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Abstract

Analytical properties of a nonlinear singular second order boundary value problem in ordinary differential
equations posed on an unbounded domain for the density profile of the formation of microscopic bubbles in
a nonhomogeneous fluid are discussed. Especially, sufficient conditions for the existence and uniqueness of
solutions are derived. Two approximation methods are presented for the numerical solution of the problem,
one of them utilizes the open domain Matlab code bvpsuite. The results of numerical simulations are
presented and discussed.

Keywords: Singular boundary value problems, nonlinear ordinary differential equations, degenerate
Laplacian, collocation methods, shooting methods.
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1. Introduction

In this paper, we consider second order nonlinear ordinary differential equations (ODEs) arising in the
modeling of non-homogeneous fluids. In the Cahn-Hilliard theory for mixtures of fluids (see, for example,
[5]) an additional term involving the gradient of the density (grad(ρ)) is added to the classical expression
E0(ρ) for the volume free energy, depending on the density ρ of the medium. Hence the total volume free
energy of a non-homogeneous fluid can be written as

E(ρ, grad(ρ)) = E0(ρ) + σ
2 (grad(ρ))2, (1)

where E0(ρ) is a double-well potential, whose wells define the phases. The potential E0(ρ) causes an
interfacial layer within which the density ρ suffers large variations [10].
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Because of the shape of E0, the fluid tends to divide into two phases with densities ρ = ρl (liquid)
and ρ = ρv (vapour) and the term σ

2 (grad(ρ))2 tends to turn the interface between them into a thin layer,
endowing it with energy (the surface tension) [26].

When the free energy is given by (1) the density profile ρ(r) can be obtained in the stationary case by
means of minimization of the functional,

J(ρ) =

∫
Ω

(
E0(ρ) +

σ

2
(grad(ρ))2

)
dr, (2)

where Ω ⊂ RN . This minimization problem leads to a partial differential equation of the form

γ∇ρ = µ(ρ)− µ0, (3)

where µ(ρ) = dE0

dρ is the chemical potential of the considered mixture of fluids. In the case of spherical

symmetry, which is the most common in applications, equation (3) can be reduced to a second order ODE
of the form

r1−N (rN−1ρ′(r))′ = f(ρ(r)), r > 0, (4)

where N is the space dimension and f represents the right-hand side of (4). This function is usually known
and depends on the properties of the considered mixture of fluids. Typically it is a cubic polynomial of ρ,
with three real roots. Choosing an adequate system of units, we may write f as

f(ρ) := 4λ2ρ(ρ+ 1)(ρ− ξ), (5)

where ξ = ρv (vapour density) and λ is a real parameter. Equation (4) is called the density profile equation
and was studied, for example in [6, 7]. The authors of those articles show that the density profile (ρ) is a
monotone solution of equation (4) satisfying the boundary conditions,

ρ′(0) = 0, lim
r→∞

ρ(r) = ξ. (6)

In [14, 20, 22], a detailed study of the boundary value problem (BVP) (4), (6) has been provided. In [20, 22]
the asymptotic properties of the solutions near the singular points, 0 and∞, have been studied. This enables
approximate representations of the solution for r → 0 and r → ∞. Based on these representations, stable
shooting methods were implemented for the numerical solution of the problem. Moreover, in [14], accurate
numerical results were obtained for this problem, using the bvpsuite code based on polynomial collocation.

In the present paper, we consider a more general problem, where the the energy integral has the form

J(ρ) =

∫
Ω

(
E0(ρ) +

c

p
(grad(ρ))p

)
dr, (7)

where p > 1 is a given constant1. Such models were analyzed in [24, 25], where the authors have studied
the minimization of the functional (7), which has led them to the analysis of a partial differential equation
of the form

∆pu := cdiv(|grad(ρ)|p−2grad(ρ)) =
dE0

dρ
. (8)

The operator ∆p on the left-hand side of (8) is the so called p-Laplacian. This operator enables the
description of mixtures of fluids of a more general nature when compared to the classical Cahn-Hilliard
theory, p = 2. In particular, with this formulation we can deal with the case where the surface tension of
the fluid is not constant in the region of the interface. As for p = 2, we consider here spherical bubbles,
and therefore spherical symmetry is used to reduce the dimension of the model. The study of the general

1For p = 2 we obtain the case (2)
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case, without spherical symmetry, can be found in [24, 25]. Using spherical coordinates and introducing a
convenient system of units, the following ODE arises:

r1−N (rN−1|ρ′(r)|p−2ρ′(r))′ = fp(ρ), r > 0, (9)

where fp is a function which reduces to f , given by (5), in the case p = 2. The form of fp for p 6= 2 will be
discussed in the next section. We are interested in strictly monotone solutions of (9) satisfying the boundary
conditions specified in (6).

