nc(u, vh) = −({{α∇u · n}}, [[βvh]])Γ = −(α∇u · n, [[βvh]])Γ

where we exploited that α∇u · n is well-defined and single valued on Γ. Separating the
jump term into the contributions from domain 1 and 2 gives the result.

Let uh ∈ V Γ
h be the solution of (3.25) and u be the solution of problem 1.4 with

u ∈ Wreg. Then there holds

Bh(uh − u, vh) = 0 ∀ vh ∈ V Γ
h . (3.31)

Lemma 3.10 (Galerkin orthogonality).

Proof. For the purpose of showing consistency we consider the smooth solution u ∈ Wreg

of the problem and plug it into the bilinear form Bh(·, ·) and show Bh(u, vh) = f(vh).
Note that due to u ∈ H2(Ω1,2) there holds f ∈ L2(Ω). Plugging u into Bh(·, vh) gives
(using lemma 3.9, partial integration and the boundary conditions vh|∂Ω = 0):

Bh(u, vh) = a(u, vh) +N(u, vh) + c(u, vh) = a(u, vh) +Nc(u, vh) + c(u, vh)

= (αu, vh)1,Ω1,2 −
2∑
i=1

(αi∇ui · ni, βivh,i)Γ + (w · ∇u, vh)Ω1,2

= (−div(α∇u) + w · ∇u︸ ︷︷ ︸
=f

, vh)Ω1,2 = (f, vh)Ω1,2

By definition of uh we further have Bh(uh, vh) = f(vh). Subtracting both equations gives
the claim.
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For an error estimate in the L2
β(Ω)-norm we later in section 3.3.3.6 apply the Aubin-

Nitsche trick. For this purpose we pose the homogeneous adjoint problem which coincides
with the original problem as the Laplace-operator is self-adjoint. For clarity we denote
the solution of the “adjoint” problem by w. There holds the following stability statement

Let Ω ⊂ R2 be a convex polygon and Γ be a C2-smooth interface. For f ∈ L2
β(Ω)

the solution w ∈ H2
β(Ω) of problem 1.4 fulfills

‖w‖2,Ω1,2 ≤ cstab‖f‖0. (3.33)

Lemma 3.11 (H2-Regularity of (adjoint) poisson problem).

Proof. See [CZ98].

As ah(·, ·) is symmetric it is also adjoint consistent in the following sense:

Let w be the solution of the adjoint problem with data f ∈ L2
β(Ω). Then there

holds
ah(v, w) = (f, v)0 ∀ v ∈ Vreg + V Γ

h (3.34)

Lemma 3.12 (Adjoint consistency).

3.3.3.3 Stability

The crucial component in order to show stability of the Nitsche-XFEM formulation is
the control on the (weighted) normal derivative. In section 3.3.2 we briefly addressed
this point to motivate the hansbo-weighted averaging proposed in [HH02].

If piecewise linear functions (k = 1) are used and the weights κi in the averaging
{{·}} satisfy the estimate

κ2
i ≤ cκ

|Ti|
|T | (3.35)

for a fixed constant cκ, then there exists a constant ctr independent of α, β, h or
the cut position such that

ᾱ−
1
2‖{{α∇uh · n}}‖− 1

2
,h,Γ ≤

√
ctr |
√
αuh|1,Ω1,2 for all uh ∈ V Γ

h . (3.36)

Lemma 3.13.

Proof. The proof is based on lemma 4 in [HH02]. There exists a fixed number cΓ

independent on h or the cut position so that |ΓT |h ≤ cΓ|T |. As ∇uh = const we can
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thus deduce

ᾱ−1‖{{α∇uh · n}}‖2
− 1

2
,h,Γ
≤ 2ᾱ−1

∑
T∈T Γ

h

∑
i=1,2

∫
ΓT

hα2
iκ

2
i ‖∇uh‖2

2 ds

≤ 4
∑
T∈T Γ

h

∑
i=1,2

cΓ|T |αiκ2
i

1

|ΓT |

∫
ΓT

‖∇uh‖2
2 ds

≤ 4
∑
T∈T Γ

h

∑
i=1,2

cΓαiκ
2
i

|T |
|Ti|

∫
Ti

‖∇uh‖2
2 dx

≤ 4cΓcκ
∑
i=1,2

αi|∇uh|21,Ωi
.

The claim follows with ctr = 4cΓcκ.

The hansbo-weighting fulfills (3.35) with cκ = 1.
Remark 3.3 (Higher order discretizations). To generalize the statement in lemma 3.13
w.r.t. the polynomial degree k one has to either adjust the weighting κi or add additional
stabilization terms. In [Mas12] a choice for κi in two dimensions is derived which allows
for such a generalization. However, the proof of the result as well as the construction of
κi is very technical. A simpler choice is κi = 1 if |Ti| > 1

2
|T | and 0 otherwise. We expect

that in that case there holds for all polynomials p and |Ti| > 1
2
|T |

1

|ΓT |

∫
ΓT

p(s)2 ds ≤ max
s∈ΓT

p(s)2 ≤ max
x∈Ti

p(x)2 ≤ cp
1

|Ti|

∫
Ti

p(x)2 dx

with a constant cp only depending on the polynomial degree k. This estimate suffices to
generalize the result in lemma 3.13. For the two-dimensional case this claim also follows
directly from the analysis in [Mas12] (cf. lemma 3.5 and the prior discussion in that
paper). Another possibility is a higher order version of the ghost penalty stabilization (see
section 3.4.2) which allows to control the normal derivative at the interface independent
on the cut position. We did not investigate this further.

In what follows we assume that κi is chosen such that (3.36) also holds for higher order
discretizations. This implies the following

On V Γ
h the norms ‖ · ‖N and ||| · |||N are equivalent, that means for every uh ∈ V Γ

h

there holds
‖uh‖N ≤ |||uh|||N ≤ ce‖uh‖N. (3.38)

with ce =
√

1 + ctr.

Lemma 3.14.

Proof. The left inequality is trivial. For the right inequality consider that the part of
the norm ||| · |||N that involves normal derivatives can be bounded with the ‖ · ‖1,Ω1,2 semi
norm using lemma 3.13.
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We derive an ellipticity result for ah(·, ·):

For λ > cλ := max{4ctr, 1} there holds

ah(uh, uh) ≥ ga‖uh‖2
N for all uh ∈ V Γ

h .

with ga = αmin

2ᾱ
.

Lemma 3.15.

Proof. There holds

Nc(uh, uh) = −
∫

Γ

{{α∇ · n}}[[βu]] ds ≤ ᾱ−
1
2‖{{α∇u · n}}‖− 1

2
,h,Γ ᾱ

1
2‖[[βu]]‖ 1

2
,h,Γ

≤ ctr

2γ
|√αu|21,Ω1,2

+ ᾱ
γ

2
‖[[βu]]‖2

1
2
,h,Γ

for any γ > 0 where we used lemma 3.13. Now setting γ = 2ctr we get

2Nc(uh, uh) ≤
1

2
a(uh, uh) + 2ctrᾱ‖[[βuh]]‖2

1
2
,h,Γ

(3.40)

Let cλ := max{4ctr, 1}. Then for λ ≥ cλ we have

2Nc(uh, uh) ≤
1

2
a(uh, uh) +

1

2
Ns(uh, uh).

It easily follows

ah(uh, uh) ≥ a(uh, uh)− 2Nc(uh, uh) +Ns(uh, uh)

≥ 1

2
(a(uh, uh) +Ns(uh, uh)) ≥

αmin

2ᾱ
‖uh‖2

N.

This implies that the discrete problem has a unique solution.

3.3.3.4 Boundedness

For λ > cλ = max{4ctr, 1}, there holds

ah(u, vh) ≤ Ga|||u|||N‖vh‖N for all u ∈ Vreg + V Γ
h , vh ∈ V Γ

h

for a constant Ga =
√

3.

Lemma 3.16.
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Proof. Applying Cauchy-Schwarz for all bilinear forms one after another we get

a(u, v) ≤ αmax|u|1,Ω1,2|vh|1,Ω1,2

Nc(u, vh) ≤ ᾱ−
1
2‖{{α∇u · n}}‖− 1

2
,h,Γ ᾱ

1
2‖[[βvh]]‖ 1

2
,h,Γ

Nc(vh, u) ≤ ᾱ−
1
2‖{{α∇vh · n}}‖− 1

2
,h,Γ ᾱ

1
2‖[[βu]]‖ 1

2
,h,Γ

≤ √ctr|
√
αvh|1,Ω1,2 ᾱ

1
2‖[[βu]]‖ 1

2
,h,Γ

Ns(u, vh) ≤ λ
1
2 ᾱ

1
2‖[[βu]]‖ 1

2
,h,Γ λ

1
2 ᾱ

1
2‖[[βvh]]‖ 1

2
,h,Γ

With λ > max{4ctr, 1} we get

ah(u, vh) ≤
√

3|||u|||N‖vh‖N

which implies the claim.

3.3.3.5 Interpolation error

In the analysis of the Nitsche-XFEM method an interpolation operator IΓ
h : Vreg → V Γ

h

plays an important role. We recall the extension operator Ei and the restriction operator
Ri introduced in section 2.3. Let Ih : H2(Ω) ∩ H1

0 (Ω) → Vh be the standard nodal
interpolation operator corresponding to the space Vh of continuous finite elements of
degree k. The XFEM interpolation operator is given by

IΓ
h = R1IhE1R1 +R2IhE2R2. (3.42)

For the interpolation operator IΓ
h optimal (local) interpolation error bounds can easily

be derived

Let u ∈ Vreg ∩Hm(Ω1,2), m ≥ 2 and IΓ
h be the interpolation operator into V Γ

h the
XFEM finite element space of (continuous) piecewise polynomials of degree k ≥ 1
as in (3.42). With eI := u − IΓ

hu, ũi = EiRiu, l := min{k,m − 1} and i = 1, 2
there hold the following local interpolation error bounds for T ∈ Th.

‖eI‖2
0,Ti
≤ch2l+2

T ‖ũi‖2
l+1,T (3.43a)

|eI |21,Ti≤ch2l
T ‖ũi‖2

l+1,T (3.43b)

‖RieI‖2
1
2
,h,ΓT
≤ch2l

T ‖ũi‖2
l+1,T (3.43c)

‖∇RieI ·n‖2
− 1

2
,h,ΓT
≤ch2l

T ‖ũi‖2
l+1,T (3.43d)

Lemma 3.17.

Proof. The results in (3.43a) and (3.43b) are known in the literature, see for instance [HH02,
Reu08] and have been discussed in the introduction of the space V Γ

h . The results in
(3.43c), (3.43d), are derived in [HH02]. The essential ingredient is the following result:

‖w‖2
L2(ΓT ) ≤ c

(
h−1
T ‖w‖2

L2(T ) + hT |w|21,T
)

for all w ∈ H1(T ),
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which holds for all T ∈ T Γ
h and with a constant c that is independent of the shape

regularity of Ti, cf. [HH02, GR11]. We give the proof of (3.43c) and (3.43d):

‖RieI‖2
1
2
,h,ΓT

= h−1
T ‖EiRieI‖2

L2(ΓT ) ≤ c
(
h−2
T ‖EiRieI‖2

L2(T ) + |EiRieI |21,T
)

≤ ch2l
T ‖ũi‖2

l+1,T ⇒ (3.43c),

‖∇RieI ·n‖2
− 1

2
,h,ΓT
≤ hT‖∇EiRieI‖2

L2(ΓT ) ≤ c
(
‖∇EiRieI‖2

L2(T ) + h2
T |∇EiRieI |21,T

)
≤ ch2l

T ‖ũi‖2
l+1,T ⇒ (3.43d).

