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OPTIMAL CONVERGENCE BEHAVIOR OF ADAPTIVE FEM1

DRIVEN BY SIMPLE (h− h/2)-TYPE ERROR ESTIMATORS2

CHRISTOPH ERATH, GREGOR GANTNER, AND DIRK PRAETORIUS3

Abstract. For some Poisson-type model problem, we prove that adaptive FEM driven
by the (h − h/2)-type error estimators from [Ferraz-Leite, Ortner, Praetorius, Numer.
Math. 116 (2010)] leads to convergence with optimal algebraic convergence rates. Be-
sides the implementational simplicity, another striking feature of these estimators is that
they can provide guaranteed lower bounds for the energy error with known efficiency
constant 1.

1. Introduction4

Let Ω ⊂ Rd with d ≥ 2 be a bounded Lipschitz domain with polyhedral boundary5

Γ := ∂Ω. Given f ∈ L2(Ω), let u ∈ H1
0 (Ω) be the unique weak solution of the model6

problem7

−div(A∇u) = f in Ω subject to Dirichlet boundary conditions u = 0 on Γ,(1)8
9

where A : Ω → Rd×d is piecewise constant on some initial conforming triangulation T010

and maps into the space of symmetric positive definite matrices.11

Based on a conforming simplicial triangulation T`, we consider the H1-conforming12

FE space of T`-piecewise polynomials of degree p ≥ 1. Let u` be the corresponding13

FEM solution. Throughout, the index ` ∈ N0 := {0, 1, 2, . . . } denotes the step of the14

adaptive algorithm. Due to singularities of the (unknown) exact solution, uniform mesh-15

refinement usually leads a suboptimal convergence behavior of the energy norm error16

‖A1/2∇(u − U`)‖Ω, where ‖ · ‖Ω := ‖ · ‖L2(Ω). However, the appropriate grading of the17

triangulation T` has the potential to lead to the optimal convergence rate O((#T`)−p/d)18

with respect to the number of elements #T`. Such a mesh-grading can automatically be19

generated by adaptive mesh-refining algorithms of the type20

SOLVE −→ ESTIMATE −→ MARK −→ REFINE(2)21
22

In the last two decades, the mathematical understanding of adaptive algorithms has23

matured. Starting with the first convergence results in [Dör96, MNS00], it is meanwhile24

known that the adaptive algorithm, driven by the canonical residual error estimator, leads25

to linear convergence with optimal algebraic rates; see, e.g., [Ste07, CKNS08, FFP14].26

The same result holds for any estimator, which is locally equivalent to the residual error27

estimator [KS11, CFPP14], where the analysis strongly exploits this local equivalence.28
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Examples for locally equivalent estimators include hierarchical error estimators, averaging29

estimators, and equilibrated fluxes.30

The current work considers (h − h/2)-type error estimators which are only globally,31

but not locally equivalent to residual error estimators. This error estimation strategy is a32

well-known technique; see [HNW87] for ordinary differential equations and the works of33

Bank [BW85, BS93, Ban96] or the monograph [AO00, Chapter 5] in the context of the34

finite element method. Let T̂` be the uniform refinement of T`. Let û` be the corresponding35

FE solution. The natural (h− h/2)-error estimator36

µ̃` := ‖A1/2∇(û` − u`)‖Ω(3)37
38

is a computable quantity which can be used to estimate the error ‖A1/2∇(u − u`)‖Ω.39

According to the Galerkin orthogonality, it holds that40

‖A1/2∇(u− û`)‖2
Ω + µ̃ 2

` = ‖A1/2∇(u− u`)‖2
Ω(4)41

42

From this, it is easy to see that43

µ̃` ≤ ‖A1/2∇(u− u`)‖Ω ≤ (1− q2
sat)
−1/2 µ̃`,(5)44

45

where the upper bound requires and is even equivalent to the so-called saturation as-46

sumption47

‖A1/2∇(u−û`)‖Ω ≤ qsat ‖A1/2∇(u−u`)‖Ω with some uniform 0 < qsat < 1.(6)48
49

We remark that the saturation assumption dates back to the early work [BW85], but50

may fail to hold in general [BEK96, DN02] and is essentially equivalent to asymptotic51

behavior of the FEM; see the discussion in [FP08, Section 5.2]. However, under certain52

assumptions on the polynomial degree p and/or the mesh-refinement (e.g., d = 2 with53

bisec5-refinement or d = 2 with p ≥ 2 and bisec3-refinement), one can rigorously prove54

that55 (
µ̃ 2
` + osc`(f)2

)1/2 ≤
(
‖A1/2∇(u− u`)‖2

Ω + osc`(f)2
)1/2 ≤ Crel

(
µ̃ 2
` + osc`(f)2

)1/2
,(7)56

57

where osc`(f) denote the data oscillations; see Theorem 4 below, where we extend an idea58

from [Dör96, MNS00]. However, having to compute û`, it is not attractive to compute59

the less accurate u`; cf. (4). In this work, we thus consider variants of the h− h/2 error60

estimator from [FOP10], which avoid this computation, e.g.,61

η` =
(
‖(1− π`)A1/2∇û`‖2

Ω + osc`(f)2
)1/2

,(8)62
63

where π` is the T`-elementwise L2-projection onto polynomials of degree p − 1 (see (28)64

below for further variants). We prove that65

η` ≤
(
‖A1/2∇(u− u`)‖2

Ω + osc`(f)2
)1/2 ≤ CrelChh2 η`,(9)66

67

i.e., η` is a computable guaranteed lower bound for the total error even with known68

constant 1. Using this estimator (or one of its variants (28)) in the adaptive algorithm (see69

Algorithm 3 for the precise statement), we prove that the error estimator (or equivalently:70

the total error) is linearly convergent with optimal algebraic rates, i.e.,71

η`+n ≤ Clinq
n
lin η` for all `, n ∈ N0(10)72

73
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Figure 1. For NVB in 2D, each triangle T ∈ T• has one reference edge, indi-
cated by the double line (left). Bisection of T is achieved by halving the reference
edge. The reference edges of the sons are always opposite to the new node. Re-
cursive application of this refinement rule leads to conforming triangulations. It
needs three bisections per element to halve all edges of a triangle. Five bisection
create an interior node and hence a discrete element bubble function within T .

and, for all possible algebraic rates s > 0,74

η` ≤ Copt (#T`)−s(11)75
76

with certain constants Clin, Copt > 0 and 0 < qlin < 1. Possible algebraic rates are, as usu-77

ally, characterized in terms of certain approximation classes which are the same as those78

for residual error estimators. In explicit terms, the simple (h−h/2)-type error estimators79

thus yield the same optimal convergence behavior as the residual error estimators, even80

though these two types of estimators are not locally equivalent.81

Outline. In Section 2, we collect the mathematical framework to formally state our82

main results. To this end, we formulate the precise assumptions on the conforming83

triangulations and the mesh-refinement (Section 2.1), define the employed FEM spaces84

(Section 2.2), introduce the considered (h− h/2)-type error estimators (Section 2.3) and85

the corresponding adaptive algorithm (Algorithm 3 as a precise specification of (2)), and86

formulate the main result (Theorem 4 which gives the formal statement of (9) as well87

as (10)–(11)). For the proof of Theorem 4, we rely on certain properties of the residual88

error estimator. These are collected and proved in Section 3, where we slightly improve89

the discrete reliability estimate from [Ste07, CKNS08] as well as the discrete efficiency90

estimate from [Dör96, MNS00]. The proof of Theorem 4 is given in Section 4. Finally,91

we underline the theoretical findings by some numerical experiments in Section 5.92

General notation. Throughout, we write a . b to abbreviate a ≤ Cb with some93

generic constant C > 0 which is clear from the context. Moreover, a ' b abbreviates94

a . b . a. Mesh-related quantities have the same index, e.g., u? is the FEM solution95

corresponding to the triangulation T?, and E• is the set of facets of the triangulation T•.96

Throughout, we make the following convention: If T? is a triangulation and α?(T, ·) ∈ R97

is defined for all T ∈ T?, then98

α?(·) := α?(T?, ·), where α?(U?, ·)2 :=
∑
T∈U?

