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NUMERICAL ANALYSIS OF THE LANDAU–LIFSHITZ–GILBERT
EQUATION WITH INERTIAL EFFECTS

MICHELE RUGGERI

Abstract. We consider the numerical approximation of the inertial Landau–Lifshitz–Gilbert
(iLLG) equation, which describes the dynamics of the magnetization in ferromagnetic materials
at subpicosecond time scales. We propose and analyze two fully discrete numerical schemes
based on two different approaches: The first method is based on a reformulation of the problem
as a linear constrained variational formulation for the time derivative of the magnetization.
The second method exploits a reformulation of the problem as a first order system in time for
the magnetization and the angular momentum. Both schemes are implicit, based on first-order
finite elements, and the constructed numerical approximations satisfy the inherent unit-length
constraint of iLLG at the vertices of the underlying mesh. For both schemes, we establish a
discrete energy law and prove convergence of the approximations towards a weak solution of
the problem. Numerical experiments validate the theoretical results and show the applicability
of the methods for the simulation of ultrafast magnetic processes.

1. Introduction

1.1. Magnetization dynamics with inertial effects. The understanding of the magnetiza-
tion dynamics and the capability to perform reliable numerical simulations of magnetic systems
play a fundamental role in the design of many technological applications, e.g., hard disk drives.
A well-accepted model to describe the magnetization dynamics in ferromagnetic materials is the
Landau–Lifshitz–Gilbert equation (LLG), which, in the so-called Gilbert form, is given by

∂tm = −γ0m×Heff(m) + αm× ∂tm. (1)

Here, m denotes the normalized magnetization (dimensionless and satisfying |m| = 1), the
effective field Heff(m) (in A/m), up to a negative multiplicative constant, is the functional
derivative of the micromagnetic energy E(m) (in J) with respect to the magnetization, while
γ0 > 0 and α > 0 denote the gyromagnetic ratio (in m/(A s)) and the Gilbert damping pa-
rameter (dimensionless), respectively. The first term on the right-hand side of (1) describes the
precession of the magnetization around the effective field. The second term is a dissipative con-
tribution, which pushes the magnetization towards the effective field. The resulting dynamics
is a damped precession, where the magnetization rotates around the effective field while being
damped towards it; see Figure 1(a).

(a) LLG. (b) iLLG.

Figure 1. (a) Schematic of the magnetization dynamics governed by (1): precession and
damping. (b) Schematic of the magnetization dynamics governed by (2): precession, damp-
ing, and nutation.
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In 1996, a pioneering experiment showed that, using femtosecond laser excitations, it is pos-
sible to manipulate the magnetization of a nickel sample at subpicosecond time scales [13]. This
discovery gave impulse to several theoretical and experimental studies, which gave rise to the
field that nowadays is referred to as ultrafast magnetism [27].

The standard LLG (1) is not capable to describe the dynamics of the magnetization at such
short time scales. Based on the concept of angular momentum in magnetic spin systems, a novel
evolution equation has been recently proposed [16]. This equation, called inertial LLG (iLLG),
reads as

∂tm = −γ0m×Heff(m) + αm× ∂tm+ τm× ∂ttm. (2)
Here, τ > 0 denotes the angular momentum relaxation time (in s). In addition to the classical
precession and damping contributions, the right-hand side of (2) comprises a third term involv-
ing the second time derivative of the magnetization. It has been predicted that the effect of
this additional contribution on the magnetization dynamics consists in the appearance of nuta-
tion dynamics—superimposed magnetization oscillations occurring at a frequency much higher
than the one of the damped precession dynamics; see Figure 1(b). Such inertial magnetization
dynamics has been experimentally observed for the first time only very recently [23].

1.2. Numerical approximation of LLG and wave map equation. This work is concerned
with the numerical analysis of (2). As LLG has some similarities with the harmonic map heat
flow into the sphere [22]

∂tu−∆u = |∇u|2u,
it turns out that iLLG is related to the wave map equation into the sphere [26]

∂ttu−∆u =
(
|∇u|2 − |∂tu|2

)
u. (3)

The numerical approximation of this class of partial differential equations (PDEs) poses several
challenges: nonuniqueness, possible blow-up in time, and low regularity of weak solutions, geo-
metric nonlinearities, a nonconvex pointwise unit-length constraint, intrinsic energy laws as well
as (for LLG) the possible coupling with other PDEs, e.g., the Maxwell equations.

In the last twenty years, several numerical integrators have been proposed. Without claiming
to be exhaustive and, in particular, restricting ourselves to the methods that are akin to the ones
proposed in the present work, we refer to the works [12, 2, 10, 1] for LLG and to [9, 11, 6, 21, 8]
for the wave map equation.

1.3. Contributions and outline of the present work. In this work, we introduce, analyze,
and numerically compare two fully discrete numerical schemes for iLLG. For both methods, the
spatial discretization is based on first-order finite elements. The first scheme (Algorithm 3.1)
is an extension of the tangent plane scheme proposed for (1) in [1]. The method is based on
an equivalent reformulation of (2) in the tangent space. The unit-length constraint is enforced
at the vertices of the underlying mesh by projecting to the sphere the nodal values of the
computed approximation at each time-step. The second scheme (Algorithm 3.2) is a novel finite
element formulation of the constraint-preserving angular momentum method proposed in [21]
for the wave map equation (3). Since the resulting method leads to the solution of a nonlinear
system of equations per time-step, a linearization based on a convergent constraint-preserving
fixed-point iteration—similar to the one considered in [12] for the method proposed therein, but
requiring a weaker Courant–Friedrichs–Lewy (CFL) condition for convergence—is discussed and
analyzed (Algorithm 3.4).

For ease of presentation, in the micromagnetic energy functional (4) below, we consider only
the leading-order exchange contribution. The numerical treatment of standard lower-order en-
ergy contributions (e.g., magnetocrystalline anisotropy, Zeeman energy, magnetostatic energy,
Dzyaloshinskii–Moriya interaction) is well understood; see, e.g., [14, 25, 17, 20].

We study the well-posedness and the stability of the proposed schemes, and determine suf-
ficient conditions which guarantee that the algorithms satisfy discrete energy laws resembling
the one of the continuous problem (see (10) below). Moreover, we prove that the algorithms
generate sequences of finite element solutions that, upon extraction of a subsequence, converge
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towards a weak solution of the problem. The proof is constructive and, in particular, establishes
also existence of weak solutions of (2).

The remainder of the work is organized as follows: We conclude this section by collecting
some useful notation used throughout the paper. In Section 2, we present the mathematical
model under consideration in detail. In Section 3, we introduce the proposed numerical schemes
and state the main results of the work. Section 4 is devoted to numerical experiments. Finally,
in Section 5, we collect the proofs of the results presented in the paper.

1.4. Notation. We denote by N = {1, 2, . . . } the set of natural numbers and set N0 := N∪{0}.
We denote the unit sphere by S2 = {x ∈ R3 : |x| = 1}. We denote by {e1, e2, e3} the standard
basis of R3. For (spaces of) vector-valued or matrix-valued functions, we use bold letters, e.g.,
for a generic domain Ω ⊂ Rd (d = 2, 3), we denote both L2(Ω;R3) and L2(Ω;R3×3) by L2(Ω).
We denote by 〈·, ·〉 both the scalar product of L2(Ω) and the duality pairing between H1(Ω)
and its dual, with the ambiguity being resolved by the arguments. The set of sphere-valued
functions inH1(Ω) is denoted by H1(Ω;S2). We also use the notation . to denote smaller than
or equal to up to a multiplicative constant, i.e., we write A . B if there exists a constant c > 0,
which is clear from the context and always independent of the discretization parameters, such
that A ≤ cB. Finally, we write A ' B if A . B and B . A hold simultaneously.

2. Mathematical model

Let Ω ⊂ Rd (d = 2, 3) be a bounded Lipschitz domain. The energy of m ∈ H1(Ω;S2) is
described by the Dirichlet energy functional

E(m) =
1

2
‖∇m‖2

L2(Ω)
. (4)

Minimizers m ∈ H1(Ω; S2) of (4) satisfy the Euler–Lagrange equations

〈heff(m),φ〉 = 0 for all φ ∈H1(Ω) such that m · φ = 0 a.e. in Ω,

which, in strong form, take the form

m× heff(m) = 0 in Ω, (5a)
∂nm = 0 on ∂Ω, (5b)

where n : ∂Ω → S2 denote the outward-pointing unit normal vector to ∂Ω. Here, heff(m) is
defined as the opposite of the Gâteaux derivative of the energy, i.e.,

− 〈heff(m),φ〉 =
〈δE(m)

δm
,φ
〉 (4)

= 〈∇m,∇φ〉. (6)

Nonequilibrium magnetization configurationsm(t) ∈ H1(Ω; S2) evolve according to LLG (see (1)),
which in rescaled form reads as

∂tm = −m× (heff(m)− α∂tm) in Ω, (7)

where α > 0. Note that stationary solutions to (7) satisfy (5a). A simple formal computation
reveals the orthogonality m · ∂tm = 0, from which it follows that the dynamics inherently
preserves the unit-length constraint. Moreover, taking the scalar product of (7) with heff(m)−
α∂tm, one can show that any sufficiently smooth solution of (7) satisfies the energy law

d

dt
E(m(t)) = −α‖∂tm(t)‖2

L2(Ω)
≤ 0 for all t > 0. (8)

Hence, the dynamics is dissipative with the dissipation being modulated by the parameter α.
Inertial effects can be included in the model by adding a term on the right-hand side of (7)

(see (2)). The resulting equation, iLLG, is given by

∂tm = −m× (heff(m)− α∂tm− τ ∂ttm) in Ω, (9)

where τ > 0. Let v := ∂tm and w := m × ∂tm = m × v. Using the jargon of kinematics,
we refer to these two quantities as linear velocity and angular momentum, respectively. By

3



construction, m, v, and w are mutually orthogonal. Moreover, since |m| = 1 and m · v = 0, it
holds that |v| = |w|. The same computation leading to (8) yields the energy law of iLLG:

d

dt

(
E(m(t)) +

τ

2
‖∂tm(t)‖2

L2(Ω)

)
= −α‖∂tm(t)‖2

L2(Ω)
≤ 0 for all t > 0. (10)

This motivates the definition of the extended energy functional

J (m,u) = E(m) +
τ

2
‖u‖2

L2(Ω)
for all m ∈ H1(Ω; S2) and u ∈ L2(Ω). (11)

With this definition, the quantity decaying over time in the dynamics governed by (9) becomes
J (m, ∂tm). Staying within the framework of kinematics, we can interpret J (m, ∂tm) as the
total energy of the magnetization, which comprises the potential energy E(m) and the kinetic
energy τ‖∂tm‖2L2(Ω)

/2.
The initial boundary value problem considered in this work consists of (9) supplemented with

homogeneous Neumann boundary conditions (5b), which make the dynamic problem compatible
with the stationary case (5), and suitable initial conditions m(0) = m0 and ∂tm(0) = v0.