Let u ∈ Vreg ∩ Hm(Ω1,2) and IΓ
h as in lemma 3.17. Assume the family of

triangulations is quasi-uniform so that hT ≤ ch. With eI := u − IΓ
hu and

l := min{k,m− 1} there holds

‖eI‖0,Ω1,2≤chl+1‖u‖l+1,Ω1,2 (3.44a)

|eI |1,Ω1,2≤chl‖u‖l+1,Ω1,2 (3.44b)

‖RieI‖ 1
2
,h,Γ≤chl‖u‖l+1,Ωi

(3.44c)

‖∇RieI ·n‖− 1
2
,h,Γ≤chl‖u‖l+1,Ωi

(3.44d)

Lemma 3.18.

Proof. Using quasi-uniformity for the estimates in lemma 3.17 and in addition making
use of the continuity of the extension operator ‖EiRiu‖l+1,Ω ≤ c‖u‖l+1,Ωi

directly gives
the estimates.

For the norms ‖ · ‖N and ||| · |||N we can directly conclude interpolation bounds using the
above estimates.

For u ∈ Vreg ∩Hm(Ω1,2), m ≥ 2 and l := min{k,m− 1} the following interpolation
error bound holds on a quasi-uniform family of triangulations with mesh size h:

‖u− IΓ
hu‖N ≤ |||u− IΓ

hu|||N ≤ c
√
ᾱλhl‖u‖l+1,Ω1,2 (3.45)

Lemma 3.19.

3.3.3.6 A priori error estimates

Let uh ∈ V Γ
h be the solution of (3.25) with λ > cλ and u be the solution of

problem 1.4 with u ∈ Wreg. There holds, with ga, Ga as before

‖u− uh‖N ≤ |||u− uh|||N ≤ (1 +
Ga

ga
ce) inf

vh∈V Γ
h

|||u− vh|||N. (3.46a)

Lemma 3.20 (Modified Cea’s lemma).
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Proof. With the triangle inequality we split the error into two parts. We introduce a new
discrete function vh which is arbitrary at this point but will be the best approximation
to u in V Γ

h later. We define ea := u− vh what is going to represent the approximation
error and ed := vh − uh ∈ V Γ

h what is denoted as the discrete error:

‖u− uh‖2
N ≤ ‖ed‖2

N + ‖ea‖2
N, |||u− uh|||2N ≤ |||ed|||2N + |||ea|||2N,

For the discrete error we can apply (in order) lemma 3.14, theorem 3.15, lemma 3.9 and
theorem 3.16 to bound the discrete error by the approximation error:

c−1
e |||ed|||N‖ed‖N ≤ ‖vh − uh‖2

N ≤
1

ga
ah(vh − uh, vh − uh)

=
1

ga
ah(vh − u, vh − uh)

≤ Ga

ga
|||ea|||N‖ed‖N

⇒ ‖ed‖N ≤ |||ed|||N ≤
Ga

ga
ce|||ea|||N

Putting all together concludes the proof.

Let uh ∈ V Γ
h be the solution of (3.25) and u be the solution of problem 1.4 with

u ∈ Wreg ∩Hm(Ω1,2). Define l := min{k,m− 1} and assume Th is quasi-uniform
with mesh size h. Then there holds

‖u− uh‖N ≤ |||u− uh|||N ≤ c
√
ᾱλhl‖u‖l+1,Ω1,2 . (3.48)

Lemma 3.21 (Error bound in ‖ · ‖N-norm).

Proof. Combine lemma 3.20 and the approximation results in lemma 3.19.

With Ph ≤ 1 this implies for sufficiently smooth functions u

|u− uh|1,Ω1,2 ≤ c
√
λhk‖u‖k+1,Ω1,2 , (3.49a)

‖[[βuh]]‖Γ ≤ c hk+ 1
2‖u‖k+1,Ω1,2 , (3.49b)

‖{{α∇u · n}}‖Γ ≤ c ᾱ
√
λhk−

1
2‖u‖k+1,Ω1,2 . (3.49c)

Duality arguments.

45



Let uh ∈ V Γ
h be the solution of (3.25) and u be the solution of problem 1.4 with

u ∈ Vreg ∩Hm(Ω1,2). Assuming a quasi-uniform mesh with mesh size h and Ph ≤ 1
there holds (with l := min{k,m− 1})

‖u− uh‖0 ≤ c
√
ᾱλh|||u− uh|||N (3.50)

≤ c ᾱ λ hl+1‖u‖2,Ω1,2 (3.51)

Lemma 3.22 (Error bound in ‖ · ‖0).

Proof. We consider the adjoint problem, problem 1.4, with data f = u− uh ∈ L2(Ω) and
denote the corresponding solution as w. We exploit adjoint consistency (lemma 3.12),
Galerkin orthogonality of the primal problem (lemma 3.9) and continuity (theorem 3.16)
to get (for any wh ∈ V Γ

h )

‖u− uh‖2
0 = (u− uh, u− uh)0 = ah(u− uh, w) (3.52a)

= ah(u− uh, w − wh) ≤ Ga|||u− uh|||N|||w − wh|||N. (3.52b)

Now choose wh = IΓ
hw and apply the previously used approximation results to get

‖u− uh‖2
0 ≤ c

√
ᾱλhGa|||u− uh|||N‖w‖2,Ω1,2 .

Applying the stability estimate of the (adjoint) problem (see lemma 3.11) to bound

‖w‖2,Ω1,2 ≤ cstab‖f‖0 = cstab‖u− uh‖0

finally yields
‖u− uh‖0 ≤ c cstab

√
ᾱλhGa|||u− uh|||N.

Now plugging in the result in lemma 3.21 concludes the proof.

3.4 Boundary problems on unfitted domains

As a last class of problems we consider a one-domain problem with an unfitted interface

− div(∇u) = f in Ω, (3.53a)

u = gD on ∂Ω. (3.53b)

Problem 3.4.
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3.4.1 The Nitsche formulation

We consider the fictitious domain space V fict
h = {v ∈ H1(Ω), v|T ∗ ∈ P k(T ∗), T ∗ =

T ∩ Ω, T ∈ Th}. A Nitsche formulation of this kind of problem is easily transfered from
the fitted problem. Find uh ∈ V fict

h , such that∫
Ω

∇uh∇vhds−
∫
∂Ω

∇uh · n vhds−
∫
∂Ω

∇vh · nuhds +

∫
∂Ω

λ

h
uhvhds

= 〈f, vh〉+

∫
∂Ω

gD(−∇vh · n +
λ

h
v)ds ∀ vh ∈ V fict

h

(3.54)

3.4.1.1 Stability issues

The problem of the formulation in (3.54) is the fact that stability is no longer given
independent of the interface position. We have

‖∇uh · n‖− 1
2
,h,∂Ω ≤ c‖uh‖1,Ω

for a constant c depending on the shape regularity of T ∗ (and not T ! ). If the shape
regularity of T ∗ is given bounded (control on interface position) and λ is chosen sufficiently
large, the Nitsche formulation is stable, consistent and results in optimal order error
behavior. To have the control on the shape regularity of T ∗ for h→ 0 is in general not
possible.

In the case of two domains and an interface flux, we could use the weighting in the flux
{{∇uh · n}} to obtain the inverse trace inequality indepent of the shape regularity of T ∗

(only depending on the shape regularity of T ).

A stabilization method which cures the stability problem of the fictitious domain method
is the so-called Ghost penalty method which we briefly discuss in the next section.

3.4.2 Ghost penalty

In a series of papers [Bur10, BH10, BH12, BZ12] Burman et al. suggested an additional
stabilization mechanism which enhances the robustness of the Nitsche formulation w.r.t.
the interface cut position.

By introducing an additional term, the “ghost penalty” stabilization, introduces a
stiffness which is independent on the cut position within individual elements. We briefly
present the stabilization with the “ghost penalty” method for piecewise linear functions
(k = 1).

We introduce the set of faces within the band of cut elements

F∂Ω := {F = Ta ∩ Tb, Ta 6= Tb, Ta, Tb ∈ Ω+, Ta or Tb ∈ T Γ
h }. (3.55)
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On this set we add the stabilization bilinear form

J(uh, vh) :=
∑

F∈F∂Ω

γJhF ([[∇Ehuh · n]], [[∇Ehvh · n]])F , uh, vh ∈ V Γ
h (3.56)

with Eh the canonical extension from Ω to Ω+ of discrete functions from V fict
h , hF =

max{hTa , hTb} where F = Ta ∩ Tb and γJ the stabilization parameter. This additional
term penalizes discontinuities in the derivative within the band of cut elements. Note
that the penalty is imposed not only within the domain Ω, but also on the extension
of the functions into Ω+

i . Therefore this stabilization term is independent on the cut
position within the elements which results in the robustness of the method. The crucial
point of the method is the following idea.

Consider an element T ∈ T ∂Ω
h and assume that a neighbor TN ∈ Th \ T Γ

h with T ∩ TN =
F 6= ∅ exists. We have (with c a generic constant) under the assumption of shape
regularity (|T | ≤ c|TN |, |T | ≤ chF |F |) for u ∈ H2(Th)

‖∇uh · n‖2
− 1

2
,h,ΓT

≤ |ΓT |hT ‖∇uh|T‖2
2 (3.57a)

≤ c|T |(‖∇uh|TN‖2
2 + ‖[[∇uh]]‖2

2) (3.57b)

≤ c(‖∇uh‖2
L2(TN ) + hF‖[[∇Ei,huh · n]]‖2

L2(F )). (3.57c)

The result can be generalized to arbitrary elements in T Γ
h under reasonable (milder)

assumptions, see [BH12] for details. In consequence this estimate states that the normal
derivative on the interface can be controlled by the | · |1-semi-norm and the stabilization
term independent of the cut position.
Remark 3.4 (Higher order ghost penalty). The ghost penalty method has a generalization
to higher order by adding penalty-terms also for higher order derivatives across the facets
near the boundary.
Remark 3.5 (Ghost penalty for Nitsche-XFEM). In the context of interface problem
the “ghost penalty” stabilization is interesting in cases where the weights of the averaging
operator should be significantly different from the hansbo-choice, for instance for large
contrast problems (see [BZ12]). In this case the Nitsche-XFEM discretization lacks
stability (and suffers from arising ill-conditioned linear systems). By adding the “ghost
penalty” stabilization the averaging operator is freed from the constraint that has been
necessary to ensure stability (essentially (3.27)).
Remark 3.6 (Alternative stabilization). Another approach to improve the robustness of
the Nitsche-XFEM formulation w.r.t. the dependency on the cut position is discussed in
[HR09]. In that paper a stabilized Lagrange multiplier approach (cf. section 3.1.2) for a
fictitious domain problem is considered. In the consistent stabilization term that is added
(cf. (3.6)) the normal derivative is replaced with a (weakly) consistent representative of
the normal derivative. This is chosen such that forming the gradient on elements with
small cuts is avoided.
Remark 3.7 (Conditioning). The Ghost penalty method ensures that conditioning of
the resulting system matrix is well-behaved. This holds true for boundary and interface
problems. Note that even for the interface problem with the hansbo-averaging (where
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stability is not a problem) the resulting system matrix is ill-conditioned. In contrast to the
boundary problem this can however be easily fixed by suitable preconditioning strategies
which is discussed in the next section.
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3.5 Preconditioning of linear systems

In this section we discuss the conditioning and preconditiong strategies for the linear
systems arising from Nitsche-XFEM discretizations for unfitted interface problems. The
results in this section have also been published in [LR14].