α?(T, ·)2 for all U? ⊆ T?.(12)99

100

Finally, ‖ · ‖2
ω :=

∫
ω
(·)2 dx abbreviates the L2-norm over a measurable set ω (with respect101

to either the d-dimensional Lebesgue measure or the (d−1)-dimensional surface measure).102

2. Main result103

2.1. Conforming triangulations and mesh-refinement. Throughout, T• denotes104

a conforming triangulation of Ω into non-degenerate compact simplices. In particular, we105
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Figure 2. For NVB in 3D, each tetrahedron T ∈ T• is assigned with a permuta-
tion (zπ(1), zπ(2), zπ(3), zπ(4)) of its vertices {z1, z2, z3, z4} and a type τ ∈ {0, 1, 2}.
The numbers in the figure are the positions of the nodes in the corresponding
tuple. Bisection of T is achieved by halving the reference edge between zπ(1) and
zπ(4) indicated by the bold line. The permutations as well as the types of its
sons depend on the permuation and the type of T . Recursive application of this
refinement rule leads to conforming triangulations.

avoid hanging nodes. The triangulation is called γ-shape regular, if106

max
T∈T•

diam(T )

hT
≤ γ.(13)107

108

Here, diam(T ) denotes the Euclidean diameter of T and hT := |T |1/d with |T | being its109

d-dimensional volume. Note that γ-shape regularity implies that hT ≤ diam(T ) ≤ γ hT .110

For given T•, let N• be the set of nodes and E• be the set of facets. For E ∈ E•,111

we define hE := |E|1/(d−1) with | · | being the d-dimensional surface measure. Note that112

hE ' diam(T ) if E ⊂ T ∈ T•, where the hidden constants depend only on γ. Finally,113

EΩ
• denotes the set of all interior facets, i.e., E ∈ EΩ

• ⊂ E• satisfies that E = T ∩ T ′ for114

certain simplices T, T ′ ∈ T•.115

Throughout, we employ newest vertex bisection (NVB) to refine triangulations locally;116

see [Ste08, KPP13] for details on the refinement algorithm. Figure 1 and Figure 2 give117

an illustration for d = 2 and d = 3, respectively . For a conforming triangulation T• and118

M• ⊆ T•, let T◦ := nvb(T•,M•) be the coarsest conforming triangulation such that all119

marked elements T ∈ M• have been refined, i.e.,M• ⊆ T•\T◦. We write T◦ ∈ nvb(T•),120

if there exists n ∈ N0, conforming triangulations T(0), . . . , T(n), and corresponding sets of121

marked elementsMj ⊆ Tj such that122

• T• = T(0),123

• T(j+1) = nvb(T(j),M(j)) for all j = 0, . . . , n− 1,124

• T◦ = T(n),125

May 2, 2018 4



i.e., T◦ is obtained from T• by finitely many refinement steps.126

The analysis of the (h−h/2)-type error estimators requires a stronger mesh-refinement.127

We suppose that we are given some initial conforming triangulation T0. For T• ∈ nvb(T0),128

let T◦ := refine(T•,M•) be an NVB refinement which satisfies:129

(M1) There exists a uniform constant Cson > 0 such that #
{
T ′ ∈ T◦ : T ′ ⊆ T

}
≤ Cson130

for all T ∈ T•, i.e., the number of sons per element is uniformly bounded.131

(M2) If TN ∈ nvb(T0),MN ⊆ TN, and TM := refine(TN,MN), it holds that132 {
T ′ ∈ T◦ : T ′ ⊂ T

}
=
{
T ′ ∈ TM : T ′ ⊂ T

}
for all T ∈M• ∩MN,133

134

i.e., refinement of a marked element is independent of its neighbors.135

Further, we suppose that it satisfies one of the following constrains:136

(M3) All facets of T ∈M• contain an interior node z ∈ N◦.137

(M3’) All facets of T ∈M• as well as T contain an interior node z ∈ N◦.138

As above, we let T◦ ∈ refine(T•) be the set of all possible refinements.139

For d = 2, (M3) corresponds to refinement of marked elements T ∈ M• by at least 3140

bisections, while (M3’) follows from at least 5 bisections; cf. Figure 1. Obviously, these141

refinements also satisfy (M1)–(M2); cf. Figure 1. For d = 3, each T = conv{z1, . . . , z4} ∈142

T• is assigned with a permutation (zπ(1), zπ(2), zπ(3), zπ(4)) of its nodes {z1, z2, z3, z4} and143

a type τ ∈ {0, 1, 2}; see Figure 2. To achieve (M3), one can bisect each marked element144

T ∈M• depending on its type as follows:145

τ = 0: First, bisect T uniformly into 8 sons, then bisect all resulting sons which do not146

contain zπ(1) nor zπ(4), finally, bisect all resulting sons which either contain the147

two nodes zπ(2) and 1
2
(zπ(1) + zπ(3)) or the two nodes zπ(3) and 1

2
(zπ(2) + zπ(4)).148

Altogether, T is split into 18 sons with 14 nodes.149

τ = 1: First, bisect T uniformly into 8 sons, then bisect all resulting sons which do150

not contain zπ(1) nor zπ(4), finally, bisect all resulting sons which contain zπ(2).151

Altogether, T is split into 18 sons with 14 nodes.152

τ = 2: First, bisect T uniformly into 8 sons, then bisect all resulting sons which do153

not contain zπ(1) nor zπ(4), finally, bisect all resulting sons which contain zπ(2).154

Altogether, T is split into 20 sons with 14 nodes.155

The resulting sons of T are visualized in Figure 3. Note that the proposed strategy156

satisfies (M1)–(M2) with Cson = 20.157

Remark 1. (i) We came up with this refinement by considering all possible configurations158

of the element T in our MATLAB implementation of 3D NVB. Indeed, it is sufficient159

to consider only 4 node permutations instead of 4!, since the others can be obtained by160

rotating the element. Hence, the number of all possible configurations is 4 · 3 = 12.161

This refinement leads to 5 two-dimensional NVBs of each facet of T as in Figure 1. In162

particular, uniform refinement with M• = T• leads to a conforming triangulation. For163

M• 6= T•, further bisections are required to obtain conformity. However, since uniform164

refinement automatically guarantees conformity, only non-marked elements have to be165

additionally bisected.166

(ii) Using our MATLAB implementation of 3D NVB, we saw that it is not possible to167

satisfy (M3’) strictly in the sense that refine(·) generates exactly one interior node per168

facet and exactly one interior node in each marked element T ∈M•. Indeed, this is only169
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type τ = 0 type τ = 1 type τ = 2

Figure 3. Starting with the same configuration for T as in Figure 2, the re-
sulting sons for the 3D refinement guaranteeing (M3) are depicted. The outcome
depends on the type τ of T . The type of the sons is indicated by their color,
green for τ = 0, blue for τ = 1, and red for τ = 2. Finally, two nodes are
highlighted in magenta. The product of their hat functions is a discrete element
bubble function within T .

possible for T being of type τ ∈ {0, 2}, while type τ = 1 enforces even three interior nodes170

on one facet, if interior nodes on each facet and inside of T are generated.171

2.2. Finite element method. The Lax–Milgram theorem proves existence and172

uniqueness of u ∈ H1
0 (Ω) with173 ∫

Ω

A∇u · ∇v dx =

∫
Ω

fv dx for all v ∈ H1
0 (Ω),(14)174

175

which is the variational formulation of (1). Given a triangulation T• and p ∈ N, define176

the space of T•-piecewise polynomials177

Pp(T•) :=
{
v• ∈ L2(Ω) : ∀T ∈ T• v•|T is a polynomial of degree ≤ p

}
.(15)178

179

Define Sp(T•) := Pp(T•)∩H1(Ω) = Pp(T•)∩C(Ω) as well as the H1-conforming FE space180

Sp0 (T•) := Pp(T•) ∩H1
0 (Ω) =

{
v• ∈ Sp(T•) : v•|Γ = 0

}
.(16)181

182

The Lax–Milgram theorem proves existence and uniqueness of u• ∈ Sp0 (T•) such that183 ∫
Ω

A∇u• · ∇v• dx =

∫
Ω

fv• dx for all v• ∈ Sp0 (T•).(17)184

185

Recall the Galerkin orthogonality186 ∫
Ω

A∇(u− u•) · ∇v• dx = 0 for all v• ∈ Sp0 (T•),(18)187

188

which results in the Pythagoras theorem189

‖A1/2∇(u−u•)‖2
Ω + ‖A1/2∇(u•−v•)‖2

Ω = ‖A1/2∇(u−v•)‖2
Ω for all v• ∈ Sp0 (T•).(19)190

191

2.3. Simple (h− h/2)-type error estimators. Given a triangulation T•, let192

T̂• := refine(T•, T•) be the uniform refinement. Recall the natural h−h/2 error estimator193

µ̃• = ‖A1/2∇(û• − u•)‖Ω.(20)194
195

May 2, 2018 6



One drawback of µ̃• is that it requires to compute two FE solutions û• ∈ Sp0 (T̂•) and196

u• ∈ Sp0 (T•), even though the Pythagoras theorem (19) predicts that197

‖A∇(u− û•)‖2
Ω + µ̃ 2

• = ‖A1/2∇(u− u•)‖2
Ω,(21)198

199

i.e., û• is more accurate than u•. One remedy is to replace u• by some (cheap) postprocess-200

ing of û• as proposed in [FOP10]: Let I• : C(Ω)→ Sp(T•) denote the nodal interpolation201

operator. Let π• : L2(Ω)→ Pp−1(T•) be the L2(Ω)-orthogonal projection onto Pp−1(T•).202

