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1 Notation and Conventions

The following is a list of symbols frequently used in the text. Most of them
are common and those that are not will also be introduced as they occur in
the text.

For a topological space X, x € X, we denote by

C(X) ... the space of continuous (complex-valued) functions on X
Ce(X) ... {f€C(X)]|f has compact support}

Co(X) ... {feC(X)|Ve> 03K compact such thatf(z) < eVz € K}
U(x) ... the filter of neighborhoods of z.

If X is even a topological vector space, M C X, we define

X ... the algebraic dual of X i.e. all linear functionals on X
X’ ... the topological dual of X, i.e. all continuous linear

functionals on X

(X, 1w) ... X with the weak topology 7

(X', 70+) ... X' with the weak-star topology Ty=
co M ... the convex hull of M

coM .. cOM

E(M) ... the set of extremal points of M.

For arbitrary sets A, B we write A C B to say that A C B or A = B.

We use the following terminology concerning measures on a topological
Hausdorff space X:

Borel measure: A measure (i.e. a non-negative o-additive function) de-
fined on the Borel sets of X.

Radon measure: A Borel measure that is inner regular and finite on com-
pact sets.

For a group (G,-, 1, e) we usually write gh instead of - (g, h) to denote
multiplication of elements g, h € G.



2 Introduction

A topological group is a group (G,-, 7!, e) equipped with a topology such
that the mappings

GxG—G: (g,h)— gh
G—-G:ggt

are continuous. For the discussion in this section, we also assume that,

viewed as a topological space, G is Hausdorff and locally compact.

An interesting question is whether it is possible to find a measure p on
the Borel sets of G that is compatible with both the topological and algebraic
structure of G. By this we mean that

a) pis a Radon measure (i.e. a measure which is inner regular and finite
on compact sets)

b) p is invariant under translation, i.e. pu(Ag) = p(A) = p(gA) for all
Borel sets A C G and elements g € G.2

We will also require u to be non-trivial: © # 0. A measure with these
properties is called Haar measure. If in b), only u(gA) = u(A) (and not
necessarily u(Ag) = u(A)) is satisfied, we call p a left Haar measure. A
right Haar measure is defined in an analogous way.

In 1933, Alfréd Haar proved the existence of a left Haar measure on topo-
logical groups that are Hausdorff, compact and separable. André Weil gen-
eralized this result to arbitrary locally compact topological Hausdorff groups
and showed that (left) Haar measures are unique up to multiplication by a
positive constant. In the present paper we present a proof for the existence
and uniqueness of a Haar measure on compact topological Hausdorff groups
based on the Ryll-Nardzweski fixed point theorem from functional analysis.

Before doing so, let us consider a few familiar examples of locally compact
groups and their Haar measures:

Examples. [Els09] [Wik11]

!This is a convenient setting for studying Borel measures on G. Tt allows us to un-
derstand a large class of them (all Radon measures) as continuous linear functionals on
C.(G). In fact, the definition of Radon measures as it is given below would not even make
sense for arbitrary topological spaces GG, since compact sets need not be Borel measur-
able in non-Hausdorff spaces. (In Hausdorff spaces compact sets are closed and therefore
measurable.)

*Note that u(gA) and u(Ag) are well-defined since the translation by elements of G is
continuous and, therefore, gA and Ag are Borel-measurable if A is.



(i) The counting measure on any finite group.
(ii) The standard Lebesgue measure on (R™, +).

(iii) For the multiplicative group (R\{0},-) the measure

A [ Lane
A lt]

is translation invariant by the change of variable formula.

(iv) For the complex unit circle 0U1(0) = {z € C||z| = 1} with standard
multiplication as group operation, a Haar measure is given by

A A({t € (0,2m) | " € A}),
where A is the usual Lebesgue measure on R.

In the examples above all measures are both left- and right-invariant. For
compact Hausdorff groups and locally compact abelian Hausdorff groups left-
invariance always implies right-invariance and vice versa. (This is trivial for
abelian groups and, for compact groups, will be established in this paper.)
However, for arbitrary locally compact Hausdorff groups, a measure that is
left-invariant need not be right-invariant (and vice versa).