We conclude this section by presenting the definition of a weak solution of (9), which is
obtained by extending [4, Definition 1.2] to the present setting; see also [19].

Definition 2.1. Let m0 ∈ H1(Ω; S2) and v0 ∈ L2(Ω) such that m0 ·v0 = 0 a.e. in Ω. A vector
fieldm : Ω×(0,∞)→ S2 is called a global weak solution of iLLG (9) ifm ∈ L∞(0,∞;H1(Ω))∩
W 1,∞(0,∞;L2(Ω)) and, for all T > 0, the following properties are satisfied:

(i) m ∈H1(ΩT ), where ΩT := Ω× (0, T );
(ii) m(t)→m0 in H1(Ω) and ∂tm(t)→ v0 in L2(Ω) as t→ 0;
(iii) For all ϕ ∈ C∞c ([0, T );H1(Ω)), it holds that∫ T

0
〈∂tm(t),ϕ(t)〉 dt

= −
∫ T

0
〈heff(m(t)),ϕ(t)×m(t)〉 dt+ α

∫ T

0
〈m(t)× ∂tm(t),ϕ(t)〉 dt

− τ
∫ T

0
〈m(t)× ∂tm(t), ∂tϕ(t)〉 dt− τ〈m0 × v0,ϕ(0)〉;

(12)

(iv) It holds that

J (m(T ), ∂tm(T )) + α

∫ T

0
‖∂tm(t)‖2

L2(Ω)
dt ≤ J (m0,v0). (13)

In Definition 2.1, (12) comes from a variational formulation of (9) in the space-time cylinder
ΩT , where we integrate by parts in time the inertial contribution in order to lower the requested
regularity in time of m. The energy inequality (13) is the weak counterpart of (10).

Remark 2.2. The setting discussed in this section can be obtained from the original equations
expressed in physical units after a suitable rescaling. Let t and x denote the time and spatial
variables (measured in s and m, respectively). First, we perform the change of variables t′ =
γ0Mst and x′ = x/`ex, where Ms > 0 and `ex > 0 denote the saturation magnetization (in A/m)
and the exchange length (in m) of the material, respectively. Second, we rescale the energy E(m)
(in J), the effective field Heff(m) (in A/m), and the angular momentum relaxation time τ (in s)
in the following way: E ′(m) = E(m)/(µ0M

2
s `

3
ex), heff(m) = Heff(m)/Ms, τ ′ = γ0Msτ . Then,

using the chain rule (2), can be rewritten as (9), where all ‘primes’ are omitted from the rescaled
quantities in order to simplify the notation.

3. Numerical algorithms and main results

In this section, we introduce two fully discrete algorithms for the numerical approximation of
iLLG and we state the corresponding stability and convergence results.

4



3.1. Preliminaries. For the time discretization, we consider a uniform partition of the positive
real axis (0,∞) with time-step size k > 0, i.e., ti := ik for all i ∈ N0. Given a sequence {φi}i∈N0 ,
for all i ∈ N0, we define dtφi+1 := (φi+1 − φi)/k and φi+1/2 := (φi+1 + φi)/2. Interpreting the
sequence {φi}i∈N0 as a collection of snapshots of a time-dependent function, we consider the
time reconstructions φk, φ−k , φk, φ

+
k defined, for all i ∈ N0 and t ∈ [ti, ti+1), as

φk(t) :=
t− ti
k

φi+1 +
ti+1 − t

k
φi, φ−k (t) := φi, φk(t) := φi+1/2, and φ+

k (t) := φi+1. (14)

Note that ∂tφk(t) = dtφ
i+1 for all i ∈ N0 and t ∈ [ti, ti+1).

For the spatial discretization, we assume Ω to be a polytopal domain with Lipschitz boundary
and consider a κ-quasi-uniform family {Th}h>0 of regular tetrahedral meshes of Ω (κ ≥ 1)
parametrized by the mesh size h = maxK∈Th diam(K), i.e., κ−1h ≤ |K|1/d for all K ∈ Th. We
denote by Nh the set of vertices of Th. For any K ∈ Th, let P1(K) be the space of linear
polynomials on K. We denote by S1(Th) the space of piecewise affine and globally continuous
functions from Ω to R, i.e., S1(Th) =

{
vh ∈ C0(Ω) : vh|K ∈ P1(K) for all K ∈ Th

}
. The classical

basis for this finite-dimensional linear space is given by the set of the nodal hat functions
{ϕz}z∈Nh

, which satisfy ϕz(z′) = δz,z′ for all z, z′ ∈ Nh. Let Ih : C0(Ω) → S1(Th) denote the
nodal interpolant defined by Ih[v] =

∑
z∈Nh

v(z)ϕz for all v ∈ C0(Ω). We denote by Ih[·] its
vector-valued counterpart. We consider the mass-lumped product 〈·, ·〉h defined by

〈ψ,φ〉h =

∫
Ω
Ih[ψ · φ] for all ψ,φ ∈ C0(Ω). (15)

Moreover, we define the mapping Ph : H1(Ω)? → S1(Th)3 by

〈Phu,φh〉h = 〈u,φh〉 for all u ∈H1(Ω)? and φh ∈ S1(Th)3. (16)

Finally, we say that a mesh satisfies the angle condition if all off-diagonal entries of the so-called
stiffness matrix are nonpositive, i.e.,

〈∇ϕz,∇ϕz′〉 ≤ 0 for all z, z′ ∈ Nh with z 6= z′. (17)

A sufficient condition for (17) to hold in 3D is that the measure of all dihedral angles of all
tetrahedra of the mesh is smaller than or equal to π/2 [5].

3.2. Numerical algorithms. In the following algorithms, the main identities satisfied by any
solutionm of LLG, i.e., |m| = 1 andm · ∂tm = 0, are imposed only at the vertices of the mesh
Th. To this end, we define the set of admissible discrete magnetizations

Mh :=
{
φh ∈ S1(Th)3 : |φh(z)| = 1 for all z ∈ Nh

}
and, for ψh ∈ S1(Th)3, the discrete tangent space of ψh

Kh(ψh) :=
{
φh ∈ S1(Th)3 : ψh(z) · φh(z) = 0 for all z ∈ Nh

}
. (18)

The discrete counterpart of the functional (11) is defined by

Jh(mh,uh) = E(mh) +
τ

2
‖uh‖2h for all mh,uh ∈ S1(Th)3.

3.2.1. Tangent plane scheme. The first method uses the linear velocity v = ∂tm as an auxiliary
variable. Using the vector identity

a× (b× c) = (a · c)b− (a · b)c for all a,b, c ∈ R3, (19)

together with the properties |m| = 1 and m · v = 0, iLLG can be formally rewritten as

τ ∂tv + α v +m× v = heff(m)− [heff(m) ·m]m− τ |v|2m. (20)

Following the tangent plane paradigm [2, 10, 1, 3], to obtain a numerical scheme for iLLG, we
consider a finite element approximation of a mass-lumped variational formulation of (20) based
on test functions fulfilling the same orthogonality property satisfied by v. This yields a natural
linearization of (20), as the contributions associated with last two (nonlinear) terms on the right-
hand side vanish by orthogonality. More precisely, for all time-steps i ∈ N0, given the current
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approximations mi
h ≈ m(ti) and vih ≈ v(ti), we compute vi+1

h ≈ v(ti+1) using a discretized
version of (20), which is based on the discrete tangent space Kh(mi

h) introduced in (18) for the
spatial discretization and on the implicit Euler method for the temporal discretization. Then,
using the available approximations mi

h and vi+1
h , we obtain mi+1

h ≈ m(ti+1) via a first-order
time-stepping, i.e., Ih

[
(mi

h + kvi+1
h )/|mi

h + kvi+1
h |
]
, where the nodal projection is employed to

ensure that the new approximation belongs to Mh. Unlike [2, 1, 3] and as in [10], we use the
mass-lumped product 〈·, ·〉h, which enhances the efficiency of the scheme without affecting its
formal convergence order. The resulting scheme is summarized in the following algorithm.

Algorithm 3.1 (tangent plane scheme). Input: m0
h ∈Mh and v0

h ∈ Kh(m0
h).

Loop: For all i ∈ N0, iterate (i)–(ii):
(i) Compute vi+1

h ∈ Kh(mi
h) such that, for all φh ∈ Kh(mi

h), it holds that

τ〈dtvi+1
h ,φh〉h + α〈vi+1

h ,φh〉h + 〈mi
h × vi+1

h ,φh〉h − k〈Phheff(vi+1
h ),φh〉h

= 〈Phheff(mi
h),φh〉h.

(21)

(ii) Define mi+1
h = Ih

[
(mi

h + kvi+1
h )/|mi

h + kvi+1
h |
]
∈Mh.

Output: Sequence of approximations
{

(mi+1
h ,vi+1

h )
}
i∈N0

.