Recalling the convention (12), we define, for all T ∈ T• and all v̂• ∈ Sp(T̂•),203

µ•(T, v̂•) := ‖A1/2∇(1− I•)v̂•‖T and λ•(T, v̂•) := ‖(1− π•)A1/2∇v̂•‖T .(22)204
205

Since A1/2 is T•-piecewise constant and π• acts elementwise and componentwise, we206

immediately see the alternative representation207

λ•(T, v̂•) = ‖A1/2(1− π•)∇v̂•‖T .(23)208
209

The following lemma is proved in [FOP10, Prop. 3] for p = 1 and the Poisson model210

problem by use of scaling arguments, but also holds for general p ≥ 1 and our model211

problem (1).212

Lemma 2 (simple (h− h/2)-type error estimators). There exists Chh2 ≥ 1 such213

that there holds local equivalence214

λ•(T, v̂•) ≤ µ•(T, v̂•) ≤ Chh2 λ•(T, v̂•) for all T ∈ T• and all v̂• ∈ Sp0 (T•).(24)215
216

Moreover, for v̂• = û•, there holds global equivalence217

λ•(û•) ≤ µ̃• = ‖A1/2∇(û• − u•)‖Ω ≤ ‖A1/2∇(1− I•)û•‖Ω = µ•(û•) ≤ Chh2 λ•(û•)(25)218
219

as well as efficiency220

C−1
hh2 µ•(û•) ≤ λ•(û•) ≤ µ̃• ≤ ‖A1/2∇(u− u•)‖Ω.(26)221

222

The constant Chh2 depends only on d, A, p, and γ-shape regularity of T•.223

Sketch of proof. Note that A1/2∇I•v̂•,A1/2∇u• ∈ Pp−1(T•) and that π• is also the T•-224

elementwise best approximation onto Pp−1(T•). This proves the first estimate in (24) as225

well as the first estimate in (25). The second estimate in (25) follows from Pp(T•) ⊆226

Pp(T̂•) and the best approximation property of the Galerkin solution in the energy norm,227

since u• is also a Galerkin approximation to û•. Since (26) is a direct consequence of (21)228

and (25), it only remains to prove the second estimate in (24), which also implies the229

third estimate in (25).230

Let T ∈ T•. Note that µ•(T, ·) and λ•(T, ·) are seminorms on Pp−1(T̂•). Recall that231

seminorms on finite-dimensional spaces are equivalent if the kernels coincide. For v̂• ∈232

Pp−1(T̂•), it holds that µ•(T, v̂•) = 0 and λ•(T, v̂•) = 0, if and only if v̂•|T ∈ Pp−1({T}).233

Hence, we derive the equivalence (24). A scaling argument proves that the constant Chh2234

depends only on d, A, p, and γ-shape regularity of T•, while Chh2 ≥ 1 is obvious. �235
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Let Π• : L2(Ω)→ Pmax{0,p−2}(T•) be the L2(Ω)-orthogonal projection onto Pmax{0,p−2}(T•).236

With the convention (12), we define, for all T ∈ T• and all v̂• ∈ Sp0 (T̂•),237

res•(T, v̂•)
2 := h2

T

∑
T ′∈T̂•
T ′⊆T

‖f + div(A∇v̂•)‖2
T ′ and osc•(T )2 := h2

T ‖(1− Π•)f‖2
T .(27)238

239

Further, we abbreviate osc2
• :=

∑
T∈T• osc•(T )2. Note that res•(T, v•)

2 = h2
T ‖f +240

div(A∇v•)‖2
T for all v• ∈ Sp0 (T•). Then, we consider the following a posteriori error241

estimators242

η•(T, v̂•)
2 := requirements refinement

λ•(T, v̂•)
2 + res•(T, v̂•)

2 p ≥ 1 d ≥ 2 (M3)
λ•(T, v̂•)

2 + osc•(T )2 p ≥ 1 d ≥ 2 (M3’)
λ•(T, v̂•)

2 + osc•(T )2 p ≥ 2 d ∈ {2, 3} (M3)
µ•(T, v̂•)

2 + res•(T, v̂•)
2 p ≥ 1 d ≥ 2 (M3)

µ•(T, v̂•)
2 + osc•(T )2 p ≥ 1 d ≥ 2 (M3’)

µ•(T, v̂•)
2 + osc•(T )2 p ≥ 2 d ∈ {2, 3} (M3)

(28)243

244

2.4. Adaptive algorithm. We analyze the following adaptive strategy which is245

driven by one of the error estimators η• from (28).246

Algorithm 3. Input: Conforming triangulation T0 of Ω, adaptivity parameter 0 < θ ≤ 1.247

Loop: For all ` = 0, 1, 2, . . . , iterate the following steps (i)–(iv):248

(i) Compute the discrete solution û` ∈ Sp0 (T̂`), where T̂` := refine(T`, T`).249

(ii) Compute the indicators η`(T, û`) for all T ∈ T`.250

(iii) Determine someM` ⊆ T` with minimal cardinality such that θ η`(û`)2 ≤ η`(M`, û`)
2.251

(iv) Generate T`+1 := refine(T`,M`).252

Output: Sequences of successively refined triangulations T`, discrete solutions û`, and253

corresponding error estimators η`(û`), for all ` ≥ 0.254

2.5. Main result. Given the initial triangulation T0, we define the following two ap-255

proximation classes for s > 0: With the error estimator η• from (28) used for Algorithm 3256

and the convention (12), let257

‖u‖Aηs := sup
N∈N0

min
T•∈nvb(T0)

#T•−#T0≤N

(N + 1)s η•(û•) ∈ [0,∞].(29)258

259

Moreover, let260

‖u‖Atot
s

:= sup
N∈N0

min
T•∈nvb(T0)

#T•−#T0≤N

(N + 1)s
(

min
v•∈Sp0 (T•)

‖A1/2∇(u− v•)‖Ω + osc•
)
∈ [0,∞].(30)261

262

Note that the definition of ‖u‖Atot
s

is independent of the error estimator η•.263

By definition, ‖u‖Aρs < ∞ and ‖u‖Atot
s

< ∞ imply that the quantity η•(û•) and the264

total error on the optimal meshes T• decay at least with rate O
(
(#T•)−s

)
. The following265

main theorem states that each possible rate s > 0 is in fact realized by Algorithm 3. The266

proof requires some technical preparations and is thus postponed to Section 4.267
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Theorem 4. Let η• be one of the error estimators from (28). Then, the error estimator268

η•(û•) is reliable and efficient, i.e., there exist constants Ceff , Crel > 0 such that269

C−1
eff η•(û•) ≤

(
min

v•∈Sp0 (T•)
‖A1/2∇(u− v•)‖2

Ω + osc2
•

)1/2

≤ Crel η•(û•) for T• ∈ nvb(T0).(31)270

271

In particular, this implies that272

C−1
rel ‖u‖Atot

s
≤ ‖u‖Aηs ≤ Ceff ‖u‖Atot

s
.(32)273

274

For arbitrary 0 < θ ≤ 1, the error estimator sequence generated by Algorithm 3 converges275

linearly, i.e., there exist constants 0 < qlin < 1 and Clin ≥ 1 such that276

η`+n(û`+j) ≤ Clinq
j
linη`(û`) for all `, n ∈ N0.(33)277

278

Moreover, there exists a constant 0 < θopt < 1 such that for all 0 < θ < θopt, the279

estimator η`(û`) converges at optimal algebraic rate, i.e., for all s > 0 there exist constants280

copt, Copt > 0 such that281

copt‖u‖Aηs ≤ sup
`∈N0

(#T` −#T0 + 1)s η`(û`) ≤ Copt‖u‖Aηs .(34)282

283

All involved constants Crel, Ceff , Clin, qlin, and θopt depend only on d, A, p, Cson, and284

γ-shape regularity of T0, whereas Clin and qlin depend additionally on θ, and Copt depends285

furthermore on s. The constant copt depends only on Cson, #T0, and s.286

Remark 5. (i) Recall that λ•(û•) ≤ ‖A1/2∇(u − u•)‖Ω according to (26). For η2
• =287

λ•(û•)
2 + osc2

•, this yields that Ceff = 1 in (31), i.e., the estimator η• is a guaranteed288

lower bound for the unknown total error with constant 1.289

(ii) In general, one expects an optimal convergence rate of s = p/d for the error. Asymp-290

totically, this leads to ‖A1/2∇(u− u`)‖Ω = C(#T`)−p/d for some constant C > 0. If uni-291

form refinement refine(T`, T`) bisects all elements into exactly Cson elements, this suggests292

that ‖A1/2∇(u − û`)‖Ω = C(Cson#T`)−p/d. In particular, one obtains that qsat = C
−p/d
son293

in (6). Together with (5) and (26), this yields the asymptotical upper bound294

‖A1/2∇(u− u`)‖Ω ≤ (1− C−2p/d
son )−1/2µ`.(35)295

296

For η2
• = µ•(û•)

