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An efficient asymptotically correct error estimator
for collocation solutions to singular index-1 DAEs

Winfried Auzinger, Herbert Lehner, Ewa Weinmüller

Abstract A computationally efficient a posteriori error estimator is introduced and analyzed for collocation solutions to linear index-1
differential-algebraic equations with properly stated leading term exhibiting a singularity of the first kind. The procedure is based
on a modified defect correction principle, extending an established technique from the context of ordinary differential equations to
the differential-algebraic case. Using recent convergence results for collocation methods, we prove that the resulting error estimate is
asymptotically correct. Numerical examples demonstrate the performance of this approach. To keep the presentation reasonably self-
contained, some arguments from the literature on differential-algebraic equations concerning the decoupling of the problem and its
discretization, which is essential for our analysis, are also briefly reviewed. The appendix contains a remark about the interrelation
between collocation and implicit Runge-Kutta methods for differential-algebraic equations.
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1 Introduction

Differential-algebraic equations (DAEs) are a powerful tool in system modeling, analysis and simulation in various application fields
as, for instance, electronic circuits, constrained mechanics, PDE semi-discretizations and control theory. Therefore, they have been
intensively studied during the last 30 years. Most of the previous work is devoted to numerical integration methods for low index
DAEs in Hessenberg form and to reduction techniques for smooth higher index DAEs via derivative arrays. Much effort is put into the
development of numerical algorithms and solution of problems from industrial applications.

In the past, collocation methods have been successfully used by several authors to solve well-posed boundary value problems
(BVPs) for index-1 DAEs without singularities. In [9] and [20] nonlinear systems of DAEs were studied and superconvergence results
for Gaussian and Lobatto points were derived. First attempts to provide respective software go back to 1994, see [2]. Semi-explicit
problems, where the algebraic constraints are separately specified as a set of nonlinear equations, are in the scope of the collocation
code COLDAE. Collocation methods applied to solve linear and nonlinear BVPs for index-1 DAEs without singularities have recently
been analyzed in [21] and [22]. Here, the system is assumed to be given in a form of separated sets of equations involving derivatives
and derivative-free equations. Collocation at Gaussian or Lobatto points is used to treat these separated subsets of equations. In the
approach of [21], an index reduction technique for higher index systems is used, aiming at the reduction of the DAEs system to the
index-1 form, and then collocation is applied.

This brief overview indicates that much progress has been made concerning DAE theory and applications, but there are still many
open questions.

A few years ago, an important new theoretical concept, DAEs with properly stated leading term, has been introduced and studied
in [8,15,23]. This enables a proper and natural description of the solution derivatives involved. In particular, in the linear case one
considers DAEs written in the form (1), (8) below, with continuous coefficient matrices A(t) ∈ Rm×n, D(t) ∈ Rn×m, B(t) ∈ Rm×m. The
matrix functions A and D are supposed to have constant rank and to be well-matched in the sense that the intersection of the kernel of A
and the range of D is empty, and their direct sum spans the entire Rn. This setting rigorously indicates which derivatives of the unknown
solution x(t) are indeed involved, and it becomes fully natural to consider solutions x(t) being continuous and having continuously
differentiable components Dx, i.e.,, solutions from the linear function space C1

D := {w ∈ C : Dw ∈ C1}. One of the advantages of this
precise description of the problem structure is that now there exists a uniquely determined (by the problem data) inherent explicit ODE,
see [15–17].

The numerical treatment of critical points and singularities is rather in its beginning. In contrast to regular points of the DAE studied
in [25,26], so-called critical points have been subdivided in [27,28] into A- and B-critical points. Further specification can be made in
accordance to the level at which they arise in the matrix sequence. For DAEs with A-critical points, a decoupling procedure is given in
[27]. By means of a modification of the projector construction described in [29], the projector-based decoupling is extended to DAEs
with B-critical points in [28]. First results concerning the numerical integration of DAEs with somehow harmless critical points are
reported in [12]. Roughly speaking, harmless critical points do not result in a singularity of the inherent ODE.