Algorithm 3.1 is well-defined: The (nonsymmetric) bilinear form on the left-hand side of (21)
in step (i) is elliptic, so that existence and uniqueness of a solution vi+1

h ∈ Kh(mi
h) are guaran-

teed by the Lax–Milgram theorem; In the nodal projection appearing in step (ii), the denomi-
nator is bounded from below by 1, so that division by zero never occurs.

3.2.2. Angular momentum method. The second method, following [21], uses the angular momen-
tum w = m× ∂tm as an auxiliary variable. On the one hand, it holds that

m×w = m× (m× ∂tm) = −∂tm,

where the second identity follows from (19), together with |m| = 1 and m · ∂tm = 0. On the
other hand, it holds that

τ ∂tw = τm× ∂ttm
(9)
= m× heff(m)− αm× ∂tm+ ∂tm.

We infer the first-order (in time) system

∂tm = −m×w,
τ ∂tw = m× heff(m)− αm× ∂tm−m×w.

Our second numerical scheme for iLLG, stated in the following algorithm, consists in a fully
discrete mass-lumped variational formulation of this first-order system, where the time dis-
cretization is based on the implicit midpoint rule.

Algorithm 3.2 (nonlinear angular momentum method). Input: m0
h ∈Mh and v0

h ∈ Kh(m0
h).

Initialization: Define w0
h = Ih

[
m0

h × v0
h

]
∈ Kh(m0

h).
Loop: For all i ∈ N0, compute (mi+1

h ,wi+1
h ) ∈Mh ×Kh(mi+1

h ) such that, for all (φh,ψh) ∈
S1(Th)3 × S1(Th)3, it holds that

〈dtmi+1
h ,φh〉h = −〈mi+1/2

h ×wi+1/2
h ,φh〉h, (22a)

τ〈dtwi+1
h ,ψh〉h = 〈mi+1/2

h × Phheff(m
i+1/2
h ),ψh〉h

− α〈mi+1/2
h × dtmi+1

h ,ψh〉h − 〈m
i+1/2
h ×wi+1/2

h ,ψh〉h. (22b)

Output: Sequence of approximations
{

(mi+1
h ,wi+1

h )
}
i∈N0

.

In the following proposition, we show that the pointwise constraints |m| = 1 and m ·w = 0
are inherently preserved by Algorithm 3.2 (at the vertices of the mesh). Its proof is deferred to
Section 5.1.
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Proposition 3.3. Let i ∈ N0. The approximations generated by Algorithm 3.2 satisfy mi+1
h ∈

Mh and wi+1
h ∈ Kh(mi+1

h ).

The computation of (mi+1
h ,wi+1

h ) satisfying (22) involves the solution of a nonlinear system
of equations. An effective implementation requires a linearization.

Let uih := m
i+1/2
h . Simple algebraic manipulations reveal that dtmi+1

h = 2(uih −mi
h)/k and

mi+1
h = 2uih −mi

h. Similarly, we define zih := w
i+1/2
h , from which we obtain the identities

dtw
i+1
h = 2(zih − wi

h)/k and wi+1
h = 2zih − wi

h. Then, we rewrite (22) with respect to the
unknowns uih and zih:

2〈uih,φh〉h + k〈uih × zih,φh〉h = 2〈mi
h,φh〉h, (23a)

2τ〈zih,ψh〉h − k〈uih × Phheff(uih),ψh〉h
−2α〈uih ×mi

h,ψh〉h + k〈uih × zih,ψh〉h = 2τ〈wi
h,ψh〉h. (23b)

Starting from this formulation, we introduce a linear fixed-point iteration, which provides an
effective implementation of Algorithm 3.2.

Algorithm 3.4 (linearized angular momentum method). Input: m0
h ∈Mh and v0

h ∈ Kh(m0
h).

Initialization: Define w0
h = Ih

[
m0

h × v0
h

]
∈ Kh(m0

h).
Loop: For all i ∈ N0, iterate (i)–(ii):

(i) Let ui,0h = mi
h and zi,0h = wi

h. For all ` ∈ N0, iterate (i-a)–(i-b):
(i-a) Compute ui,`+1

h ∈ S1(Th)3 such that, for all φh ∈ S1(Th)3, it holds that

2〈ui,`+1
h ,φh〉h + k〈ui,`+1

h × zi,`h ,φh〉h = 2〈mi
h,φh〉h; (24)

(i-b) Compute zi,`+1
h ∈ S1(Th)3 such that, for all ψh ∈ S1(Th)3, it holds that

2τ〈zi,`+1
h ,ψh〉h + k〈ui,`+1

h × zi,`+1
h ,ψh〉h

= k〈ui,`+1
h × Phheff(ui,`+1

h ),ψh〉h + 2α〈ui,`+1
h ×mi

h,ψh〉h + 2τ〈wi
h,ψh〉h;

(25)

until
‖ui,`+1

h − ui,`h ‖h + ‖zi,`+1
h − zi,`h ‖h ≤ ε. (26)

(ii) Let `? ∈ N0 be the first index for which the stopping criterion (26) is met. Define
mi+1

h := 2ui,`
?+1

h −mi
h and wi+1

h := 2zi,`
?+1

h −wi
h.

Output: Sequence of approximations
{

(mi+1
h ,wi+1

h )
}
i∈N0

.

The well-posedness and the conservation properties of Algorithm 3.4 are the subject of the
following proposition. Its proof is postponed to Section 5.1.

Proposition 3.5. Let i ∈ N0. Suppose that mi
h ∈Mh.

(i) For all ` ∈ N0, (24) and (25) admit unique solutions ui,`+1
h and zi,`+1

h in S1(Th)3. Moreover,
it holds that ‖ui,`+1

h ‖L∞(Ω) ≤ 1.
(ii) There exist δ > 0, h0 > 0, and 0 < q < 1 such that, if k = δh and h < h0, it holds that

‖ui,`+2
h −ui,`+1

h ‖h+‖zi,`+2
h −zi,`+1

h ‖h ≤ q
(
‖ui,`+1

h −ui,`h ‖h+‖zi,`+1
h −zi,`h ‖h

)
for all ` ∈ N0. (27)

The constants δ, h0, q depend only on the mesh constant κ and the problem data.
(iii) Under the assumptions of part (ii), the stopping criterion (26) is met in a finite number
of iterations. If `? ∈ N0 denotes the first index for which (26) holds, the new approximations
mi+1

h = 2ui,`
?+1

h −mi
h and wi+1

h = 2zi,`
?+1

h −wi
h belong to Mh and Kh(mi+1

h ), respectively.

Proposition 3.5(ii) shows that, under suitable assumptions, the mapping defining the fixed-
point iteration is a contraction. Therefore, under the same assumptions, Banach fixed-point
theorem ensures that (22) admits a unique solution so that Algorithm 3.2 is well-posed.

7



In view of the stability and convergence analysis, we observe that, for all i ∈ N0, the iterates
(mi+1

h ,wi+1
h ) ∈Mh ×Kh(mi+1

h ) of Algorithm 3.4 satisfy

〈dtmi+1
h ,φh〉h = −〈mi+1/2

h ×wi+1/2
h ,φh〉h + 〈mi+1/2

h × rih,φh〉h,

τ〈dtwi+1
h ,ψh〉h = 〈mi+1/2

h × Phheff(m
i+1/2
h ),ψh〉h − α〈m

i+1/2
h × dtmi+1

h ,ψh〉h
− 〈mi+1/2

h ×wi+1/2
h ,ψh〉h

for all (φh,ψh) ∈ S1(Th)3 × S1(Th)3, where rih := zi,`
?+1

h − zi,`
?

h ∈ S1(Th)3 satisfies ‖rih‖h ≤ ε.

3.3. Stability and convergence results. In the following proposition, we establish the dis-
crete energy laws satisfied by the algorithms. Its proof is postponed to Section 5.2.

Proposition 3.6 (Discrete energy law and stability). Let i ∈ N0.
(i) Suppose that the angle condition (17) is satisfied. The approximations generated by Algo-
rithm 3.1 satisfy the discrete energy law

Jh(mi+1
h ,vi+1

h ) + αk‖vi+1
h ‖

2
h +

τk2

2
‖dtvi+1

h ‖
2
h +

k2

2
‖∇vi+1

h ‖
2
L2(Ω)

≤ Jh(mi
h,v

i
h). (28)

(ii) The approximations generated by Algorithm 3.2 satisfy the discrete energy law

Jh(mi+1
h ,wi+1

h ) + αk‖dtmi+1
h ‖

2
h = Jh(mi

h,w
i
h). (29)

(iii) The approximations generated by Algorithm 3.4 satisfy the discrete energy law

Jh(mi+1
h ,wi+1

h ) + αk‖dtmi+1
h ‖

2
h + k〈mi+1/2

h × rih,Phheff(m
i+1/2
h )− αdtmi+1

h 〉h
= Jh(mi

h,w
i
h).

(30)

In the energy law satisfied by Algorithm 3.1, besides the LLG-intrinsic dissipation, we observe
the presence of numerical dissipation due to the use of the implicit Euler method; cf. the last two
terms on the left-hand side of (28). Algorithm 3.2 fulfills a discrete energy identity, which reflects
the fact that the midpoint rule is symplectic. The same identity, apart from an additional term
coming from the inexact solution of the nonlinear system, is satisfied by Algorithm 3.4.

From each algorithm, we obtain a sequence of approximations {mi
h}i∈N0 , which we can use

to define the piecewise affine time reconstruction mhk : (0,∞) → S1(Th)3 (denoted by mε
hk in

the case of Algorithm 3.4) as

mhk(t) :=
t− ti
k
mi+1

h +
ti+1 − t

k
mi

h for all i ∈ N0 and t ∈ [ti, ti+1);

see (14). In the following theorem, we show that, under appropriate assumptions, the sequence
{mhk} (resp., {mε

hk} for Algorithm 3.4) converges in a suitable sense towards solutions of iLLG
as h, k (and ε) go to 0. Its proof is postponed to Section 5.3.