2 + osc2
•, the estimator η• is hence an upper bound for the unknown total297

error in (31) with known asymptotical reliability constant Crel = (1− C−2p/d
son )−1/2.298

(iii) Note that the approximation norm ‖u‖Atot
s

is the same as for residual error esti-299

mators; cf. [CKNS08, KS11, FFP14, CFPP14]. In explicit terms, the (h − h/2)-type300

estimators from (28) thus lead to the same algebraic convergence rates as the residual301

error estimators.302

(iv) Alternatively, one could define the approximation classes ‖u‖Aηs and ‖u‖Atot
s

with303

refine(·) instead of nvb(·), i.e.,304

‖u‖Ãηs := sup
N∈N0

min
T•∈refine(T0)
#T•−#T0≤N

(N + 1)s η•(û•),(36)305

‖u‖Ãtot
s

:= sup
N∈N0

min
T•∈refine(T0)
#T•−#T0≤N

(N + 1)s
(

min
v•∈Sp0 (T•)

‖A1/2∇(u− v•)‖Ω + osc•
)
.(37)306

307
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Clearly, (31) gives that ‖u‖Ãηs ' ‖u‖Ãtot
s
. Moreover, ‖u‖Aηs ≤ ‖u‖Ãηs follows from refine(T0) ⊆308

nvb(T0). Arguing as in [CFPP14, Prop. 4.15], we prove that309

c̃opt‖u‖Ãηs ≤ sup
`∈N0

(#T` −#T0 + 1)s η`(û`),(38)310

311

where c̃opt depends only on Cson, #T0, and s. Together with (34), we conclude312

c̃opt

Copt

‖u‖Ãηs ≤ ‖u‖Aηs ≤ ‖u‖Ãηs(39)313

314

3. Residual error estimator315

As an auxiliary tool, we consider the residual error estimator. Because of its later316

application, we use the notation TN and TM ∈ nvb(TN) for a given triangulation TN ∈317

nvb(T0) and a corresponding refinement. Recall the definition of resN(·) and oscN(·)318

from (27). We define, for all vN ∈ Sp0 (TN),319

%N(τ, vN)2 :=

{
resN(T, vN)2 for τ = T ∈ TN,
hE ‖[A∇vN · n]‖2

E, for τ = E ∈ EΩ
N .

(40)320

321

Generalizing the convention (12), we define, for all vN ∈ Sp0 (TN),322

%N(vN) := %N(TN ∪ EΩ
N , vN), where %N(UN, vN)2 :=

∑
τ∈UN

%N(τ, vN)2 for all UN ⊆ TN ∪ EΩ
N .323

324

It is well-known [AO00, Ver13] that %N(·) is reliable and efficient in the sense that325

C−1
rel ‖A

1/2∇(u− uN)‖Ω + oscN ≤ %N(uN) ≤ Ceff

(
‖A1/2∇(u− uN)‖Ω + oscN

)
,(41)326

327

where Crel, Ceff > 0 depend only on d, A, p, and γ-shape regularity of TN.328

The next lemma recalls the discrete reliability estimate which originally goes back329

to [Ste07]. While the proof of [Ste07] relied on the refined elements TN\TM plus one330

additional layer of elements for the localized upper bound, the proof of [CKNS08] involves331

only the refined elements TN\TM. Even though [Ste07, CKNS08] consider an element-332

based formulation of the residual error estimator, their ideas of the proof also yield the333

following slightly stronger estimate for our variant of %N(·) (which is indexed by elements334

and interior facets). While [CKNS08, Lemma 3.6] would also involve non-refined facets335

of refined elements on the right-hand side of (42), we only require refined facets.336

Lemma 6 (discrete reliability of residual error estimator). It holds that337

‖A1/2∇(uM − uN)‖Ω ≤ Cdrl %N
(
(TN\TM) ∪ (EΩ

N \EΩ
M ), uN

)
.(42)338

339

The constant Cdrl > 0 depends only on d, A, and γ-shape regularity of TN.340

Sketch of proof. Recall the (discrete) Galerkin orthogonality341 ∫
Ω

A∇(uM − uN) · ∇vN dx = 0 for all vN ∈ Sp0 (TN).342

343
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For arbitrary vN ∈ Sp0 (TN), define wM := (uM − uN) − vN. The discrete formulation (17)344

for uM proves that345

‖A1/2∇(uM − uN)‖2
Ω =

∫
Ω

A∇(uM − uN) · ∇wM dx
(17)
=

∫
Ω

fwM dx−
∑
T∈TN

∫
T

A∇uN · ∇wM dx.346

347

For T ∈ TN, integration by parts and wM ∈ Sp0 (TM) yield that348

−
∫
T

A∇uN · ∇wM dx =

∫
T

div(A∇uN)wM dx−
∫
∂T\Γ

A∇uN · nwM ds.349

350

Combining these identities, we see that351

‖A1/2∇(uM − uN)‖2
Ω =

∑
T∈TN

∫
T

(f + div(A∇uN))wM dx−
∑
E∈EΩ

N

∫
E

[A∇uN · n]wM ds.(43)352

353

To proceed, we will choose vN = JN(uM − uN), where JN : H1(Ω) → Sp(TN) is a Scott-354

Zhang projector [SZ90]. For the convenience of the reader, we recall the construction of355

JN: Let LN ⊆ Ω be the set of Lagrange nodes of Sp(TN). Let
{
φN,z ∈ Sp(TN) : z ∈ LN

}
356

be the corresponding nodal basis of Sp(TN), i.e., with Kroneckers’s delta, it holds that357

φN,z(z
′) = δzz′ for all z, z′ ∈ LN. If z ∈ LN is on the skeleton

⋃
E∈EN E, choose a facet358

τz := E ∈ EN with z ∈ τz subject to the following constraints (which further specify the359

constraints from [SZ90]):360

• If z ∈ Γ, then choose τz = E ⊂ Γ.361

• If z ∈ E ∈ EΩ
N ∩ EΩ

M , then choose τz = E (which is not necessarily unique).362

• Otherwise, choose an arbitrary τz = E ∈ EΩ
N \EΩ

M with z ∈ E.363

If z is not on the skeleton, then there exists a unique element T ∈ TN such that z lies364

in the interior of τz := T . Consider the nodal basis {φN,z′} restricted to Pp(τz) and let365

{ψN,z′} ⊂ Pp(τz) be the corresponding dual basis, i.e.,
∫
τz
φN,z′ψN,z′′ dx = δz′z′′ for all366

z′, z′′ ∈ τz ∩ LN. Then, the Scott-Zhang projector is defined by367

JNv :=
∑
z∈LN

(∫
τz

vψN,z dx

)
φN,z.368

369

According to [SZ90], JN has the following properties for all w ∈ H1(Ω), all wN ∈ Sp(TN),370

and all T ∈ TN, where ωN(T ) :=
⋃{

T ′ ∈ TN : T ∩ T ′ 6= ∅
}
denotes the element patch:371

• projection property: w = wN on ωN(T ) implies that JNw = wN on T ;372

• preservation of discrete traces: w = wN on Γ implies that JNw = wN on Γ;373

• L2 approximation property: ‖w − JNw‖T . hT ‖∇w‖ωN(T );374

• H1 stability: ‖∇(w − JNw)‖T . ‖∇w‖ωN(T ).375

In addition, our choice of τz yields further structure: Let vM ∈ Sp0 (TM) and z ∈ LN.376

• If z ∈ Γ, it holds that vM|τz = 0 and hence (JNvM)(z) = 0 = vM(z).377

• If τz = E ∈ EΩ
N ∩ EΩ

M , then vM|τz ∈ Pp(τz) and hence (JNvM)(z) = vM(z) by choice378

of the dual basis.379

• Let E ∈ EΩ
N ∩EΩ

M . Suppose that z ∈ E 6= τz. Then, τz ∈ EΩ
N ∩EΩ

M and (JNvM)(z) =380

vM(z) follows from the previous step.381

• If z ∈ τz = T ∈ TN ∩ TM is in the interior of T , then vM|τz ∈ Pp(τz) and hence382

(JNvM)(z) = vM(z) by choice of the dual basis.383
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Overall, this proves that vM−JNvM = 0 on all T ∈ TN ∩TM as well as on all E ∈ EΩ
N ∩EΩ

M .384

For vM := uM − uN and wM := vM − JNvM, we plug this into (43) and observe that385

‖A1/2∇(uM − uN)‖2
Ω =

∑
T∈TN\TM

(f + div(A∇uN))wM dx−
∑

E∈EΩ
N \EΩ

M

∫
E

[A∇uN · n]wM ds.386

387

With the usual arguments (see, e.g., [AO00, Ver13]), this leads to (42). �388

Next, we recall that the error estimator %N(·) depends (locally) Lipschitz continuously389

on the discrete functions. The following result is obtained analogously to [CKNS08,390