From the above discussion, it is clear that the numerical treatment of DAEs involving a singularity within its inherent ODE system
is now on the agenda, and this paper shall constitute a contribution to the better understanding of this problem class. We use a theoretical
decoupling of the DAE system to obtain the necessary information about the very sensitive dynamics related to the singularity, which
will be necessary for the successful numerical analysis. We already have seen this in case of linear index-1 systems with singularities,
cf. [19], where the information on the problem structure was crucial for better understanding of the numerical behavior in the present
nonstandard situation.
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This paper is concerned with a topic which has not received much attention so far, namely the design and analysis of an efficient,
asymptotically correct a posteriori error estimator for collocation solutions to such a class of singular DAE systems. We make use of
the convergence results from [5] and [19], and extend established defect-based techniques from the ODE case (see [4,5]) to the DAE
setting. Our focus is on the index-1 case with a singularity of the first kind. The regular index-1 case can be seen as a simple special
case, which is also considered in [7].

2 Problem setting

2.1 DAEs with properly stated leading term

We consider linear systems of DAEs of index 1 of the form

AAA(t)(DDD(t)xxx(t))′+BBB(t)xxx(t) = ggg(t), t ∈ (0,1], (1)

with appropriately smooth data AAA(t) ∈ Rmmm×nnn, DDD(t) ∈ Rnnn×mmm, BBB(t) ∈ Rmmm×mmm.
In our analysis, assume that (1) is well-posed as an initial value problem (IVP), admitting a certain singular behavior in the ‘inherent

ODE’, see Sect. 2.2 for the detailed specifications. Furthermore we assume

mmm > nnn, and kerAAA(t) = {000}, imDDD(t) = Rnnn, t ∈ (0,1]. (2)

Remark. Properties (2) imply that (AAADDD)(t) ∈ Rmmm×mmm is a singular matrix, with rank(AAADDD)(t)≡ nnn. The assumptions can be weakened in
such a way that AAA(t) and DDD(t) themselves do not need to have full, but constant rank, replacing the requirement in (2) by kerAAA(t)⊕
imDDD(t) = Rnnn, cf., e.g., [30]. However, as in [19], we restrict our discussion to the standard case (2).

Our restriction to linear problems is reasonable because it enables the underlying ideas to be discussed precisely with moderate
technical effort. In particular, the focus is on the effective design and analysis of an asymptotically correct a posteriori error estimator
for collocation solutions to (1), with a uniform, ‘black box’ treatment of the differential and algebraic components and an appropriate
handling of the case where DDD(t) is not constant. The generalization of the method and its analysis for nonlinear and/or higher index
problems is out of the scope of this presentation.

The above assumptions mean that the system (1) is properly stated, cf. e.g. [8,14,15,21,23,30], which implies the existence of a
unique, natural decoupling into an inherent ODE and associated algebraic components. In particular, we assume that the system has
tractability index 1; see Sect. 2.2. First results for case where the inherent ODE is regular has been discussed in [7]. The aim of the
present paper is to extend these results to the case where the inherent ODE has a singularity of the first kind at t = 0. ut

Introducing uuu(t) = DDD(t)xxx(t) as a separate variable, we obtain the dilated system

AAA(t)uuu′(t)+BBB(t)xxx(t) = ggg(t), (3)

uuu(t)−DDD(t)xxx(t) = 000, (4)

which is equivalent to (1). In this formulation, it is obvious what initial or boundary conditions lead to a well-posed problem. For an
initial value problem (IVP), only xxx(0) can be prescribed, while uuu(0) is uniquely fixed by the algebraic relation uuu(0) = DDD(0)xxx(0).

Note that the system (3),(4) can again be written in the original form (1),

ÂAA(t)(D̂DD(t)x̂xx(t))′+ B̂BB(t)x̂xx(t) = ĝgg(t), t ∈ (0,1], (5)

with

ÂAA(t) =

AAA(t)

000n×n


, D̂DD(t) =


 000n×m III n×n


,

B̂BB(t) =

BBB(t) 000m×n

DDD(t) −III n×n


, ĝgg(t) =


ggg(t)

000n


, x̂xx(t) =


xxx(t)

uuu(t)


,

(6)

where, in particular, D̂DD := D̂DD(t) ∈ Rn̂nn×m̂mm is now a constant matrix, ÂAA(t) ∈ Rm̂mm×n̂nn, B̂BB(t) ∈ Rm̂mm×m̂mm, m̂mm = mmm+nnn, n̂nn = nnn. The analog of (2),

m̂mm > n̂nn, and ker ÂAA(t) = {000}, im D̂DD(t) = Rn̂nn (7)

is also satisfied.
In the sequel, we will use the symbols A,B,D,x,g,m,n as a generic denotation for either AAA,BBB,DDD,xxx,ggg,mmm,nnn or ÂAA, B̂BB, D̂DD, x̂xx, ĝgg, m̂mm, n̂nn

wherever the respective statements apply to both sets of variables, under the assumption that D is constant. The same convention
applies to symbols introduced below like G,Q,M, p. Applying this convention, we may write (1) or (5), respectively, as