As in this section, all topological groups we consider in the rest of this pa-
per are Hausdorff (and locally compact). Since “locally compact topological
Hausdorff group” is tedious to write we agree upon the following abbrevia-
tion:

In the rest of this paper “group* is short for “topological Haus-
dorff group* .

3 Fixed point formulation

Let G be a compact group®. Every Haar measure x for G must be finite, so it
is not a restriction to demand p(G) = 1. We will impose this normalization
condition for Haar measures on compact groups in all subsequent chapters
without explicitly referring to p as “normalized Haar measure”.

With this convention a Haar measure for G is a point in the set

Q := {p| p is Radon measure and u(G) = 1}

3See the box above for the terminology used.



that is fixed under the family of mappings
]:::{Rg‘geG}U{Lg‘geG},
where?
Rg: Q—Q:pr>p(g)
Ly:Q—=Q: p—p(g-).

At the moment @ is simply a set without any topological or algebraic
properties (such as compactness or convexity). Having in mind to apply a
fixed point theorem from functional analysis, we would like to view @) as a
subset of an appropriate topological vector space. In the following, we define
the appropriate setting and derive a few properties of () and F.

The set Q of “points”

The Riesz representation theorem for Radon measures on G allows us to
interpret @ as a subset @ of C(G)" and to translate all results obtained for
@ back to (). We recall the precise connection:

Theorem 3.1 (Riesz representation theorem). Let G be a locally compact
Hausdorff space. The mapping

S pu—1 ::/ - dp
G
is a bijection from the set of Radon measures on G to the set of positive
linear functionals on C.(G).
A proof can be found in [Els09].
Let Q := ®(Q) C C.(G)*. Because G is compact, Co(G) = C(G). More-
over, every Radon measure p on G is finite and, therefore, the corresponding

functional I, is continuous on C(G) with respect to the supremum norm:
Q C C(G)'. More specifically,’

Q=9Q)={lecC(@) } I is positive and I(1) =1} =

— GO N )0 () LR,
f>0

Here, U;(0) is the unit ball in C(G)" (with respect to the operator norm)
and, for f € C(G), ¢y is the linear functional

it C(GY = C: Ies I(f).

“We write (- g) for the measure A — u(Ag), defined on the Borel sets of G. This
measure indeed lies in @), since translation by g is a homeomorphism and the topological
properties of y are therefore preserved. Moreover, u(Gg) = u(G) = 1.

°By I(1) we mean I evaluated at the constant function (G 3 z +— 1) € C(G).



Since ¢y is w*-continuous for all f € C(G) and U;(0) is w*-compact by
Alaoglu’s theorem, the set @ is w*-compact. Clearly, @) is convex. In sum-

mary, ) is a compact, convex subset of the locally convex topological vector
space (C(G), Ty+).

The set F of “functions”

The measure pu € @ is a fixed point of the family F, i.e. a Haar measure, iff
I, = ®(u) is a fixed point of

Fi={Ry|g€ G}U{Ly|g€ G},

where Rg =P o Ry o <I>_1}Q and ﬁg =P o Ly o0 <I>_1|Q.
R, maps the functional I, € Q to the functional ®(Ryu) = Jo - d(Rgp), so

using the change of variable formula for image measures we obtain RQI u(f) =
I,(f(g-), f € C(G). In summary, for I € Q, f € C(G):

RyI(f)=1(f(g-))
LoI(f) =I(f(-9))-

More explicitly,

We want to apply the Ryll-Nardzewski fixed point theorem to an ap-
propriate set of functions & D F from Q into itself. The conditions of the
theorem (see Theorem 5.1 below) are, among others, that S be a semigroup
with respect to composition: 5159 € § if 51,5 € §. The set F is not a
semigroup, but we can consider, instead of F , the semigroup S generated by
F , which has the same fixed points:

S = (F)={RyLy|g,h € G}.

Note that the set on the right hand side is indeed a semigroup, since Rg
and Lj, commute and Rglﬁ’gz = ngl,ﬁhlﬁhz = Jihth. Obviously, it is the
smallest semigroup containing all f%g, ﬁh, so the equality holds.