It is worth mentioning that a closely related problem was analyzed in the recent papers [8, 27], where
the authors consider

εpr1−N (rN−1|ρ′(r)|p−2ρ′(r))′ −W ′(ρ) = 0, r > 0. (10)

Here, the function W is a double-well potential (like E0 in our case), and ε is an unknown parameter which
has to be determined. The solution of equation (10) has to satisfy the boundary conditions,

ρ′(0) = ρ(R) = ρ′(R) = 0, (11)

where R is a given constant. Under certain conditions on W (ρ), p, and N , the existence and uniqueness of
solution of the problem (6), (10) is shown in the case when ε belongs to a certain set of the eigenvalues εn,
n ∈ IN.

In the present paper we analyze the BVP (6), (9) and propose efficient numerical methods for its ap-
proximate solution.

The paper is organized as follows. In Section 2, we discuss existence and uniqueness of solutions to
the BVP (6),(9). In Section 3, a shooting method based on the asymptotic properties of solutions and a
collocation method are introduced. Numerical results are presented in Section 4 and conclusions can be
found in Section 5.

2. Existence and Uniqueness of Solutions to the Analytical Problem

In order to investigate the existence and uniqueness of the solution to problem (6), (9), we exploit the
results presented in [9]. Especially, we focus on Corollary 1 [9].

We first carry out the following variable substitution in equation (9):

ρ = ξ − u.

Note that ξ is the constant mentioned in the second formula of (6). This substitution transforms formula
(9) to the form

r1−N (rN−1|u′(r)|p−2u′(r)
)′

+ gp(u) = 0, r > 0, (12)

where gp(u) := fp(ξ − u), and the boundary conditions (6) are replaced by

u′(0) = 0, lim
r→∞

u(r) = 0. (13)

Below, we will use the following notation:

Gp(s) :=

∫ s

0

gp(u)du. (14)

Using (14) the following conditions are formulated.

C1. There exists a constant β > 0 such that Gp(s) < 0 for 0 < s < β and Gp(β) = 0.

C2. There exists a constant γ > β such that gp(γ) = 0.

C3. Function gp(u)/(u− β)p−1 is a non-increasing for β < u < γ.

For our problem setting, Corollary 1 [9] reads:
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Figure 1: Graphs of the functions gp and Gp for p = 3, ξ = 0.5, and α = 1.

Theorem 2.1. Assume N ≥ 2 and p ≥ 2.
1. If conditions C1, C2, and C3 hold, then there exists a solution u(r) of the differential equation (12) and
its initial value u(0) ∈ (β, γ].
2. If additionally, gp(u) is a Lipschitz continuous function in the interval (β, γ), then this solution is unique
in the class of sufficiently smooth functions u(r) with u(0) < γ.
3. The above solution is positive for all r ≥ 0 if and only if∫ a

0

|Gp(s)|−1/pds =∞ (15)

for any sufficiently small a > 0 such that gp(u) ≤ 0, 0 ≤ u ≤ a.

We now define the inhomogeneous term gp(u) of (12) in such a way that all assumptions formulated in
Theorem 2.1 are satisfied. First of all, according to (5),

g2(u) = f(ξ − u) = 4λ2(u− ξ − 1)(ξ − u)u.

Moreover, since gp and g2 must have the same zeros and the same sign, for any value of p, we search for gp
of the form

gp(u) = 2pλ2(u− ξ − 1)(ξ − u)u|u− ξ − 1|α|u|α, (16)

where p ≥ 2 and α ≥ 0 are adjustable real parameters. Note that the right-hand side of the classical equation
is obtained by setting α = 0 and p = 2 in (16).

