
Problems

1. (Lubotzky, compare http://www.uoregon.edu/∼kantor/PAPERS/GKKLproficient.pdf)

For a finite group the number r(G) is defined to be the smallest natural r
such that G has a presentation

1 → (R)F (X) → F (X) → G → 1

with F (X) denoting the free group and R a finite subset of cardinality r.
(Here (R)F (X) denotes the normal closure of R in F ).

Similarly we may consider a profinite presentation

1 → (R)F (X) → F̂ (X) → G → 1

where F̂ (X) is the free profinite group and (R)F (X) is the closed normal
subgroup of F̂ (X) generated by R. Then r̂(G) is the minimal cardinality
of any such R.

Clearly we have r̂(G) ≤ r(G). It is not known whether or not r̂(G) can
be strictly less than r(G).

Special case: when Fp denotes the field with p elements (p a prime), F∗
p

denotes the multiplicative group of the field and G := Fp o F∗
p, is then

r(G) = 2 or is r(G) = 3?

2. Theorem. (Baumslag & Pride) Let G be a group with deficiency def(G) ≥
2. Then there exists a subgroup U of finite index in G that has the free
profinite group of rank 2 as a quotient.

(Such G is termed large).

Problem. Does this result hold in the pro-p and the profinite cases?

3. (P. Zalesskii) Let Fn be a free pro-p group of rank n. What is the virtual
cohomological dimension of Aut(Fn)?

4. (P. Zalesskii) Let G be a pro-p group. Then H1(G,Fp[[G]]) is an Fp

vectorspace and Korenev has shown that its dimension+1 (the number of
ends), can assume only the values 0, 1, 2,∞.

If the number of ends is infinite is then G virtually a non-trivial free pro-p
product?

5. (J. Almeida referring to Herwig and Lascar in TAMS 99) Given a finitely
generated subgroup H of a free group F , when is H closed in the pro-C
topology, where C is the class of all odd order finite groups.

The conjecture is: for H a finitely generated subgroup of a free abstract
group F , H is closed in that topology if and only if h2 ∈ H implies h ∈ H,
for all h ∈ F .
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6. (J. Almeida) Let H be a finitely generated subgroup of the free group F .
Does there exist an algorithm for computing its prosolvable closure?

For the pro-p case: L.Ribes and P. Zalesskii ‘The pro-p topology of a
free group and algorithmic problems in semigroups.’ Intern. Journal of
Algebra and Computation, 4 (1994) 359-374.’

For the pronilpotent case: Sapir-Margolis-Weil, ‘Closed subgroups in pro-
V topologies and the extension problem for inverse automata’, Intern. J.
Algebra and Computation Volume: 11 No: 4 Year: 2001 pp. 405-445

7. (M. Boggi) Let Γg for g ≥ 3 be a Riemann surface of genus g. Denote by
B(C(Sg)) the complex of nonseparating curves on Γg. There is a fundamen-
tal domain, a triangle. Is there a method to use (profinite) 2-complexes
for obtaining a presentation of the fundamental group.

8. (A.S. Rapinchuk) An abstract (discrete) group G is said to have bounded
generation (BG) if there exist γ1, . . . , γd ∈ G (not necessarily distinct)
such that

G = 〈γ1〉 · · · 〈γd〉

where 〈γi〉 is the cyclic group generated by γi. Similarly, a profinite group
G has (BG) as a profinite group if there are γ1, . . . , γd ∈ G such that

G = 〈γ1〉 · · · 〈γd〉

where 〈γi〉 is the closure of the cyclic subgroup generated by γi.

Let G = G1 ?G0 G2 be an amalgamated free product. There are two
interrelated problems:

(1) Give (verifiable) sufficient conditions for G to have (BG);

(2) Give sufficient conditions for the profinite completion Ĝ to have (BG) as a
profinite group.

There are necessary conditions (Grigorchuk, Fujiwara) in the situation
described in (1): if for at least one i = 1, 2 the number of double cosets
G0\Gi/G0 is > 3 then G does not have (BG) (this is established by show-
ing that the second bounded cohomology of G is infinite dimensional, i.e.
by constructing infinitely many linearly independent functions χ:G → C
satisfying

|χ(gh)− χ(g)− χ(h)| 6 C for some constant C = C(χ) ∀g, h ∈ G

and χ(gn) = nχ(g) for all g ∈ G and n ∈ Z). No nontrivial necessary
conditions are known for the profinite version (2).

The interest in questions (1) and (2) is stimulated by the fact that accord-
ing to the Bass-Serre theory, many S-arithmetic subgroups of algebraic
groups SL1,D associated with quaternion algebras are amalgamated free
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products, and any progress on questions (1) and (2) would be instrumen-
tal in analyzing the congruence subgroup property for these groups which
is a widely open question.

9. (D. Kochloukova) Definition. Choose a free pro-p group of finite rank G0

and recursively define the following : for a given Gn, a procyclic subgroup
C of Gn with CGn(C) = C and a free abelian finitely generated pro-p
group A = C×B, the group Gn+1 is the amalgamated free pro-p product
Gn

∐
C A. A limit pro-p group G is a finitely generated closed subgroup

of a group Gn constructed in this manner. The following questions arise:

(a) Does the Howson property hold, i.e., given finitely generated closed
subgroups H1,H2 of G, is H1 ∩H2 finitely generated?

(b) Is G residually free pro-p?

(c) Does χ(G) = 0 imply that G is abelian? Here χ(G) denotes the Euler
characteristic.
Partial answer: If G is free by abelian the answer is “yes”.

(d) Let H be a subdirect product S of a finite product of limit pro-p
groups.
If H is FPk, does it imply that H has finite index in S?

(e) Let H be a finitely generated subgroup of G. Is then G a virtual
retract, i.e., is there an open subgroup M of G and a normal subgroup
K of M so that M = K o H?
Remarks: The answer is known to be affirmative for the analogeous
questions in the abstract situation.
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