Let G(x) be the Galerkin isomorphism

G : RN → V Γ
h (3.58)

s.t. G(x) = u =
∑N

k=1 xkϕk with N = dim(V Γ
h ). Let A be the system matrix

of the bilinear form ah(·, ·) in (3.24) in the sense that Ai,j = a(ϕj, ϕi) or xTAx =
ah(G(x),G(x)).

As a first quantity of interest we consider the spectral condition number κ(A) = λmax/λmin

where λmax and λmin are the largest and the smallest eigenvalues of the (symmetric positive
definite) system matrix. In [BZ12] it is shown that κ(A) depends on how the interface
cuts an element. In that paper an indicator ν for “small cut” situations is defined:

ν := min
i=1,2

min
V ∈V,

xV ∈ΩΓ\Ωi

|ωV | ∩ Ωi

|ωV |
. (3.59)

Here, V is the set of vertices V of the triangulation Th and xV is the corresponding
coordinate in Ω, ωV = {T ∈ T ,xV ∈ T} denotes the patch of elements around a vertex
V . For ν ↘ 0 we have κ(A)↗∞, s.t. the problem becomes (very) ill-conditioned.

We consider a test case which allows to easily generate situation with nu ↘ 0. We
consider a “rounded square” as depicted in Figure 3.5.1. By shifting the interface

Γ

d dr r

d

d

r

r

x0

Figure 3.5.1: Geometrical setup of considered test case.

through

• an unstructured and
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• a structured mesh

we are able to investigate the performance of linear solvers and preconditioners and the
dependency on the interface position. We consider the two-domain Poisson problem with
(α1, α2) = (3, 2) and (β1, β2) = (2, 1) and restrict to the case of piecewise linear functions,
k = 1. Before we consider the example, we use a transformation as discussed in the next
section.

3.5.1 Basis transformation (β → 1)

The discrete problem arising from a Nitsche-XFEM discretization of the two-domain
Poisson problem can be transformed in order to get rid of the parameter β (resulting in
β̃ = 1).

Note that for every v ∈ V Γ
h there holds βv ∈ V Γ

h et vice versa. Let N = dim(V Γ
h ). If

we replace the basis U = {ϕj(x)}j=1,..,N with W = {β−1(x)ϕj(x)}j=1,..,N we neither
change the test nor the ansatz space und therefore the solution stays the same. However
the representation of the solution in terms of the coefficient vectors is different. Let u
denote the coefficient vector corresponding to the basis U and w the coefficient vector
corresponding to the basis W with (scalar) components uj and wj, respectively. Then
we have for u ∈ V Γ

h

u(x) =
N∑
j=1

ujϕj(x) =
N∑
j=1

wjβ
−1(x)ϕj(x). (3.60)

Between U and W we define the (mixed) mass matrices MUU , MUW ∈ Rn×n and the
transformation matrix T ∈ Rn×n:

MUU
k,j :=

∫
Ω

ϕkϕj dx, MUW
k,j :=

∫
Ω

β−1ϕkϕj dx, T :=(MUU)−1MUW . (3.61)

Note that the transformation from one basis into another is not a local problem, it involves
the solution with a global mass matrix. The solution of a mass matrix problem, however,
can be obtained efficiently using a diagonally preconditioned CG, cf. [Reu08].

If we use the basis W to formulate our linear systems, the system matrix changes to

Ãk,j =(α̃∇ϕk,∇ϕj)L2(Ω1,2) − ({{α̃∇ϕk · n}}, [[ϕj]])L2(Γ)

− ({{α̃∇ϕj · n}}, [[ϕk]])L2(Γ) + (¯̃α
λ̃

h
[[ϕk]], [[ϕj]])L2(Γ), j, k = 1, .., N

with α̃ = α
β

and λ̃ = λᾱ/ ¯̃α. Between the formulation in basis U and W there holds the
relation

Ã = TTAT.
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In the following we consider the linear systems according to the basis W . To this end
we transform the parameters α → α

β
, β → 1, λ → λᾱ/ ¯̃α which allows us to keep the

notation for the bilinear and linear forms from the preceding sections. For notational
convenience, in the remainder of this chapter we will denote the matrix corresponding to
the transformed basis by A. The system matrix without transformation is then denoted
by Â := T−TAT−1.

After transformation (β → 1), the (transformed) solution is continuous across the
interface and from a linear solvers point of view the problem setting is the same as in
[BH12, BZ12, HH02] (and many other publications).

The benefit of this transformation is twofold. First, for all u ∈ V s
h there holds [[u]] = 0 at

the interface and thus NH
s (u, v) = 0 which does not hold without the transformation.

This property is important to prove the stable decomposition result later. Further the
robustness w.r.t. parameter changes in β seems to be significantly increased, cf. the
numerical experiments discussed later.

We note that in the transformed case β is transformed to 1 so that the β-weighted norms
and scalar products coincide with the standard L2 and H1 versions. We further note
that the first ns × ns block (with ns the number of degrees of freedom of the standard
finite element space) of A is the matrix corresponding to the standard finite element
discretization of the transformed problem (no discontinuity, but kinks).

For the considered test case we get (α̃1, α̃2) = (1.5, 2).

3.5.2 Observations for simple preconditioners

We consider the “rounded square” example for different positions of the interface and
an unstrucutred mesh as displayed in Figure 3.5.2. We now investigate the following

Γ0.5 Γ0.54

Figure 3.5.2: Mesh and interface for considered test case.

quantities for the simple weighting κ = 1
2

and the hansbo-weighting κhansbo:
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• condition number of A,

• condition number of D−1
A A and

• CG iterations that are necessary to reduce the initial residual by a factor of 10−6.

The results are shown in Figure 3.5.3. We observe:
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Figure 3.5.3: Conditioning depending on the position of the interface relative to the mesh.

• The condition number of A is unbounded for the unstable and the stable dis-
cretization. The condition numbers of the hansbo-weighting discretization are
only slightly better at certain locations.

• The condition number of the diagonally preconditioned matrix D−1
A A is only un-

bounded for the unstable discretization with κ = 1
2
. For the hansbo-weighting the

condition number of the diagonally preconditioned matrix is essentially independent
of the interface position. Both also reflects in the number of CG iterations.

If a structured mesh is used, we can investigate the limit behaviour ν ↘ 0 in more detail.
We therefore consider a structzred mesh as displayed in Figure 3.5.4, where the interface
is centered around (1

2
+ ε, 1

2
+ ε). With ε→ 0 we drive ν → 0 and provoce the case with

κ(A)→∞. We investigate the same quantitities as before and obtain the results shown
in Figure 3.5.5. We observe:

• The condition number of A is unbounded for the unstable and the stable discretiza-
tion. and scales with ε−2.

• The condition number of the diagonally preconditioned matrix D−1
A A is only

unbounded for the unstable discretization with κ = 1
2

and has a scaling of ε−1

which also reflects in a dependency in the number of CG iterations on the interface
position. This is not the case for the stable discretization.
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κ(D−1
A A) (its.) κ1/2 = 0.5

(transf.)

κ = κH
(transf.)

κ = κH
(untransf.)

Std. FEM
(transf.)

L1

max ’∞’( 44) 19.2( 23) 32.7( 30) 14.8( 19)
min 61.7( 23) 18.6( 20) 23.4( 25) 14.6( 17)

median 63.7( 26) 18.7( 22) 27.9( 28) 14.7( 19)
avg. ’∞’(28.2) 18.8(21.7) 27.8( 28) 14.7( 19)

L2

max ’∞’( 81) 76.5( 41) 107( 53) 62.3( 39)
min 78.1( 39) 72.6( 37) 87.8( 45) 61.9( 34)

median 107( 49) 73.0( 40) 94.0( 51) 62.0( 37)
avg. ’∞’(49.5) 73.3(40.2) 95.0(50.3) 62.0(37.4)

L3

max ’∞’( 257) 308( 84) 374( 96) 267( 81)
min 492( 89) 287( 74) 337( 82) 266( 71)

median 476736( 120) 295( 81) 349( 91) 266( 77)
avg. ’∞’( 127) 296(80.3) 349(91.4) 266( 76)

L4

max ( ) 1310( 174) 1390( 186) 1120( 168)
min ( ) 1210( 153) 1300( 160) 1120( 147)

median ( ) 1220( 165) 1320( 177) 1120( 158)
avg. ( ) 1220( 165) 1320( 178) 1120( 159)

Table 3.5.1: condition and iteration numbers for different refinement levels and different methods
(transformed/untransformed, stable/unstable discretization, XFEM/Std. FEM

x0

Figure 3.5.4: Structured mesh and interface for considered test case.

In the next section we discuss why the diagonal preconditioning is already sufficient to
remove the dependency on the interface position and more sophisticated preconditioning
strategies.

3.5.3 Preconditioning strategies

We consider preconditioning strategies to solve the linear systems arising from Nitsche-
XFEM discretizations.
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Figure 3.5.5: Conditioning depending on the position of the interface relative to the structured
mesh.

3.5.3.1 Splitting of V Γ
h and Notation

We consider the decomposition
V Γ
h = V s

h ⊕ V x
h

with V s
h = Vh and want to use this decomposition later in the construction of (optimal)

preconditioners.

We introduce notation for the splitting of coefficient vectors x ∈ RN and finite element
functions u ∈ V Γ

h into its standard FEM and XFEM parts. Given a coefficient vector
x ∈ RN representing a discrete function u ∈ V Γ

h , s.t. Gx = u. We assume that the
degrees of freedom are sorted so that the first Ns degrees of freedom correspond to a
function in V s

h . Then we can define the restriction matrices Es = (INs , 0) ∈ RNs×N and
Ex = (0, INx) ∈ RNx×N where In denotes the identity matrix in Rn×n, n ∈ {Ns, Nx}.
The restriction matrices extract the coefficient vectors for the standard FEM or XFEM
function, respectively, such that we have G(Esx) ∈ V s

h and G(Exx) ∈ V x
h for every

u ∈ V Γ
h . Further for every matrix M ∈ RN×N we define block matrices corresponding to

standard FEM or XFEM functions as Ms := EsMET
s ∈ RNs×Ns and Mx := ExMET

x ∈
RNx×Nx .

Norms We define the discrete energy norm

‖u‖2
h := ah(u, u), ∀u ∈ V Γ

h

That ‖ · ‖h is indeed a norm (for λ sufficiently large) is a result of the error analysis of
the Nitsche-XFEM method. Further we define the norm

|||u|||2h := |u|21,Ω1,2
+ λ‖[[u]]‖2

1
2
,h,Γ

, ∀u ∈ V Γ
h
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Note that both norms are equivalent, i.e. ‖u‖h ' |||u|||h. The equivalence however, is not
robust w.r.t. α. Notet that for u ∈ V s

h , we have |||u|||h = |u|1,Ω1,2 .

3.5.3.2 Stable subspace splittings a.k.a. block preconditioning a.k.a. Additive
Schwarz method

We want to investigate if the decomposition V Γ
h = V s

h ⊕ V x
h is stable or, in other words,

if the block diagonal matrix corresponding to the standard and the XFEM degrees of
freedom is spectrally equivalent to the system matrix.

To show this, we recall

Let A,B ∈ RN×N be s.p.d., then

clx
TBx ≤ xTAx ≤ cux

TBx

implies

κ(B−1A) ≤ cu
cl

=: cκ.

Lemma 3.23.