It follows from the definition of Gp(s) that this function has two real zeros denoted further as s1, s2

and such that ξ < s1 < ξ + 1 < s2 for any ξ satisfying the condition 0 < ξ < 1. Therefore, condition C1
holds with the parameter β = s1 where s1 is the least positive root of the equation Gp(s) = 0. Condition
C2 is also satisfied for γ = ξ + 1 (see, for instance, Figure 1). Concerning condition C3, we know that
the function gp(u) attains a maximum at a certain u0 ∈ [β, γ] (see the above figure). For u ∈ [u0, γ], gp(u)
is non-increasing, and so is the function h(u) := gp(u)/(u − β)p−1. To study the behavior of h(u) in the
interval [β, u0], we consider its first derivative

h′(u) =
g′p(u)(u− β)p−1 − gp(u)(p− 1)(u− β)p−2

(u− β)2p−2
. (17)

Using the mean value theorem, we conclude that, for any u ∈ [β, u0], there exists some η ∈ [β, u] such that

gp(u)− gp(β) = g′p(η)(u− β). (18)

Moreover, since gp(β) > 0 and p ≥ 2, we arrive at

gp(u)(p− 1) > gp(u) > gp(u)− gp(β). (19)
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It follows from (18) and (19) that

gp(u)(p− 1)(u− β)p−2 > g′p(η)(u− β)p−1 (20)

for some η ∈ [β, u]. Also, it is clear that g′p(η) ≥ g′p(u) since g′′p (u) ≤ 0 in [β, u]. Taking formula (20) into
account, we conclude from (17) that h′(u) ≤ 0, and, hence, condition C3 holds.

It follows from formula (16) that the function gp(u) is Lipschitz continuous in the interval (β, γ) and
therefore the uniqueness (see Assertion 2 in Theorem 2.1) follows.

Next, the integral Gp(s) can be represented in the form

Gp(s) = −λ2s2|s|αP (s), (21)

where λ is a constant and P (s) is a smooth function such that P (0) 6= 0. This means that the function P (s)
has only zeros at s1 and s2. So the formula (21) yields

|Gp(s)|−1/p = |λ|−2/p|s|−(α+2)/p|P (s)|−1/p.

The latter formula results in the conclusion that the integral on the left-hand side of (15) diverges when
α ≥ p− 2 and converges for all other values of α. Hence, for α ≥ p− 2, the condition (15) is satisfied.

Finally, Theorem 2.1 states that, for the function gp(u) defined by (16), α ≥ p− 2 and 0 < ξ < 1, there
exists a unique monotonously decreasing positive solution u(r) to the BVP (12), (13) in case that p ≥ 2.

Now we recall that the unknown solution of the BVP (6), (9) is ρ = ξ− u. So, having applied the above
result and utilized the back substitution, we arrive at the following form of the inhomogeneous term in the
differential equation:

fp(ρ) = 2pλ2(ρ− ξ)(ρ+ 1)ρ|ρ− ξ|α|ρ+ 1|α, (22)

where ξ and α satisfy conditions mentioned above. Formula (22) ensures that the BVP (6), (9) has a unique
solution for p ≥ 2. Moreover, we choose α := p− 2.

The second statement of Theorem 2.1 implies that ρ(0) > −1. The strict monotonicity of the solution
and the condition limr→∞ ρ(r) = ξ result in −1 < ρ(r) < ξ for any r > 0. This means that the function
fp(ρ) in the BVP (6), (9) (see formula (22)) can be simplified to

fp(ρ) = −2pλ2(ξ − ρ)p−1ρ(ρ+ 1)p−1. (23)

Thus, we have shown that the differential equation under consideration possesses a unique solution ρ(r)
for any p ≥ 2 when its inhomogeneous term fp(ρ) is given by (23). A similar result for p ∈ (1, 2) remains an
open issue.

Note that the existence conditions for problem (6), (9) require ξ < 1, which means that the function
fp, defined by (23), cannot be an odd function. This is not the case for the eigenvalue problem (10), (11),
where solutions exist in the case when W is an even function (thus W ′ is odd).

3. Numerical Approximation

3.1. Shooting Method

In order to design a suitable shooting method it was necessary to accordingly extend the algorithm des-
cribed in [22]. The main idea is to replace the considered BVP with two singularities, at the origin and at
infinity, by two auxiliary BVPs, each of them having only one singularity. Since results presented in Section
4 were obtained using the shooting method, we give here an outline of the algorithm. Further details can
be found in [21].