Clearly, all functions in § map Q into itself. We now verify the remaining
properties of S, viewed as a family of functions on Q C (C(G)', T+ ), that
are needed for the Ryll-Nardzewski theorem:

e Every S € S is affine®: SO, i) = Y0 «;S(L;) for I; € Q,q; €
[Oa 1]’ Z:‘Lzl Qy = 1.

Clearly, this relation is satisfied for all ]:Bg and L. T herefore, every
S € § is affine as a composition of affine maps.

5 Actually the notion of affinity is a little overtechnical in this context, since the func-
tions S € S, extended on C(G)’ in the obvious way, are linear and in particular affine on
Q. However, we have introduced Rg, ﬁg as functions on Q, which is not a vector space,
so linearity is not defined and we must call them “affine”.



o Fuery S € S is continuous:

As mentioned above, we consider Q as a subset of (C(G), 7w+ ), so the
topology on Q is the relative w*-topology. It is easy to see that Rg
is continuous: Let (Ix)rex be a net in Q. Then I, — 0 = [[,f([k) =
Ii(f) = 0Vf € C(G)] = [Ik(f(g-) = ReI(f) = 0Vf € C(G)] =
RyI; — 0. In the same way we see that ﬁg is continuous for all g € G.
Hence, every element in S is continuous as a composition of continuous
maps.

o The family S is noncontracting: 0 ¢ {S(I)—S(J)|S € S} for all
I,J€Q,I+J.
This is the only property which is non-trivial to verify and where
compactness of G finally comes into play. Let I # J be arbitrary
elements in Q. Since every S € § is injective, we certainly have
0¢{S(I)—S(J)|S €S} =: M. We show that M is already closed’:
By definition of S we have M = {R,Ly,(I) — R, Ly (J) |g,h € G}, s0 M
is the image of G'x G under the mapping (g, h) — RyLy(I)—RyLy(J) €
C(G)'. Lemma 3.2 below implies that this map is continuous. Hence,

M is closed as the continuous image of a compact set in the Hausdorff
space C(G)'.

Lemma 3.2. Let G be a compact group, I € Q C C(G)'. Then
p: GxG— (C(GY,7w): (g,h)— RyLy(I)
18 continuous.

Proof. We need to show that for all f € C(G) the map (g,h) — I( f(h-g))is
continuous®. Since I is continuous on C(G), it suffices to show that (g, h)
f(h - g) € C(G) is continuous for all f € C(G). Fix f € C(G). We have to
show that for all g,h € G,e > 0 there exist U, € U(g), Uy, € U(h) such that
|f(hazg) — f(hxg)| < e for all § € Ug,ﬁ € Up,x € G. This is the case if, for
all € > 0, there exists V € U(e) such that, for all y € G, |f(g) — f(y)] < €
for all § € VyV, where e is the unit element of G.°

This is precisely the assertion that f is uniformly continuous and the
proof is similar to that for functions on compact sets in R: Let ¢ > 0.
Because f is continuous, for all y € G there exists U, € U(y) such that
|f(7) — fy)] < § for all § € Uy. Continuity of (z,z) — xyz at (e,e)
implies that we can find Wy, € U(e) such that W,yW, C U,. Again using

"Once again we emphasize that all topological notions refer to the w*-topology on
C(G).

8To avoid misunderstandings, we remark that f(h - g) is the map G — C : z — f(hzg),
not f evaluated at hg.

9Indeed, given g,h € G,e > 0 and choosing V as in the second condition, this latter
condition tells us that, for all x € G, |f(y) — f(hzg)| < € for all § € VhzgV. Setting
Un =Vh,Uy = gV, this implies the first condition.



the continuity of (z,z) — xz, there exists V, € U(0) such that V} c W,
and V, C W,. The set G is compact and (V,yV})yec is an open cover.
Therefore, there exist yi,...,yn € G such that G = U, Vi, uiVy,. Set
V=NV, €U0). Let y € G, g € VyV. Choose ¢ € {1,...,n} with
y € Vy,yeVy,. Theny € Uy, y € VVy,y,V,,V C Wy,y,W,, C Uy, and hence

@) = FWI < 1F@) = Fly)l +1f(ye) — fY)l < e

Conclusion

To summarize, we have shown that S is a noncontracting semigroup of con-
tinuous affine maps on a nonempty compact convex subset, Q, of the locally
convex topological vector space (C(G)’, 7+ ) into itself. The Ryll-Nardzweski
fixed point theorem implies that there exists a fixed point I, € Q of S and,
as discussed above, the corresponding measure p is a Haar measure for G.