We consider the block matrix BA =

(
As

Ax

)
as a preconditioner to A and want to

bound cκ (independent of the interface position). First we show the upper bound, which
is simple:

xTAx = ah(G(x)︸︷︷︸
=u

,G(x)) (3.62)

= ah( us︸︷︷︸
∈V s

h

+ ux︸︷︷︸
∈V x

h

, us + ux) = ah(us, us) + ah(ux, ux) + 2ah(us, ux) (3.63)

≤ 2(ah(us, us) + ah(ux, ux)) (3.64)

= 2(xTET
xAExx + xTs ET

s AEsxs) = 2xTBAx (3.65)

Less obvious is the other direction xTAx ≥ clx
TBAx. We therefore consider the following

estimate:

xTAx = ‖u‖2
h ' |||u|||2h = |||us|||2h + |||ux|||2h + 2(us, ux)1,Ω1,2 + 2λ([[us]]︸︷︷︸

=0

, [[ux]])h, 1
2
,Γ (3.66)

≥ |||us|||2h + |||ux|||2h − cSCS|||us|||2h − cSCS|||ux|||2h (3.67)

= (1− cSCS)(|||us|||2h + |||ux|||2h) (3.68)

' (1− cSCS)(‖us‖2
h + ‖ux‖2

h) = (1− cSCS)xTBAx (3.69)

(3.70)
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We automatically have cSCS ≤ 1. We however need the strengthened Cauchy-Schwarz
inequality

(us, ux)1,Ω1,2 ≤ cSCS(|||us|||h|||ux|||h) ∀us ∈ V s
h , ux ∈ V x

h

with cSCS < 1. Further we want cSCS to be independent of the position of Γ and h, s.t.
the same also holds for cκ.

For every us ∈ V s
h and ux ∈ V x

h , there holds

(us, ux)1,Ω1,2 ≤ cSCS|||us|||h|||ux|||h (3.71)

with cSCS independent of h and the position of Γ.

Lemma 3.24 (Strengthened Cauchy-Schwarz inequality).

Idea of proof. The proof is technical and given in [LR14]. We just highlight the most
important ideas:

• If there holds
(us, ux)1,Ω1,2 ≤ cSCS|us|1,Ω1,2|ux|1,Ω1,2 ,

we are done. Hence, the interesting case is if

1

CSCS
|us|1,Ω1,2 |ux|1,Ω1,2 ≤ (us, ux)1,Ω1,2 ≤ |us|1,Ω1,2|ux|1,Ω1,2 ,

which essentially implies that ∇ux ‖ v∇us approximately holds.

• If the gradients of ux are almost parallel, the problem reduces (locally) to a one-
dimensional problem where we can contradict the fact that the gradients coincide
and [[ux]] = 0 at the interface. Because as soon as the jump has a significant
contribution to the norm the claim automatically holds.

Exercise 3.2. Proof the strengthened Cauchy Schwarz inequality of the previous lemma
for the one dimensional case. (cf. solution A.4)

We thus have that the decomposition V Γ
h = V s

h ⊕ V x
h is a stable space decomposition and

there holds
κ(B−1

A ) ≤ cκ

with cκ independent of the position of Γ and h.

A block diagonal matrix with exact inverses is practically not feasible because the block
matrices might be to large. Next, we want to replace the block inverses with suitable
preconditioning strategies.
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3.5.3.3 Preconditiong of blocks

If we have preconditioners Bs and Bx for As and Ax which provide the estimates:

cslx
TBsx ≤ xTAsx ≤ csux

TBsx

cxl x
TBxx ≤ xTAxx ≤ cxux

TBxx

we can easily deduce that the preconditioner Bc =

(
Bs 0
0 Bx

)
provides:

cclx
TBcx ≤ xTAxx ≤ ccux

TBcx

with ccl = cl min{csl , cxl } and ccu = cu min{csu, cxu}. This implies

κ(B−1
c A) ≤ ccu

ccl
= κ(B−1

A A) · max{csu, cxu}
min{csl , cxl }

It is thus sufficient to find good preconditioners for the blocks.

Preconditioning of block corresponding to Standard FEM degrees of freedom The
upper left block of BA is As with (As)i,j = ah(ϕj, ϕi) = a(ϕj, ϕi) the discretization
matrix of a standard FEM discretization for −α∆u = f (with discontinuous α). For this
kind of problem optimal preconditioners exist, e.g. Multigrid preconditioners. Hence, we
consider the use such a sophisticated preconditioner.

Preconditoining of the XFEM-block For the XFEM block it turns out that block is
spectrally equivalent to its diagonal independent of the interface position Γ and the mesh
size h. We thus consider Bx = Dx = diag(Ax).

For the Jacobi preconditioner Dx there holds

cxl x
TDxx ≤ xTAxx ≤ cxux

TDx ∀x ∈ RNx

with cxl and cxu independent of the mesh size h and the position of the interface Γ.

Lemma 3.25.

Idea of proof. For a complete proof we again refer to [LR14], but briefly explain the main
idea: Consider an intersected element T ∈ T Γ

h . Further, let one vertex of the simplex T
be separated from the others by the interface Γ. Then the local bilinear form∫

T1,2

α∇ux∇vx dx
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has only the trivial kernel. This is already due to the fact, that the gradient (which is
constant for piecewise linear basis functions) has only the trivial kernel. Because of this
fact there holds:∫

T1,2

α∇ux∇uxdx '
d+1∑
i=1

x2
i

∫
T1,2

α∇ϕi∇ϕi dx, ux =
d+1∑
i=1

xiϕi

which in consequence implies the spectral equivalence of the diagonal preconditioner with
the matrix Ax.

3.5.4 Parameter dependencies for the sliver test case

3.5.4.1 Dependency on mesh size h

We commented on estimates for the block diagonal preconditioners BA and BD which
are independent on h after transformation. In this section we want to validate these
predictions and investigate also the behavior for the untransformed case numerically. For
this purpose we reconsider the sliver cut test case again and fix ε = ε28 = 2−20 ≈ 10−6

so that the condition number is large (≈ 1011). Further we also fix the discretization
method to the hansbo weighting variant. We examine the change in the condition
number of the block-preconditioned matrix under (consecutive) mesh refinements for the
transformed and the untransformed formulation.

L1 L2 L3 L4

tr
an

sf
. κ(B−1

A A) (its.) 4.98× 100 (13) 4.95× 100 (13) 4.82× 100 (12) 4.82× 100 ( 11)

κ(B−1
D A) (its.) 5.12× 100 (13) 5.06× 100 (13) 4.94× 100 (12) 4.94× 100 ( 11)

κ(D−1
A A) (its.) 2.78× 101 (22) 1.11× 102 (40) 4.42× 102 (73) 1.77× 103 (127)

Table 3.5.2: dependency on h for the considered test case.

For the Jacobi preconditioner we observe that the condition number behaves as κ(D−1
A A) '

h−2. The constants with which the condition numbers are bounded depend on the pa-
rameters λ, α which is discussed in the next subsection.

3.5.4.2 Dependency on stabilization parameter λ

In this section we want to briefly test the dependency of the iterative solvers combined
with suitable preconditioners with respect to changes in the stabilization parameter.
We consider the same setting as before. Now we vary the stabilization parameter λ.
The results are shown in table 3.5.3. We observe that the condition number for the
preconditioners DA and BD increase linearly with λ.
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λ 4×100 4×101 4×102 4×104 4×106

tr
an

sf
. κ(B−1

A A)(its.) 5.0×100(13) 2.5×100( 9) 2.3×100( 7) 2.3×100( 5) 2.3×100( 5)

κ(B−1
D A)(its.) 5.1×100(13) 2.1×101(13) 2.1×102(14) 2.1×104(19) 2.3×106(35)

κ(D−1
A A)(its.) 1.1×102(40) 9.5×101(36) 2.1×102(38) 2.1×104(47) 2.2×106(83)

Table 3.5.3: dependency on λ for the considered test case.

The block diagonal preconditioner with exact inverses BA is only positively affected.
This is due to the fact that a large λ increases the angle between the subspaces Vh and
V x
h .

3.5.4.3 Dependency on problem parameters α

Similar to the brief discussion on the dependency on λ we consider the same example for
variations in α. Changes in α are considered by variations in the ratio α1/α2. For this,
we set (β1, β2) = (2, 1), α2 = 2 and vary α1.

α1/α2 1.5× 10−4 1.5× 10−2 1.5× 100 1.5× 102 1.5× 104

tr
an

sf
. κ(B−1

A A) 5.0× 103 (29) 5.2× 101 (25) 4.9× 100 (13) 5.5× 101 (26) 5.2× 103 (27)

κ(B−1
D A) 6.8× 103 (30) 7.0× 101 (28) 5.1× 100 (13) 9.9× 101 (28) 9.7× 103 (31)

κ(D−1
A A) 8.4× 103 (68) 9.1× 101 (50) 1.1× 102 (40) 5.9× 103 (60) 5.9× 105 (86)

Table 3.5.4: dependency on α for the considered test case.

Again we examine the conditioning of the different preconditioners in table 3.5.4. We
observe that the condition number increases approximately linearly with changes in α.
Moreover, the iteration counts show a dependency that seems to be less strong.
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4 Representation of the interface and
its motion

There are two popular techniques to represent the motion of a sharp interface. Most
methods for sharp interface models of two-phase flows fall into one of those two classes:
interface tracking or interface capturing methods. We only briefly discuss the most
important aspects of the most famous approaches for sharp interface representations and
briefly mention phase field representations.

4.1 Interface tracking methods

The first approach that we discuss is called “interface tracking” or “front tracking”. The
idea is that there holds

x ∈ Γ(t)⇔ x = ξ +

∫ t

t0

w(Xξ(τ), τ) dτ, ξ ∈ Γ(t0), t ≥ t0

where we used the notation for the trajectory Xξ as in section 1.2.1. Initially markers
are put on the initial interface Γ(t0). These markers can also be vertices of an interface
triangulation. With the velocity field w the markers are then transported according
to the trajectories. In general this can lead to local accumulations and sparsenings of
markers. To avoid that the markers have to be redistributed on a regular basis.

Such an approach can be combined with Eulerian and Lagragian methods. The most
common approach is the use of a formulation where a computational mesh is used where
the interface Γ has an explicit triangulation as a union of element facets. Then, the
update of the markers involves an update of the whole volume mesh and the redistribution
phase is typically realizes by a volume mesh smoothing.

The most important advantage of such an approach is the fact that an explicit interface
parametrisation is used and discontinuities across the interface Γ only appear across
element boundaries. The update phase where the marker points are updated is comparably
simple while some effort has be done in order to realize a robust and accurate redistribution
(and remeshing) phase. However, the most important drawback is the fact that topology
changes (drop collisions or break-ups) are extremely difficult to deal with. In such a
situation the explicit reparametrisation has be changed in a way that is not known a
priorily which is typically extremely difficult. Accurate and robust treatment of these
situation is often only realised for specialized cases.

61



0 0 0

0.3 0.1 0

1 0.9 0.2

Figure 4.2.1: Interface (left), discretization of the volume fraction (middle) and reconstructed
interface (right) for the Volume of Fluid method

4.2 The Volume of Fluid method

Another approach which is an “interface capturing” method is the idea of volume
tracking. We want to briefly explain the idea. Let χ1(x, t) be the characteristic function
corresponding to Ω1(t). Then Γ(t) = ∂Ω1(t) = ∂supp(χ1(·, t)). Then, the immiscibility
condition VΓ = w · n on Γ translates to

∂tχ1 + w · ∇xχ1 = 0 in D′(ΩT ) := C∞0 (ΩT )′.

where χ1 can also be replaced with a coefficient which is constant inside Ω1, e.g. viscosity.
While this formulation is used for the analysis of two-phase flow equations, it is also
the starting point for a famous numerical method, the Volume of Fluid (VoF) method.
Therefore the transport equation

∂tχ1 + w · ∇xχ1 = 0

is formally replaced by

∂t

∫
W

χ1dx+

∫
∂W

χ1w · nds = 0

for an arbitrary fluid volume W . VoF methods now replaces χ1 with discrete versions
and ensure the conservation of χ1 (typically locally). This is typically done using a Finite
Volume method. Then, by construction the method implements the conservation of fluid
volume which for incompressible flows coincides with the conservation of mass. We briefly
sketch how the VoF method operates. In Figure 4.2.1 an example of the most important
ingredients is displayed.