Step 1. We start by fixing the values of r0, δ, and r∞, in such a way that r∞ > r0 > δ > 0. Here,
r0 is an initial approximation to the root of the solution, the so-called bubble radius, δ is close to zero and
r∞ is sufficiently large for a reasonable approximation of the solution at infinity, obtained in [21]. Next, we
subdivide the region [δ, r∞] in which the approximate solution will be provided into two subintervals, [δ, r0]
and [r0, r∞]. We denote by ρ−(r) and ρ+(r) monotone solutions of (9) on [δ, r0] and [r0, r∞], respectively.
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The first of these functions satisfies ρ−(r0) = 0 and a boundary condition at δ, which follows from the
asymptotic behavior of the solution at the origin. The second one satisfies ρ+(r0) = 0 and a condition
at r∞, which reflects the asymptotic behavior of the solution at infinity. Each of these functions can be
computed as the solution of a regular BVP using a standard shooting method. Then we define

ρ(r) =

{
ρ−(r), if δ ≤ r ≤ r0,

ρ+(r), if r0 ≤ r ≤ r∞.
(24)

Step 2. In general, the function ρ(r) from (24) is not a solution of (6), (9) on [0,∞[ because the condition

lim
r→r0−

ρ′(r) = lim
r→r0+

ρ′(r)

is not satisfied for the given r0. Therefore we compute the difference

∆(r0) = lim
r→r0−

ρ′(r)− lim
r→r0+

ρ′(r).

Our goal is now to find such a value r0 ∈ IR+ that ∆(r0) = 0. In order to find the required value of r0 we
use again the shooting method.

Step 3. In order to extend the approximate solution to the intervals [0, δ] and [r∞,∞), we use the
asymptotic expansions derived in [21].

The method has been implemented using Mathematica. This enables to compute the approximations
accurately within a reasonable computational time for a large range of values p and ξ. The advantage of the
proposed approach is that it makes use of the asymptotic solution properties near the singular points. In
the present implementation, the auxiliary problems for ρ− and ρ+ are solved using the package NDSOLVE
in Mathematica [28]. The drawback of this method is that one can neither control the global error of the
approximation nor the required total computational effort. In Section 3.2, we describe a different approach
to the numerical solution of the problem (6), (9). This approach is based on polynomial collocation and
makes use of the open domain Matlab code bvpsuite, cf. [15], designed for the numerical solution of BVPs
in ODEs, posed on unbounded domain.

3.2. Collocation Method

The code bvpsuite is designed to solve systems of differential equations of arbitrary mixed order including
zero2, subject to initial or boundary conditions,

F
(
t, p1, . . . , ps, z1(t), z′1(t), . . . , z

(l1)
1 (t), . . . , zn(t), z′n(t), . . . , z

(ln)
n (t)

)
= 0,

B
(
p1, . . . , ps, z1(c1), . . . , z

(l1−1)
1 (c1), . . . , zn(c1), . . . z

(ln−1)
n (c1), . . . , z1(cq), . . . ,

z
(l1−1)
1 (cq), . . . , zn(cq), . . . , z

(ln−1)
n (cq)

)
= 0,

(25)

where the solution z(t) = (z1(t), z2(t), . . . , zn(t))T , and the parameters pi, i = 1, . . . , s, are unknown. In
general, t ∈ [a, b], 0 ≤ a, b < ∞3. Moreover, F : [a, b] × IRs × IRl1+1 × · · · × IRln+1 → IRn and B :
Rs ×Rql1 × · · · ×Rqln → Rl+s, where l :=

∑n
i=1 li. Note that boundary conditions can be posed on any

subset of distinct points ci ∈ [a, b], with a ≤ c1 < c2 < · · · < cq ≤ b. For the numerical treatment, we
assume that BVP (25) is well-posed and has a locally unique solution z.

2This means that differential-algebraic equations are also in the scope of the code.
3For the extension to unbounded domains, see Section 3.2.1.
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In order to find a numerical solution of (25) we consider a mesh [τi, τi+1], i = 0, . . . , N−1, partitioning
the interval [a, b]. Every subinterval [τi, τi+1] contains m collocation points ti,j , j = 1, . . . ,m. Let Pm be
the space of piecewise polynomial functions of degree ≤ m, which are globally continuous in [a, b]. In every
subinterval Ji we make an ansatz Pi,k ∈ Pm+lk−1 for the k-th solution component zk, k = 1, . . . , n, of the
problem (25). In order to compute the coefficients in the ansatz functions we require that (25) is satisfied
exactly at the collocation points. Moreover we require that the collocation polynomial p(t) := Pi(t), t ∈ Ji,
is a globally continuous function on [a, b] with components in Cli−1[a, b], i = 1, . . . , n, and that the boundary
conditions hold. All these conditions imply a nonlinear system of equations for the unknown coefficients in
the ansatz function. For more details see [15, 16].