A(t)(Dx(t))′+B(t)x(t) = g(t), t ∈ (0,1], with D = const. (8)

In other words: (8) represents the original system (1) if DDD(t) = DDD = const. In general, (8) is to be identified with (5) where D̂DD(t) = D̂DD =
const. by construction. Actually, this latter property is the motivation for rewriting the system in the form (5), especially in view of
favorable application of collocation methods, see Sect. 3 and Sect. 6 for a further discussion. For DDD(t) = const., the two interpretations
of (8) are equivalent, also with respect to numerical approximation.
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2.2 Decoupling of the index-1 DAE

Let Q ∈ Rm×m be any projector onto kerD and define

G(t) := A(t)D+B(t)Q ∈ Rm×m. (9)

We assume that the system (8), with D ∈ Rn×m, D = const. , satisfies assumptions specified in (2). Furthermore we are assuming
that the system has tractability index 1, which, by definition means that G(t) is invertible1 for t ∈ (0,1] (in contrast to A(t)D). Due
to G(t)Q = A(t)DQ+B(t)Q2 = B(t)Q we have G−1(t)A(t)D = Im×m −G−1(t)B(t)Q = Im×m −Q, which is the key identity for the
theoretical (semi-)decoupling of (9).

Let D− ∈ Rm×n be a generalized reflexive inverse of D (cf. [21,30,33]) such that D−D = Im×m −Q and DD− = In×n. Furthermore
we denote

M(t) :=−t G−1(t)B(t)D− ∈ Rm×n. (10)

With G−1(t)B(t)Q = Im×m −D−D = Q = Q2 and DQ = 0 we now obtain for t ∈ (0,1]:



DG−1

QG−1


 ·


AD B −Im×m


=




D − 1
t DMD −DG−1

0 Q− 1
t QMD −QG−1


 . (11)

Applying this identity decouples (8) into an ODE for Dx(t) and an algebraic equation expressing Qx(t) in terms of Dx(t),

Dx′(t)− 1
t

DM(t)Dx(t) = DG−1(t)g(t), (12)

Qx(t)− 1
t

QM(t)Dx(t) = QG−1(t)g(t), (13)

for t ∈ (0,1]. Here, Dx and Qx can be considered as separate variables, as Q projects onto kerD. The solution of (8) can then be
represented as

x(t) = (Im×m −Q)x(t)+Qx(t) = D−Dx(t)+Qx(t), (14)

where Dx(t) is the solution of (12).

2.3 Technical assumptions

With the above definitions we are able to specify the problem class under consideration precisely, following [19]. We assume that the
inherent ODE system (12) is well-posed, featuring a singularity of the first kind at t = 0. This requires DM(t) ∈C[0,1], and we also will
assume a sufficient degree of differentiability. For such a singular ODE, the solvability of an IVP ensuring a sufficiently smooth solution
requires certain restrictions on the spectrum of DM(0) (cf., e.g., [10]). In particular, for the IVP to be well posed, the eigenvalues of
DM(0) are not allowed to have positive real parts. Furthermore, the initial condition must satisfy Dx(0) = a ∈ kerDM(0). Of course,
this initial condition must also be consistent with the algebraic condition (13) at t = 0.

To keep the presentation within a reasonable format, we also assume that λ = 0 can only be an semisimple eigenvalue of DM(0).
Otherwise, error bounds in Theorem 1 (Sect. 5) would in general be affected by an additional factor | ln(h)|n0−1, where n0 is the
dimension of the largest Jordan block for λ = 0. This is a consequence of the convergence theory for collocation methods for singular
problems, cf., e.g., [5,11], and the arguments given in Sect. 6 would have to be modified appropriately.

