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Abstract—This paper aims to improve the efficiency of a numerical method to treat the eddy current problem on a laminated
material, where using a mesh that resolves each individual laminate would be too computationally expensive. The domain is
modeled using a coarse mesh, which treats the laminated material as a bulk with averaged properties. The fine structured
behavior is recovered by introducing micro-shape functions in the ansatz space. One such method is analyzed to find
possible further model simplifications. By using a special reformulation, it is possible to eliminate the additional degrees of
freedom introduced by the multiscale ansatz at the cost of an additional modeling error, which decreases with the laminate
thickness. The paper gives a computationally more efficient approximate variant to a known multiscale method.

Index Terms— eddy currents, homogenization, multiscale, numerical analysis

I. INTRODUCTION

The simulation of eddy currents in laminated materials
is still a challenging task. The high number of subdo-
mains and the presence of different scales when com-
paring the total simulation domain to a single laminate
or the gap between laminates leads to very fine meshes
when the problem is treated using classical finite element
method (FEM) approaches. Since this requires solving
a linear equation system for an exorbitant number of
unknowns, this quickly becomes numerically unfeasible.

Various ways to overcome this problem have been
developed over time. The general idea of most ap-
proaches is to replace the laminated domain with a bulk
material featuring averaged properties. A classical way
to recover the fine structure is to formulate an expansion
of the solution with respect to the laminate width and
calculating the terms in the expansion using so called
cell problems. These require the solution of a problem
with periodic boundary conditions posed on a reference
domain. Details for this approach can be found for
example in [1].

A different approach, which will be used in this
paper, is to incorporate the fine structure into the ansatz
space. The general idea is to consider the solution as a
superposition of a mean value with local perturbations.
This leads to a coupled problem which yields the mean
value as well as the perturbations as its solution. One such
method concerning the two dimensional eddy current
problem has been proposed in [2] which requires to solve
for three unknown functions on a coarse mesh which does
not need to resolve the single laminates.

In this paper a reformulation of this approach is derived
which allows the elimination of two unknown functions
by expressing them in terms of the mean value. This
allows for a further reduction of unknowns at the price of
introducing an additional modeling error which decreases
with the width of a single laminate. This reformulation
will also be the basis for further analysis to apply residual
error estimators as presented in [3], which have already

been successfully implemented for a similar multiscale
ansatz for equations of Laplace type.

II. PROBLEM SETTING

Consider a domain Ω = Ωm ∪ Ω0 separated into a
laminated subdomain Ωm (i.e. an iron core) and the
surrounding air Ω0. Ωm is assumed to consist of iron
laminates of a width d1 and air gaps of a width d2. The
total width of the period one laminate and one gap will
be called d := d1 + d2, see figure 1.
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Fig. 1. The laminated domain Ω.

The eddy current problem in weak formulation, in-
corporating a prescribed tangential component of the
magnetic vector potential on the boundary, reads as:

Find A ∈ {w ∈ H(curl,Ω) : w × n = α on Γ} with∫
Ω

µ−1 curlA curlv+jωσA ·v dΩ =

∫
Ω

J ·v dΩ. (1)

for all v ∈ {w ∈ H(curl,Ω) : w × n = 0 on Γ}.
The coefficients in (1) are the magnetic permeability µ,
the electric conductivity σ, the angular frequency ω and
the impressed current density J. The imaginary unit is
denoted by j.



III. THE MULTISCALE METHOD

In [2] a multiscale ansatz for (1) of the form

A = A0 + φ

(
0
A1

)
+∇(φw) (2)

has been developed. In (2) A0 ∈ H(curl,Ω), A1 ∈
L2(Ωm) and w ∈ H1(Ωm) are three unknown functions,
defined on a coarse mesh which does not resolve the
single laminates. The fine structure is provided by the
micro-shape function φ, which is set to be −1 on the left
end of each laminate, 1 on the right end and linear in-
between. With this choice, φ is per definition a periodic,
piecewise linear continuous function on Ωm. In the air
domain Ω0 it is set to 0.