3.2.1. Semi-Infinite Intervals

Our code can also treat problems posed on semi-infinite intervals τ ∈ [a,∞), a > 0 (and by a splitting
of the interval, also a = 0). In order to exploit the mesh selection strategy which works efficiently on finite
intervals, we transform the unbounded domain to a finite one. Let us explain the transformation using the
simple problem class

x′(τ) = τβF (τ, x(τ)), τ ∈ [a,∞), a > 0, β > −1.

By introducing t := 1
τ , z(t) := x

(
1
τ

)
, we obtain a new system for z,

z′(t) = −F (1/t, z(t))/tβ+2, t ∈ (0, 1/a], β + 2 > 1.

This is in general a problem with an essential singularity, which however is in the scope for the collocation
method, error estimation procedure and adaptive mesh refinement. In this approach, the mesh is adapted
only according to the unsmoothness of the solution without the need for mesh grading on long intervals, and
moreover no truncation of the unbounded interval is necessary. This strategy was employed successfully for
example in [4, 14].

3.2.2. Reformulation of the Original Problem for the Collocation Method

We now solve the problem (6), (9) using the collocation method implemented in bvpsuite. Here, the
original differential equation is transformed to a system of four implicit first order differential equations.
The main idea is to split the unbounded domain (0,∞) the original differential equation is posed on, into
(0, 1) and [1,∞).

For r ∈ (0, 1), we define the independent and dependent variables as t := r and z1(t) := ρ(r), respectively.
Let us introduce

z3(t) := |z′1(t)|p−2z′1(t).

Then, for z3 ∈ C1(0, 1), it follows immediately from (9),

z′3(t) +
N − 1

t
z3(t) = fp(z1(t)).

For r ∈ [1,∞) the new variables are t := 1
r and z2(t) := ρ

(
1
r

)
. Note that d

dr = d
dt (−t

2), d
dt = d

dr

(
− 1
t2

)
and

dz2

dt
(t) =

dρ

dr
(r)

(
− 1

t2

)
. (26)

Using (26), we rewrite (9) and obtain

tN−1 d

dr

(
t1−N

∣∣∣∣dz2

dt
(t)(−t2)

∣∣∣∣p−2
dz2

dt
(t)(−t2)

)
= fp(z2(t)), t ∈ (0, 1). (27)

Introducing z4(t) :=
∣∣dz2
dt (t)

∣∣p−2 dz2
dt (t) and assuming z4 ∈ C1(0, 1], equation (27) can be written in the

following form:

tN−1 d

dr

(
−t2p−N−1z4(t)

)
= tN−1 d

dt

(
−t2p−N−1z4(t)

)
(−t2) = fp(z2(t)). (28)
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This yields the following system of four implicit differential equations posed on (0, 1],

(2p−N − 1)t2p−1z4(t) + t2pz′4(t) = fp(z2(t)), (29)

z4(t) = |z′2(t)|p−2
z′2(t), (30)

z′3(t) +
N − 1

t
z3(t) = fp(z1(t)), (31)

z3(t) = |z′1(t)|p−2z′1(t). (32)

For the above system four boundary conditions are required. From (6) we have

z3(0) = 0, z2(0) = ξ.

Furthermore, both solution branches z1 and z2 shall match in t = 1 in such a way that ρ ∈ C1(0,∞) holds.
Consequently, again using (26), we require,

z1(1) = z2(1), z3(1) = −z4(1).

4. Numerical Results

In this section, we present numerical results obtained by the shooting and collocation methods described
above. The main purpose of the numerical simulation is to test and compare the efficiency and robustness
of the proposed algorithms.

We begin by presenting numerical results which show how the physical properties of the bubbles depend
on p and ξ. Besides the bubble radius R and the gas density at the center of the bubble, we will also
calculate the numerical values of the energy integral J defined by

J := J(ρ) :=

∫ ∞
0

(
ρ′(r)p

p
+Wp(ρ(r))

)
rN−1dr, Wp(ρ) =

∫ ρ

0

gp(u)du.