In the singular case, G(t) from (9) is not invertible at t = 0, with G−1(t) unbounded at t = 0. As explicated in [19, Sect. 2.1], for
the given problem to be well-posed a sufficient condition is that

t G−1(t), G−1(t)g(t), and Qcan(t) := QG−1(t)B(t) (15)

1 Under assumption (2), ĜGG(t) = ÂAA(t)D̂DD+ B̂BB(t)Q̂QQ is invertible iff GGG(t) = AAA(t)DDD+BBB(t)QQQ is invertible, which can be seen as follows: Since the particular choice
for Q̂QQ is irrelevant, we consider the natural orthogonal projector

Q̂QQ =


IIImmm×mmm 000mmm×nnn

000nnn×mmm 000nnn×nnn


 , yielding ĜGG =


BBB AAA

DDD 000nnn×nnn


 .

Making use of the identities imQQQ = kerDDD, DDD−DDD = IIImmm×mmm −QQQ and DDDDDD− = IIInnn×nnn, we observe

ĜGG ·

QQQ DDD−

DDD 000nnn×nnn




︸ ︷︷ ︸
=: T̂TT

=


 GGG BBBDDD−

000nnn×mmm IIInnn×nnn




︸ ︷︷ ︸
=: ĤHH

,

where T̂TT is invertible (note that T̂TT
2
= ÎII). This shows rank ĜGG = rank ĤHH; furthermore, ĤHH is invertible iff GGG is invertible.
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have continuous extensions to [0,1] and are sufficiently differentiable on [0,1]. (Qcan(t) is the so-called canonical projector onto kerD.)
Together with (10), this also implies the analogous smoothness of

1
t

QM(t) =−Qcan(t)D−. (16)

These assumptions guarantee that for any continuous, smooth solution Dx(t) of the inherent ODE (12) there exists a continuous and
appropriately smooth solution of the entire DAE (8), which we denote by x∗(t). Furthermore, higher-order convergence results apply
for collocation methods considered below.

Conditions (15) are not strictly necessary. Cf. the discussion in [19]; see also Example 7.1.

A further assumption required in our analysis is that the matrix

G−1(t +h)G(t)− Im×m (17)

remains uniformly bounded for h > 0 and t ≥Ch, where h plays the role of a stepsize in our numerical method.

3 Collocation methods

We consider collocation methods applied to the system (8), with D = const. . The collocation solution is a continuous piecewise polyno-
mial function p(t) of degree ≤ s which satisfies the given initial condition and obeys, in a pointwise sense, the DAE (8) at the collocation
nodes

ti j := τi + c j hi, (18)

where

τ0 = 0, hi := τi+1 − τi > 0, τN = 1; 0 < c1 < .. . < cs = 1, (19)

for i = 0, . . . ,N−1, j = 1, . . . ,s. Note, in particular, that cs = 1 is essential for our analysis. This means that the method is stiffly
accurate, a property which in a natural way ensures stability of the scheme, cf. e.g. [15] for a more detailed discussion. We also denote
h := maxi=0,...,N−1 hi.

The complete system of collocation equations reads

A(ti j)(Dp)′(ti j)+B(ti j)p(ti j) = g(ti j), i = 0, . . . ,N−1, j = 1, . . . ,s, (20)

where p(t) is represented by a polynomial pi(t) of degree ≤ s on each subinterval [τi,τi+1], together with the continuity relations

pi−1(τi) = pi(τi), i = 0, . . . ,N−1, (21)

and p0(0) satisfying the initial conditions of the DAE (8). We also define

c0 := 0, ti0 := τi, i = 0, . . . ,N−1. (22)

Remark. If we identify (8) with the DAE system rewritten in dilated form (3), the collocation conditions (20) are equivalent to

AAA(ti j)qqq′(ti j)+BBB(ti j)ppp(ti j) = ggg(ti j), (23)

qqq(ti j)−DDD(ti j)ppp(ti j) = 000, (24)

together with the continuity conditions for ppp and qqq as in (21), where p(t) = p̂pp(t) = (ppp(t),qqq(t))T , and ppp(t) and qqq(t) are piecewise
polynomial approximations for xxx(t) and uuu(t), respectively. Note that for DDD(t) 6≡ const. we have DDD(t)pppi(t) 6≡ qqqi(t), and therefore the
collocation scheme (23) cannot be interpreted as collocation applied directly to (1) because, in general,

AAA(ti j)DDDpppi
′(ti j)+BBB(ti j)ppp(ti j) 6= ggg(ti j). (25)

