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Abstract—The simulation of eddy currents in laminated iron
cores by the finite element method is of great interest in the
design of electrical machines and transformers. The overall
dimensions of an iron core and the thickness of the laminates
are very different. A finite element model which considers each
laminate requires many finite elements leading to extremely large
systems of equations and prohibitively high computational costs.
An efficient and arbitrarily accurate approximation of the main
magnetic flux, which is parallel to the laminates, across the
lamination with penetration depths significantly smaller than the
thickness of the laminates is the focus of this work. A multi-scale
finite element method has been developed. Material properties
are assumed to be nonlinear. Numerical simulations demostrate
the excellent accuracy and the very low computational costs.

Index Terms—Eddy currents, multi-scale finite element meth-
ods, laminates, nonlinear materials, numerical simulation.

I. Introduction

An efficient and accurate simulation of the eddy current
losses in laminated iron cores is still a challenging task, see
for instance [1]–[5]. Modeling each laminate individually is
not a feasible solution. Many finite elements have to be used
in such a model leading to large systems of equations. A multi-
scale method seems to be very promissing to overcome this
problem [6]. Different methods have been developed, a short
overview is given subsequently.

Brute force methods apply either an anisotropic electric
conductivity, [5], [7] and [2], or prescribe a current vector
potential having a single component normal to the lamination
[8] in finite element (FE) models. Considering a decomposition
of the total magnetic flux into a main magnetic flux parallel
to the lamination and a magnetic stray flux perpendicular to
the lamination, the solution obtained by the above methods
is frequently corrected in a second step exploiting different
approaches, for example [9] and [10] for 3D problems. To
improve the local approximation the magnetic flux density
parallel to the lamination is expanded into orthogonal even
polynomials, so-called skin effect sub-basis functions, in [11]
and higher order corrector terms were determined solving the
associated cell problems in [12].

To improve our multi-scale finite element method (MSFEM)
approach used in [6] and [13], respectively, we propose
an extension by a higher order micro-scale function basis
presented in this work. The accuaracy has been studied by
the penetration depth (PD) in the frequency domain for linear
material properties. The eddy current losses obtained by MS-
FEM have been compared with those obtained by reference

finite element models considering each laminate individually.
The excellent agreement of the losses could also be shown in
the time domain for nonlinear material properties.

II. Eddy Current Problem

Due to the lack of space only the boundary value problem
(BVP) in the time domain is presented in the following. Simply
speaking the BVP in the frequency domain is obtained by
replacing the time derivative ∂

∂t by jω, where j is the imaginary
unit and ω is the angular frequency. The material properties
are assumed to be linear for the BVP in the frequency domain.

1) Boundary Value Problem in the Time Domain: The eddy
current problem to be solved is sketched in Fig. 1. It consists
of a conducting material (iron) Ωc enclosed by air Ω0, i.e.,
Ω = Ωc ∪ Ω0 with an outer boundary Γ. Domain Ωm and
interface Γm0 do not apply here. The material parameters are
the magnetic permeability µ(A), which can be nonlinear, and
the electric conductivity σ. The eddy current problem with the
magnetic vector potential A in the time domain reads as

curl
1

µ(A)
curl A + σ

∂

∂t
A = 0 in Ω ⊂ R2, (1)

A × n = α on Γ. (2)

2) Variational Formulation: Equations (1) and (2) yields
the following formulation. Find Ah ∈ Vα := {Ah ∈ Vh :
Ah × n = αh on Γ}, such that∫

Ω

1
µ(Ah)

curl Ah curl vh dΩ +
∂

∂t

∫
Ω

σAhvh dΩ = 0 (3)

for all vh ∈ V0 := {vh ∈ Vh : vh × n = 0 on Γ}, where Vh is a
finite element subspace of H(curl,Ω). Index h indicates finite
element discretization.

Fig. 1: Eddy current problem model
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To get a unique solution the penalty term

σ0
∂

∂t

∫
Ω0

Ahvh dΩ (4)

is added to (4) in air, where σ = 0 [14]. The conductivity in
air is chosen as 0 < σ0 << σ.

III. Multi-scale finite element methodMSFEM

Mapped polynomial shape functions are used by the stan-
dard finite element method (FEM) to approximate the un-
known solution. Standard FEM provides accurate approxi-
mations as long as the unknown solution is smooth. How-
ever, to obtain an accurate approximation also in the case
of equations with rough coefficients, for instance materials
with a microstructure (laminated iron cores) extremely fine
meshes are required. The fine meshes are the reason why large
equation systems arises, which may require exorbitant amounts
of computer resources to obtain a solution.