Remark. If G is a non-compact locally compact group, the above argument
does not work. We can define Q and F as above and, using Riesz’ repre-
sentation theorem for positive linear functionals on Cy(G), we can regard
Q as a subset Q of Cy(G). However, the condition u(G) = 1, which
translates to ||I,|| = 1, now cannot be stated in terms of evaluation at
1 € C(G)\Cy(G) because I, is only defined on Cy(G). Thus, the set
Q = U,(0) N dU(0) N = LJZI(R(J{) need not be (w*-)compact because
0U;(0) may not be (w*-)closed. For instance, if G = R, the functionals
I, = f[n,n+1} .d\, n € N belong to Q, but for all f € Co(G) we have

I,f — 0 and therefore I, Y ¢ Q.
Indeed, for G = R, the set ) cannot contain a fixed point of F at all, because
every Haar measure on R is unbounded.!?

One might hope to meet the conditions by choosing an alternative defini-
tion of @, e.g. by fixing a compact neighborhood K of e and taking all Radon
measures u that satisfy u(¢gK) =1 or u(Kg) = 1 for some g € G. However,
such an attempt fails — it must, because there are locally compact groups
with a left Haar measure that is not right-invariant. For the definition of @
just given the problem is that & need not be noncontracting on Q.

In Section 5.1 we will briefly explain how a different fixed point theorem,
the Markov-Kakutani fixed point theorem, which avoids the requirement
that the family of functions be noncontracting, can be used to establish the
existence of Haar measure on locally compact abelian groups.

et u be a Haar measure on R. Since p is inner regular and u(R) > 0, there exists
N € Nsuch that u([—N, N]) > 0. Because R contains an infinite number of disjoint sets of
the form a + [N, N], a € R, and since p is translation invariant, we conclude u(R) = co.



4 Uniqueness

We supply the short proof that the Haar measure on a compact group G,
which exists according to the previous section, is unique. Let u,v be Haar
measures on G. Then for all f € C(G)

i = [ fau= [ [ t@inta)vn) -
_ / / F(hg)du(g)dv(h) = / / f(hg)dv(h)du(g) =
://f(h)du(h)du(g)z/fdl/:fuﬁ

so 4 = v. In going from the first to the second line we used the right-
invariance of p and the equality in the second line holds because of Fubini’s
theorem (which can be applied because p and v are finite and f is bounded
on G). To establish the third line we used the left-invariance of v.

For general locally compact groups uniqueness holds in the sense that
two left Haar measures may only differ by a positive multiplicative constant:
p = cv,c € RT. However, the proof of this is more involved. [Fei09]

In Section 2 we already mentioned that a left Haar measure on a compact
group is automatically a Haar measure. This is another consequence of
the calculation above, where we only used the invariance of p under left
translation. Therefore, if 11 is a left Haar measure and v is the Haar measure
for GG, the calculation above implies y = v, so p is Haar measure.

5 The Ryll-Nardzewski fixed point theorem

The following theorem, due to C. Ryll-Nardzewski, is the main result used
in our proof of existence of Haar measure on a compact group (Section 3):

Theorem 5.1 (Ryll-Nardzewski). Let K be a nonempty compact convex
subset of a locally convex topological vector space X and let S be a noncon-
tracting semigroup of continuous affine functions of K into itself. Then S
has a fized point in K.

Recall that the property of S being noncontracting means that

0¢{S(x) - S(y)|S €S},

if x and y are different points in K.



