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matched layer discretizations of Helmholtz

scattering and resonance problems∗

Martin Halla†

May 27, 2015

Abstract

The analysis of discrete PML approximations is usually split into an
analysis of the modeling error, i.e. the truncation of the PM layer,
and an analysis of the discretization of the truncated problem. We
point out how PML discretizations can be understood as conform-
ing Galerkin discretizations, which allows to apply standard litera-
ture. Thus we present a new proof of convergence for radial PML
discretizations of Helmholtz scattering and resonance problems. We
also derive previously unknown error estimates for the approximation
of resonances. In particular we achieve exponential convergence rates
with respect to the width of the (perfectly matched) layer.

1 Introduction

The numerical treatment of wave-equations posed on unbounded domains
is a challenging task. Since the introduction of perfectly matched layers by
Berenger [1] to reduce unbounded domains to bounded ones, the technique
became widely spread. The method was soon recognized as a complex scaling
technique [3], which allowed to construct perfectly matched layers based on
cylindrical and spherical coordinate systems [4]. An analysis of radial PML
methods in the setting of time-harmonic acoustics was given in [2] for scat-
tering and in [11] for resonance problems. The analysis therein follows the
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widespread technique first to compare the truncated problem to the original
problem and secondly to compare the discretization of the truncated problem
to the continuous truncated problem. In this paper we present a different
analysis for the above problems, which recognizes the discretized truncated
problems as conforming Galerkin approximations of the original problem.
Thus we achieve essentially the same results as in [2, 11] for the Helmholtz
equation, but with a much easier analysis and a bit stronger result on the
approximation of resonances.

The paper is structured as follows. In Section 2 we introduce the investi-
gated problem and derive a variational formulation as in [2, 11]. In Section 3
we emphasize our point of view on the interpretation of PML discretizations.
This allows us to exploit the structure “coercive+compact perturbation to
directly obtain our results.

2 Variational Formulation

Let K ⊂ R3 be a compact set, such that Ω := R3 \K is a Lipschitz domain.
In this paper we are concerned with the scattering problem to find for given
boundary datum g ∈ H−1/2(∂Ω) and given frequency ω > 0 a function
u ∈ H1

loc(Ω) such that

−∆u− ω2u = 0 in Ω, (1a)

∂nu = g at ∂Ω, (1b)

u is outgoing, (1c)

and the resonance problem to find (ω, u) ∈ {z ∈ C : <(z) > 0}×H1
loc(Ω)\{0}

such that

−∆u− ω2u = 0 in Ω, (2a)

∂nu = 0 at ∂Ω, (2b)

u is outgoing. (2c)

With “u outgoing” we thereby man that outside a ball containing K, u
admits a representation

u(x) =
∞∑
l=0

Ml∑
m=0

αl,mh
(1)
l (ω|x|)Yl,m

(
|x|−1x

)
(3)

where h
(1)
l are spherical Hankel functions of the first kind, Yl,m are spherical

harmonics and αl,m ∈ C. We follow [2] to derive complex scaled formulations
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of the above equations. For R > 0 let BR := {x ∈ R3 : |x| < R}. Let R1 > 0
be such that K ⊂ BR1 and R2 > R1. Then we define the interior, transitional
and exterior domains as

Ωint := Ω ∩BR1 , Ωtrans := BR2 \BR1 , Ωext := R3 \BR2 . (4)

We assume a profile function rα̃(r) to be given, such that α0 > 0 and α̃ ∈
C2(R+) satisfies

α̃(r) = 0 for 0 < r < R1, (5a)

α̃′(r) > 0 for R1 < r < R2, (5b)

α̃(r) = α0 for R2 < r. (5c)

We define the complex scaled variable r̃ as

r̃(r) := rd̃(r), d̃(r) := 1 + iα̃(r), (6)

and the quantities

α(r) := α̃(r) + rα̃′(r), d(r) := 1 + iα(r), d0 := 1 + iα0, (7)

such that r̃′(r) = d(r). Since solutions to (1) or (2) admit a representa-
tion (3), using polar coordinates (r, θ, φ) we can define for such u the scaled
function ũ as