The VoF method needs two types of information of the fluids. First, it needs the volume
fraction inside each cell. Second, it needs the position of the interface in order to calculate
the fluxes of volume. Starting from an initial interface the construction of the volume
fraction values is easy. The other direction however is more involved. Here, the interface
position within one cell is reconstructed from the surrounding volume fraction values.
For more details we refer to the literature. A comprehensive introduction is given e.g. in
[Loc13].
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Ω1

Ω1 Ω2

Figure 4.3.1: Sketch of two domains and a corresponding level set function fulfilling the signed
distance property.

The VoF method is popular in the engineering community. By construction it has very
good mass-conservation properties and furthermore, topology changes can be handled
relatively easy. The extension of the VoF method away from Finite Volume methods or
structured grids is complicated and only rarely considered.

4.3 The level set method

Another approach to capture the interface uses a different indicator function which has
more regularity.

The level set equation

We introduce the scalar level set function φ = φ(x, t). This scalar function characterizes
the position of the interface and the domains Ωi in the following way. There holds

φ(x, t)


< 0, x ∈ Ω1(t),
> 0, x ∈ Ω2(t),
= 0, x ∈ Γ(t).

(4.1)

Thus, given a sufficiently smooth level set function φ, the interface is determined implicitly
by the zero-level of that level set function.

Another desirable property of the level set function is the signed-distance property, which
means that the scalar value of φ at a point x does not only indicate the domain in which x
lies but further the absolute value of φ defines the (approximate) distance of that point to
the interface Γ(t). φ is called a signed distance function to Γ iff |φ(x, t)| = |dist(x,Γ(t))|
and (4.1) holds. If φ only approximately fulfills this property, i.e. |φ(x, t)| ≈ |dist(x,Γ(t))|
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the level set function φ is called an approximate signed distance function. In figure 4.3.1
a level set function which fulfills the signed distance property exactly is shown for a
simple two-dimensional configuration.

We assume that the interface motion is completely determined by the velocity field w of
the flow problem. In that case the interface motion can be described by the following
linear hyperbolic level set problem.

Given suitable initial values φ0 and boundary conditions φD on the inflow part of
the boundary ∂Ω−(t) := {x ∈ ∂Ω,w(x, t) · n < 0}, find φ(x, t) such that

∂tφ+ w · ∇φ = 0 in Ω, φ(x, 0) = φ0 in Ω, φ = φD on ∂Ω−(t). (4.2)

Problem 4.1.

Exercise 4.1. Show that the zero level of the solution of problem 4.1 describes the
position of the interface in the sense that

Γφ(t) := {x|φ(x, t) = 0}

coincides with

Γs(t) := {x |x = x0 +

∫ t

0

w(s(t), t) dt with ṡ(t) = w(s(t), t) and s(0) = x0}

with x0 ∈ Γ0 := {y|φo(y) = 0}. (cf. solution A.5)

Let φ be the exact solution of problem 4.1. Problem 4.1 advects the initial values
φ(·, 0) = φ0 with the velocity w. Especially the zero-level (the interface Γ) thus follows
the flow w. For the solution of linear hyperbolic transport equation efficient and accurate
method exist. This make the use of level set methods attractive especially in the finite
element community. There are however important issues that one should be aware
of.

First one should note, that the signed distance property of an initial level set function
φ0 is typically not preserved by the solution of problem 4.1. This typically renders
the evaluation of the interface position or gradients of φ sensitive to perturbation after
some time. Furthermore, in the level set equation volume (or mass) is not treated
as a conserved quantity. This implies that as soon as discretization errors occur the
conservation of mass can no longer be provided.

For both issues there exist solutions. After several time steps one typically applies
some form of “Re-Initialization” of the level-set. Here, essentially all information except
for the interface position is thrown away and a new discrete signed distance function
is constructed. The efficient and accurate realization of such a process is however
challenging.
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4.4 Phase field representation

The idea in a phase field representation is the use of another indicator function which has
a physical meaning and is smooth. Let ρi(x),x ∈ Ω, i = 1, 2 denote the partial densities.
As a simplification we assume that we have matched densities, i.e. ρ = ρ1 + ρ2 = const.
Then we define the indicator function

c :=
ρ1 − ρ2

ρ1 + ρ2

∈ [−1, 1].

In this description the fluids are no longer distinct sharply. There is a transition zone with
a thickness > 0. Based on physical principles a phase-field model for the Navier-Stokes
equations can be derived:

ρ∂tu + (u · ∇)u = −∇p+ div(µ(c)ε(u))− ε div(∇c∇cT ), (4.3a)

div(u) = 0, (4.3b)

∂tc+ u · ∇c = m∆µchem, µchem = ε−1ψ′0(c)− ε∆c (4.3c)

with a double well potential ψ0, e.g., ψ0(c) = (1− c2)2, and 0 < ε very small.

Problem 4.2.

In this model ε determines the thickness of the transition layer between the two phases.
ε is however in most cases chosen as small as possible, i.e. based on numerical rather
than physical properties. Instead of a transport equation for the indicator c we now have
a more complicated convection-diffusion type equation. Here the double well potential
essentially ensures that away from the transition layer the values of c are −1 or 1 while the
diffusion operator ensure the smoothness of c across the transition layer. The coefficient
µ in the viscous term is now also a smooth function depending on c. Further the surface
tension force is induced by gradients of the order parameter.

Alltogether this model provides smooth quantities for all unknowns which allows for the
of standard discretization tools such as finite differences, finite elements or finite volume
methods.

The price that one has to pay is that extremely large gradients (depending on ε) have to
be resolve numerically. Furthermore the fourth order operator acting on c has be dealt
with in an overall very strong nonlinear coupled problem.

Before, we made the assumption of matched densities. In case this assumption does not
hold the models are even more complicated.
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5 Space-Time finite element methods
for problems with moving interfaces

We now turn back to the original transport problem involving a moving interface
Γ(t).

5.1 Problem description

We recall the problem under consideration. In this section we consider the following
problem with a moving interface.

∂tu+ w · ∇u− div(α∇u) = f in Ωi(t), i = 1, 2, t ∈ (0, T ], (5.1a)

[[α∇u · n]]Γ = 0 on Γ(t), t ∈ (0, T ], (5.1b)

[[βu]]Γ = 0 on Γ(t), t ∈ (0, T ], (5.1c)

u(·, 0) =u0 in Ωi(t), i = 1, 2, (5.1d)

u(·, t) = gD on ∂Ω, t ∈ (0, T ]. (5.1e)

Problem 5.1.

Note that due to immiscibility we require w · n = V · n on Γ(t) and div w = 0 in Ωi(t),
i = 1, 2, ∀ t ∈ (0, T ]. Here, V · n is the velocity of the interface motion in normal
direction.

5.1.1 Solution strategies

The discretization of problem 5.1 is very challenging due to the fact that the equations
in (5.1a) are defined on time-dependent domains and are coupled through an interface
condition which leads to discontinuities across the interface. Problems similar to prob-
lem 5.1 appear also in other fields, for instance in fluid-structure interaction problems or
combustion. Different approaches exist to tackle the problem. We give a brief overview
of methods which are suitable to deal with problems of the form of problem 5.1.

The balance laws in fluid dynamics are usually described in a fixed control volume, that
is, in an Eulerian frame of reference. Another possibility to state balance equations
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Figure 5.1.1: Sketch of method of lines approach

is the use of an Lagrangian frame of reference, that means that the frame of reference
follows a certain particle. Based on this different ways of formulating the same physical
balance laws, different methods to discretize equations exist. We discuss four different
approaches to deal with time integration on time-dependent domains. An illustration of
the four approaches is given in the figures 5.1.1-5.1.4. The question of which method is
suitable for practical use also depends on the underlying interface description.

Method of Lines. In the method of lines a time derivative is at some place replaced
with a finite difference approximation, for instance

∂tu(x, t) ≈ δFDt (x, t) =
u(x, t+ ∆t)− u(x, t−∆t)

2∆t
.

This makes sense as long as u is sufficiently smooth in time, because then we have δFDt u→
∂tu for ∆t→ 0. However, this is in general not true for solutions of problem 5.1. Assume
x ∈ Γ(t) such that for sufficiently small ∆t we have x ∈ Ω1(t−∆t)∩Ω2(t+ ∆t), then for
∆t→ 0 we have |δFDt | → ∞ as long as β1 6= β2. This is indicated in figure 5.1.1.

For the case β1 = β2 the situation is better as the solution u is continuous in time.
Nevertheless higher order time derivatives are in general not continuous across the
space-time interface (as long as α1 6= α2). Thus, a method of lines approach will not
achieve higher order accuracy in time. In [FZ09] and [Zun13] a combination of a XFEM
discretization in space and the method of lines for problems with moving domains is
considered. In both cases a problem with only a weak discontinuity, i.e. β1 = β2, is
considered. In [Zun13] an implicit Euler method is analyzed and first order accuracy in
time is proven.

For the general case β1 6= β2 we can transform the problem to a problem with β1 = β2

(α → α/β) and apply the method of lines. Note however that we can not expect
convergence of higher order due to the low regularity of ∂tũ, where ũ is the transformed
variable ũ = βu.
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Figure 5.1.2: Sketch of Arbitrary-Lagrangian-Eulerian approach.

Arbitrary-Lagrangian-Eulerian formulations. A very popular approach for problems
involving moving boundaries or interfaces is the Arbitrary-Lagrangian-Eulerian (ALE)
formulation (also called “moving mesh method”) where the underlying computational
mesh is deformed in a way such that moving boundaries (or interfaces) stay fixed with
respect to the reference configuration. The ALE method is an interface tracking method
where the triangulation of the interface takes the role of the marker points. Let ξ be
the coordinate of a boundary (or interface) point in the reference coordinates. Then the
evolution of a value at a grid point can be used to express the time derivative (in the
reference system) as the rate of change of that value (in the physical domain) and the
gradient in advection direction:

∂tu|ξ = ∂tu+ wrel · ∇u

with wrel = ∂x
∂t
|ξ=const the mesh motion at the corresponding position. The solution is

smooth in time with respect to points with constant reference coordinates and thus a
standard method of lines approach can be applied to discretize ∂tu|ξ (cf. figure 5.1.2).
This approach is often used, for instance for fluid-structure interaction problems. The
ALE description is sometimes also combined with a space-time formulation for the time
discretization (see discussion below).

Depending on the application the successive deformation of the mesh can lead to very
large deformations. In those situations the computational domain has to be meshed
again after a few time steps. This remeshing is usually challenging and can be very
time-consuming. If the problem of remeshing does not appear (due to small deformations
only) or can be solved satisfactory the method works well. We refer the reader to
[DH03, Chapter 3.10] and [DHPRF04] and references therein for an overview on ALE
methods.

In the context of the problem that we are primarily interested in, i.e. two phase flows
with non-trivial bubble dynamics, this approach is not an option as we do not want to
fit our computational mesh to the interface.
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Figure 5.1.3: Sketch of semi-Lagrangian method.