Instead of the classical homogenization approach [15] multi-
scale techniques can also be used to resolve the small scales.
To avoid large equation systems the generalized finite element
method for equations with rough coefficients seems to be a
very promising option [16], [17]. The standard polynomial
basis is augmented by special functions including a priori
information into the ansatz space

uh(x) =

n∑
i

m∑
j

ui jϕi(x)ψ j(x) =

n∑
i

m∑
j

ui jφi j(x), (5)

where n is the number of standard polynomials ϕi, m the
number of special functions ψ j and ui j are the coefficients of
the approximated solution uh. The special functions, which are
custom tailored ansatz functions approximate well the solution
locally [16], [17]. These functions represent a local basis and
are incorporated into FEM simply by a multiplication with
the standard FE basis. The number of degrees of freedom
should be independent of the size of the microstructure to
keep the required computer resources as small as possible.
The special functions ψ j are obtained for instance by solving a
generalized eigenvalue problem of the basic cell with periodic
boundary conditions and taking the first m eigensolutions as
special functions ψ j(x). This has been successfully applied to
solve a magnetomechanical system [18]. The correctors from
the classical homogenization approach can also be used for
the local basis [19].

Approach (5) was used to construct a MSFEM for the eddy
current problem with laminated iron. The used local basis
is presented below. The performance of MSFEM has been
studied by numerical simulations.

A. Linear Approach

The approach

Ã = A0 + φ1

(
0
A1

)
+ ∇(φ1w) (6)

for two dimensional problems with the main magnetic flux
parallel to the lamination and perpendicular to the plane of

projection [13] and a generalization to three dimensions [6]
have been used up to now. In (6), A0 stands for the mean
value, A1 and w are scalar quantities, respectively, and φ1
is the periodic tooth-shaped micro-shape function in Fig.
2 considering the periodic structure of a laminated stack.
The thicknesses of iron layers and air gaps are d and d0,
respectively. The average value A0 covers the smooth variation
of the solution due to the macroscopic structure, the corrector
terms with A1 and w take into account of the local behavior
of the solution caused by the microscopic structure.

The micro-shape function φ1 is continuous and piecewise
linear, the latter is clearly only an approximation. The ability
of φ1 to describe the local behavior of the solution is restricted
by the PD and thus the performance of the method as a whole.
The method fails when the PD becomes significantly smaller
than the thickness of the laminates. The limits of validity with
respect to the PD have been shown by numerical examples in
[13], [20].

To cope with arbitrary smaller PDs compared to the thick-
ness of the laminates the following MSFEM has been devel-
oped.

B. Micro-shape function basis for MSFEM

The Gauss-Lobatto shape functions

l3(x) =
1
2

√
5
2

(x2 − 1)x (7)

l5(x) =
1
8

√
9
2

(x2 − 1)(7x2 − 3)x (8)

on the intervall [−1, 1] were selected for higher order micro-
shape functions. Fig. 2 shows them transformed into the inter-
vall [0, d] according to the thickness d of the laminates. The
higher order micro-shape functions φ3 and φ5 are orthogonal to
each other, represent bubble functions and are equal to zero in
the air gap. Thus, {φ1, φ3, φ5} span a subspace of the periodic
and continuous functions H1

per(Ω).
The standard polynomial basis functions [21] are augmented

by the micro-shape functions leading to the multi-scale ap-
proach

Ã = A0 + φ1

(
0
A1

)
+ φ3

(
0
A3

)
+ φ5

(
0
A5

)
(9)

+ ∇(φ1w1) + ∇(φ3w3) + ∇(φ5w5)

for two dimensional problems with the magnetic flux perpen-
dicular to the plane of projection. Again, the mean value A0
considers the smooth variation of the marcro-structure, the
scalar functions A1, A3, A5,w1,w3 and w5 and the periodic
micro-shape functions φ1, φ3 and φ5, respectively, take into
acount of the rough variation of the periodic micro-structure.
The main magnetic field is an even function across a laminate.
Consequently, the variation of the current density and that of
A is an odd function. Thus, it suffices to consider only odd
micro-shape functions in approach (9).

An extension of (9) by higher order terms is obviously
possible, but not relevant for practical purposes as it is cleary
demonstrated in section (V).
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Fig. 2. Orthogonal micro-shape functions.

C. Variational Formulation of MSFEM

Find
(A0h, A1h, A3h, A5h,w1h,w3h,w5h) ∈ Vα := {(A0h, A1h, A3h, A5h,
w1h,w3h,w5h) : A0h ∈ Uh , (A1h, A3h, A5h) ∈ Vh , (w1h,w3h,
w5h) ∈ Wh and A0h × n = αh on Γ}, such that∫

Ω

1
µ(Ãh)

curl Ãh curl ṽh dΩ + σ
∂

∂t

∫
Ω

σÃhṽh dΩ = 0 (10)

for all (v0h, v1h, v3h, v5h, q1h, q3h, q5h) ∈ V0 := {(v0h, v1h, v3h, v5h,
q1h, q3h, q5h) : v0h ∈ Uh , (v1h, v3h, v5h) ∈ Vh , (q1h, q3h, q5h) ∈
Wh and v0h × n = 0 on Γ}, where Uh is a finite element
subspace of H(curl,Ω), Vh of L2(Ωm) and Wh of H1(Ωm),
respectively, and {φ1, φ3, φ5} is a subspace of Hper(Ωm).