The solution of the BVP can be viewed as the function ρ for which the integral J is minimized.
In order to evaluate J , we use numerical quadrature.
Keeping in mind that we use a collocation method to solve (29)–(32), collocation points could be used

as mesh points in the involved quadrature rule. We now introduce the partition ∆T of the interval of
integration [0, 1], ∆T = {0 = τ0 < τ1, . . . , τj < τj+1, . . . , τN = 1, } with hj := τj+1 − τj . In each subinterval
[τj , τj+1], we specify m collocation points tj,l, l = 1, 2, . . . ,m, such that τj < tj,1 < tj,2 < . . . < tj,m < τj+1.

Let us denote by Pj,k(t) the collocation polynomial approximating zk(t) for t ∈ [τj , τj+1], k = 1, . . . , 4,
j = 0, 1, . . . , N − 1. Then, we can approximate the values of the first derivative z′k(t) at the collocation
points tj,l, j = 0, 1, . . . , N − 1, l = 1, 2, . . . ,m, directly from the definition of the collocation method. Since
z1 is monotonically increasing, we conclude from (32),

z′1(t) = z3(t)
1

p−1 ,

and consequently,

P ′j,1(tj,l) = Pj,3(tj,l)
1

p−1 , (33)

j = 0, 1, . . . , N − 1, l = 1, 2, . . . ,m. For the second component we obtain a very similar relation. Due to

(26), z2 is monotonically decreasing, and thus from (30) it follows |z′2(t)| = z4(t) |z4(t)|
1

p−1 which together
with |z′2| = −z′2 yields

(−P ′j,2(tj,l))
p = |Pj,4(tj,l)|

p
p−1 , (34)
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j = 0, 1, . . . , N−1, l = 1, 2, . . . ,m. Let us assume that a numerical quadrature rule is defined on the interval
[0, 1] via the weights {wl}l∈{1,...,n} and the evaluation points ξl ∈ [0, 1], l=1, . . . , n,∫ 1

0

f(t)dt ≈ Q[0,1](f) =
n∑
l=1

wlf(ξl).

In order to integrate over the interval [τj , τj+1], we have to recalculate the weights and the evaluation points
accordingly, ∫ τj+1

τj

f(t)dt ≈ Q[τj ,τj+1](f) = hj

n∑
l=1

wlf((τj+1 − τj)ξl + τj).

We first rewrite J ,

J(ρ) =

∫ 1

0

(
1

p
ρ′(r)p +Wp(ρ(r))

)
rN−1 dr +

∫ ∞
1

(
1

p
ρ′(r)p +Wp(ρ(r))

)
rN−1 dr =∫ 1

0

(
1

p
z′1(t)p +Wp(z1(t))

)
tN−1 dt+

∫ 1

0

(
1

p

(−z′2(t))
p

tN+1+2p
+
Wp(z2(t))

tN+1

)
dt.

Choosing a Gaussian quadrature rule and the collocation scheme with m = n and (τj+1 − τj)ξl + τj = tj,l
enables to use (33) and (34). Thus, we obtain

J(ρ) ≈
∑

j∈{0...N−1},
l∈{1...m}

hjwl

(
|Pj,4(tj,l)|

p
p−1

p tN+1+2p
j,l

+
Wp(Pj,2(tj,l))

tN+1
j,l

+

(
Pj,3(tj,l)

p
p−1

p
+Wp(Pj,1(tj,l))

)
tN−1
j,l

)
.

Note that in the last sum only values of the solution at the collocation points provided by bvpsuite occur
and therefore the evaluation of J is straightforward.

Let us denote ρ0 := limr→0+ ρ(r). This value, whose physical meaning is the gas density at the center
of the bubble, is one of the important parameters that we can obtain from the numerical solution of the
density profile equation.

Unfortunately, we cannot compare shooting and collocation directly, by solving the system (29)–(32)
by the shooting method. In order to be able to utilize this approach, we need a very precise knowledge
on the solution asymptotics. For the components z1 to z4 in the system (29)–(32) such information is not
completely available. Therefore, we compare both methods indirectly via the values ρ0, R and J .

In Tables 1, 2, and 3, we present the numerical values of J , R, and ρ0 for p = 3, p = 3.5, and p = 4,
respectively. We also give an error estimate for the approximation of J . The results reported in the tables
are provided for the case N = 3 and ξ = 0.1, 0.2, . . . , 0.8. They were obtained using bvpsuite based on
polynomial collocation. The application of the code is in no way straightforward and it takes quite an effort
to calculate the solution with reasonable accuracy. The reason for the difficulties can be explained by the
fact that the analytical solution is unsmooth and that condition numbers of the involved linear systems of
equations arising during the Newton iteration become significant for h → 0. This means that the starting
values for the Newton procedure have to be very accurate. Clearly, we can use the solution profiles obtained
for a certain value of ξ as a starting guess for the next value ξ + ∆ξ, but for the Newton method to work
∆ξ has to be small. Moreover, to recover correctly the solution behavior in the region where its profile is
very steep, very fine grids are necessary. This results in high demand for computational recourses (storage
and time).