Theorem 3.7. Let the approximate initial conditions satisfy

m0
h →m0 in H1(Ω) and v0

h → v0 in L2(Ω) as h→ 0. (31)

(i) For Algorithm 3.1, assume that the angle condition (17) is satisfied and that k = o(hd/2) as
h, k → 0. For Algorithm 3.2, assume that the scheme is well-posed. Then, there exist a global
weak solution m : Ω × (0,∞) → S2 of iLLG in the sense of Definition 2.1 and a subsequence
of {mhk} (not relabeled) which converges towards m as h, k → 0. In particular, as h, k → 0, it
holds that mhk

∗
⇀m in L∞(0,∞;H1(Ω; S2)) and mhk|ΩT

⇀m|ΩT
in H1(ΩT ) for all T > 0.

(ii) For Algorithm 3.4, assume that the scheme is well-posed and that ε = O(h) as h, ε →
0. For all T > 0, there exist m : Ω × (0, T ) → S2, which satisfies the requirements (i)–
(iv) of Definition 2.1, and a subsequence of {mε

hk} (not relabeled) such that mε
hk|ΩT

∗
⇀ m in

L∞(0, T ;H1(Ω;S2)) and mε
hk|ΩT

⇀m in H1(ΩT ) as h, k, ε→ 0.
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In order to refer to the limit of the approximations generated by Algorithm 3.4, we have
not use the expression ‘global weak solution’. This is a consequence of the fact that, for this
algorithm, the boundedness result we are able to show (see Proposition 5.1 below) is not uniform
with respect to the (arbitrary but fixed) final time T > 0.

To conclude, we summarize the results of our analysis for the proposed algorithms:
• Algorithm 3.1 is unconditionally well-posed, unconditionally stable (under the angle
condition (17)), and its convergence towards a global weak solution of iLLG requires the
CFL condition k = o(hd/2) as h, k → 0.
• Algorithm 3.2 is well-posed if k = δh and h is sufficiently small. Assuming its well-
posedness, it is unconditionally stable and unconditionally convergent towards a global
weak solution of iLLG.
• Algorithm 3.4 is well-posed if k = δh and h is sufficiently small. Assuming its well-
posedness and choosing a stopping tolerance ε having the same order of h, for all T > 0,
it is unconditionally stable and unconditionally convergent towards a function m : Ω×
(0, T )→ S2 which fulfills the properties (i)–(iv) of Definition 2.1.

4. Numerical results

Before presenting the proof of the results stated in Section 3, we aim to show the effectivity
of the proposed algorithms by means of two numerical experiments. For the sake of brevity,
in this section, we refer to the tangent plane scheme (Algorithm 3.1) as TPS and to the an-
gular momentum method (Algorithm 3.2 or, more appropriately, its effective realization given
in Algorithm 3.4) as AMM. The computation presented in this section were obtained with a
MATLAB implementation of the proposed algorithms. All linear systems were solved using the
direct solver provided by MATLAB’s backslash operator.

4.1. Finite-time blow-up of weak solutions. In this subsection, we aim to investigate the
performance of the algorithms for different choices of the discretization parameters h and k (and
ε for AMM). At the same time, we aim to numerically study for a weak solutionm of iLLG the
occurrence of a so-called finite-time blow-up, i.e., whether there exists T ∗ > 0 such that

lim
t→T ∗

‖∇m(t)‖L∞(Ω) =∞.

To this end, we adapt to iLLG the model problem studied in [9, 21] for the wave map equation
and in [10] for LLG.

We consider the nondimensional setting presented in Section 2 for the unit square domain
Ω = (−1/2, 1/2)2 in the time interval (0, 2). We set α = τ = 1 in (9) and consider the initial
conditions m0,v0 : Ω → S2 defined as m0(x) = (2a(x)x1, 2a(x)x1, a(x)2 − |x|2)/(a(x)2 + |x|2)
with a(x) = max{0, (1 − 2|x|)4} for all x = (x1, x2) ∈ Ω and v0 ≡ 0. For the wave map equa-
tion (3) and LLG (7), this setting leads to numerical approximations with large gradients, which
suggests the occurrence of a finite-time blow-up. For snapshots of numerical approximations
which illustrate this phenomenon, we refer to, e.g., [9, Figure 3–4] or [10, Figures 1–2].

First, we investigate the convergence of the fixed-point iteration in AMM analyzed in Propo-
sition 3.5(ii). For ` = 5, 6, 7, we consider a uniform mesh Th` of the unit square consisting of
22`+1 rectangular triangles. The resulting mesh size is h` =

√
2 2−`. A plot of the mesh for ` = 5

is given in Figure 5(a) below. In the stopping criterion (26), in order to better evaluate the
convergence of the fixed-point iteration, we use the small tolerance ε = 1 · 10−12. The iteration
is terminated either when the stopping criterion (26) is met or when the number of iterations
exceeds 1000. We use the time-step size k` = δh` for different values of 0 < δ < 1.

In Table 1, we show the average number of fixed-point iterations needed to reach the pre-
scribed tolerance ε for δ = 0.1, 0.2, 0.3, 0.4. The number of iterations increases as δ increases
and decreases (very slightly) as the mesh size decreases. For all ` = 5, 6, 7, the fixed-point it-
eration does not converge (within the prescribed maximum number of iterations) if δ is larger
than a threshold value located between 0.46 and 0.47. This behavior is in agreement with the
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δ = 0.1 δ = 0.2 δ = 0.3 δ = 0.4
` = 5 4.99 7.99 13.87 35.66
` = 6 4.93 7.89 13.82 35.39
` = 7 4.84 7.75 13.66 34.55

Table 1. Experiment of Section 4.1: Average number of fixed-point iterations needed to
reach the prescribed tolerance ε = 1 · 10−12 for ` = 5, 6, 7 and δ = 0.1, 0.2, 0.3, 0.4.

dependence of the contraction constant on the discretization parameters which can be inferred
from the proof of Proposition 3.5(ii), i.e., q ' δ(1 + h) (recall that the tolerance ε is fixed).

Next, we compare the performance of TPS and AMM. We consider the uniform mesh Th5
(2048 elements and mesh size h5 = 0.0442) and k = h5/10. For AMM, we set ε = h5/10 in (26).
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(a) Average 〈m3〉
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(b) W 1,∞-seminorm.
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(c) Total energy.

Figure 2. Experiment of Section 4.1: Comparison of the results obtained with TPS and
AMM for ` = 5, k = h5/10, and ε = h5/10. (a) Evolution of the average magnetization
〈m3〉. (b) Evolution of the W 1,∞-seminorm. (c) Evolution of the total energy.

In Figure 2, we plot the evolutions of the spatial average of the third magnetization component,
i.e., 〈m3(t)〉 := |Ω|−1

∫
Ωmhk(t)·e3, theW 1,∞-seminorm ‖∇mhk(t)‖L∞(Ω), and the total discrete

energy Jh(mhk(t), ∂tmhk(t)) for t ∈ [0, 2]. We observe that the algorithms capture the same
average magnetization dynamics. In particular, at t ≈ 0.3, the approximations attain the
largest possible value of the W 1,∞-seminorm for functions in Mh residing in Th5 , which, for all
` = 5, 6, 7, is given by

max
φh∈Mh

‖∇φh‖L∞(Ω) = max
φh∈Mh

max
T∈Th,`

|∇φh|T | = 2/2−` = 2`+1, (32)

which is obtained when the magnetizations of two neighboring vertices point to opposite di-
rections. Indeed, in our case, the magnetization at (0, 0) points to the out-of-plane direction
(1, 0, 0), while all surrounding vectors point to the opposite direction. This configuration lasts
for some time (see the ‘plateau’ in Figure 2(b)). Then, at t ≈ 0.8, the magnetization at (0, 0)
is reversed. This gives rise to oscillations of decaying amplitude. Looking at Figure 2(c), we
observe that, in agreement with (28), the total energy decays monotonically in the case of TPS.
In the case of AMM, the decay is nonmonotone. Note that possible lack of monotonicity is
predicted by the energy law of AMM; cf. the (unsigned) third term on the left-hand side (30).
Moreover, we see that the curve for TPS is well below the one of AMM. This fact can be re-
lated to the numerical dissipation, usually referred to as artificial damping, of the implicit Euler
method; cf. the second and the third terms on the left-hand side of (28).

In Figure 3, we show the results obtained repeating the experiment using the same mesh Th5 ,
but smaller time-step size k = h5/100 and tolerance ε = h5/100. The overall behavior remains
the same. However, we see that the numerical dissipation of TPS and the nonmonotonicity of
the energy decay of AMM are reduced. This observation confirms the validity of the energy laws
established in Proposition 3.6, as the terms responsible for the two above effects can indeed be
controlled by time-step size k and the tolerance ε, respectively.
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Figure 3. Experiment of Section 4.1: Comparison of the results obtained with TPS and
AMM for ` = 5, k = h5/100, and ε = h5/100. (a) Evolution of the average magnetization
〈m3〉. (b) Evolution of the W 1,∞-seminorm. (c) Evolution of the total energy.
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(a) W 1,∞-seminorm for ` = 5, 6, 7.
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and Th.

Figure 4. Experiment of Section 4.1: Evolution of the W 1,∞-seminorm obtained with
AMM for different mesh resolutions (a) and different symmetry properties (b).

Finally, we investigate whether the resolution of the mesh or the use of symmetric meshes
have an influence on the detection of the blow-up. In Figure 4(a), we compare the evolution
of the W 1,∞-seminorm obtained using the uniform meshes Th` for ` = 5, 6, 7 (k = h`/100 and
ε = h`/100). The appearance of blow-up of the three approximations occurs at the same time
(t ≈ 0.3), but the length of the plateaux, i.e., the duration of the configuration in which the
magnetization of the origin has the opposite direction of the surrounding vertices, decreases with
the mesh size. Moreover, for all ` = 5, 6, 7, the maximum value attained by the W 1,∞-seminorm
is always the maximum value (32) allowed by the discrete space.