ũ(x(r, θ, φ)) := u(x(r̃(r), θ, φ)). (8)

If u is a solution to (1) or (2) and =(d0ω) > 0, then ũ solves

−∆̃ũ− ω2ũ = 0 in Ω, (9a)

∂nũ = g at ∂Ω, (9b)

ũ ∈ H1(Ω), (9c)

where

∆̃v :=
1

d̃2dr2
∂r

( d̃2r2

d
∂rv
)

+
1

d̃2r2 sin θ
∂θ(sin θ∂θv) +

1

d̃2r2 sin2 θ
∂φ∂φv, (10)

and g = 0 in the case of the resonance problem. Vice-versa, if ũ solves (9),
then u(x(r, θ, φ)) = ũ(x(r̃−1(r), θ, φ)) solves (1) resp. (2), see [11][Thm. 2.3].
Multiplying (9a) with d̃2 and testing with v ∈ H1(Ω) yields

A(ω; ũ, v) =

∫
∂Ω

vg ds (11)
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for all v ∈ H1(Ω), where the sesquilinear form A is defined as

A(ω;u, v) :=

〈
d̃2

d
∂ru, ∂r

(
v

d

)〉
L2(Ω)

+

〈
1

r2
∂θu, ∂θv

〉
L2(Ω)

+

〈
1

r2 sin2 θ
∂φu, ∂φv

〉
L2(Ω)

− ω2

〈
d̃2u, v

〉
L2(Ω)

.

(12)

It is straight forward to see that A(ω; •, •) is bounded on H1(Ω)2. Moreover,
as done in [2] A can be decomposed as A = B+K with bounded sesquilinear
forms

B(ω;u, v) :=

〈
d̃2

d2
∂ru, ∂rv

〉
L2(Ω)

+

〈
1

r2
∂θu, ∂θv

〉
L2(Ω)

+

〈
1

r2 sin2 θ
∂φu, ∂φv

〉
L2(Ω)

− ω2d2
0

〈
u, v

〉
L2(Ω)

(13)

and

K(ω;u, v) := −
〈
d̃2d′

d3
∂ru, v

〉
L2(Ω)

− ω2

〈
(d̃2 − d2

0)u, v

〉
L2(Ω)

. (14)

Let A(ω),B(ω),K(ω) and f be the H1(Ω)-Riesz representations of A(ω; •, •),
B(ω; •, •), K(ω; •, •) and the semi-linear form which involves g. Let arg z be
the argument of a complex number z ∈ C\{0} taking values in (−π, π). Since

arg d̃2

d2 ∈ [c, 0] with a c ∈ (−π, 0), B(ω) is coercive, for all ω ∈ C \ {0} satis-
fying argω2d2

0 ∈ (−π,−c), i.e. |〈B(ω)u, u〉H1(Ω)| ≥ c‖u‖2
H1(Ω) for some c > 0

and all u ∈ H1(Ω). In particular, this holds for argω ∈ (arg d−1
0 , arg id−1

0 ).
As d′ and d̃2−d2

0 vanish in Ωext, K(ω) is compact due to the compact Sobolev
embedding H1(Ω \ Ωext) ↪→ L2(Ω \ Ωext) for arbitrary ω. Variational Equa-
tion (11) can thus be written in operator form

A(ω)u = f. (15)

with A(ω) = B(ω) + K(ω), coercive B(ω) and compact K(ω).