In Table 4, we illustrate the convergence order of the collocation method and the condition numbers of the
matrices arising during the Newton iteration. These results show clearly that the problem is ill-conditioned
and a drop of the convergence order can be observed, due to the unsmoothness of the solution at the origin.
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ξ J errJ ρ0 R errsol
0.1 0.000840 5.25e-8 -0.155300 2.112854 1.92e-5
0.2 0.007943 4.69e-7 -0.319620 1.821747 3.45e-5
0.3 0.032456 2.15e-6 -0.489921 1.763265 5.58e-5
0.4 0.096506 8.96e-6 -0.658872 1.824867 8.77e-5
0.5 0.249720 3.75e-5 -0.765003 2.030396 2.20e-4
0.6 0.620586 2.17e-4 -0.925900 2.360813 7.87e-4
0.7 1.624151 1.72e-3 -0.985087 3.031888 4.22e-3
0.8 5.104436 2.75e-2 -0.999475 4.494991 4.29e-2

Table 1: Numerical results for p = 3.

ξ J errJ ρ0 R errsol
0.1 0.0001225 2.73e-9 -0.125369 1.731092 1.04e-5
0.2 0.0018308 3.56e-8 -0.262216 1.534213 1.58e-5
0.3 0.0097973 2.43e-7 -0.410427 1.501617 2.22e-5
0.4 0.0352165 1.38e-6 -0.567779 1.557476 3.77e-5
0.5 0.1050056 7.75e-6 -0.726542 1.705349 7.27e-5
0.6 0.2916065 4.92e-5 -0.867981 1.991735 2.93e-4
0.7 0.8328526 4.28e-4 -0.963051 2.538646 1.74e-3
0.8 2.8107513 7.30e-3 -0.997383 3.727937 1.90e-2

Table 2: Numerical results for p = 3.5.

ξ J errJ ρ0 R errsol
0.1 0.000020 1.01e-10 -0.105232 1.452701 1.23e-5
0.2 0.000461 1.30e-9 -0.222393 1.316793 1.63e-5
0.3 0.003193 4.20e-9 -0.352719 1.302351 2.01e-5
0.4 0.013792 1.29e-7 -0.496736 1.355994 2.84e-5
0.5 0.047318 1.36e-6 -0.651939 1.482700 4.27e-5
0.6 0.146713 1.18e-5 -0.806737 1.722800 7.21e-5
0.7 0.457544 1.22e-4 -0.931945 2.181964 5.69e-4
0.8 1.659299 2.31e-3 -0.992361 3.181392 8.53e-3

Table 3: Numerical results for p = 4.

10



In case of an appropriately smooth solution, the convergence order would be two, but in the present case
the second derivative of the solution is unbounded as r → 0 for p > 0, cf. [21].

It is interesting to see that for a fixed value of ξ, the condition numbers of the matrices grow as p
decreases, which can be explained by the fact that for smaller p the interior layer of the solution near the
bubble radius becomes steeper. On the other hand, if we fix p, the condition numbers grow as ξ tend to 1.
This is well illustrated by the graphs of the solutions in Figure 3. Note the special case p = 2 [14]: Here,
although the interior layer is steeper when compared with larger values of p, the accuracy of the results is
satisfactory since in this case the solution is smooth at the origin, see Figure 3.

h errz1 ord errz2 ord ρ0 R cond
2−3 7.6e-2 2.4 8.2e-2 2.5 -0.82852 2.15258 5.4e6
2−4 1.5e-2 2.1 1.5e-2 2.1 -0.77868 2.05249 1.6e7
2−5 3.5e-3 2.0 3.6e-3 2.0 -0.76821 2.03516 1.6e7
2−6 8.6e-4 2.0 8.8e-4 2.0 -0.76565 2.03124 1.5e8
2−7 2.2e-4 2.0 2.2e-4 2.0 -0.76500 2.03040 1.1e9
2−8 5.4e-5 2.0 5.5e-5 2.0 -0.76484 2.03013 1.2e10
2−9 1.4e-5 - 1.4e-5 - -0.76480 2.03006 1.9e11

Table 4: Numerical results for (p, ξ) = (3, 0.5). Here, errρ is an error estimate for the absolute global error of the collocation
solution, ord is an estimate of the global convergence order, and cond is the matrix condition number.