On the other hand, (23) can be interpreted as as a well-established implicit Runge-Kutta (IRK) method for (1), see Appendix A. There-
fore, the convergence results from [14] for IRK methods apply, at least for the regular case. These results are based on a natural
decoupling of the problem based on its properly stated formulation and an analogous decoupling of the discrete scheme. The analysis of
our error estimator in Sect. 6 will also be based on such a decoupling procedure, where we make use of the techniques and convergence
results from [5,19]. ut
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4 Defect-based error estimation

A posteriori error estimation in ODEs based on the defect correction principle is an old idea originally due to Zadunaisky [32], which
was further developed by Stetter [31]. In the context of regular and singular ODEs, this approach was refined and analyzed in [4,5]
and implemented in [3]. In particular, for a special realization of the defect, an efficient, asymptotically correct error estimator, the
QDeC estimator, was designed in [4] for collocation solutions on arbitrary grids. These ideas will now be extended to the DAE context,
permitting a singularity of the first kind in the inherent ODE. As will be seen below, this is not straightforward because of the coupling
between differential and algebraic components. A detailed analysis of the proposed estimator is given for the linear index-1 case (1).

In abstract notation, the basic structure of a defect-based error estimator can be described as follows: Consider a numerical solution
x∆ ≈ x∗ for a problem

F(x(t)) = 0, t ∈ [0,1], (26)

on a grid ∆ . Define the defect d = d(t) by interpolating x∆ by a continuous piecewise polynomial function p(t) of degree ≤ s and
substituting p(t) into (26),

d(t) := F(p(t)), t ∈ [0,1]. (27)

Obviously, p(t) is the exact solution to a ‘neighboring problem’

F(x(t)) = d(t) (28)

related to the original problem (26). Now use a procedure of low effort (typically a low order scheme), the so-called auxiliary scheme
F̃ , to obtain approximate discrete solutions x̃∆ and x̃d

∆ for both the original and neighboring problems on the grid ∆ , i.e. F̃(x̃∆ ) = 0 and
F̃(x̃d

∆ ) = d∆ , where d∆ is an appropriate restriction of d(t) to the grid ∆ .
Since (26) and (28) differ only by the (presumably) small defect d, we expect that the global error

e := x∆ − x∗. (29)

is well approximated by the computable a posteriori estimate

ε∆ := x̃d
∆ − x̃∆ . (30)

This is exactly the procedure originally proposed in [31]. However, in concrete applications, the auxiliary scheme F̃ and a suitable
representation for the defect d∆ have to be carefully chosen. In [4] collocation for the ODE case was considered, where the defect
d(t) is directly defined in terms of the continuous collocation solution p(t) (playing the role of x∆ ). If, for instance, F̃ is chosen as the
backward Euler scheme, it is argued in [4] that use of the pointwise defect makes no sense; a modified, averaged version of the defect
(27) has to be used in order to obtain an asymptotically correct estimate. In the following section this approach (the ‘QDeC estimator’)
is described in more detail and is extended to the DAE case.

For linear problems, F(x) = Lx+ g, the procedure can be realized in a simpler way, computing ε∆ by a single application of the
corresponding auxiliary scheme,

L̃ε∆ = d∆ . (31)

See also [6] for a discussion and for further variants of this approach.

5 The QDeC estimator for DAE systems

Now we apply the procedure described in Sect. 4 to the linear DAE system (8). In addition to the collocation method introduced in
Sect. 3, we use a scheme of backward Euler type over the complete collocation grid as an auxiliary method. Let hi j := ti j − ti, j−1. Then
the grid function εi j satisfying the auxiliary scheme with a defect term d̄i j on the right hand side, and homogeneous initial condition
ε00 = 0,

A(ti j)
Dε i j −Dε i, j−1

hi j
+B(ti j)εi j = d̄i j, (32)

defines the estimator εi j ≈ e(ti j). The scheme (32) is the analog of (31), the backward Euler scheme playing the role of L̃.
According to (27), the straightforward, classical way to define the defect d̄i j would be to substitute p(t) into (8) in the pointwise

sense,
d(t) := A(t)Dp′(t)+B(t)p(t)−g(t), t ∈ (0,1], (33)

and using this pointwise defect d(ti j) for d̄i j in (32). However, as has been pointed out in [4] in the ODE context, this procedure does not
lead to successful results. For collocation this is obvious: Since, by definition of the collocation solution (20), the defect d(ti j) vanishes
at each point ti j (i = 0, . . . ,N−1, j = 1, . . . ,s) that enters the scheme (32), the error estimate ε would vanish.