3 Convergence Analysis

Since ũ is exponentially decaying in r Equation (9)/(11)/(15) is usually ap-
proximated in the following way. A bounded Lipschitz domain Ωtrunc with
Ωint∪Ωtrans ⊂ Ωtrunc ⊂ Ω is chosen. This domain is supplemented with either
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a homogeneous Dirichlet or a homogeneous Neumann boundary condition at
∂Ωtrunc \ ∂Ω. This gives the problem to find ũt ∈ H1(Ωtrunc) such that

−∆̃ut − ω2ut = 0 in Ωtrunc, (16a)

∂nut = g at ∂Ωtrunc ∩ ∂Ω, (16b)

ut (resp. ∂nut) = 0 at ∂Ωtrunc \ ∂Ω. (16c)

The weak formulation of Equation (16) is then discretized with a finite ele-
ment method, which gives a discrete solution uht . In the analysis, the error
‖u− uht ‖H1(Ω) is usually estimated by ‖u− ut‖H1(Ω) + ‖ut− uht ‖H1(Ω) and the
two summands are further analyzed individually.

Contrary to this, we now present a different kind of analysis. To this
end we restrict ourselves to homogeneous Dirichlet boundary conditions at
∂Ωtrunc \ ∂Ω. Let H1

D(Ωtrunc) := {v ∈ H1(Ωtrunc) : tr v = 0 at ∂Ωtrunc \
∂Ω} and Vh,Ωtrunc be a finite dimensional subspace of H1

D(Ωtrunc). Then, as
explained above, we are looking for uht ∈ Vh,Ωtrunc such that∫

∂Ω

vhg ds =

〈
d̃2

d
∂ru

h
t , ∂r

(
vh

d

)〉
L2(Ωtrunc)

+

〈
1

r2
∂θu

h
t , ∂θvh

〉
L2(Ωtrunc)

+

〈
1

r2 sin2 θ
∂φu

h
t , ∂φvh

〉
L2(Ωtrunc)

− ω2

〈
d̃2uht , vh

〉
L2(Ωtrunc)

,

(17)

for all vh ∈ Vh,Ωtrunc . This is indeed nothing else then looking for uht ∈ Vh,Ωtrunc

such that

A(ω;uht , vh) =

∫
∂Ω

vhg ds, (18)

for all vh ∈ Vh,Ωtrunc . Now the crucial observation is that Vh,Ωtrunc ⊂ H1(Ω),
which shows that (17)/(18) is nothing else than a conforming Galerkin dis-
cretization of (15). This observation is not new and was already exploited
in [8] for Helmholtz problems on cylindrical wave-guide domains. Since
A(ω) = B(ω) + K(ω) with B being coercive, K being compact and both
B,K being holomorphic in ω, as in [7] we immediately obtain the following
results.

Theorem 3.1. Let Vn ⊂ H1(Ω), n ∈ N be a sequence of finite dimensional
subspaces, such that the orthogonal projection Pn : H1(Ω)→ Vn onto Vn con-
verges to the identity I : H1(Ω) → H1(Ω) in the strong operator norm. For
ω > 0, g ∈ H−1/2(∂K) and given α̃ as in Sec. 2 consider the problem to find
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u ∈ H1(Ω), such that

〈A(ω)u, v〉H1(Ω) =

∫
∂Ω

gv ds, (19)

for all v ∈ H1(Ω) and the discrete problem to find un ∈ Vn, such that

〈A(ω)un, vn〉H1(Ω) =

∫
∂Ω

gvn ds, (20)

for all vn ∈ Vn. Then there exists a unique solution u to (19), an index
N > 0 and a constant C > 0, such that (20) admits a unique solution un for
all n > N and un converges to u in H1(Ω), with the estimate

‖u− un‖H1(Ω) ≤ C inf
vn∈Vn

‖u− vn‖H1(Ω). (21)

Proof. From [5] it is known that (1) admits a unique solution and hence
does (19). The Lemma of Lax-Milgram allows us to apply [12, Thm. 13.6,
Thm. 13.7], which yield the claim.

Theorem 3.2. Let Vn ⊂ H1(Ω), n ∈ N be a sequence of finite dimensional
subspaces, such that the orthogonal projection Pn : H1(Ω)→ Vn onto Vn con-
verges to the identity I : H1(Ω) → H1(Ω) in the strong operator norm. For
given α as in Sec. 2 let K(α0) := {z ∈ C \ {0} : arg z ∈ (arg d−1

0 , arg id−1
0 )}.