Prop. 3.3], where the proof relies only on the trace inequality plus inverse estimates.391

Lemma 7 (local stability of residual error estimator). Let vN, wN ∈ Sp0 (TN). Let392

T, T ′ ∈ TN and E := T ∩ T ′ ∈ EΩ
N . Then, it holds that393

%N(T, vN) ≤ %N(T,wN) + Cstb ‖A1/2∇(vN − wN)‖T ,(44a)394

%N(E, vN) ≤ %N(E,wN) + Cstb ‖A1/2∇(vN − wN)‖T∪T ′ .(44b)395
396

The constant Cstb > 0 depends only on d, A, p, and γ-shape regularity of TN. �397

Remark 8. We note that (44a) is also satisfied if vN, wN ∈ Sp0 (T̂N). In this case the398

constant Cstb > 0 depends additionally on Cson.399

The following lemma is proved along the lines of [FOP10, Prop. 2] and adapts the400

classical efficiency proof by using cleverly chosen bubble functions. We note that the idea401

goes back to the seminal works [Dör96, MNS00].402

Lemma 9 (local discrete efficiency of residual error estimator). Let T, T ′, T ′′ ∈403

TN\TM and E = T ′ ∩ T ′′ ∈ EΩ
N \EΩ

M . Let p ≥ 1. If E contains an interior node z ∈ NM,404

then it holds that405

C−1
eff %N(E, vN) ≤ ‖A1/2∇(uM − vN)‖T ′∪T ′′ + %N({T ′, T ′′}, vN).(45a)406

407

If one of the following cases is satisfied
• d = 2 and p ≥ 2,
• d = 3, p ≥ 2, and each facet of T contains an interior node z ∈ NM,
• T contains an interior node z ∈ NM,

then it holds that408

C−1
eff %N(T, vN) ≤ ‖A1/2∇(uM − vN)‖T + oscN(T ).(45b)409

410

The constant Ceff > 0 depends only on d, A, p, and γ-shape regularity of TN and TM.411

Proof of (45a). Since NVB is a binary refinement rule, there exists a coarsest refinement412

T? ∈ nvb(TN) such that E contains an interior node z ∈ N?\NN. Choose the correspond-413

ing hat function φ?,z ∈ S1
0 (TM) as discrete facet bubble function414

βE := φ?,z ∈ S1
0 (T?) ⊆ S1

0 (TM).(46)415
416
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In particular, βE ∈ H1
0 (T ′∪T ′′) and |supp(βE)| ' |T ′∪T ′′|. Since uN ∈ Pp(TN), a scaling417

argument shows the existence of some rN ∈ Pp−1(T ′ ∪ T ′′) such that418

rN|E = [A∇uN · n]|E and ‖rN‖T ′∪T ′′ . h
1/2
E ‖[A∇uN · n]‖E.419

420

Choose v := rNβE ∈ Pp(TM) and note that v ∈ H1
0 (T ′ ∪ T ′′). Let divN denote the421

TN-piecewise divergence operator. A scaling argument and integration by parts prove422

that423

‖[A∇uN · n]‖2
E . ‖[A∇uN · n] β

1/2
E ‖

2
E =

∫
E

[A∇uN · n] v ds424

=

∫
∂T ′
A∇uN · n v ds+

∫
∂T ′′

A∇uN · n v ds425

=

∫
T ′∪T ′′

A∇uN · ∇v dx+

∫
T ′∪T ′′

divN(A∇uN) v dx.426

427

Since v ∈ Pp(TM) ∩H1
0 (T ′ ∪ T ′′) ⊂ Sp0 (TM), the discrete formulation (17) yields that428

‖[A∇uN · n]‖2
E .

∫
T ′∪T ′′

A∇uN · ∇v dx+

∫
T ′∪T ′′

divN(A∇uN) v dx

(17)
= −

∫
T ′∪T ′′

A∇(uM − uN) · ∇v dx+

∫
T ′∪T ′′

(
f + divN(A∇uN)

)
v dx

≤ ‖A1/2∇(uM − uN)‖T ′∪T ′′ ‖A1/2∇v‖T ′∪T ′′ + ‖f + divN(A∇uN)‖T ′∪T ′′ ‖v‖T ′∪T ′′ .

(47)429

430

With hE ' hT ′ ' hT ′′ , an inverse estimate and 0 ≤ βE ≤ 1 prove that431

hE ‖A1/2∇v‖T ′∪T ′′ . ‖v‖T ′∪T ′′ ≤ ‖rN‖T ′∪T ′′ . h
1/2
E ‖[A∇uN · n]‖E.432

433

This leads to434

%N(E, uN) = h
1/2
E ‖[A∇uN · n]‖E . ‖A1/2∇(uM − uN)‖T ′∪T ′′ + hE ‖f + divN(A∇uN)‖T ′∪T ′′435436

and concludes the proof. �437

Proof of (45b). The proof is split into three steps.438

Step 1. First, we consider d = 2 and p ≥ 2. Since NVB is a binary refinement439

rule, there exists a coarsest refinement T? ∈ nvb(TN), where T is only bisected once into440

triangles T1, T2 ∈ T?, i.e., there exists E = conv{z1, z2} ∈ E? which bisects the interior441

of T , such that z1 ∈ NN ⊂ NM and z2 ∈ N?\NN ⊆ NM\NN. With the corresponding hat442

functions φ?,j ∈ P1({T1, T2}), define the discrete bubble function443

βT =
2∏
j=1

φ?,j ∈ P2({T1, T2}) ∩H1
0 (T ) ⊂ S2

0 (TM) with supp(βT ) = T ;(48)444

445

we note that βT is, in fact, the “classical” edge bubble for the new edge E. Recall that ΠN is446

the L2(Ω)-orthogonal projection onto Pmax{0,p−2}(TN). Let qN := ΠN(f + divN(A∇uN)) =447

ΠNf + divN(A∇uN) ∈ Pmax{0,p−2}(TN), where divN is the TN-piecewise divergence and448

hence divN(A∇uN) ∈ Pmax{0,p−2}(TN). Define v := qNβT ∈ H1
0 (T ) ∩ Smax{0,p−2}+2

0 (TM). A449

scaling argument proves that450

‖qN‖2
T ' ‖qNβ

1/2
T ‖

2
T =

∫
T

(
qN − (f + div(A∇uN))

)
v dx+

∫
T

(f + div(A∇uN)) v dx.451

452
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The first integral is estimated by453 ∫
T

(
qN − (f + div(A∇uN))

)
v dx ≤ ‖qN − (f + div(A∇uN))‖T ‖v‖T = ‖(1− ΠN)f‖T ‖v‖T .454

455

For the second integral, integration by parts and v ∈ H1
0 (T ) prove that456 ∫

T

(f + div(A∇uN)) v dx =

∫
T

fv dx−
∫
T

A∇uN · ∇v dx.457

458

Since p ≥ 2, it holds that v ∈ H1
0 (T ) ∩ Sp0 (TM). Therefore,459 ∫

T

(f + div(A∇uN)) v dx
(17)
=

∫
T

A∇(uM − uN) · ∇v dx

≤ ‖A1/2∇(uM − uN)‖T ‖A1/2∇v‖T .
(49)460

461

An inverse estimate and 0 ≤ βT ≤ 1 prove that hT ‖A1/2∇v‖T . ‖v‖T ≤ ‖qN‖T . Hence,462

hT ‖qN‖T . hT ‖(1− ΠN)f‖T + ‖A1/2∇(uM − uN)‖T .463
464

The triangle inequality and f + div(A∇uN)− qN = (1− ΠN)f yield that465

%N(T, vN) = hT ‖f + div(A∇uN)‖T ≤ hT ‖(1− ΠN)f‖T + hT ‖qN‖T .466
467

Combining the last two estimates, we prove (45b) for p ≥ 2.468

Step 2. For d = 3 and p ≥ 2, we suppose that each facet of T contains an interior node.469

Since NVB is a binary refinement rule, there exists a coarsest refinement T? ∈ nvb(TN)470

with this property. Then, T is refined as depicted in Figure 3. Consider the product471

of hat functions for the highlighted nodes 1
2
(1

2
(zπ(1) + zπ(4)) + zπ(3)) and 1

2
(zπ(2) + zπ(3))472

of Figure 3. This provides a discrete element bubble function βT ∈ P2({T}) ∩ H1
0 (T ).473

Arguing as in Step 1, we conclude (45b).474

Step 3. Finally, suppose that d ≥ 2, p ≥ 1, and T contains an interior node z ∈ NM.475