In Figure 4(b), we compare the evolution of the W 1,∞-seminorm computed using Th5 with
the one obtained using an unstructured mesh Th of comparable number of elements and mesh
size; see Figure 5(b). Note that the origin is not a vertex of Th. We observe that a finite-time
blow-up at t ≈ 0.3 occurs also for the approximation residing in the unstructured mesh Th.
However, the magnetization configuration with maximum gradient is quickly left (no plateau in
the evolution of the W 1,∞-seminorm). We believe that the dynamics obtained with Th is more
‘realistic’, and that the stagnation of the configuration with maximum gradient observed for the
uniform meshes is a numerical artifact related to their symmetry.

Since the computations performed with TPS lead to the same conclusions, in order not to
overload the plots, in Figure 4 we have shown only the results computed using AMM.

It is not clear to the author whether the observed finite-time blow-up also occurs for the
weak solution of iLLG towards which the computed approximations converge as h, k, ε → 0.
However, the fact that the phenomenon has been observed for approximations computed using
two different schemes and various choices of the discretization parameters seems to provide a
clear evidence in this direction.
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(a) Uniform mesh Th5 .
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Figure 5. Experiment of Section 4.1: (a) Uniform mesh Th5 (2048 elements and h5 =
0.0442). (b) Unstructured mesh Th (2396 elements and h = 0.0456).

4.2. Nutation dynamics in ferromagnetic thin films. With this experiment, we aim to
illustrate the differences in the magnetization dynamics induced by the standard LLG (1) and
iLLG (2). Moreover, we compare the performance of TPS and AMM in a simulation with
physically relevant geometry and material parameters.

The domain Ω is a planar thin film of the form ω × (0, c) with cross section ω ⊂ R2 (parallel
to the x1x2-plane) and thickness c = 3 nm (aligned with e3). The cross section ω is an elliptic
domain with semiaxis lengths a = 100 nm and b = 50 nm. The axes of the ellipse are parallel to
e1 and e2, with the major axis being parallel to e1. It is well known [15] that the magnetization of
thin films is usually homogeneous in the out-of-plane component, so that an adequate description
of the energetics of the magnet can be obtained using a 2D energy functional E(m) posed only
on the cross section ω. Accordingly, we consider the energy functional

E(m)/c = A

∫
ω
|∇m|2 +K

∫
ω
[1− (m · e1)2]− µ0Ms

∫
ω
Hext ·m+

µ0M
2
s

2

∫
ω
(m · e3)2.

Here, µ0 = 4π·10−7 N/A2 is the vacuum permeability,Ms, A, K are positive material parameters
(see below), while Hext denotes an applied magnetic field (in A/m). The four energy contribu-
tions in E(m) are exchange interaction, uniaxial anisotropy (with easy axis e1 parallel to the
major axis of the ellipse), Zeeman energy, and magnetostatic interaction, respectively. Note that
the nonlocal magnetostatic energy is replaced by a local planar anisotropy contribution penaliz-
ing out-of-plane magnetization configurations, which is admissible for magnetic thin films [15].
In (1)–(2), for the gyromagnetic ratio, we consider the value γ0 = 2.211 · 105 m/(A s), while the
effective field Heff(m) is related to the energy E(m) via the relation µ0MsHeff(m) = − δE(m)

δm .
For the material parameters, we use the values of permalloy (see, e.g., [24]): Ms = 8 · 105 A/m,
A = 1.3 · 10−11 J/m, K = 5 · 102 J/m2, and α = 0.023. For the angular momentum relaxation
time τ in (2), we consider the value τ = α ξ with ξ = 12.3 ps; see [23]. As initial conditions, we
consider the constant fields m0 ≡ e1 and v0 ≡ 0. Note that m0 is a global minimum for the
energy E(m) if Hext ≡ 0.

The overall simulation time is 30 ps. The experiment consists in perturbing the equilibrium
state m0 ≡ e1 with a perpendicular and spatially uniform high-frequency pulse field Hext(t) =
F (t)Ms e2, where F (t) = 0.01 sin(2πft)χ{0≤ t≤ 2 · 10−12}(t) with f = 500 GHz; see Figure 6(a).
In order to assess the resulting magnetization dynamics, we analyze the time evolution of the
spatial average of the third magnetization component, i.e., 〈m3〉 := |ω|−1

∫
ωm · e3.

For the spatial discretization we consider a triangular mesh of ω made of 5998 elements. Its
mesh size (3.760 nm) is well below the exchange length of the material `ex =

√
2A/(µ0M2

s ) =
5.686 nm. For the time discretization, we consider three different time-step sizes (∆t = 1, 10,
100 fs). In the stopping criterion (26), we use the tolerance ε = 1 · 10−6.

In Figure 6(b), we compare the magnetization dynamics governed by LLG with the one
governed by iLLG. Speficically, we plot the evolution of 〈m3〉 for both LLG and iLLG. We
show the results computed using TPS with ∆t = 1 fs. Note that TPS for LLG can be obtained
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Figure 6. Experiment of Section 4.2: (a) Plot of the function t 7→ F (t) which modulates
the amplitude of the pulse field. (b) Evolution of 〈m3〉 for LLG and iLLG computed with
TPS for ∆t = 1 fs. (c) Evolution of 〈m3〉 computed with TPS for different time-step sizes.
(d) Evolution of 〈m3〉 computed with AMM for different time-step sizes.

from Algorithm 3.1 by omitting the first term on the left-hand side of (21); see [1, 14]. The
dynamics induced by the two models are completely different. For LLG, the magnetization
reacts to the pulse field and returns straight to the equilibrium state. For iLLG, the deflection
from the equilibrium state gives rise to oscillations with approximately the same frequency of
the inducing pulse field (500 GHz). Due to damping, the amplitude of the oscillations decays
with time and the magnetization regains the initial equilibrium state. This experiment provides
a numerical evidence of the inertial nutation dynamics predicted by the model, which has been
experimentally observed only very recently [23].

In Figure 6(c), we plot the evolution of 〈m3〉 computed using TPS with ∆t = 1, 10, 100 fs. For
larger time-step sizes, we observe a faster decay of the oscillations. This phenomenon is a con-
sequence of the artificial damping of the implicit Euler method used for the time discretization.
The observed dependence on ∆t reflects the fact that the artificial damping can be controlled
by the time-step size; see (28). Finally, in Figure 6(d), we show the same plot for AMM. Unlike
TPS, AMM is robust with respect to variations of the time-step size. This reflects the energy
conservation properties of the symplectic midpoint rule; see (29)–(30). All the considered time-
step sizes are sufficiently small to guarantee the convergence of the fixed-point iteration, which
requires 1-2 iterations for ∆t = 1, 10 fs and 2-3 iterations for ∆t = 100 fs. Note that using
larger time-step sizes is not advisable, as they cannot resolve the pulse field and the resulting
magnetization dynamics.

This experiment shows the importance of designing a numerical scheme which respects the
energy law of the underlying model. This general statement, which holds true for any PDE with
a physical background (and, in particular, for LLG), turns out to be a key aspect for iLLG due
to the small extent and the ultrafast time scale of the nutation dynamics.
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5. Proofs

In this section, we present the proofs of the results stated in Section 3. In view of their later
use, we recall some facts: the mass-lumped product 〈·, ·〉h defined in (15) is a scalar product on
S1(Th)3 and the induced norm ‖·‖h satisfies the norm equivalence

‖φh‖L2(Ω) ≤ ‖φh‖h ≤
√
d+ 2 ‖φh‖L2(Ω) for all φh ∈ S1(Th)3.

Moreover, there holds the error estimate

|〈φh,ψh〉 − 〈φh,ψh〉h| ≤ Ch2‖∇φh‖L2(Ω)‖∇ψh‖L2(Ω) for all φh,ψh ∈ S1(Th)3, (33)

where C > 0 depends only on the shape-regularity of Th; see [7, Lemma 3.9]. Finally, we recall
the following relations between the Lp-norm of a discrete function and the `p-norm of the vector
collecting its nodal values (see [7, Lemma 3.4]):

‖φh‖
p
Lp(Ω) ' h

d
∑
z∈Nh

|φh(z)|p and ‖φh‖L∞(Ω) = max
z∈Nh

|φh(z)| for all φh ∈ S1(Th)3. (34)

5.1. Properties of Algorithm 3.2 and well-posedness of Algorithm 3.4. We start with
proving the conservation properties of Algorithm 3.2.

Proof of Proposition 3.3. Note that the definition of the nodal interpolant Ih[·] yields that

〈ψ,φ〉h =
∑
z∈Nh

βz ψ(z) · φ(z) for all ψ,φ ∈ C0(Ω), with βz :=

∫
Ω
ϕz > 0.

Let z ∈ Nh. Choosing φh = ϕzm
i+1/2
h (z) in (22a), we infer that |mi+1

h (z)| = |mi
h(z)|. Since

m0
h ∈Mh by assumption, we conclude that mi+1

h ∈Mh.
Choosing φh = ϕzw

i+1/2
h (z) in (22a) and ψh = ϕzm

i+1/2
h (z) in (22b), we obtain the identities

dtm
i+1
h (z) ·wi+1/2

h (z) = 0 and dtwi+1
h (z) ·mi+1/2

h (z), respectively. It follows that

mi+1
h (z) ·wi+1

h (z)−mi
h(z) ·wi

h(z) = dtm
i+1
h (z) ·wi+1/2

h (z) + dtw
i+1
h (z) ·mi+1/2

h (z) = 0.

Since m0
h(z) ·w0

h(z) = m0
h(z) · (m0

h(z)× v0
h(z)) = 0, we conclude that wi+1

h ∈ Kh(mi+1
h ). �

Next, we show that the fixed-point iteration designed for the solution of (23) is well-posed
and converges.