Consider the eigenvalue problem to find (ω, u) ∈ K(α0) ×H1(Ω) \ {0} such
that

A(ω)u = 0. (22)

and its discretization to find (ω, un) ∈ K(α0)× Vn \ {0} such that

An(ω)un = 0, (23)

with An(ω) : Vn → Vn : vn 7→ PnA(ω)vn. Then there hold the spectral prop-
erties of A:

1. Let ρ(A) := {z ∈ K(α0) : A(z) is invertible} be the resolvent set and
σ(A) := K(α0)\ρ(A) the spectrum of A(•). Then σ(A) has no cluster
points in K(α0),

2. every ω ∈ σ(A) is an eigenvalue of A(•),

3. the operator function A−1(•) defined on ρ(A) by A−1(ω) = A(ω)−1 is
analytic on ρ(A) and has poles of finite order at every point ω ∈ σ(A).
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For Λ ⊂ K(α0) let µ(Λ,A) be the sum of the algebraic multiplicities of all
eigenvalues of A in Λ. Then there hold the spectral convergence properties:

4. For every eigenvalue ω of A(•) exists a sequence ωn, n ∈ N converging
to ω with ωn being eigenvalues of An for almost all n ∈ N,

5. if ωn, n ∈ N and un, n ∈ N are some sequences of eigenvalues ωn of An

and normalized eigenelements un of An(ωn) so that ωn → ω ∈ K(α0),
then

(a) ω is an eigenvalue of A(•),

(b) un, n ∈ N is a compact sequence and its cluster points are normal-
ized eigenelements of A(ω),

6. for every compact Λ ⊂ K(α0) with boundary ∂Λ ⊂ ρ(A) exists an index
n(Λ), so that n ≥ n(Λ)⇒ µ(Λ,An) = µ(Λ,A).

Denote η(ω,A) the order of the pole ω of the operator function A−1 and
G(ω,A) the generalized eigenspace of A(ω). Let dist(u, V ) := infv∈V ‖u −
v‖H1(Ω) and

dn := max
u∈G(A,ω),‖u‖H1(Ω)=1

dist(u, Vn), d∗n := max
u∈G(A∗,ω),‖u‖H1(Ω)=1

dist(u, Vn),

where A∗ denotes the adjoint operator of A. Let Λ ⊂ K(α0) be compact
with boundary ∂Λ ⊂ ρ(A), such that Λ ∩ σ(A) = {ω}. Then the following
convergence estimates hold: There exists c > 0 such that

7. |ωn − ω| ≤ c(dnd
∗
n)1/η(ω,A) for all ωn ∈ σ(An) ∩ Λ,

8. |ωn−ω| ≤ cdnd
∗
n where ωn is the weighted mean ωn :=

∑
ω̃∈σ(An)∩Λ

ω̃
µ(ω̃,An)

µ(ω,A)
.

Proof. The first three claims are standard properties of holomorphic Fred-
holm operator functions, see e.g. [9]. [6, (32)] enables us to apply [9, Thm. 2]
for the second three claims and [10, Thm. 2, Thm. 3] for the remaining
ones.

Thm. 3.1 and 3.2 show that for large enough Ωtrunc and fine enough finite
element space Vh(Ωtrunc) ⊂ H1(Ωtrunc) the finite element solution uht con-
verges to the solution ũ of (9) in H1(Ω) with the best approximation rate up
to a constant. The best approximation error can thereby be splitted as

inf
vh∈Vh(Ωtrunc)

‖ũ− vh‖2
H1(Ω) = inf

vh∈Vh(Ωtrunc)
‖ũ− vh‖2

H1(Ωtrunc) + ‖ũ‖2
H1(Ωext)

, (24)
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The first term is an approximation error, which can be analyzed with finite
element analysis. Since

ũ(x) =
∞∑
l=0

Ml∑
m=0

αl,mh
(1)
l (ωd0|x|)Yl,m

(
|x|−1x

)
(25)

in Ωext, the second term converges exponentially to zero as Ωtrunc tends to Ω
and can be interpreted as a truncation error.
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