Since NVB is a binary refinement rule, there exists a coarsest refinement T? ∈ nvb(TN)476

such that T contains an interior node z ∈ N?. In particular, the corresponding hat477

function βT := φ?,z ∈ S1
0 (T?) ⊆ S1

0 (TM) satisfies that supp(βT ) ⊆ T and |supp(βT )| ' |T |,478

and may thus serve as an element bubble function. Arguing along the lines of Step 1, we479

conclude (45b). �480

4. Proof of Theorem 4481

4.1. Proof of efficiency and reliability (31). Recall the different estimators482

from (28). The proof is split into several steps.483

Step 1. We recall that the residual error estimator (40) satisfies that484

‖A1/2∇(u− u•)‖Ω + osc•
(41)
' %•(u•) ' %•(E•, u•) + %•(T•, u•).(50)485

486

Moreover, the stability from Remark 8 implies that487

‖A1/2∇(û• − u•)‖Ω + %•(T•) ' ‖A1/2∇(û• − u•)‖Ω + res•(T•, û•).(51)488
489

Step 2. According to (26), it holds that490

λ•(û•) ≤ ‖A1/2∇(û• − u•)‖Ω ≤ ‖A1/2∇(u− u•)‖Ω.491
492

May 2, 2018 14



Moreover, it holds that493

res•(T•, û•)2
(51)
. ‖A1/2∇(û• − u•)‖2

Ω + %•(T•)2
(50)
. ‖A1/2∇(u− u•)‖2

Ω + osc2
•.494

495

In any case (cf. (28)), the estimator equivalence (25) proves efficiency

η(û•)
2 . ‖A1/2∇(u− u•)‖2

Ω + osc2
•.

Step 3. Recall that the refinement employed in Algorithm 3 satisfies (M3). Therefore,496

Lemma 9 implies that497

%•(E•) . ‖A1/2∇(û• − u•)‖Ω + %•(T•).498
499

Hence, we are led to500

‖A1/2∇(u− u•)‖Ω + osc•
(50)
' %•(E•) + %•(T•) . ‖A1/2∇(û• − u•)‖Ω + %•(T•).(52)501

502

In the first and fourth case of (28), the equivalence (25) of the (h − h/2)-type error503

estimators shows that η•(û•) ' ‖A1/2∇(û• − u•)‖Ω + res•(T•, û•). This yields that504

‖A1/2∇(û• − u•)‖Ω + %•(T•)
(51)
' ‖A1/2∇(û• − u•)‖Ω + res•(T•, û•) ' η•(û•).505

506

In the other cases of (28), the equivalence (25) shows that η•(û•) ' ‖A1/2∇(û•−u•)‖Ω +507

osc•. We recall that according to (28), it holds that either p ≥ 2 or that the refinement508

ensures (M3’). Therefore, Lemma 9 implies again that509

%•(T•) . ‖A1/2∇(û• − u•)‖Ω + osc•.510
511

Then, we are led to512

‖A1/2∇(û• − u•)‖Ω + %(T•) . ‖A1/2∇(û• − u•)‖Ω + osc• ' η(û•).513
514

In any case, this proves that

‖A1/2∇(u− u•)‖2
Ω + osc2

• . η(û•)
2.

This concludes the proof. �515

4.2. Proof of (33)–(34). In the following, we verify that the λ•-based error esti-516

mators η• from (28) satisfy the axioms of adaptivity from [CFPP14]. To prove linear517

convergence with optimal rates for the µ•-based error estimators, we then exploit the518

local equivalence (24). We stress that unlike the various a posteriori error estimators519

in [KS11, CFPP14], the (h − h/2)-type estimators η• are not locally equivalent to the520

residual error estimator. Throughout, let T• ∈ nvb(T0).521

Lemma 10 (local stability of λ•(·)). Let T◦ ∈ nvb(T•). For all v̂• ∈ Sp0 (T̂•) and all522

v̂◦ ∈ Sp0 (T̂◦), it holds that523

|λ◦(T, v̂◦)− λ•(T, v̂•)| ≤ ‖A1/2∇(v̂◦ − v̂•)‖T for all T ∈ T• ∩ T◦.(53)524
525

In particular, this implies that526

|λ◦(T• ∩ T◦, v̂◦)− λ•(T• ∩ T◦, v̂•)| ≤ ‖A1/2∇(v̂◦ − v̂•)‖⋃(T•∩T◦).(54)527
528

Further, there exists Cstb > 0 such that the λ•-based estimators η• from (28) satisfy that529

|η◦(S, v̂◦)− η•(S, v̂•)| ≤ Cstb‖A1/2∇(v̂◦ − v̂•)‖⋃S for all S ⊆ T• ∩ T◦.(55)530
531
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The constant Cstb depends only on d, A, p, Cson, and shape-regularity of T0.532

Proof. We prove the lemma in two steps.533

Step 1. Note that π◦ and π• coincide on T . The triangle inequality thus proves that534

λ◦(T, v̂◦) = ‖(1− π•)A1/2∇v̂◦‖T ≤ λ•(T, v̂•) + ‖(1− π•)A1/2∇(v̂◦ − v̂•)‖T .535
536

The same argument shows that537

λ•(T, v̂•) = ‖(1− π•)A1/2∇v̂•‖T ≤ λ◦(T, v̂◦) + ‖(1− π•)A1/2∇(v̂◦ − v̂•)‖T .538
539

Together with ‖(1 − π•)A1/2∇(v̂◦ − v̂•)‖T ≤ ‖A1/2∇(v̂◦ − v̂•)‖T , we conclude the proof540

of (53), which immediately yields (54).541

Step 2. If η•(v̂•)2 = λ•(v̂•)
2+osc2

•, (55) follows from Step 1 and the fact that osc◦(T ) =542

osc•(T ) for all T ∈ T• ∩ T◦. If η•(v̂•)2 = λ•(v̂•)
2 + res•(v̂•)

2, we note that res•(T, v̂•) =543

res◦(T, v̂•) for all T ∈ T• ∩ T◦. Therefore, (55) follows from Step 1 and Remark 8 with544

TN = T◦. �545

Lemma 11 (local reduction of λ•(·)). Let M• ⊆ T• and T◦ ∈ nvb(TM) with TM =546

refine(T•,M•). For all v̂• ∈ Sp0 (T̂•), it holds that547

λ◦(
{
T ′ ∈ T◦ : T ′ ⊂ T

}
, v̂•) = 0 for all T ∈M•.(56)548

549

In particular, this implies that550

λ◦
({
T ′ ∈ T◦ : T ′ ⊂

⋃
M•

}
, v̂◦
)
≤ ‖A1/2∇(v̂◦ − v̂•)‖⋃M• .(57)551

552

Further, there exist constants 0 < qred < 1 and Cred > 0 such that the λ•-based estimators553

η• from (28) satisfy that554

η◦
({
T ′ ∈ T◦ : T ′ ⊂

⋃
M•

}
, v̂◦
)
≤ qred η•(M•, v̂•) + Cred ‖A1/2∇(v̂◦ − v̂•)‖⋃M• .(58)555

556

The constant qred depends only on d, while Cred depends additionally on A, p, Cson, and557

shape-regularity of T0.558

Proof. We prove the lemma in two steps.559

Step 1. Recall that NVB is a binary refinement rule. Therefore, T ∈ M• and560

(M2) imply that T◦|T :=
{
T ′ ∈ T◦ : T ′ ⊂ T

}
is finer than T̂•|T = TM|T . This proves that561

‖(1−π◦)A1/2∇v̂•‖T = 0 and hence (56). The triangle inequality, the fact that orthogonal562

projections have operator norm one, and the Young inequality prove for all δ > 0 that563

λ◦
({
T ′ ∈ T◦ : T ′ ⊂

⋃
M•

}
, v̂◦
)2

564

≤ (1 + δ−1)λ◦
({
T ′ ∈ T◦ : T ′ ⊂

⋃
M•

}
, v̂•
)2

+ (1 + δ) ‖(1− π◦)A1/2∇(v̂◦ − v̂•)‖2⋃
M•565

(56)
≤ (1 + δ) ‖A1/2∇(v̂◦ − v̂•)‖2⋃

M• .566
567

With δ → 0, this concludes the proof of (57).568

Step 2. Since ‖(1− π◦)(·)‖T ≤ ‖(1− π•)(·)‖T for all T ∈ T• and each marked element569

is bisected at least once, we have that570

osc◦
({
T ′ ∈ T◦ : T ′ ⊂

⋃
M•

})
≤ 2−1/d osc•(M•).(59)571

572
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Moreover, Remark 8 with the fact that each marked element is bisected at least once573

yields that574

res◦
({
T ′ ∈ T◦ : T ′ ⊂

⋃
M•

}
, v̂◦
)
≤ 2−1/d res•(M•, v̂•)

+ C ‖A1/2∇(v̂◦ − v̂•)‖⋃M• .(60)575

576

Together with Step 1 and the Young inequality, (59) and (60) conclude the proof. �577