The subdomain Ωm comprises the iron laminates and the
air gaps in between as indicated in Fig. 1. Natural boundary
conditions hold on the interface Γm0 between Ωm and Ωo,
respectively. Note, that A0h is valid in the entire problem region
Ω, whereas A1h, A3h, A5h, v1h, v3h and v5h are only valid in
the laminated medium Ωm.

IV. Numerical Example

The iron stack consists of 100 laminates, see Fig. 3. A
thickness of both, iron layer and air gap, of d + d0 = 0.25mm,
an unfavorable fill factor of c f = 0.9, a conductivity of
σ = 2 · 106S/m and a relative permeability of µr = 50, 000
were selected. Dirichlet boundary conditions were prescribed
by |A × n| = 0.006V s/m on Γ.

Fig. 3. Eddy current problem (dimensions in mm).

V. Numerical Simulations

The reference solution (RS) using a FE model where each
laminate is considered has been computed very accurately.
One FE layer was used across the thickness of the iron layer.
The number of degrees of freedom equals to 123, 564 for 2nd

order FEs. The FE order was 6 for the smallest PDs. The
solution of A0, A1, A3, A5,w1,w3 and w5 are very smooth.
Therefore, a very coarse finite element mesh suffices to obtain
an accurate solution, and the computational costs can be
reduced extremely. The FE model of MSFEM consists of 317
FEs for all simulations.

Although the FE mesh of MSFEM is retangular and fits
to the laminates no troubles with linear dependency was
observed.

Losses of the RS are compared with those obtained by
MSFEM in Fig. 4. The sum of micro-shape functions in
the legend indicates which terms are considered in the
MSFEM-approach (9). The PD was varied by the frequency.
The agreement of all MSFEM solutions with the RS is
excellent for pentration depths larger than or in the order of
about the thickness of the laminates. The sign of the relative
error of the approach with φ1 + φ3 changes at a PD of about
0.06mm. The linear approach works reasonably till the PD
falls below halfe of d.

Fig. 4. Absolute value of the relative error of the eddy
current losses with respect to the PD.

The required numbers of degrees of freedom are
summarized in Tab. 1. The lowest polynomial order of
the finite elements for the reference model was two. The total
number of degrees of freedom can be reduced by a factor of
about more than 100 in this example. Thus, the computational
effort of MSFEM is much smaller than that of standard FEM.

Table 1: Number of required degrees of freedom.
Total No. H(curl,Ω) L2(Ωm) H1(Ωm)

RS 123564 a) 123564 - -
MSFEM 1194 b) 630 c) 317 c) 314

a) For 2nd order H(curl) - elements.
b) After static condensation.
c) Holds for one term in approach (9).

Those degrees of freedom that are not required for the global
finite element matrix, i.e. all degrees of freedom of L2(Ω)
and all bubble functions of H(curl,Ω) and H1(Ωm) standard
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finite element basis, are eliminated by static condensation.
The number of degrees of freedom for L2(Ωm) and H1(Ωm),
respectively, stands for one scalar function in approach (9).

To minimize the number of degrees of freedom additionally,
the higer order gradients in (9) can be omitted although they
are introduced for the sake of completeness. Investigations re-
vealed, that neglecting ∇(φ3w3) and ∇(φ5w5) yields practically
the same accuracy.

The computational effort of MSFEM should provide a
numerical solution practically independent of the small-scale
dimensions. A MSFEM-model for a similar problem as in
Fig. 3 but with 1, 000 laminates uses about twice the amount
of computer resources than that for 100 laminates. This proves
a very moderate increase of the computational costs when the
complexity of the problem grows.

The error determined in the frequency domain was also
observed in time domain simulations. The simulations shown
in Fig. 5 belong to a PD of about 0.071mm.

Fig. 5: Eddy current losses with respect to time.

Fig. 6: Magnetization curve.

Fig. 7: Eddy current losses with respect to time
with a nonlinear material.

The evolution in time of the losses at 50Hz using the
magnetization curve (see Fig. 6) is shown in Fig. 7. The
agreement is excellent.
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[7] K. Hollaus and O. Bı́ró, “Estimation of 3-d eddy currents in conducting
laminations by an anisotropic conductivity and a 1-d analytical solution,”
COMPEL, vol. 18, pp. 494–503, 1999.

[8] A. Jack and B. Mecrow, “Calculation of three-dimensional electromag-
netic fields involving laminar eddy currents,” IEE Proc., Pt. A, vol. 134,
no. 8, pp. 663 –671, september 1987.
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