Remark. The original version of the theorem, as stated by Ryll-Nardzewski
in [RN67], is more general and requires compactness of K and continuity of
the functions in S only with respect to the weak topology on X. The noncon-
tracting property remains formulated with respect to the original topology
on X, so altogether the statement is stronger and not, as one might believe
at first glance, the same theorem for the space (X, 7,) instead of X with its
original (locally convex) topology. Since we do not need the theorem in its
full generality, we shall only prove the simplified version, Theorem 5.1. The
interested reader is referred to [Con85| for a (not too complicated) proof of
Ryll-Nardzewski’s original theorem.

Our proof of Theorem 5.1, which is based on the one in [Con85|, requires
two major results from functional analysis that are very interesting in their
own right. The first is the Markov-Kakutani fixed point theorem, pre-
sented in Section 5.1, which is a fixed point theorem for commuting families
of continuous affine functions on compact convex subsets of (not necessarily
locally convex) topological vector spaces. The proof, although by no means
trivial, only requires elementary properties of topological (vector) spaces.
The second fundamental result used to prove Theorem 5.1 is the Krein-
Milman theorem whose proof is, in essence, a clever combination of the
Hahn-Banach theorem (hence the requirement of local convexity) and Zorn’s
lemma. It states that a compact convex set K in a locally convex topological
vector space is in a sense “generated* by its extremal points: K = co E(K).
Since the content of the theorem is very well-known and intuitively quite “be-
lievable”, we present it in a separate section after the proof of Theorem 5.1.

5.1 The Markov-Kakutani fixed point theorem

Theorem 5.2 (Markov-Kakutani). Let K be a nonempty compact convex
subset of a topological vector space X and let S be a commuting set of con-
tinuous affine functions of K into itself. Then S has a fized point in K.

Proof. [Con85| For S € §S,n € N, we define
I+ S+ 5!

n

S .

and T := {S) |n € N,S € S}. Because K is convex it is invariant under
al T € T: T(K) C K. Therefore, K := {T(K)|T € T} is a family of
closed subsets of K. We show that it has the finite intersection property:
Let T1,..., Ty € T, N € N. Note that the maps T; commute, so

T -- TN(K) =TT Th1Tht1-- TN(K) C Tn(K)

Therefore, 0 # T --- Tn(K) C ﬂivzl T,,(K) and K has the finite intersection
property. Because K is compact, this implies the existence of an element



xo € ﬂTeT T(K)

We show that xg is a fixed point of S: Let S € §, n € N. The previous
result implies that there exists x € K such that zg = S(”)(x). Therefore,

S(xz) — xo = ST (z) — S (z) =
_S+SQ+---+S"($)_I+S+---+S’H
- n n

_ Sn(aj)—x E%(K—K).

() =

n

The set K — K is compact and in particular bounded, so for any neighborhood
U € U(0) there exists n € N such that U D 1(K — K) 3 S(zg) — xo. Since
X is Hausdorff this can only be the case if S(zg) = zo. O

In particular, every continuous affine function on a compact convex sub-
set of a topological vector space has a fixed point.

Remark. The Markov-Kakutani fixed point theorem can be used to prove
the existence of Haar measure on locally compact abelian groups, see [1z292]
for details. The idea is to consider a family F of translations R, (= L, for
an abelian group), g € G, defined in the same way as in Section 3 but on a
different set @ of “Haar measure candidates”:

Q = {1 Radon measure |Vg € G : p(gN) <1< w(gN?},

where N is an arbitrary open symmetric neighborhood of e with compact
closure. Using Riesz’ theorem for positive linear functionals on C.(G), we
can identify @) with a subset Q of C*(@G), which is a topological vector space
when equipped with the w*-topology. In the definition of @) above, the first
“<” ensures that Q is compact in (C*(G), 7+ ), while the second guarantees
0¢ Q without destroying compactness. The details, as well as a proof that
Q@ # 0, can be found in [zz92]|. In summary, the set @ is nonempty, convex
and compact in (CF(G), Ty ).

The family F of translations, viewed as a family F of functions on C*(G),
is commuting and all of its elements are affine and continuous on Q. There-
fore, the Markov-Kakutani theorem implies that there is a point I, € Q that
is fixed under all translations in F , so G has a Haar measure.