Lemma 12 (discrete reliability of η•(·)). There exists Cdrl > 0 such that578

‖A1/2∇(û◦ − û•)‖Ω ≤ Cdrl η•(T•\T◦, û•) for all T◦ ∈ nvb(T•).(61)579
580

The constant Cdrl depends only on A, p ≥ 1, and γ-shape regularity of T0. �581

Proof. Due to the local equivalence (24), it suffices to consider the µ•-based estimators582

from (28). The proof is split into three steps.583

Step 1. Let v• := I•(û•) ∈ Sp0 (T•). We apply the discrete reliability (42) of the584

residual error estimator for TM = T̂◦ and TN = T̂•. Together with (local) stability (44) of585

the residual error estimator, this proves that586

‖A1/2∇(û◦ − û•)‖Ω

(42)
. %̂•

(
(T̂•\T̂◦) ∪ (ÊΩ

• \ÊΩ
◦ ), û•

)
587

(44)
. %̂•

(
(T̂•\T̂◦) ∪ (ÊΩ

• \ÊΩ
◦ ), v•

)
+ ‖A1/2∇(û• − v•)‖⋃(T̂•\T̂◦),588

589

since the patch of a refined facet Ê ∈ ÊΩ
• \ ÊΩ

◦ belongs to T̂• \ T̂◦. Next, we show that590 ⋃
(T̂•\T̂◦) ⊆

⋃
(T•\T◦). Let T̂ ∈ T̂•\T̂◦ and T ∈ T• be the unique father element, i.e.,591

T̂ ⊂ T . If T ∈ T◦, then (M2) implies that T̂ ∈ T̂◦, which contradicts the assumption592

T̂ 6∈ T̂◦. This concludes the desired inclusion. Since the local weights of the residual error593

estimator are decreasing for (uniform) mesh-refinement, this yields that594

%̂•(T̂•\T̂◦, v•) ≤ %•(T•\T◦, v•).595
596

According to the discrete efficiency (45a) of the residual error estimator for TM = T̂◦ and597

TN = T̂•, it holds that598

%̂•(ÊΩ
• \ÊΩ

◦ , v•) . ‖A1/2∇(û• − v•)‖⋃(T̂•\T̂◦) + %̂•(T̂•\T̂◦, v•).599
600

Combining the last three estimates and using that
⋃

(T̂•\T̂◦) ⊆
⋃

(T•\T◦), we are led to601

‖A1/2∇(û◦ − û•)‖Ω . %•(T•\T◦, v•) + ‖A1/2∇(û• − v•)‖⋃(T•\T◦).(62)602
603

Step 2. For arbitrary p ≥ 1, we may use stability (44) of the residual error estimator604

to see that605

%•(T•\T◦, v•) ' %̂•
({
T̂ ′ ∈ T̂• : T̂ ′ ⊆

⋃
(T• \ T◦)

}
, v•
)

606

(44)
. %̂•

({
T̂ ′ ∈ T̂• : T̂ ′ ⊆

⋃
(T• \ T◦)

}
, û•
)

+ ‖A1/2∇(û• − v•)‖⋃(T•\T◦)607

' res•(T•\T◦, û•) + ‖A1/2∇(û• − v•)‖⋃(T•\T◦).608
609

Combining this with (62) and the definition of µ•(T•\T◦, û•), we prove (61) for η2
• =610

µ2
• + res2

•.611
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Step 3. If p ≥ 2 or if the refinement ensures (M3’), we use the discrete efficiency (45b)612

of the residual error estimator for TM = T̂• and TN = T• to see that613

%•(T•\T◦, v•) . ‖A1/2∇(û• − v•)‖⋃(T•\T◦) + osc•(T•\T◦).614
615

Combining this with (62), we prove (61) for η2
• = µ2

• + osc2
•. �616

Lemma 13 (general quasi-orthogonality for η•(·)). Consider Algorithm 3 with η•617

from (28). Then, it holds that618

∞∑
j=`

‖A1/2∇(ûj+1 − ûj)‖2
Ω ≤ C2

rel η`(û`)
2 for all ` ∈ N0,(63)619

620

where Crel > 0 is the reliability constant from (31).621

Proof. For T◦ ∈ refine(T•), there holds the Pythagoras identity622

‖A1/2∇(u− û◦)‖2
Ω + ‖A1/2∇(û◦ − û•)‖2

Ω = ‖A1/2∇(u− û•)‖2
Ω.623

624

Applying this for T◦ = Tj+1 and T• = Tj, we are led to625

N∑
j=`

‖A1/2∇(ûj+1 − ûj)‖2
Ω =

N∑
j=`

(
‖A1/2∇(u− ûj)‖2

Ω − ‖A1/2∇(u− ûj+1)‖2
Ω

)
626

= ‖A1/2∇(u− û`)‖2
Ω − ‖A1/2∇(u− ûN+1)‖2

Ω627

≤ ‖A1/2∇(u− û`)‖2
Ω.628

629

According to the Pythagoras theorem (19) and reliability (31), last term satisfies that630

‖A1/2∇(u− û`)‖2
Ω ≤ ‖A1/2∇(u− u`)‖2

Ω ≤ C2
rel η`(û`)

2.(64)631
632

As N →∞, we conclude the proof. �633

Proof of (33)–(34). We prove the assertion in three steps.634

Step 1: First, we consider only the λ•-based estimators from (28). With S`+1,` :=635 {
T ′ ∈ T`+1 : T ′ 6⊂

⋃
M`

}
being the sons of the non-marked elements, it holds that636

η`+1(û`+1)2 = η`+1(S`+1,`, û`+1)2 + η`+1(T`+1 \ S`+1,`, û`+1)2.637
638

Stability (55) with T• = T◦ = T`+1, reduction (58) with T• = T` and T◦ = T`+1, and the639

Young inequality show for arbitrary δ > 0 that640

η`+1(û`+1)2 ≤ (1 + δ)
(
η`+1(S`+1,`, û`)

2 + q2
red η`(M`, û`)

2
)

641

+ (1 + δ−1)(C2
stb + C2

red)‖A1/2∇(û`+1 − û`)‖2
Ω.642

643

Due to the facts that h`+1 ≤ h` and ‖(1 − π`+1)(·)‖T ≤ ‖(1 − π`)(·)‖T for all T ∈ T`+1,644

we have that645

η`+1(S`+1,`, û`)
2 ≤ η`(T` \M`, û`)

2 = η`(û`)
2 − η`(M`, û`)

2.(65)646
647

Together with the Dörfler marking in Algorithm 3 (iii), we derive the estimator reduction648

η`+1(û`+1)2 ≤ (1 + δ)
(
1− (1− q2

red)θ
)
η`(û`)

2

+ (1 + δ−1)(C2
stb + C2

red) ‖A1/2∇(û`+1 − û`)‖2
Ω.

(66)649

650
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According to [CFPP14, Prop. 4.10], general quasi-orthogonality (63), reliability (64),651

and estimator reduction (66) yield linear convergence (33) for the λ•-based estimators652

from (28).653

Step 2: Again, we only consider the λ•-based estimators from (28). The first inequality654

in (34) follows immediately from (38) and (39). We prove the second inequality. Similarly655

as in (65), one shows that η◦(T◦, û◦) . η•(T•, û•) + ‖A1/2∇(û◦ − û•)‖Ω for arbitrary656

T• ∈ nvb(T0) and T◦ ∈ nvb(T•). Then, discrete reliability (61) immediately implies657

quasi-monotonicity658

η◦(û◦) . η•(û•).(67)659
660

Altogether, stability (55), discrete reliability (61), quasi-monotonicity (67), and the over-661

lay estimate [CKNS08, Eq. (2.2)] for nvb(·) allow to apply optimality of Dörfler marking662

[CFPP14, Prop. 4.12] and the comparison lemma [CFPP14, Lem. 4.14], which show the663

following: There exists a constant 0 < θλopt < 1 such that for 0 < θ < θλopt, s > 0, and all664

meshes T•, there exists a refinement T̃• ∈ nvb(T•) such that665

θ η•(û•)
2 ≤ η•(T• \ T̃•, û•)2,(68a)666

#T̃• −#T• . ‖u‖1/s

Aηs
η•(û•)

−1/s.(68b)667
668

For 0 < θ < θλopt, and arbitrary ` ∈ N with T` 6= T0, the closure estimate [CKNS08,669

Section 2.6] for refine(·), and minimality of the set of marked elementsM` yield that670

#T` −#T0 + 1 . #T` −#T0 .
`−1∑
j=0

#Mj671

(68a)
≤

`−1∑
j=0

#(Tj \ T̃j) ≤
`−1∑
j=0

(#T̃j −#Tj)
(68b)
. ‖u‖1/s

Aηs

`−1∑
j=0

ηj(ûj)
−1/s.672

673

With the linear convergence (33), one can elementarily show that674

`−1∑
j=0

ηj(ûj)
−1/s . η`(û`)