In slight variation of the procedure introduced in [4] we now define a modified defect via a polynomial quadrature approximation
of degree s for the integral mean of d,

d̄i j :=
s

∑
k=0

α jk d(ti k)≈ 1
hi j

∫ ti j

ti, j−1

d(t)dt (34)
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for i = 0, . . . ,N−1, j = 1, . . . ,s. The quadrature coefficients α j k are given by

α j k =
1

c j − c j−1

∫ c j

c j−1

Lk(t)dt, j = 1, . . . ,s, k = 0, . . . ,s, (35)

with the Lagrange polynomials Lk(t) of degree s satisfying Lk(c j) = δ j k. Note that, in contrast to collocation at s nodes in each
subinterval excluding the left endpoint ti0 = τi + c0hi, we now also include the leftmost node c0 = 0 (see (22)) for the polynomial
quadrature defining (34).

Remark. As explained in [4], the modified defect (34) is related to the residual of the pi j w.r.t. a higher order Runge-Kutta scheme
of collocation type including the nodes ti0. Originally, the motivation for defining the d̄i j in this way comes from the ODE context.
Actually, due to (20) the sum in (34) reduces to one term,

d̄i j = α j 0 d(ti0), (36)

at least if we ignore numerical errors in the computation of p(t).
In the DAE case, where the algebraic relations are satisfied exactly at the collocation nodes, see (23), such a weighting of pointwise

defect values seems to be suspicious at first sight. However, in the following theorem, which extends the results from [4,5], we show
that the outcome is an asymptotically correct error estimate also in the DAE case. The essential observation is that a separate handling of
differential and algebraic system components is not necessary. This lets us expect that the procedure will also be successfully applicable
to problems with nonlinear coupling. ut

In the sequel, ‖u(t)‖∞ denotes the the sup-norm for functions u = u(t) ∈C[0,1], ‖u(t)‖∞ := sup t∈ [0,1] |u(t)|∞, and analogously for
grid functions and matrix-valued functions. The collocation error is denoted by p(t)− x∗(t) =: e(t). We occasionally use the subscript
denotation [· · · ]i j for any scalar, vector or matrix valued function as a shortcut for evaluation at the grid point ti j.

We are now in the position to state our main result; the proof is given in Sect. 6.

Theorem 1 Let the collocation degree s be even. While the global error of the collocation method (20) is of order hs (see [19]), i.e.,

‖e(t)‖∞ = ‖p(t)− x∗(t)‖∞ = O(hs), (37)

the estimate for the global error e(t) based on the modified defect (34) and the auxiliary scheme (32) is asymptotically correct, i.e., its
deviation satisfies

‖εi j − e(ti j)‖∞ = O(hs+1). (38)

6 Analysis of the error estimator

6.1 Preparations. Relations to prior work

The analysis given below is based on a theoretical decoupling argument and a study of the associated inherent ODE, according to the
ideas from [8,14,15], see Sect. 2. Note that the assumption D = const. is important here: It guarantees the problem to be numerically
well-formulated, i.e., the original problem and the discrete schemes decouple in a parallel way, which is essential to ensure stable
integration (cf., e.g., [15]).

A convergence theory for collocation methods applied to the problem at hand is presented in [19]. The following proof does
not directly rely on [19]. Rather, the respective decoupling arguments are described from scratch, and our analysis of the differential
component is based on the results from [5], which contains an analysis of the QDeC estimator for an ODE system with a singularity of
the first kind. In particular, in the second step of the proof below we shall make use of the convergence result [5, Theorem 4.3], which
can be directly applied to the case of a singularity of the first kind considered here. We explicitly refer to the arguments from [5], without
reproducing all of the technical details. The algebraic components are then estimated separately.

However, concerning the analysis of the error estimator there is a minor difference to [5]. Namely, in the version of the QDeC esti-
mator considered in [5] the left endpoint of the collocation subintervals is not involved in the defect quadrature (rather the right endpoint,
which is not assumed to be a collocation node). Reformulating the respective arguments from [5] for our purpose is straightforward,
with the exception that we now have to take special care about evaluations at the singular point t = 0. The respective technical details
are explicated in the proof below.