5.2 Proof of the Ryll-Nardzewski fixed point theorem
We make use of the following simple lemma:

Lemma 5.3. Let X be a vector space, K C X, x € K. Let 51,...,S, be
functions from K into X. If

So(xz) == w(@ —



and m € {1,...n— 1} such that

then
Sm+1_|_..._|_Sn

n—m

Sp(w) =
Proof. The proof is a simple calculation:

mx + Smi1(z) + ...+ Sp(x)

x = Sy(x) = - () =
=D+ mSé(x).
n
Solving for S{(z) yields Sj(z) = x. O

For the reader unfamiliar with the Krein-Milman theorem we summarize
the results of Section 6 that we need for the proof of the Ryll-Nardzewski
fixed point theorem in the following lemma:

Lemma 5.4. Let X be a locally convex topological vector space. Let K be
a compact convex subset of X and let M be a nonempty subset of K. Then
there exists y € M with the following property: If yi,...,yn are arbitrary
elements in M such that

then

Proof. The lemma is a trivial consequence of the Krein-Milman theorem and
its inversion: Let L = ¢o M. Clearly, L is nonempty, compact and convex.
By the Krein-Milman theorem F(L) # () and by Theorem 6.4 E(L) C M. So
MNE(L) # () and any element y of this set has the above stated property. [

We are finally ready to prove the Ryll-Nardzewski fixed point theorem:

Proof of Theorem 5.1. 1t suffices to show that for every finite number of
functions S, ..., S, € S there exists a common fixed point. Indeed, if this is
the case, the family ({z € K | S(z) = x})ses of closed subsets of K has the
finite intersection property and hence Ngeg{z € K | S(x) = 2} # 0 because
K is compact.

11



Let S1,...,5, € §. According to the Markov-Kakutani theorem the

function
St + S,

n

So :

has a fixed point 29 € K: Syp(zp) = z9. We prove by contradiction that xg
is also a fixed point of Si,...,S,. If S;(xg) # x¢ for some i € {1,...,n},
the previous lemma tells us that we can assume S;(zg) # o for all j €
{1,...,n}. (Simply take the function denoted S} in the lemma instead of
So.)

With this assumption let S be the semigroup generated byN{Sl, ooy Sn}
and let M C K be the set of images of xg under functions in S:

M :={S(z)| S € S}.

We use Lemma 5.4 and find y € M with the property stated in the lemma.
Let (T})ier be a net in S with T;(z¢) — y. Using z¢ = So(zo)

= lim T (o) =l I T T (20) 0
1€

el n

The nets (7;5¢(xo))ier, £ = 1,...,n, all lie in M. Using the compactness of
M we find a subnet (U;)jes of (T})ier such that the nets (U;S(%0)) e, £ =
1,...,n, converge. Let

Yp = }léI}U]SZ(xO) c M, g = 1, Loy n.

By equation (1), y = X(y1 + --- + yn), so0 our choice of y implies y = y; =

n
Yo = -+- = yp. In particular,

0=y1 —y = lim(U;51(z0) — Uj(xo))
jeJ

and therefore

0 € {S(S1(z0)) — S(z0) ‘ S e S}
Since Si(xg) # zo this contradicts the fact that S is noncontracting. O

6 The Krein-Milman theorem

In the proof of the Ryll-Nardzewski theorem, we derived a contradiction by
constructing a non-empty compact subset M of a locally convex topological
vector space X with the property that every element of M could be written
as a convex combination of other elements of M. At least for X = C it is
intuitively (and also mathematically) clear that such a set cannot exist: If
K C C is closed and bounded, we can take the smallest disk D containing

12



K and no element of K N @D (which is nonempty) can lie on an open line
segment whose endpoints are in K.

In Lemma 5.4 we presented a proof of the general case based on two fun-
damental theorems of functional analysis: the Krein-Milman theorem and
its inversion. It is the aim of this section to prove these two theorems.

To avoid the clumsy expression of “points that cannot be written as
a convex combination of other points” used above, we make the following
definition:

Definition (Extremal point). Let X be a vector space, K C X. We say
that x € K is an extremal point of K if it cannot be written as a proper
convex combination of elements in K\{z}. In other words,

r=Ar1+ (1 =Nz, A€ (0,1), 21,22 € K

implies x; = x9 = x. The set of extremal points of K is denoted F(K).