−1/s;675

676

see, e.g., [CFPP14, Lemma 4.9]. Since η0(û0) ≤ ‖u‖Aηs , this concludes (34) for the λ•-677

based estimators from (28).678

Step 3: Finally, we consider the µ•-based estimators from (28). Recall the local679

equivalence of λ• and µ• which immediately transfers to the corresponding estimators680

from (28). Hence, µ•-based Dörfler marking θη•(û•) ≤ η•(M•, û•) with parameter θ and681

marked elements M• implies λ•-based Dörfler marking with parameter C−1
hh2 θ and the682

same marked elementsM• for the corresponding λ•-based estimator and vice versa.683

Therefore, µ•-based Dörfler marking implies linear convergence of the corresponding684

λ•-based estimator and by equivalence also linear convergence of the µ•-based estimator.685

Moreover, for sufficiently small θ, the λ•-based estimator converges with optimal algebraic686

rates and hence does the µ•-based estimator. Details are left to the reader. �687
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5. Numerical experiments688

In this section, we present three examples in two dimensions to empirically verify our689

theoretical results. For all examples we choose the L-shaped domain690

Ω = (−1, 1)2\
(
[0, 1]× [−1, 0]

)
.(69)691

692

The uniform initial mesh T0 consists of 12 triangles. We run Algorithm 3 either with θ = 1693

for uniform refinement or with θ = 0.5 for adaptive refinement based on the indicator694

η•(T, û•)
2 := λ•(T, û•)

2 + osc•(T )2(70)695
696

from (28). We consider the model problem (1) with A = I, where we now allow in-697

homogeneous Dirichlet conditions. In our examples, we replace the Dirichlet data by698

its nodal interpolant for the numerical calculations. In all figures, we plot the error699 (
‖∇(u− u•)‖2

Ω + osc2
•
)1/2 (if available) as well as the overall error estimators700

λ′• :=

(∑
T∈T•

[
λ•(T, û•)

2 + res•(T, û•)
2
])1/2

, λ′′• :=

(∑
T∈T•

[
λ•(T, û•)

2 + osc•(T )2
])1/2

,701

µ′• :=

(∑
T∈T•

[
µ•(T, û•)

2 + res•(T, û•)
2
])1/2

, µ′′• :=

(∑
T∈T•

[
µ•(T, û•)

2 + osc•(T )2
])1/2

702

703

for uniform (unif.) and adaptive (adap.) refinement with respect to the number of704

elements N of T•. We use either three or five bisections for refinement of a marked705

element; cf. Figure 1. This guarantees (M3) or (M3’). Although the configuration p = 1706

and (M3) with the chosen indicator (70) is not covered by our theory (cf. the table707

from (28)), we also present the corresponding convergence plots in Figure 4(a), 8(a),708

and 10(a). Note that for uniform refinement with (M3), the convergence order O(N−s)709

with s > 0 corresponds to O(h2s), where h := maxT∈T• hT . This does not hold for uniform710

refinement with (M3’), since one refinement step leads to element sons of different levels.711

In particular, the uniform convergence rate seem to be slightly worse than expected.712

However, plotted over the maximal mesh-size h, one obtains the expected rates (not713

displayed).714

5.1. Experiment with known smooth solution. We prescribe the exact solution715

u(x1, x2) = (1− 10x2
1 − 10x2

2)e−5(x2
1+x2

2) with x = (x1, x2) ∈ R2.(71)716
717

This also defines inhomogeneous Dirichlet conditions and the right-hand side f is cal-718

culated appropriately. Since u is smooth, uniform as well as adaptive mesh refinement719

with (M3) or (M3’) lead to optimal convergence behavior of O(N−1/2) and O(N−1) for720

S1-FEM and S2-FEM, respectively; see Figure 4 for (M3) and Figure 5 for (M3’). In721

Figure 6 and Figure 7, we consider corresponding reliability and efficiency indices for722

adaptive refinement, which empirically confirm Remark 5 (i) and (ii) (for inhomogeneous723

Dirichlet conditions). Note that Cson = 4 for (M3) and Cson = 6 for (M3’).724

5.2. Experiment with known solution with generic singularity. We prescribe725

the exact solution in polar coordinates by726

u(x1, x2) = r2/3 sin(2ϕ/3) with r ∈ [0,∞), ϕ ∈ [0, 2π).(72)727
728
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(b) S2-FEM with (M3).

Figure 4. Experiment from Section 5.1 with known smooth solution. We
use the (minimal) refinement with (M3) for both, uniform and adaptive
refinement.
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(a) S1-FEM with (M3’).
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(b) S2-FEM with (M3’).

Figure 5. Experiment from Section 5.1 with known smooth solution. We
use the (minimal) refinement with (M3’) for both, uniform and adaptive
refinement.

Hence, f = 0 and the solution defines inhomogeneous Dirichlet conditions. Furthermore,729

osc• = 0 and for S1-FEM even res• = 0. This implies that λ′• = λ′′• and µ′• = µ′′• for S1-730

FEM. It is well known that u has a generic singularity at the reentrant corner (0, 0), which731

leads to reduced regularity u ∈ H1+2/3−ε(Ω) for all ε > 0. According to approximation732

theory we therefore get a reduced convergence order O(N−1/3) for uniform refinement733

(M3) which is indeed observed in Figure 8. Our adaptive Algorithm 3 recovers the734

optimal convergence rates for S1-FEM and S2-FEM, which are plotted in Figure 8 for735

(M3) and Figure 9 for (M3’). Hence, these figures also verify Theorem 4. In Figure 6736
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(a) S1-FEM.
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Figure 6. Reliability index (‖∇(u−u•)‖2
Ω + osc2

•)
1/2/µ′′• (upper half) and

efficiency index λ′′•/(‖∇(u − u•)‖2
Ω + osc2

•)
1/2 (lower half) for the example

(Ex. 1) in Section 5.1 and for the example (Ex. 2) in Section 5.2, and for
adaptive refinement with (M3) and (M3’). The (asymptotic) upper bounds
for the reliability indices predicted in Remark 5 are highlighted with dashed
black lines.
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(b) S2-FEM

Figure 7. Reliability index ‖∇(u − u•)‖Ω/µ•(û•) (upper half) and effi-
ciency index λ•(û•)/‖∇(u − u•)‖Ω (lower half) for the example (Ex. 1) in
Section 5.1 and for the example (Ex. 2) in Section 5.2, and for adaptive
refinement with (M3) and (M3’). The (asymptotic) upper bounds for the
reliability indices predicted in Remark 5 are highlighted with dashed black
lines.
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(a) S1-FEM with (M3).

101 102 103 104 105 106 107
10−7

10−6

10−5

10−4

10−3

10−2

10−1

100

1

-1/3

1

−1

# elements

er
ro
r
an

d
er
ro
r
es
ti
m
at
or

λ′• (unif.)
λ′′• (unif.)
µ′• (unif.)
µ′′• (unif.)(
‖∇(u− u•)‖2Ω + osc2

•
)1/2 (unif.)

λ′• (adap.)
λ′′• (adap.)
µ′• (adap.)
µ′′• (adap.)(
‖∇(u− u•)‖2Ω + osc2

•
)1/2 (adap.)

(b) S2-FEM with (M3).

Figure 8. Experiment from Section 5.2 with known solution with generic
singularity. We use the (minimal) refinement with (M3) for both, uniform
and adaptive refinement.
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(b) S2-FEM with (M3’).

Figure 9. Experiment from Section 5.2 with known solution with generic
singularity. We use the (minimal) refinement with (M3’) for both, uniform
and adaptive refinement.

and Figure 7, we consider corresponding reliability and efficiency indices for adaptive737

refinement, which empirically confirm Remark 5 (i) and (ii) (for inhomogeneous Dirichlet738

conditions). Note that Cson = 4 for (M3) and Cson = 6 for (M3’).739

5.3. Experiment with unknown solution with generic singularity. For this740

example we define f = 1 in Ω and u = 0 on Γ. The solution is unknown. Therefore, we741

only plot the estimators in Figure 10 for (M3) and in Figure 11 for (M3’). All estimators742
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(b) S2-FEM with (M3).

Figure 10. Experiment from Section 5.3 with unknown solution with
generic singularity. We use the (minimal) refinement with (M3) for both,
uniform and adaptive refinement.
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(b) S2-FEM with (M3’).

Figure 11. Experiment from Section 5.3 with unknown solution with
generic singularity. We use the (minimal) refinement with (M3’) for both,
uniform and adaptive refinement.

are efficient and reliable. Hence, the convergence rate of our numerical solution is observed743

by the asymptotics of the estimators. As in Example 5.2, uniform mesh refinement leads744

to a suboptimal convergence rate, whereas Algorithm 3 reproduces the optimal rates by745

adaptive mesh refinement.746
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