The ansatz (2) is used in (1). After simplifying the ex-
pression the coefficients depending on the lamination (µ,
σ and φ) are averaged over one period width d. For ease
of presentation the abbreviations A := (A0, A1, w)T

will be written for the vector of unknown functions and
v := (v0, v1, q)

T for the vector of corresponding test
functions. This gives rise to the weak formulation in the
multiscale setting:

Find A0 ∈ {w ∈ H(curl,Ω) : w × n = α on Γ},
A1 ∈ L2(Ωm) and w ∈ H1(Ωm) with∫

Ω

A(A,v) +B(A,v) dΩ =

∫
Ω

J · v0 (3)

for all v0 ∈ {w ∈ H(curl,Ω) : w × n = 0 on Γ},
v1 ∈ L2(Ωm) and q ∈ H1(Ωm). The expressions in the
two bilinearforms are

A(A,v) =

(
curlA0

A1

)T

S

(
curlv0

v1

)
with

S =

(
ν νφx
νφx νφ2

x

)
where ν = µ−1 is written for the magnetic reluctivity
and

B(A,v) =


(A0)x
(A0)y
A1

w
∂xw
∂yw



T

M


(v0)x
(v0)y
v1

q
∂xq
∂yq


where (A0)x and (A0)y is written for the x and y
component of A respectively and the matrix M is given
as

M = jω



σ 0 0 σφx 0 0
0 σ 0 0 0 0

0 0 σφ2 0 0 σφ2

σφx 0 0 σφ2
x 0 0

0 0 0 0 σφ2 0

0 0 σφ2 0 0 σφ2

 .

The averaged coefficients can be calculated to be

ν =
1

d

∫ d

0

ν(x) dx =
νirond1 + νaird2

d

νφx =
1

d

∫ d

0

ν(x)φx(x) dx = 2
νiron − νair

d

νφ2
x =

1

d

∫ d

0

ν(x)φ2
x(x) dx =

4

d

(
νiron
d1

+
νair
d2

)
σ =

1

d

∫ d

0

σ(x) dx =
σirond1 + σaird2

d

σφx =
1

d

∫ d

0

σ(x)φx(x) dx = 2
σiron − σair

d

σφ2
x =

1

d

∫ d

0

σ(x)φ2
x(x) dx =

4

d

(
σiron
d1

+
σair
d2

)
σφ2 =

1

d

∫ d

0

σ(x)φ2(x) dx =
σirond1 + σaird2

3d
.

While σair = 0 in the physical setting, it might be
advantageous to introduce a small σair � σiron for
numerical reasons.

IV. REFORMULATION

In a first step (3) is considered only for test functions
v with v0 = 0 and q = 0. This gives∫

Ω

Ẽ(A)v1 dΩ = 0 (4)

with

Ẽ(A) = νφx curlA0+(νφ2
x+jωσφ2)A1+jωσφ2

∂

∂y
w.

Since (4) holds for all v1 ∈ L2(Ωm), it follows that

Ẽ(A) = 0

on Ωm. Straightforward manipulations yield

A1 = −νφx curlA0 + jωσφ2∂yw

νφ2
x + jωσφ2

. (5)

This means that A1 can be directly expressed using the
other two unknown functions A0 and w and can therefore
be eliminated in the formulation. Note that (5) is an exact
equation. Therefore no additional error is introduced by
this elimination. In the following (5) will be written as

A1 = Â1 curlA0 + Ã1∂yw

where the coefficients Â1 and Ã1 can be taken directly
from (5).

Concerning w we consider (3) for test functions v with
v0 = 0 and v1 = 0 to get

∫
Ω

F̃ (A)q + σφ2∇w∇q + σφ2A1
∂

∂y
q dΩ = 0 (6)



with

F̃ (A) = σφx(A0)x + σφ2
xw.

Since φ = O(1) and φx = O(d−1), the two terms in
F̃ (A) are of order O(d−1) and O(d−2) in the period
width respectively. Since d is supposed to be small, we
allow to neglect terms of higher order. This of course
introduces an additional modeling error, but as it can be
seen in the numerical results, this error stays in a tolerable
range and quickly approaches 0 for smaller d.

The second term in (6) is of order O(1) in d and will
therefore be neglected. For the last term (5) will be used,
together with Â1 = O(d) and Ã1 = O(d2). Since it is
of even higher order, it can be safely neglected as well.
This reduces (6) to∫

Ω

F̃ (A)q dΩ = 0

which again implies

F̃ (A) = 0

or

w = −σφx
σφ2

x

(A0)x. (7)

For ease of presentation the coefficient w̃ is introduced
by

w = w̃(A0)x.