For instance, if K C C is a convex polygon E(K) is the set of its corners.
If K is a closed disk E(K) = 0K. For these simple examples, it also holds
that the entire set K can be reconstructed from its extremal points by taking
their convex hull: K = co E(K). The Krein-Milman theorem, which is the
first of the two theorems we will prove in this section, generalizes this result
to closed convex subsets K of arbitrary locally convex topological vector
spaces: K = o E(K). Note that the relation would not hold if we did not
take the closure of co F(K), as there exist closed convex sets K for which
co E(K) is not closed (see [Con85| for an example).

The second theorem that we shall prove, Milman’s inversion, states that
every closed set A satisfying K = ¢ A must contain E(K). In other words,
E(K) is the smallest closed set from which we can “build* K by taking the
closed convex hull.

We now turn to the proof of the theorems and a few useful lemmas.

Lemma 6.1. Let X be a topological vector space and let U C X be conver.
Then, for fized uw € U, X € (0,1), the set

W={zeX|lu+(1-NzeU}
is convex and contains U.

Proof. Clearly, W is convex and contains U. To show that U C W, let
x € U\U and let S be the line segment connecting = and u, S := co {z, u}.
The function

f:00,1] = S: p—pu+ (1 —px
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is a homeomorphism and f(0) = x, f(1) = u. Because U and S are connected
with nonempty intersection, S N U is connected, so I := f~1(S N U) must
be an interval. Since 1 € I,0 € I, the only possibilities for I are

I=(0,1] or I=][0,1].

In either case, (0,1) C f~1(SNU), so f(A\) € SNU C U, which is what we
wanted to show. O

Theorem 6.2 (Krein-Milman). Let X be a locally convex topological vector
space and let K be a nonempty compact conver subset of X. Then K is the
closed convex hull of its extremal points:

K = E(K).

Proof. [Con85] Clearly K D o E(K). By contradiction we show that K C
0 E(K). 1If there exists g € K\co F(K), we can use the Hahn-Banach
theorem to find a functional f € X’ and v € R such that

Ref(zo) < v < Ref(co E(K)).

SoV :={z € K‘Ref(a:) > ~} is a proper open!! convex subset of K
that contains E(K). We show that such a set cannot exist by looking at
the maximal elements of the family M of proper open convex subsets of K
which contain V:

M={WcCK ‘ W is a proper open convex subset of K and V' C W},

The family M, partially ordered by set inclusion, satisfies the conditions of
Zorn’s lemma: It is nonempty and given a totally ordered subset N' C M, the
union | Jyear IV € M is an upper bound for N. Note that | Jyp NV is indeed
a proper subset of K because K is compact and therefore, if |y NV = K,
we could find Ny,...,N, € N such that K = [J'; N;. Since N is totally
ordered this would imply N; = K for some j € {1,...,n}, contradicting the
fact that N; is proper.

So there indeed exist maximal elements of M. Let U be one of them.
We show that K\U is a singleton. By definition of M, K\U # (. If there
exist two different points a,b € K\U, we can find relatively open convex
neighborhoods U,, U, C K of a respectively b such that U,NU, = (). Clearly,
U,UU is open in K and proper. Moreover, U,UU is convex, which can be seen

Y1f we say that a set V is an open subset of K we mean that V is a subset of K that
is open with respect to the relative topology on K.

14



as follows: Let A € (0,1), w € U. We have to show that Au+(1—-\)z € U,UU
for all x € U,. In other words, U, UU C W, where W is the set

W:={ze K|+ (l-NzeU}

Clearly, W is open in K. From Lemma 6.1 it follows that W is convex and
U C W. Since K is connected, we have U # U, so W is a proper superset
of U. Because U is maximal in M, this can only be the case it W = K. In
particular, U, UU C W.

Hence, U, U U is a proper open convex subset of K, which is also a
proper superset of U since a ¢ U, a contradiction. We conclude that K\U
is a singleton. The point p € K\U must be an extremal point of K, since
otherwise it could be written as p = px + (1 — p)y with p € (0,1), 21,22 €
K\{p}, contradicting the convexity of U. Therefore, U does not contain all
extremal points of K and since V' C U the set V' cannot either, contradicting
the definition of V. O

We now turn to the Milman inversion of the Krein-Milman theorem.