Semi-Lagrangian methods. Another approach is the use of the so called semi-Lagrangian
method or characteristic finite element method, where the material derivative u̇ =
∂tu + w · ∇u is approximated with a finite difference approximation along a (approx-
imated) space-time trajectory. That means one approximates (for an implicit Euler
discretization)

u̇(x, tn) = ∂tu(x, tn) + w · ∇u(x, tn) ≈ u(x, tn)− u(P (x), tn−1)

∆t

where P (x) is the origin of the trajectory through x in the sense that P (x) = y(0) with y
the solution of ẏ = w(y(t), tn−1 + t), y(∆t) = x (cf. figure 5.1.3). This guarantees that
for every point x in domain i the corresponding origin point P (x) also lies in domain i.
Thus the approximation of the time derivative takes place along a line where the solution
is smooth, s.t. simple approximation ideas as in the method of lines can be applied.
Another advantage of the method is the fact that due to the Lagrangian handling of
the time derivative no convection term appears in the resulting equations for the new
unknown. One then arrives at a problem of the form

1

∆t
un(x)− div(α∇un(x)) = fn(x) +

1

∆t
un−1(P (x)) in Ωi, i = 1, 2,

[[α∇un · n]]Γ = 0 on Γ,

[[βun]]Γ = 0 on Γ,

un = gD on ∂Ω.

Problem 5.2.

The Nitsche-XFEM method discussed chapter 3 is very well suited for the discretization of
this semi-discrete problem. However the approach comes with several disadvantages. In a
finite element setting the operator P (x) is non-local which makes it difficult to efficiently
implement the terms corresponding to the old time values especially on unstructured
meshes. Also, a suitable choice for P (x) is not obvious if x is close to a Neumann-
boundary condition. Furthermore a rigorous error analysis of this kind of methods seems
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to be very hard. Methods based on the idea of characteristics (or a semi-Lagrangian
point of view) have been applied for convection-diffusion equations in [DR82, RT02], for
the Navier-Stokes equations in [CHCOB09, ME98], for surfactants equations in [HLZ13]
and in [HWGW14] a method combining the semi-Lagrangian point of view with a XFEM
discretization in space has been considered, however, without any analysis.

Space-Time formulations. The last approach that we want to mention is also the one
that we consider in the remainder of this chapter. The basic idea is to consider the
problem 5.1 directly as a stationary problem in d+1 dimension and to discretize it as such.
In order to keep the computational costs comparable to standard time discretization
strategies (for example the method of lines), the space-time domain is divided into time
slabs which correspond to the time intervals usually used in time stepping methods.
Then, a variational formulation is applied which decouples the time slabs such that the
computational structure is that of a time stepping scheme. We discuss the details in the
remaining part of this section.

Discretizations based on space-time formulations have been considered for fluid flow
in, for instance [TBML92, TLB92, Beh01, SvdVvD06, SBvdV06, KvdVvdV06, Beh08,
Neu13, Wel13]. In [Tho97] the space-time formulation for parabolic problems is dis-
cussed and extensively analyzed. In all these publications problems with matching
boundaries(interfaces) in space-time and smooth solutions are considered.

Space-time notation

We adopt and adapt the notation for triangulations, domains, etc. from chapter 2 and
introduce additional notation for space-time related geometries and quantities. Let d be
the spatial dimension of Ω, such that Ω ∈ Rd. Within each time slab Qn := Ω× In, In =
(tn−1, tn] we assume that the triangulation of the spatial domain Ω is a shape regular
decomposition into simplices Tn = {T}. The corresponding characteristic mesh size is
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Figure 5.1.5: Sketch of space-time domains Qni .

denoted by hn. Corresponding to a triangulation Tn we have a canonical triangulation of
Qn into d+ 1-dimensional prisms. This triangulation is denoted by Tn,∗ = {QT} where
for each prism we have QT = T × In for a corresponding d-dimensional simplex T .

Note, that for different time slabs the triangulation is allowed to change. Further, the
triangulation is not fitted to the interface Γ(t) (cf. figure 5.1.5).

The space-time interface Γ∗ :=
⋃
t∈(0,T ] Γ(t) separates the space-time domain into its

subdomains Qi :=
⋃
t∈(0,T ] Ωi(t), i = 1, 2. Within each time slab we define Γn∗ :=⋃

t∈In Γ(t) and the subdomains Qn
i :=

⋃
t∈In Ωi(t), i = 1, 2.

We introduce some notation for cut prism elements, i.e. elements QT with Γ∗ ∩QT 6= ∅.
For any prism QT ∈ Tn,∗ with QTi := QT ∩Qn

i we denote the part of QT in Qn
i and with

Γ∗T := QT ∩ Γ∗ the part of the interface that lies in QT . With T Γ
n,∗ we denote the set

of (prism) elements that are “close to the interface”, T Γ
n,∗ := {QT : QT ∩ Γ∗ 6= ∅}. The

corresponding domain is Qn,Γ = {x ∈ QT : QT ∈ T Γ
n,∗}. Further we define the set of

elements with nonzero support in one domain: T in,∗ := {QT : QT ∩Qi 6= ∅}, i = 1, 2, the

corresponding domain is denoted by Qn,+
i = {x ∈ QT : QT ∈ T in,∗}. We also define the

domain of uncut elements in domain i as Qn,−
i = Qn

i \Qn,Γ = Qn,+
i \Qn,Γ. We further

introduce the abbreviation Ωn
i = Ωi(tn).

5.2 Space-time DG formulation for a parabolic model
problem

To introduce the space-time Discontinuous Galerkin formulation we consider the (much)
simpler one-domain problem

71



∂tu− div(α∇u) = f in Ω× (0, T ] (5.3a)

u = 0 on ∂Ω× (0, T ], (5.3b)

u =u0 on Ω× {0}. (5.3c)

Problem 5.3.

For ease of presentation we assume the use of an equidistant time discretization. A
partitioning of the time interval is given by 0 = t0 < t1 < ... < tN = T with a uniform
time step ∆t = T/N . We define the time interval In = (tn−1, tn] and assume a shape
regular simplicial triangulation T nh of the spatial domain Ω. In general, the triangulation
is allowed to change with each time step n. Let Vh be a standard finite element space
corresponding to T nh . On the time slab Qn := Ω× In we introduce the tensor-product
finite element space

Wn := {v : Qn → R|v(x, t) =
k∑

m=0

tmϕm(x), ϕm ∈ Vh,m = 0, .., k}. (5.4)

Note that due to the tensor-product structure the order of the ansatz functions can
be chosen differently in space and time directions. We typically consider the case of
piecewise linear functions for Vh combined with linear functions in time (k = 1 in (5.4)).
The corresponding finite element space for the whole space-time domain is

W := {v : Q→ R|v|Qn ∈ Wn}. (5.5)

Note that there is no temporal continuity between the time slabs imposed on W.

The discretization is derived as follows. First we test (5.3a) with a test function v ∈ Wn

and integrate over one time slab Qn. As usual we do partial integration in space for the
second order term which yields (for a sufficiently smooth function u)∫

Qn

∂tu v + α∇u∇v dx dt =

∫
Qn

f v dx dt (5.6)

To abbreviate notation later on, we introduce the (bi)linear forms

ans (u, v) :=

∫
Qn

α∇u∇v dx dt, dns (u, v) :=

∫
Qn

∂tu v dx dt, f
n
s (v) :=

∫
Qn

f v dx dt. (5.7)

We use the subscript s to indicate the correspondence to the simpler problem 5.3. To
include information from the past we apply a standard upwind technique. The time
derivative can be seen as an advection term in the space-time domain. In that sense
Ω× {tn−1} is the inflow boundary of Qn where inflow information has to be provided.
This is done by adding the upwind stabilization

bns (u, v) :=

∫
Ω

[[u]]n−1 vn−1
+ dx (5.8)
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with the time jump and time trace operators

[[u]]n := un+ − un−, un− := u(·, tn), un+ := lim
ε↓0

u(·, tn + ε).

Adding the equations for each time slab n together we get the overall space-time DG
discretization of problem 5.3. u0

− in the upwind term is given initial data and moved
to the r.h.s. side of the variational formulation. For notational convenience we define
[[u]]0 = u0

+, s.t. b1(u, v) = (u0
+, v

0
+). The discrete variational formulation reads as:

Find uh ∈ W such that

Bs(uh, vh) := ds(uh, vh) + as(uh, vh) + bs(uh, vh) = fs(vh) + c0
s(vh) ∀ vh ∈ W. (5.9)

with c0
s(vh) :=

∫
Ω
u0 v0

h,+ dx while the other (bi)linear forms are obtained by summing

the corresponding (bi)linear forms over all time slabs, for instance ds(·, ·) =
∑N

n=1 d
n
s (·, ·).

Note that the coupling in time has a direction in the sense that the time steps < k do
not depend on the solution at time step k. The discretization thus naturally divides into
time stepping problems which can be solved one after another. The problem for each
time slab n is obtained by testing (5.9) with v ∈ W ∩ {v(x, t) = 0, t 6∈ In} and reads as:
Given un−1

− ∈ L2(Ω) and f ∈ L2(Qn), determine uh ∈ Wn such that for every vh ∈ Wn

there holds

Bn,∗
s (uh, vh) := dns (uh, vh) + ans (uh, vh) + bn,∗s (uh, vh) = fns (vh) + cn−1

s (vh)

with bn,∗s (u, v) :=
∫

Ω
un−1

+ vn−1
+ dx and cn−1

s (u, v) :=
∫

Ω
un−1
− vn−1

+ dx. Due to the discontinuous-
in-time finite element space W this time discretization is a Discontinuous Galerkin
(in time) method. In [Tho97] the method including a thorough error analysis is dis-
cussed.
Remark 5.1 (Petrov-Galerkin DG methods). In the presented method the test and the
solution space coincide. This is not necessary. A popular alternative is the use of a
Petrov-Galerkin method using continuous (in time) finite elements for the solution space
combined with discontinuous finite elements (in time) of a lower degree for the test space.
This reduces the number of unknowns, but still allows for a time stepping procedure. In
the context of an XFEM finite element space and a two-domain discretization with a
space-time finite element method the use of different spaces for solution and test space is
not straight-forward, cf. remark 5.6. In the following we thus restrict to the discussion
of Discontinuous Galerkin in time methods where test and ansatz spaces coincide.
Remark 5.2 (Energy-stability). Assume that there is no source term f = 0. A property
of the exact solution to the problem 5.3, is that the energy of the system can not increase
(as long as their are no sources due to f or boundary conditions). Here, the energy is
W (u) = 1

2
‖u‖2 and there holds ∂tW (u) ≤ 0. A nice property of the DG discretization is

that this property also holds on the discrete level, in the sense 1
2
‖un−‖2

Ω ≤ 1
2
‖un−1
− ‖2

Ω, cf.
[LR13, lemma 3.5].
Remark 5.3 (Stability of the DG time integration method). The discontinuous-in-time
Galerkin method as a time integration method is stable and has the optimal smoothing
property, but is not A-stable, cf. [GR11, Section 11.5.2].
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5.3 Space-time extended finite elements

We present the XFEM space analogously to the presentation of the XFEM space for
the stationary problem. Again, we restrict to the case of piecewise bilinear functions
(linear in space and linear in time) here. The XFEM space in a space-time setting has
previously been introduced in [GR11, Chapter 11.5.2], [LR13] and [Leh15a]. The idea of a
combination of space-time methods and XFEM has also been suggested in [CB04, CB06]
for a one dimensional hyperbolic problem without any error analysis.