Next we present results obtained by the shooting approach. In Table 5, we show the values of the bubble
radius R for different values of p and ξ. The corresponding values of ρ0 can be found in Table 6. In the
computations by the shooting method we used values of δ between δ = 0.001, for the smallest value of p
and δ = 0.02, for the largest value of p. The value of r∞ was set to 6. In the tables, for the entries denoted
with (*) no reliable results could be provided.

All computations with bvpsuite were carried out with the Matlab precision of 16 digits. However, due
to the ill-posedness of the problem, in some cases, especially for ξ close to 1, the results show no more than
four correct digits. For the shooting method the global error can be only estimated by comparing it to the
results obtained by collocation.

ξ/p 2.0 2.5 3.0 3.5 4.0
0.2 2.685 2.20455 1.82180 1.53429 (*)
0.3 2.582 2.11351 1.76328 1.50167 1.30245
0.4 2.721 2.19287 1.82478 1.55751 1.35611
0.5 3.068 2.43240 2.0062 1.70529 1.48283
0.6 3.696 2.88981 2.35947 1.99133 1.72289
0.7 4.833 3.73350 3.02514 2.53590 2.18120

Table 5: Approximations of R provided by the shooting method.

ξ/p 2.0 2.5 3.0 3.5 4.0
0.2 -0.5681 -0.40926 -0.31950 -0.26175 (*)
0.3 -0.7707 -0.60412 -0.48981 -0.40913 -0.35048
0.4 -0.90313 -0.77370 -0.65871 -0.56697 -0.49405
0.5 -0.97112 -0.89977 -0.81141 -0.72578 -0.64933
0.6 -0.99531 -0.97121 -0.92550 -0.86734 -0.80479
0.7 -0.99979 -0.99646 -0.98392 -0.96266 -0.93096

Table 6: Approximations of ρ0 provided by the shooting method.

We know from the previous results for p = 2, see [20, 22], that the bubble radius increases for ξ → 0 and
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Figure 2: Solution graphs, ρ(r), for different values of p.
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Figure 3: Solution graphs, ρ(r), for different values of p.
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Figure 4: The dependence of the bubble radius R on ξ, for p = 2 (bright gray), p = 3 (black), and p = 4 (dark gray).

Figure 5: The dependence of ρ0 on ξ, for p = 2 (bright gray), p = 3 (black), and p = 4 (dark gray).

ξ → 1, reaching its minimal value for ξ ≈ 0.28. According to Figure 4, similar behavior of the bubble radius
is observed for larger values of p. On the other hand, for all considered values of p, the density ρ0 tends to
−1 for ξ → 1, cf. Figure 5.

5. Conclusions

A generalization of the density profile equation for nonhomogeneous fluids has been analyzed. Here,
the classical Laplacian was replaced by a degenerate one. The right-hand side of the considered differential
equation has been defined in such a way that the BVP under consideration has at least one strictly monotone
solution. Numerical simulations suggest that some of the main properties of the solution known from the
case p = 2, are also preserved for other values of p, 2 < p < 4.

In the present implementation, the shooting method provides good approximations for p ∈ [2, 4] and
ξ ∈ [0.2, 0.7], except for p = 4, ξ = 0.2. For values of ξ smaller than 0.2 or greater than 0.7, it is difficult to
find the correct values of the shooting parameter ρ0, because small changes of this parameter often result
in a blow-up or a nonmonotone solution.

For the collocation method, the p-Laplacian case is more difficult to handle than the case p = 2. This
follows from the fact that for p > 2 the second and higher derivatives of the solution become unbounded
at the origin which makes the adaptive mesh selection inapplicable. Moreover, for values of p in the range
2 < p < 3 the condition numbers of the matrices involved in the Newton iteration become very large and
consequently, numerical approximations become less accurate. On the other hand, the collocation method
shows a very good performance for moderate values of ξ.
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A different variant of the shooting method has been implemented in [21], where the approximate solutions
of the involved initial value problems were obtained from a different solver. In the future, we plan to apply
a smoothing variable substitution, resulting in moderate higher solution derivatives near the origin which in
turn shall improve the performance of the collocation method.
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