Lemma 6.3. Let K1, ..., K, be compact convex subsets of a topological vec-
tor space X. Then

@ (K1U---UKy) =co(K;U---UK,).

Proof. We only need to show this for the case n = 2, the general result
follows by induction. Clearly, K := co (K; U K3) is closed if we can show
that

K={x+(1-Ny|Ae0,1],z € K1,y € Ka}, (2)

because then K is the image of the compact set [0,1] x K; x Ka under the
continuous function

F:0,1]x Ky x Ko —S: A=Az +(1—N)y.

To prove (2), note that the set on the right hand side is contained in every
convex superset of K1 U Ky. Therefore, if we can show that it is convex, it
is the smallest convex set containing K1 U Ky. Let z1 := Az + (1 — A1)y
and z2 := Aawa + (1 — A\2)y2 where \; € [0,1],z; € K1,y; € Ks for i € {1,2}.
Then, for x € [0, 1],

pzr + (1 —p)ze = Ax + (1 — Ny,
where
A=pd+ (1 —p)Ae € [0, 1]
B HAL
T =

T$1+(1—T)$2€K1
Ca-M) =)
=Ty ntl- T ke ke

15



Hence, pz1 + (1 — p)ze € Az + (1 = Ay | A € [0,1],z € K1,y € Ka}.

Theorem 6.4 (Milman inversion). Let X be a locally convex topological
vector space and let K be a nonempty compact conver subset of X. Let
F C K be such that

K==¢coF.

Then E(K) C F.

Proof. [Con85] Clearly it can be assumed that F' is closed and K # F. Let
xo € K\F. We show that there exist compact convex sets Ki,..., K, C K
such that

FCcKiU---UK, and $0¢K1U-~-UKR. (3)

This implies that x¢ is not an extremal point of K, because using Lemma 6.3
above and the first property in (3)

K=tF=co(KijU---UK,),

so xg € K can be expressed as a proper convex combination of elements of
K. Since z¢ € K\F was arbitrary, K\F' C K\E(K).

To see that compact convex sets K7, ..., K, with property (3) exist, let
U be an open convex neighborhood of 0 that separates zo from F in the
following manner:

(ko +U)N(F+U)=0.

In particular, g ¢ F' 4+ U. Because F'is compact, we can find n € N, y;, ...,y €
F such that

n
Fcl|Jw+0).
i=1
Set K;:=co(FN(y;+U)),ie{l,...,n}. Clearly, the sets K; are compact
and convex and F' C |J;_; K;. Moreover, if there existed j € {1,...,n} such
that xp € Kj, this would imply z¢ € ¢o (y; + U) C F + U, a contradiction.
Therefore, the sets K; have the properties we required. ]

Remark. The results above are very much in line with intuitive expectations,
but this is only so because the conditions have been adapted accordingly.
Unexpected things can happen if one of the conditions is dropped. For
instance, the closed unit ball in a normed vector space, which one would
consider a very “simple* convex set, need not have any extremal points at
all. This is for instance the case in the space L1([0,1],\) with the usual
|| - |li-norm. It may also have far too few for U;(0) = co E(U1(0)) to hold,
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which is the case in C0,1], where E(U;(0)) = {—1,1}, so clearly U;(0) #

@E(Ul (O))
These two examples do not contradict our general results, because the
condition of compactness is not satisfied — at least not with respect to

the usual (norm) topology. Indeed, the Krein-Milman theorem implies that
U1(0) € LY(0,1) (resp. C C[0,1]) cannot be compact with respect to any
topology that makes L!(0,1) (resp. C]0,1]) a locally convex topological
vector space. In particular, L(0,1) (resp. C[0,1]) cannot be isomorphic (in
the category of topological vector spaces) to the dual of a normed vector
space. Hence, an immediate corollary of the Krein-Milman theorem is that
the usual identification of LP(0,1)" and L%(0,1) for 1 < p < oo, zl) + % =1,
cannot be extended to the case p = o0, q = 1.
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