Proof of Proposition 3.5. Let ` ∈ N0. The bilinear forms on the left-hand side of both (24)
and (25) are elliptic. Therefore, existence and uniqueness of solutions ui,`+1

h and zi,`+1
h in

S1(Th)3 follow from the Lax–Milgram theorem.
Let z ∈ Nh be an arbitrary vertex. Testing (24) with φh = ϕzu

i,`+1
h (z) ∈ S1(Th)3, we

obtain that |ui,`+1
h (z)|2 = ui,`+1

h (z) ·mi
h(z). Hence, |ui,`+1

h (z)| ≤ |mi
h(z)| = 1. This shows that

‖ui,`+1
h ‖L∞(Ω) ≤ 1 and concludes the proof of part (i).
Let ui,`+1

h and ui,`+2
h (resp., zi,`+1

h and zi,`+2
h ) be two consecutive iterates satisfying (24)

(resp., (25)). Taking the difference of the equations satisfied by zi,`+2
h and zi,`+1

h and choosing
ψh = zi,`+2

h − zi,`+1
h , we obtain the identity

2τ‖zi,`+2
h − zi,`+1

h ‖2h
= k〈ui,`+2

h × Phheff(ui,`+2
h )− ui,`+1

h × Phheff(ui,`+1
h ), zi,`+2

h − zi,`+1
h 〉h

+ 2α〈(ui,`+2
h − ui,`+1

h )×mi
h, z

i,`+2
h − zi,`+1

h 〉h
− k〈ui,`+2

h × zi,`+2
h − ui,`+1

h × zi,`+1
h , zi,`+2

h − zi,`+1
h 〉h.

(35)

14



Taking the difference of the equations satisfied by ui,`+2
h and ui,`+1

h and choosing the test func-
tions φh = ui,`+2

h − ui,`+1
h and φh = zi,`+2

h − zi,`+1
h , we obtain the identities

2‖ui,`+2
h − ui,`+1

h ‖2h = −k〈ui,`+1
h × (zi,`+1

h − zi,`h ),ui,`+2
h − ui,`+1

h 〉h, (36)

2〈ui,`+2
h − ui,`+1

h , zi,`+2
h − zi,`+1

h 〉h + k〈ui,`+2
h × zi,`+1

h − ui,`+1
h × zi,`h , z

i,`+2
h − zi,`+1

h 〉h = 0.
(37)

From (36), since ‖ui,`+1
h ‖L∞(Ω) ≤ 1 from part (i), we deduce that

‖ui,`+2
h − ui,`+1

h ‖h ≤
k

2
‖zi,`+1

h − zi,`h ‖h. (38)

Combining (35) and (37), we obtain that

2τ‖zi,`+2
h − zi,`+1

h ‖2h
(35)
= k〈(ui,`+2

h − ui,`+1
h )× Phheff(ui,`+2

h ), zi,`+2
h − zi,`+1

h 〉h
+ k〈ui,`+1

h × (Phheff(ui,`+2
h )− Phheff(ui,`+1

h )), zi,`+2
h − zi,`+1

h 〉h
+ 2α〈(ui,`+2

h − ui,`+1
h )×mi

h, z
i,`+2
h − zi,`+1

h 〉h
− k〈ui,`+2

h × zi,`+2
h − ui,`+1

h × zi,`+1
h , zi,`+2

h − zi,`+1
h 〉h

(37)
= k〈(ui,`+2

h − ui,`+1
h )× Phheff(ui,`+2

h ), zi,`+2
h − zi,`+1

h 〉h
+ k〈ui,`+1

h × (Phheff(ui,`+2
h )− Phheff(ui,`+1

h )), zi,`+2
h − zi,`+1

h 〉h
+ 2α〈(ui,`+2

h − ui,`+1
h )×mi

h, z
i,`+2
h − zi,`+1

h 〉h
− k〈ui,`+2

h × zi,`+2
h − ui,`+1

h × zi,`+1
h , zi,`+2

h − zi,`+1
h 〉h

+ 2〈ui,`+2
h − ui,`+1

h , zi,`+2
h − zi,`+1

h 〉h + k〈ui,`+2
h × zi,`+1

h − ui,`+1
h × zi,`h , z

i,`+2
h − zi,`+1

h 〉h

= k〈(ui,`+2
h − ui,`+1

h )× Phheff(ui,`+2
h ), zi,`+2

h − zi,`+1
h 〉h

+ k〈ui,`+1
h × (Phheff(ui,`+2

h )− Phheff(ui,`+1
h )), zi,`+2

h − zi,`+1
h 〉h

+ 2α〈(ui,`+2
h − ui,`+1

h )×mi
h, z

i,`+2
h − zi,`+1

h 〉h
+ 2〈ui,`+2

h − ui,`+1
h , zi,`+2

h − zi,`+1
h 〉h + k〈ui,`+1

h × (zi,`+1
h − zi,`h ), zi,`+2

h − zi,`+1
h 〉h.

It follows that
2τ‖zi,`+2

h − zi,`+1
h ‖2h

≤
(
2 + 2α‖mi

h‖L∞(Ω) + k‖Phheff(ui,`+2
h )‖L∞(Ω)

)
‖ui,`+2

h − ui,`+1
h ‖h‖zi,`+2

h − zi,`+1
h ‖h

+ k‖ui,`+1
h ‖L∞(Ω)‖Phheff(ui,`+2

h )− Phheff(ui,`+1
h )‖h‖zi,`+2

h − zi,`+1
h ‖h

+ k‖ui,`+1
h ‖L∞(Ω)‖z

i,`+1
h − zi,`h ‖h‖z

i,`+2
h − zi,`+1

h ‖h.

Hence, using the fact that ‖mi
h‖L∞(Ω) = 1 and ‖ui,`+1

h ‖L∞(Ω) ≤ 1, together with the estimates

‖Phheff(ui,`+2
h )‖L∞(Ω) . h

−2‖ui,`+2
h ‖L∞(Ω) and ‖Phheff(ui,`+2

h )‖h . h−2‖ui,`+2
h ‖L2(Ω)

(obtained from a global inverse estimate; see, e.g., [12, equations (2.3)–(2.4)]), we deduce that

‖zi,`+2
h − zi,`+1

h ‖h . (1 + kh−2)‖ui,`+2
h − ui,`+1

h ‖h + k‖zi,`+1
h − zi,`h ‖h

(38)
. (k + k2h−2)‖zi,`+1

h − zi,`h ‖h,
where the hidden constants depend only on α, τ , and the mesh constant κ. Altogether, we thus
obtain that

‖ui,`+2
h − ui,`+1

h ‖h + ‖zi,`+2
h − zi,`+1

h ‖h . (k + k2h−2)
(
‖ui,`+1

h − ui,`h ‖h + ‖zi,`+1
h − zi,`h ‖h

)
.
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Hence, there exist sufficiently small constants δ, h0 > 0 and 0 < q < 1, such that (27) holds if
k = δh and h < h0. This concludes the proof of part (ii).

By construction, mi+1
h = 2ui,`

?+1
h −mi

h satisfies

〈dtmi+1
h ,φh〉h = 〈mi+1/2

h × zi,`h ,φh〉h for all φh ∈ S1(Th)3,

while wi+1
h = 2zi,`

?+1
h −wi

h satisfies (22b). The argument used to show Proposition 3.3 shows
that mi+1

h ∈Mh and wi+1
h ∈ Kh(mi+1

h ). This shows part (iii) and concludes the proof. �

5.2. Discrete energy laws and stability. We prove the discrete energy laws satisfied by the
approximations generated by the algorithms.

Proof of Proposition 3.6. Let i ∈ N0. We test (21) with φh = vi+1
h ∈ Kh(mi

h) and multiply the
resulting equation by k. We obtain the identity

τ〈vi+1
h − vih,vi+1

h 〉h + αk‖vi+1
h ‖

2
h + k2‖∇vi+1

h ‖
2
L2(Ω)

= −k〈∇mi
h,∇vi+1

h 〉

Since the angle condition (17) is satisfied, [5, Lemma 3.2] yields that

‖∇mi+1
h ‖L2(Ω) ≤ ‖∇m

i
h + k∇vi+1

h ‖L2(Ω). (39)

Hence, we obtain that

E(mi+1
h )

(39)
≤ 1

2
‖∇mi

h + k∇vi+1
h ‖

2
L2(Ω)

= E(mi
h) + k〈∇mi

h,∇vi+1
h 〉 +

k2

2
‖∇vi+1

h ‖
2
L2(Ω)

.

Altogether, we obtain that

E(mi+1
h ) + τ〈vi+1

h − vih,vi+1
h 〉h + αk‖vi+1

h ‖
2
h +

k2

2
‖∇vi+1

h ‖
2
L2(Ω)

≤ E(mi
h).

Applying the vector identity

(a− b) · a =
1

2
|a|2 − 1

2
|b|2 +

1

2
|a− b|2 for all a,b ∈ R3

to the second term on the left-hand side yields (28). This proves part (i).
To show the stability of Algorithm 3.2, we choose φh = dtm

i+1
h in (22a), φh = Phheff(m

i+1/2
h )

in (22a), and ψh = w
i+1/2
h in (22b) to obtain the identities

‖dtmi+1
h ‖

2
h = −〈mi+1/2

h ×wi+1/2
h , dtm

i+1
h 〉h,

〈dtmi+1
h ,Phheff(m

i+1/2
h )〉h = −〈mi+1/2

h ×wi+1/2
h ,Phheff(m

i+1/2
h )〉h,

τ〈dtwi+1
h ,w

i+1/2
h 〉h = 〈mi+1/2

h × Phheff(m
i+1/2
h ),w

i+1/2
h 〉h − α〈m

i+1/2
h × dtmi+1

h ,w
i+1/2
h 〉h,

respectively. Combining these three equations, we obtain that

〈dtmi+1
h ,Phheff(m

i+1/2
h )〉h = τ〈dtwi+1

h ,w
i+1/2
h 〉h + α‖dtmi+1

h ‖
2
h.