The generalization of the XFEM space introduced in chapter 2 is obtained by the use of
a generalization of the restriction operators Ri. The space-time XFEM spaces are given
by

W Γ
n := Rn

1Wn ⊕Rn
2Wn

W Γ := { v : Q→ R | v|Qn ∈ W Γ
n } = R1W ⊕R2W.

(5.10)

with the corresponding canonical restrictions Rn
i on L2(Qn), Ri on L2(Q) given by

Rn
i v =

{
v|Qn

i
on Qn

i

0 on Qn \Qn
i ,

Riv =

{
v|Qi

on Qi

0 on Q \Qi.

We will also use the notation vi := Riv.

We again give a characterization corresponding to the name extended finite element
space (XFEM) for the case of piecewise linear functions in space and time. Let {qj}j∈J
be the nodal basis in the finite element space Vh. The vertex corresponding to qj is
denoted by xj. To each qj there correspond two space-time basis functions, namely
qj,0(x, t) := 1

∆t
(tn − t)qj(x) and qj,1(x, t) := 1

∆t
(t − tn−1)qj(x).The index set of basis

functions in the space-time finite element space Wn “close to the interface” is given
by

JΓn∗ := { (j, 0), (j, 1) | measd
(
Γn∗ ∩ supp (qj)

)
> 0}.

Let HΓn∗ be the characteristic function corresponding to Qn
2 , i.e. HΓn∗ (x, t) = 1 if

(x, t) ∈ Qn
2 and zero otherwise. For each space-time node index (j, `) ∈ JΓn∗ a so-called

enrichment function corresponding to the node (xj, tn−`) is given by

Φj,`(x, t) := |HΓn∗ (x, t)−HΓn∗ (xj, tn−`)|. (5.11)

New basis functions are defined as follows:

q
Γn
∗

j,` := qj,`Φj,`, (j, `) ∈ JΓn∗ . (5.12)

An illustration for the spatially one-dimensional case is given in figure 5.3.1.

The term HΓn∗ (xj, tn−`) in the definition of Φj,` is constant and may be omitted (as it

doesn’t introduce new functions in the function space), but ensures that q
Γn
∗

j,` (xj, tn−`) = 0

74



xj−1 xj+1

tn

tn−1

Γ∗

xj−1 xj+1

tn

tn−1

Γ∗

Figure 5.3.1: Sketch of bilinear space-time XFEM functions in 1 + 1 dimensions. The top
row shows the basis function qj,1, the bottom row the XFEM function q

Γn
∗

j,1 . The
functions are shown in the space-time domain (left) and as an elevation plot
(right).

holds in all space-time grid points (xj, tn−`). The space-time XFEM space on the time
slab Qn = Ω× In is given by

W Γ
n = Wn ⊕W x

n , with W x
n := span

{
q

Γn
∗

j,` | (j, `) ∈ JΓn∗

}
.

This characterization shows that the extended finite element space W Γ
n is obtained by

adding to the standard space Wn new basis functions that are discontinuous across the
space-time interface Γn∗ , cf. (5.12). There holds the approximation property

inf
vh∈WΓ

‖v − vh‖m,Q ≤ c(∆t2−m + h2−m)‖v‖H2(Q1,2) ∀ v ∈ H2(Q1,2), m = 0, 1.

A proof of this is given in [Leh15b].

5.4 Nitsche formulation for interface conditions in
space-time

At this point we defined a finite element space which, by construction, gives good
approximation properties. However, the interface condition is not respected. In this
section we gerenalize the Nitsche technique presented for the stationary interface case to
the space-time case.
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5.4.1 Derivation of the method

We assume that the solution to problem 5.1 is smooth, multiply (5.1a) with an arbitrary
test function βv ∈ W Γ and integrate over the space-time domain. Afterwards, on every
time slab we apply partial integration in space for the diffusion operator which yields

N∑
n=1

{
(∂tu+ w · ∇u, v)Qn

1,2
+ (α∇u,∇v)Qn

1,2

−
∫ tn

tn−1

∫
Γ(t)

[[α∇u · n βv]]ds dt
}

= (f, v)Q1,2

(5.13)

To transform the iterated integrals which appear in the Nitsche formulation to an integral
on the space-time interface we use the following transformation formula:∫ tn

tn−1

∫
Γ(t)

f(s, t) ds dt =

∫
Γn∗

f(s)
(
1 + (w · n)2

)− 1
2 ds =:

∫
Γn∗

f(s)ν(s) ds,

with ν(s) =
(
1 + (w · n)2

)− 1
2 and w the (interface) velocity. Note that ds denotes both

the surface measure on Γ(t) as well as on Γ∗. Under the assumption that the space-time
interface is sufficiently smooth, there holds for a constant c0 > 0

c0 ≤ ν(s) ≤ 1 for all s ∈ Γ∗.

We define the scalar product on the space-time interface (on one time slab)

(u, v)Γn∗ :=

∫
Γn∗

u v ds.

We manipulate the normal flux term similar to what we did in chapter 3, where we
replaced [[α∇u ·n βv]] with {{α∇u ·n}}[[βv]] due to α∇u ·n being uni-valued at the interface.
Similar to what we did for the stationary interface we define

Nn
c (u, v) := −({{α∇u · n}}, [[βv]])Γn∗ .

and, with additional symmetry and stabilization terms define

Nn(u, v) :=Nn
c (u, v) +Nn

c (v, u) +Nn
s (u, v), Nn

s (u, v) :=(ᾱλ h−1[[βu]], [[βv]])Γn∗ . (5.14)

We define N(·, ·), Nc(·, ·), Ns(·, ·) by summation over all time slabs, for instance N(·, ·) =∑N
n=1N

n(·, ·). The weights in {{·}} are chosen as in the hansbo-choice for the case of
a stationary interface. Take t ∈ In, T ∈ Tn and let Ti(t) := T ∩ Ωi(t). We define the
weights

(κi(t))|T :=
|Ti(t)|
|T | . (5.15)
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Note that those weights only depend on the spatial configuration at a given time t and
there holds κ1(t) + κ2(t) = 1. We define the weighted average

{{v}} := κ1(t)(R1v)|Γ(t) + κ2(t)(R2v)|Γ(t). (5.16)

Note that now κi depends on time.

To finish the discretization we need to (weakly) add continuity in time. This is done
with an upwind stabilization term as in (5.8). We define the upwind bilinear form

b(u, v) =
N∑
n=1

bn(u, v) :=
N∑
n=1

([[u]]n−1, vn−1
+ )Ωn−1

1,2
=

N∑
n=1

∑
i=1,2

∫
Ωn−1

i

βi [[u]]n−1 vn−1
+ dx. (5.17)

Together, we obtain a discrete variational formulation:
Find uh ∈ W Γ such that

B(uh, vh) = f(vh) + c(u0, vh) ∀ vh ∈ W Γ

with B(uh, vh) := d(uh, vh) + a(uh, vh) + b(uh, vh) +N(uh, vh)
(5.18)

and the bilinear forms

a(u, v) =
N∑
n=1

an(u, v) := (α∇u,∇v)Q1,2 , (diffusion) (5.19a)

d(u, v) =
N∑
n=1

dn(u, v) :=
N∑
n=1

(∂tu+ w · ∇u, v)Qn
1,2
, (space-time convection) (5.19b)

c(w, v) := (w, v0
+)Ωn−1

1,2
. (initial data) (5.19c)

and

f(v) =
N∑
n=1

fn(v) := (f, v)Qn
1,2
. (source) (5.19d)

This weak formulation can be rewritten if we apply partial integration on d(·, ·) and make
use of homogeneous boundary conditions. For all u, v ∈ W Γ +H1(Q1,2) there holds

B(u, v) = B′(u, v) := d′(u, v) + a(u, v) + b′(u, v) +N(u, v) (5.20)

with

d′(u, v) := −
N∑
n=1

(u, ∂tv + w · ∇v)Qn
1,2
, (5.21a)

b′(u, v) := −
N−1∑
n=1

(un−, [[v]]n)Ωn
1,2

+ (uN− , v
N
− )ΩN

1,2
. (5.21b)
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x

t
tn

tn−1

Γ∗

Figure 5.4.1: Sketch of a space-time slab where the interface position is changing

The Space-Time-DG Nitsche-XFEM method defined in (5.18) allows for a solution time
step by time step. By testing with a test function which has only support within one
time slab, we get the time slab problem:
Find u ∈ W Γ, s.t.

Bn(u, v) = an(u, v) + b̂n(u, v) + dn(u, v) +Nn(u, v) = fn(v) + cn(un−1, v) (5.22)

where the upwind coupling bi- and linear forms within one time step are

b̂n(u, v) =
∑
i=1,2

∫
Ωn−1

i

βiu
n−1
+ vn−1

+ dx (5.23)

and

cn(w, v) =
∑
i=1,2

∫
Ωn−1

i

βiwv
n−1
+ dx. (5.24)

Hence, the computational overhead of the method is determined by the costs for the
setup and the solution of the linear systems arising from (5.22). The efficient solution of
arising linear systems is challenging and topic of ongoing research.
Remark 5.4 (Mass conservation). The Space-Time-DG Nitsche-XFEM discretization is
globally mass conserving w.r.t. the discrete time points t = tn. To see that test (5.18)
with v = β−1 ∈ W Γ and use the characterization (5.20) to get∫

Ω

u−(·, tN) dx =

∫
Ω

u0 dx +

∫
Q

f dxdt.

The same mass balance holds for the true solution. For each time slab one gets a (time)
local version of this mass balance:∫

Ω

u−(·, tn) dx =

∫
Ω

u−(·, tn−1) dx +

∫
Qn

f dxdt.

Remark 5.5 (Integration on space-time domains). An implementation of the discretiza-
tion method defined in (5.18) or (5.22) needs to compute integrals on (possibly cut) prisms.
Especially for the spatially three dimensional case this is challenging and non-standard.
A solution strategy is presented in [Leh15a]. In the remainder of this chapter we assume
that space-time integrals can be computed exactly.
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Remark 5.6 (Petrov-Galerkin DG formulations). In space-time formulations it is, in
general, not necessary to choose the same test as ansatz space, cf. remark 5.1. In
combination with XFEM it is however not clear how a well-posed Petrov-Galerkin version
of the presented XFEM discretization can be achieved. We explain the problem. Consider
a test space with piecewise constants in time W 0 and the ansatz space with piecewise
linears in time W 1. Both are enriched with the XFEM approach resulting in spaces W Γ,1

and W Γ,1. In figure 5.4.1 the cut elements change between the time steps. The resulting
XFEM enrichment for W 1 and W 0 results in six additional degrees of freedoms in the
interface region for W Γ,1 and only three for W Γ,0. Hence, the total number of unknowns
of test and ansatz space do not match. A possible remedy could be an enrichment of W Γ,0

by discontinuous (in time) piecewise linear XFEM functions in the interface region. We
did not investigate this further.
Remark 5.7 (Weightings in the average). From a computational point of view the
suggested average in (5.16) is computationally inconvenient as in a space-time imple-
mentation of the cut elements (prisms) integration is done on space-time geometries.
The evaluation of κi(t), however, needs geometry information of a slice through a space-
time geometry. Within each cut element κi(t) has to be evaluated at several space-time
integration points. A more “natural” weighting adjusts the weights to the space-time
measures:

κi|QT :=
|QTi |
|QT | . (5.25)

Hence, κi is constant within each space-time element (prism). Note that the measures
|QTi | and |QT | have to be computed anyway, that means that this choice is computationally
cheap. This choice seems to be suitable in practice. Stability, however, is proven more
easily for the time-dependent weight.
Remark 5.8 (Non-symmetric Nitsche variants). Instead of the symmetric Nitsche for-
mulation N(u, v) = Nc(u, v) + Nc(v, u) + Ns(u, v) one can also use nonsymmetric or
incomplete formulations as Nns(u, v) = Nc(u, v) − Nc(v, u) + Ns(u, v) or Ninc(u, v) =
Nc(u, v)+Ns(u, v). For both modifications the stability analysis discussed later also applies.
For the nonsymmetric formulation the analysis is actually simpler as Nns(u, u) = Ns(u, u).
Note that the loss of symmetry also implies a lack of adjoint consistency. In the remainder
we thus only consider the symmetric formulation.
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A Exercise solutions

Solution A.1 (to exercise 1.1). The fluid is at rest, i.e. we have for the momentum
equation in the subdomains (ρ = ρ1)

p = p0
i + ρ(x− x0

i ,g).

with p0
i a reference pressure at location x0

i .