Using both (7) and (5) in (3) yields the new weak
formulation with only one unknown function:

Find A0 ∈ {w ∈ H(curl,Ω) : w × n = α on Γ} so
that ∫

Ω

C(A0,v0) dΩ =

∫
Ω

Jv0. (8)

with the new bilinearform expression

C(A0,v0) =


A0

curlA0

(A0)x
∂x(A0)x
∂y(A0)x


T

R


v0

curlv0

(v0)x
∂x(v0)x
∂y(v0)x


using the coefficient matrix

R =


Av 0 0 0 0
0 cA cv 0 0 cAy vx
0 0 Ax vx 0 0

0 0 0 ∂xAx ∂xvx 0

0 cAy vx 0 0 ∂yAx ∂yvx


with the coefficients

Av = jωσ

cA cv = ν + 2Â1νφx + Â1
2
(νφ2

x + jωσφ2)

cAy vx = jωÂ1σφ2w̃ + Ã1w̃(νφx + Â1(νφ2
x + jωσφ2))

Ax vx = jωw̃(2σφx + w̃σφ2
x)

∂xAx ∂xvx = jωw̃2σφ2

∂yAx ∂yvx = jωw̃2σφ2 + Ã1w̃
2(2jωσφ2 + Ã1(νφ2

x + jωσφ2))

V. NUMERICAL RESULTS

In the following examples the coefficients are chosen
to be ω = 2π · 50, µiron = 104µ0, µair = µ0,
σiron = 2 · 106 S/m and σair = 1S/m. Note that while
σair = 0 would be the physical choice, a small regular-
ization coefficient σair � σiron is introduced to ease the
numerical treatment. In this setting the penetration depth
in iron is

δ =

√
2

ωµσ
= 0.5mm.

Both the original multiscale solution derived from (3)
and the solution of the newly posed formulation (8)
are calculated and compared to the reference solution,
which is calculated on a fine mesh resolving each
laminate. The error is measured in the mass norm
‖f‖m :=

√∫
Ω
σff dΩ and the energy semi-norm

‖f‖e :=
√∫

Ω
µ−1 curl fcurl f dΩ.

In the first example the impressed current density J is
chosen to be zero. Figure 2 shows the reference solution
compared to the multiscale solution. It can be seen that
there are differences especially at the upper and lower
boundary of the laminated domain, but there is a good
overall agreement.

Fig. 2. Absolute value of the reference and multiscale solution.

Figures 3 and 4 show the errors compared to the ref-
erence solution. It can be seen that the two formulations
admit the same rate of convergence in the period width
d. The additional errors introduced by the reformulation
also effect nearly exclusively the mass error. The error in
the energy semi-norm is nearly identical. Note that the
flattening of the curves observable for small values of d
is caused by using the same maximum mesh width on the
coarse grid in each calculation, so for small d the FEM
discretization error will dominate the modeling error of
the multiscale method.

In the second example the impressed current density
is chosen as J = (106, 0)T . While this choice does not



Fig. 3. Errors in the mass norm, example 1.

Fig. 4. Errors in the energy semi-norm, example 1.

describe a physical setting, it greatly alters the behavior
of the solution and is therefore a good test to measure
the methods performance in a different environment.
As can be seen in figure 5, there are still qualitative
similarities between the two solutions, but the differences
have become much more obvious. Note however, that
for reasons of visibility only a solution with a very low
number of laminates has been printed and as can be taken
from the error plots, the approximation again shows a
steady improvement for smaller laminates.

Fig. 5. Absolute value of the reference and multiscale solution.

Figures 6 and 7 also show that there are no qualitative
differences in the errors between the two examples. It can
be seen in figure 7 that the reformulation also introduces
an additional error in the energy semi-norm, which is
small compared to the one in the mass norm. The rates
of convergence in the modeling error are also identical.

Fig. 6. Errors in the mass norm, example 2.

Fig. 7. Errors in the energy semi-norm, example 2.

VI. SUMMARY AND OUTLOOK

A reformulation for a multiscale method for the two
dimensional eddy current problem has been derived in de-
tail and successfully applied to numerical examples. The
reformulation allows for a further reduction of unknowns
in the FEM system at the price of an additional error
which converges to zero for decreasing period widths. It
has been shown numerically that this mainly effects the
error in the mass norm, allowing for a calculation of the
flux with nearly no additional errors.

The aim of current studies is to use this compact
reformulation to implement an efficient error estimator
using flux reconstruction methods and to find extensions
to the three dimensional setting.
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