Since

〈Phheff(m
i+1/2
h ), dtm

i+1
h 〉h

(16),(6),(4)
= −1

k

(
E(mi+1

h )− E(mi
h)
)
,

〈dtwi+1
h ,w

i+1/2
h 〉h =

1

2k

(
‖wi+1

h ‖
2
h − ‖wi

h‖2h
)
,

we obtain (29). This proves part (ii). The proof of (30) from part (iii) can be obtained with the
very same argument. �
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5.3. Convergence results. First, we prove the convergence of the tangent plane scheme.

Proof of Theorem 3.7 for Algorithm 3.1. The proof is largely based on the argument of [1, 14,
20]. We start with recalling the estimates

|mi+1
h (z)−mi

h(z)| ≤ k|vi+1
h (z)| and |mi+1

h (z)−mi
h(z)− kvi+1

h (z)| ≤ k2

2
|vi+1
h (z)|2, (40)

which hold for all i ∈ N0 and z ∈ Nh; see [2, 10].
Let j ≥ 1. Since mj

h ∈Mh, from (28) and the convergence (31), we deduce the estimate

‖mj
h‖

2
H1(Ω)

+ ‖vjh‖
2
h + k

j−1∑
i=0

‖vi+1
h ‖

2
h + k2

j−1∑
i=0

‖dtvi+1
h ‖

2
h + k2

j−1∑
i=0

‖∇vi+1
h ‖

2
L2(Ω)

. 1. (41)

We infer the uniform boundedness of the sequences {mhk} and {m±hk} (resp., of {v+
hk}) in

L∞(0,∞;H1(Ω)) (resp., in L∞(0,∞;L2(Ω))). The first inequality in (40) yields that ‖dtmj
h‖h ≤

‖vjh‖h, from which it follows that {mhk} is uniformly bounded also inW 1,∞(0,∞;L2(Ω)). More-
over, (41) yields also the convergence k‖∇v+

hk‖L2(Ω×(0,∞)) → 0 as h, k → 0.
Let T > 0 be arbitrary. With successive extractions of convergent subsequences (not rela-

beled), one can show that there exists m ∈ L∞(0,∞;H1(Ω)) ∩W 1,∞(0,∞;L2(Ω)), satisfying
|m| = 1 a.e. in Ω× (0,∞), such that mhk,m

±
hk
∗
⇀m in L∞(0,∞;H1(Ω)), mhk|ΩT

⇀m|ΩT
in

H1(ΩT ), ∂tmhk,v
+
hk

∗
⇀ ∂tm in L∞(0,∞;L2(Ω)), and mhk,m

±
hk → m in L2(Ω × (0,∞)) and

pointwise almost everywhere in Ω× (0,∞).
Let ϕ ∈ C∞c ([0, T );C(Ω)) be an arbitrary smooth test function. Let N ∈ N be the smallest

integer such that T ≤ kN = tN . Let i ∈ {0, . . . , N − 1}. We choose the test function φh =
Ih[mi

h ×ϕ(ti)] ∈ Kh(mi
h) in (21) to obtain

τ〈dtvi+1
h ,Ih[mi

h ×ϕ(ti)]〉h + α〈vi+1
h ,Ih[mi

h ×ϕ(ti)]〉h + 〈mi
h × vi+1

h ,Ih[mi
h ×ϕ(ti)]〉h

− k〈Phheff(vi+1
h ),Ih[mi

h ×ϕ(ti)]〉h = 〈Phheff(mi
h),Ih[mi

h ×ϕ(ti)]〉h,

where we extend ϕ by zero in (T, tN ). Due to the presence of the mass-lumped scalar product, we
can remove the nodal interpolant from the first three terms on the left-hand side without affecting
the value of the integrals. Then, multiplying the latter by k, summing over i = 0, . . . , N − 1,
and using (6) and (16), we obtain the identity

τk

N−1∑
i=0

〈dtvi+1
h ,mi

h ×ϕ(ti)〉h + αk
N−1∑
i=0

〈vi+1
h ,mi

h ×ϕ(ti)〉h + k
N−1∑
i=0

〈mi
h × vi+1

h ,mi
h ×ϕ(ti)〉h

= −k
N−1∑
i=0

〈∇(mi
h + kvi+1

h ),∇Ih[mi
h ×ϕ(ti)]〉.

Next, we rewrite the first term on the left-hand side using the summation by parts formula

N−1∑
i=0

(ai+1−ai)bi = −
N−1∑
i=0

ai+1(bi+1−bi)+aNbN −a0b0 for all sequences {ai}Ni=0, {bi}Ni=0 (42)
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and performing some algebraic manipulations:

τk
N−1∑
i=0

〈dtvi+1
h ,mi

h ×ϕ(ti)〉h

= −τ
N−1∑
i=0

〈vi+1
h ,mi+1

h ×ϕ(ti+1)−mi
h ×ϕ(ti)〉h

+ τ〈vNh ,mN
h ×ϕ(tN )〉h − τ〈v0

h,m
0
h ×ϕ(0)〉h

= −τk
N−1∑
i=0

〈vi+1
h , dtm

i+1
h ×ϕ(ti+1)〉h − τk

N−1∑
i=0

〈vi+1
h ,mi

h × dtϕ(ti+1)〉h

+ τ〈vNh ,mN
h ×ϕ(tN )〉h − τ〈v0

h,m
0
h ×ϕ(0)〉h

= −τk
N−1∑
i=0

〈vi+1
h , (dtm

i+1
h − vi+1

h )×ϕ(ti+1)〉h + τk
N−1∑
i=0

〈mi
h × vi+1

h , dtϕ(ti+1)〉h

− τ〈mN
h × vNh ,ϕ(tN )〉h + τ〈m0

h × v0
h,ϕ(0)〉h.

Using Hölder inequality, a combination of the second inequality in (40) and the norm equiva-
lence (34), and global inverse estimates (see, e.g., [18, Corollary 1.141]), the first term on the
right-hand side can be estimated as

τk
N−1∑
i=0

〈vi+1
h , (dtm

i+1
h − vi+1

h )×ϕ(ti+1)〉h

. k
N−1∑
i=0

‖vi+1
h ‖L3(Ω)‖dtm

i+1
h − vi+1

h ‖L3/2(Ω)‖ϕ(ti+1)‖L∞(Ω)

. k2
N−1∑
i=0

‖vi+1
h ‖

3
L3(Ω)

. k2h−d/2
N−1∑
i=0

‖vi+1
h ‖

3
L2(Ω)

(41)
. kh−d/2.

Altogether, using also the identity

[mi
h(z)× vi+1

h (z)] · [mi
h(z)×ϕ(z, ti)] = vi+1

h (z) ·ϕ(z, ti) for all z ∈ Nh

(which follows from (19), mi
h ∈Mh and vi+1

h ∈ Kh(mi
h)) and observing that ϕ(tN ) = 0, we

thus obtain that

k
N−1∑
i=0

〈vi+1
h ,ϕ(ti)〉h

= −k
N−1∑
i=0

〈∇(mi
h + kvi+1

h ),∇Ih[mi
h ×ϕ(ti)]〉 + αk

N−1∑
i=0

〈mi
h × vi+1

h ,ϕ(ti)〉h

− τk
N−1∑
i=0

〈mi
h × vi+1

h , dtϕ(ti+1)〉h − τ〈m0
h × v0

h,ϕ(0)〉h + o(1).

Using the approximation properties of the nodal interpolant and estimate (33) (see the argument
of [12, 1]), we can replace all mass-lumped scalar products by L2-products and remove the nodal
interpolant from the first term on the left-hand side at the price of an error which goes to zero
in the limit. Rewriting the space-time integrals of the resulting equation in terms of the time
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reconstructions (14), we obtain that∫ T

0
〈v+
hk(t),ϕ

−
k (t)〉dt

= −
∫ T

0
〈∇(m−hk(t) + kv+

hk(t)),∇(m−hk(t)×ϕ
−
k (t))〉dt+ α

∫ T

0
〈m−hk(t)× v

+
hk(t),ϕ

−
k (t)〉dt

− τ
∫ T

0
〈m−hk(t)× v

+
hk(t), ∂tϕk(t)〉dt− τ〈m

0
h × v0

h,ϕ(0)〉 + o(1).

Using the available convergence results, we can pass to the limit as h, k → 0 the latter and
obtain that each term converges towards the corresponding one in (12). By density, it follows
that m satisfies (12) for all ϕ ∈ C∞c ([0, T );H1(Ω)). This shows that m satisfies part (iii) of
Definition 2.1.

The proof thatm attains the prescribed initial data (m0,v0) continuously inH1(Ω)×L2(Ω)
(part (ii) of Definition 2.1) follows the argument of [9, page 72]. The energy inequality (13)
(part (iv) of Definition 2.1) can be obtained from the discrete energy law (28) using the available
convergence results and standard lower semicontinuity arguments. �

Next, we prove the convergence result for the nonlinear angular momentum method.