The interface condition [[u]] = 0 is automatically fulfilled. For the other condition on the
momentum balance we have

• κ = d−1
R

= 2 and

• σi = −piI
which gives

[[σ · nΓ]] = −[[p]]nΓ
!

= −2τnΓ.

Hence p1 − p2 = [[p]] = 2τ . Let us fix p0 = p0
2 as the Ω2-sided pressure at x0 = x0

2 =

(0, 0,−1) ∈ Γ and set x0
1 = x0. Then we have (p1 − p2)(x0) = p0

1 − p0
2

!
= 2τ and hence

p2 = p0 + ρ(x− x0,g), p1 = p2 + 2τ = p0 + 2τ + ρ(x− x0,g).

Note, that the pressure is only determined up to a constant as there are no boundary
conditions on it.

The relation [[p]] = τκ = 2τ/R for spherical interfaces is known as the Young-Laplace law.

Solution A.2 (to exercise 2.1). Obviously on all elements except for T Γ, the element
which is intersected by Γ, the best approximation of u is exact and we have

inf
vh∈V n

h

‖vh − u‖L2(Ω) = inf
vh∈Pk(TΓ)

‖vh − u‖L2(TΓ).

Via transformation to the reference element T̂ = [0, 1] we get the position of the
corresponding transformed interface Γ̂ as 1

3
or 2

3
. Both cases are equivalent due to

symmetry. We thus have

inf
vh∈V n

h

‖vh − u‖L2(Ω) = inf
vh∈Pk(TΓ)

‖vh − u‖L2(TΓ) =
√
h inf
vh∈Pk([0,1])

‖vh − u ◦ Φ‖L2([0,1]).
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So we are left with the task of approximating a discontinuous function on the reference
element with univariant polynomials. As the discontinuous functions are not in Pk([0, 1])
is a constant C = infvh∈Pk([0,1]) ‖vh − u ◦ Φ‖L2([0,1]) which is independent of the mesh size
h.

As for the space V k,cont
h of continuous piecewise functions of degree k, we have V k,cont

h ⊂
V k,disc
h , there holds:

inf
vh∈V n,disc

h

‖vh − u‖L2(Ω) ≤ inf
vh∈V n,cont

h

‖vh − u‖L2(Ω) = C
√
h

Solution A.3 (to exercise 3.1). On the continuous level we have V = (H1(Ω), ‖ · ‖1,h)
and Q = (L2(∂Ω), ‖ · ‖− 1

2
,h,∂Ω). We check if the requirements of Brezzi’s Theorem are

fulfilled: There holds

• continuity of a:
a(u, v) ≤ ‖u‖1,h‖v‖1,h,

• continuity of b:

b(u, v) =

∫
∂Ω

uqds ≤ ‖u‖1,h‖q‖− 1
2
,h,∂Ω,

• kernel-ellipticity of a (on the kernel of b):

a(u, v)
(≥)
= ‖u‖2

1 = ‖u‖2
1,h ∀u ∈ H1

0 (Ω) = V ∗ = {v ∈ H1, tr|∂Ωv = 0}

• and the inf-sup-condition. For every q ∈ L2(∂Ω), we construct u∗(q) as the solution
of ∆u∗ = 0 in Ω and u∗ = q on ∂Ω and thereby get

– Matching of boundary values u∗ = q on ∂Ω

– Bound of the ‖ · ‖1-norm by the data: ‖u∗‖1 ≤ C‖ u∗︸︷︷︸
=q

‖L2(∂Ω) ≤ C‖u∗‖ 1
2
,h,∂Ω

Hence

sup
u∈V

∫
∂Ω
uq ds

‖u‖1,h

≥
(∫

∂Ω
h−1u∗2ds

) 1
2
(∫

∂Ω
hq2ds

) 1
2

‖u∗‖1,h

≥ c∗
‖u∗‖ 1

2
,h,∂Ω‖q‖− 1

2
,h,∂Ω

‖u∗‖ 1
2
,h,∂Ω

= c∗‖q‖− 1
2
,h,∂Ω

Thus we have the inf-sup-stability of the compound bilinear form k(·, ·) on V × Q =
H1(Ω)× L2(∂Ω). Now it remains to show the same for the discrete spaces Vh ×Qh:

• continuity of a(·, ·) and b(·, ·) are inherited as Qh and Vh are subspaces of Q and V
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• Also the kernel-ellipticity essentially carries over. The difference is that for functions
in V ∗h only the L2(∂Ω)-projection onto Qh is zero. However this still allows for
‖u‖1 ≥ c‖u‖1,h. Alternatively one could also change the norm in the analysis, i.e.
‖u‖ 1

2
,h,∂Ω → ‖ΠQu‖ 1

2
,h,∂Ω with ΠQ the L2-orthogonal projector onto Qh. With this

change in the norm one again has ‖u‖1 = ‖u‖1,h for u ∈ V ∗h .

• The inf-sup condition w.r.t. Vh and Qh is the crucial point in the analysis. It is
not inherited from the continuous spaces. To find suitable spaces Vh and Qh, s.t.
the inf-sup condition for b(·, ·) is difficult. We however made the assumption that
it is given.

Thus we also have the inf-sup-stability of the compound bilinear form k(·, ·) on Vh ×Qh

and know that both, the continuous and the discrete problem have a (stable) unique
solution. We apply standard ideas from finite element analysis to derive the error bound:
First we introduce a notation for the discrete and continuous compound solutions:

U = (u,−∇u · n), Uh = (uh, σn)

Let Ūh ∈ Vh ×Qh be arbitrary. We have

|||U − Uh||| ≤ |||U − Ūh|||+ |||Ūh − Uh|||.

Let Wh ∈ Vh ×Qh be such that

αk,h|||Ūh − Uh||| ≤
k(U − Ūh),Wh

|||Wh|||
.

Due to the inf-sup condition such a Wh exists. Using Galerkin orthogonality (consistency)
and continuity we get

αk,h|||Ūh − Uh||| ≤
k(U − Ūh),Wh

|||Wh|||

=
k(U − Uh),Wh

|||Wh|||︸ ︷︷ ︸
=0

+
k(Uh − Ūh),Wh

|||Wh|||
≤ βk|||Uh − Ūh|||.

Hence, we have (as Ūh is arbitrary):

|||U − Uh||| ≤ (1 +
βk
αk,h

) inf
Ūh∈Vh×Qh

|||Uh − Ūh|||

Solution A.4 (to exercise 3.2). In one dimension the proof is significantly simpler than
in higher dimensions. We however give it here as it allows to motivate the subsequent
steps in the proof later on.

Proof of lemma 3.24 in one dimension. In one space dimension we have on each inter-
sected interval I = [a, b] = I1 ∪ I2 with I1 = [a, γ] and I2 = [γ, b] and the lengths
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h1 = γ − a, h2 = b− γ and h = b− a

(∇u,∇v) = u′(h1v
′
1 + h2v

′
2)

≤ (hu′2)
1
2

(
1

h
(h1v

′
1 + h2v

′
2)2

) 1
2

Note that in one dimensions we have v1(γ) = h1v
′
1 and v2(γ) = −h2v

′
2 and thus the

element contribution of the Nitsche stabilization term is

([[v]], [[v]]) 1
2
,h,ΓT

=
1

h
(h1v

′
1 + h2v

′
2)2. (A.1)

At the same time we have (with Young’s inequality with weight γY = h2

h1
)

([[v]], [[v]]) 1
2
,h,ΓT

=
1

h
(h1v

′
1 + h2v

′
2)2 ≤ h1v

′2
1 + h2v

′2
2 = ‖∇v‖2

I1,2

We conclude

(∇u,∇v)l ≤ ‖u′‖I
(

1

2
‖∇v‖2

I1,2
+

1

2
([[v]], [[v]]) 1

2
,h,ΓT

) 1
2

= 2−
1
2 |||u|||h|||v|||h.

Solution A.5 (to exercise 4.1). Consider the coordinate of s any particle in Ω with its
initial position s0. As the particle follows the flow field w, the evolution of s can be
described with

ṡ(t) = w(s(t), t), t ≥ 0 and s(0) = s0.

Along characteristics the values of the level set function should be zero, especially constant,
i.e. φ(s(t), t) = φ(s(0), 0). Differentiating w.r.t. time t (which is allowed as long as φ is
sufficiently smooth) we get the level set equation

∂tφ+
∂s

∂t
· ∇φ = ∂tφ+ w · ∇φ = 0

Due to the initial characterization of the interface Γ0 = {x|φ(x, 0) = 0}, we have that
φ(s(0), 0) = 0. ...
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B Brezzi’s Theorem

Assume that we have two Hilbert spaces V and Q and two continuous bilinearforms
a : V × V → R and b : V ×Q→ R

a(u, v) ≤ βa‖u‖V ‖v‖V ∀ u, v ∈ V (B.1a)

b(v, q) ≤ βb‖v‖V ‖q‖Q ∀ u ∈ V, ∀ q ∈ Q (B.1b)

and associated linearforms f : V → R and g : Q→ R, which are bounded in the
operator norms ‖ · ‖V ′ and ‖ · ‖Q′ . Assume further that coercivity of a(·, ·) on the
kernel of b, i.e.

a(u, u) ≥ αa‖u‖2
V ∀ u ∈ V ∗ := {v ∈ V : b(v, q) = 0 ∀ q ∈ Q} (B.1c)

and the inf-sup condition holds

inf
0 6=q∈Q

sup
u∈V

b(u, q)

‖u‖V ‖q‖Q
≥ αb > 0 ⇔ sup

u∈V

b(u, q)

‖u‖V
≥ αb‖q‖Q ∀ q ∈ Q. (B.1d)

Then, the compound bilinearform

k ((u, p), (v, q)) := a(u, v) + b(u, q) + b(v, p)

is inf-sup-stable, i.e. with the definition of the compound functions, spaces and
norms W := V × Q, U := (u, p), V = (v, q) and ‖U‖W := ‖u‖V + ‖p‖Q there
holds:

sup
V ∈W

k(U, V )

‖V ‖W
≥ αk‖U‖W ∀ U ∈ W

So the mixed problem{
a(u, v) + b(v, p) = f(v) ∀ v ∈ V
b(u, q) = g(q) ∀ q ∈ Q ⇔ k(U, V ) = f(v) + g(q) ∀ V ∈ W

is uniquely solvable and the solution fulfills the stability estimate

‖U‖W = ‖u‖V + ‖p‖Q ≤ c (‖f‖V ′ + ‖g‖Q′)

with the constant c depending only on αa, αb, βa, βb.

Theorem B.1 (Brezzi’s Theorem).
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[Pit80] J. Pitkäranta. Local stability conditions for the Babuska mehod of La-
grangian multipliers. Numer. Comput., 35:1113–1129, 1980. 26
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