Proof of Theorem 3.7 for Algorithm 3.2. Let j ≥ 1. Since mj
h ∈Mh, from (29) and (31), we

deduce the estimate

‖mj
h‖

2
H1(Ω)

+ ‖wj
h‖

2
h + k

j−1∑
i=0

‖dtmi+1
h ‖

2
h . 1. (43)

We infer the uniform boundedness of the sequences {mhk}, {m+
hk}, and {mhk} (resp., of {whk}

and {w+
hk}) in L

∞(0,∞;H1(Ω)) (resp., in L∞(0,∞;L2(Ω))). Testing (22a) with φh = dtm
i+1
h ,

we infer that ‖dtmi+1
h ‖h ≤ ‖w

i+1/2
h ‖h for all i ∈ N0, from which it follows that {mhk} is

uniformly bounded also in W 1,∞(0,∞;L2(Ω)).
Let T > 0 be arbitrary. From the bounds established above, we can derive the existence of

m ∈ L∞(0,∞;H1(Ω))∩W 1,∞(0,∞;L2(Ω)) and w ∈ L∞(0,∞;L2(Ω)) such that, upon extrac-
tion of a (nonrelabeled) subsequence, we have that mhk,m

+
hk,mhk

∗
⇀m in L∞(0,∞;H1(Ω)),

∂tmhk
∗
⇀ ∂tm in L∞(0,∞;L2(Ω)), mhk|ΩT

⇀ m|ΩT
in H1(ΩT ), mhk,m

+
hk,mhk → m in

L2(Ω × (0,∞)) and pointwise almost everywhere in Ω × (0,∞), as well as whk,w
+
hk

∗
⇀ w in

L∞(0,∞;L2(Ω)). Moreover, it holds that |m| = 1 and m ·w = 0 a.e. in Ω× (0,∞).
Let ζ,ϕ ∈ C∞c ([0, T );C(Ω)) be arbitrary smooth test functions. Let N ∈ N be the smallest

integer such that T ≤ kN = tN . Let i ∈ {0, . . . , N − 1}. We choose the test function φh =
Ih[ζ(ti)] ∈ S1(Th)3 in (22a) and ψh = Ih[ϕ(ti)] ∈ S1(Th)3 in (22b). Multiplying the resulting
equation by k, summing over i = 0, . . . , N−1, and using (6) and (16) on the term which involves
the effective field, we obtain the identities

k

N−1∑
i=0

〈dtmi+1
h , ζ(ti)〉h = −k

N−1∑
i=0

〈mi+1/2
h ×wi+1/2

h , ζ(ti)〉h,

τk

N−1∑
i=0

〈dtwi+1
h ,ϕ(ti)〉h = −k

N−1∑
i=0

〈∇mi+1/2
h ,∇(ϕ(ti)×mi+1/2

h )〉

−αk
N−1∑
i=0

〈mi+1/2
h × dtmi+1

h ,ϕ(ti)〉h − k
N−1∑
i=0

〈mi+1/2
h ×wi+1/2

h ,ϕ(ti)〉h,
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where we extend ζ,ϕ by zero in (T, tN ). Next, we rewrite the first term on the left-hand side of
both equations using the summation by parts formula (42):

−k
N−1∑
i=0

〈mi+1
h , dtζ(ti+1)〉h − 〈m0

h, ζ(0)〉h = −k
N−1∑
i=0

〈mi+1/2
h ×wi+1/2

h , ζ(ti)〉h,

−τk
N−1∑
i=0

〈wi+1
h , dtϕ(ti+1)〉h − τ〈w0

h,ϕ(0)〉h = −k
N−1∑
i=0

〈∇mi+1/2
h ,∇(ϕ(ti)×mi+1/2

h )〉

−αk
N−1∑
i=0

〈mi+1/2
h × dtmi+1

h ,ϕ(ti)〉h − k
N−1∑
i=0

〈mi+1/2
h ×wi+1/2

h ,ϕ(ti)〉h.

Rewriting the space-time integrals of both equations in terms of the time reconstructions defined
in (14), we obtain that

−
∫ T

0
〈m+

hk(t), ∂tζk(t)〉hdt− 〈m0
h, ζ(0)〉h = −

∫ T

0
〈mhk(t)×whk(t), ζ

−
k (t)〉hdt,

−τ
∫ T

0
〈w+

hk(t), ∂tϕk(t)〉hdt− τ〈w0
h,ϕ(0)〉h = −

∫ T

0
〈∇mhk(t),∇(ϕ−k (t)×mhk(t))〉dt

−α
∫ T

0
〈mhk(t)× ∂tmhk(t),ϕ

−
k (t)〉hdt−

∫ T

0
〈mhk(t)×whk(t),ϕ

−
k (t)〉hdt.

Using the available convergence results and (33), we can proceed as in [12, Section 3] and pass
the latter equations to the limit as h, k → 0. Rearranging the terms, we obtain that

−
∫ T

0
〈m(t), ∂tζ(t)〉dt = −

∫ T

0
〈m(t)×w(t), ζ(t)〉dt+ 〈m0, ζ(0)〉, (44)

−
∫ T

0
〈m(t)×w(t),ϕ(t)〉dt = −

∫ T

0
〈∇m(t),∇(ϕ(t)×m(t))〉dt

+α

∫ T

0
〈m(t)× ∂tm(t),ϕ(t)〉dt− τ

∫ T

0
〈w(t), ∂tϕ(t)〉dt− τ〈m0 × v0,ϕ(0)〉. (45)

To conclude, following [21, Section 3.3], we observe that (44) reveals that

∂tm = −m×w a.e. in Ω× (0, T ). (46)

Since |m| = 1 and m ·w = 0, using (19), it follows that

w = m× ∂tm a.e. in Ω× (0, T ). (47)

Using (46) and (47) in the term on the left-hand side and in the third term on the right-hand
side of (45), respectively, we obtain the variational formulation (12). By density, it follows
that m satisfies (12) for all ϕ ∈ C∞c ([0, T );H1(Ω)). This shows that m satisfies part (iii)
of Definition 2.1. The verification of part (ii) and (iv) can be performed using the argument
employed for Algorithm 3.2. This proves the desired convergence and concludes the proof. �

In the following proposition, we establish the boundedness of the approximations generated
by Algorithm 3.4.

Proposition 5.1. Let j ∈ N. Assume that ε = O(h) as h, ε → 0. Then, there exist thresholds
h0, k0, ε0 > 0 such that, if h < h0, k < k0, and ε < ε0, the approximations generated by
Algorithm 3.4 satisfy the inequality

‖∇mj
h‖

2
L2(Ω)

+ ‖wj
h‖

2
h + k

j−1∑
i=0

‖dtmi+1
h ‖

2
h ≤ C(1 + jk) exp(jk). (48)

The thresholds h0, k0, ε0 > 0 and the constant C > 0 depend only on the mesh constant κ and
the problem data.
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Proof. Let i = 0, . . . , j−1. Proposition (3.6)(iii) yields (30). Taking the sum over i = 0, . . . , j−1,
we obtain the identity

1

2
‖∇mj

h‖
2
L2(Ω)

+
τ

2
‖wj

h‖
2
h + αk

j−1∑
i=0

‖dtmi+1
h ‖

2
h

=
1

2
‖∇m0

h‖2L2(Ω)
+
τ

2
‖w0

h‖2h − k
j−1∑
i=0

〈mi+1/2
h × rih,Phheff(m

i+1/2
h )− αdtmi+1

h 〉h.

A straightforward application of the discrete Young inequality yields the inequalities
j−1∑
i=0

‖∇mi+1/2
h ‖L2(Ω) ≤

j

2
+

1

2

j−1∑
i=0

‖∇mi
h‖2L2(Ω)

+
1

4
‖∇mj

h‖
2
L2(Ω)

,

‖dtmi+1
h ‖h ≤

1

2
+

1

2
‖dtmi+1

h ‖
2
h.

Since ‖mi+1/2
h ‖L∞(Ω) ≤ 1, ‖rih‖h ≤ ε, and ‖Phheff(m

i+1/2
h )‖h ≤ Ch−1‖∇mi+1/2

h ‖L2(Ω) (where
C > 0 depends only on the mesh constant κ), we obtain that

k

j−1∑
i=0

〈mi+1/2
h × rih,Phheff(m

i+1/2
h )− αdtmi+1

h 〉h

≤ k
j−1∑
i=0

‖mi+1/2
h ‖L∞(Ω)‖rih‖h

(
‖Phheff(m

i+1/2
h )‖h + α‖dtmi+1

h ‖h
)

≤ εk
j−1∑
i=0

(
Ch−1‖∇mi+1/2

h ‖L2(Ω) + α‖dtmi+1
h ‖h

)
≤ (Ch−1 + α)εjk

2
+
Cεh−1k

4
‖∇mj

h‖
2
L2(Ω)

+
Cεh−1k

2

j−1∑
i=0

‖∇mi
h‖2L2(Ω)

+ αεk

j−1∑
i=0

‖dtmi+1
h ‖

2
h.

Overall, we thus obtain that

1

2

(
1− Cεh−1k

2

)
‖∇mj

h‖
2
L2(Ω)

+
τ

2
‖wj

h‖
2
h + α(1− ε)k

j−1∑
i=0

‖dtmi+1
h ‖

2
h

≤ 1

2
‖∇m0

h‖2L2(Ω)
+
τ

2
‖w0

h‖2h +
(Ch−1 + α)εjk

2
+
Cεh−1k

2

j−1∑
i=0

‖∇mi
h‖2L2(Ω)

.

Owing to the convergence (31) and the assumption ε = O(h) as h, ε→ 0, there exist constants
A0, B0 > 0 and thresholds h0, k0, ε0 > 0 (independent of the discretization parameters) such
that, for all h < h0, k < k0, and ε < ε0, there holds the estimate

‖∇mj
h‖

2
L2(Ω)

+ ‖wj
h‖

2
h + k

j−1∑
i=0

‖dtmi+1
h ‖

2
h ≤ A0(1 + jk) +B0k

j−1∑
i=0

‖∇mi
h‖2L2(Ω)

.

Then, an application of the discrete Gronwall lemma yields

‖∇mj
h‖

2
L2(Ω)

+ ‖wj
h‖

2
h + k

j−1∑
i=0

‖dtmi+1
h ‖

2
h ≤ A0(1 + jk) exp(B0jk).

Up to a reformulation of the right-hand side, this yields (48) and concludes the proof. �

The boundedness result established in Proposition 5.1 is the starting point to prove Theo-
rem 3.7(ii). We omit the presentation of the proof, since this follows line-by-line the argument
used to show the convergence of Algorithm 3.4. We only stress that, in the proof of the varia-
tional formulation (12) and the energy inequality (13), the additional contributions arising from
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the inexact solution of the nonlinear system are always uniformly bounded by ε and therefore
vanish in the limit.
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