Remark. The pointwise defect (33) can also be written as

d(t) = A(t)De′(t)+B(t)e(t). (39)

In contrast to the error e(t), the functions e′(t) and d(t) are not continuous at the endpoints ti0 of the collocation intervals. In the sequel,
evaluation at t = ti0 is to be understood as

e′(ti0) := lim t ↓ ti0 e′(t), d(ti0) := lim t ↓ ti0 d(t), (40)

ut
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6.2 Proof of Theorem 1

We proceed in several steps.

• Decoupling the collocation equations (20)

The decoupling transformation (11) which led us to (12) also applies to the collocation equations (20), yielding

Dp′(ti j)− 1
ti j

DM(ti j)Dp(ti j) = DG−1(ti j)g(ti j), (41)

Qp(ti j)− 1
ti j

QM(ti j)Dp(ti j) = QG−1(ti j)g(ti j), (42)

for i = 0, . . . ,N−1, j = 1, . . . ,s. Together with (12), which is satisfied by x = x∗, we see that the global error e(t) = p(t)− x∗(t) of
the collocation solution satisfies

De′(ti j)− 1
ti j

DM(ti j)De(ti j) = 0, (43)

Qe(ti j)− 1
ti j

QM(ti j)De(ti j) = 0, (44)

for i = 0, . . . ,N−1, j = 1, . . . ,s, and with e(0) = 0.

• A priori error estimates for the error e(t) = p(t)− x∗(t)
First we invoke the convergence result [5, Theorem 4.3], which can be directly applied to the case of a singularity of the first kind
considered here, with Dp(t), DM(t), DG−1(t)g(t) playing the role of p(t), M(t), f (t) from [5]. This shows uniform convergence
on [0,1] for the error in the differential component and its first derivative,

‖De(t)‖∞ = ‖Dp(t)−Dx∗(t)‖∞ = O(hs), (45)

‖De′(t)‖∞ = ‖Dp′(t)−Dx′∗(t)‖∞ = O(hs). (46)

Furthermore, the uniform estimate

Dp′(t)− 1
t

DM(t)Dp(t)−DG−1(t)g(t) = O(hs) for t ∈ [0,1] (47)

follows from [5, Theorem 4.3, (4.18c)]. Together with (12) (with x = x∗) this also shows

De′(t)− 1
t

DM(t)De(t) = O(hs) for t ∈ [0,1]. (48)

The second collocation equation (42) says that for each i= 0, . . . ,N−1, the polynomial Qpi(t) of degree ≤ s interpolates QG−1(t)g(t)+
1
t QM(t)Dpi(t) at t = ti j for j = 1, . . . ,s. The additional interpolation property at ti0 = τi follows from the continuity condition (21)
for i = 1, . . . ,N−1 and the initial condition for i = 0. The standard estimate for the error of Lagrange interpolation gives

Qp(t)− 1
t

QM(t)Dp(t)−QG(t)−1g(t) = O(hs+1) for t ∈ [0,1]. (49)

The differentiability required for the function interpolated follows from our smoothness assumptions, see (15),(16). Together with
(13), x = x∗, this also shows

Qe(t)− 1
t

QM(t)De(t) = O(hs+1) for t ∈ [0,1]. (50)

By (16) and (45), this implies the uniform a priori estimate

‖Qe(t)‖∞ = ‖Qp(t)−Qx∗(t)‖∞ = O(hs). (51)

• Decoupling the auxiliary scheme (32) and the defect. Defect estimates

The decoupling transformation (11) applies to the auxiliary scheme (32) as well, resulting in

Dε i j −Dε i, j−1

hi j
− 1

ti j
DM(ti j)Dεi j = DG−1(ti j)d̄i j, (52)

Qεi j − 1
ti j

QM(ti j)Dεi j = QG−1(ti j)d̄i j, (53)

with Dε00 = Qε00 = 0.
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Decoupling the pointwise defect (33) according to (11) for t ∈ (0,1] leads to

DG−1(t)d(t) = Dp′(t)− 1
t

DM(t)Dp(t)−DG−1(t)g(t), (54)

QG−1(t)d(t) = Qp(t)− 1
t

QM(t)Dp(t)−QG−1(t)g(t). (55)

Subtracting (12) with x = x∗ from (54) yields

DG−1(t)d(t) = De′(t)− 1
t

DM(t)De(t), (56)

QG−1(t)d(t) = Qe(t)− 1
t

QM(t)De(t), (57)

for t ∈ (0,1], which can also be considered as a decoupled DAE system for the e(t). Together with (16) and (48), this implies the
uniform estimates for t ∈ (0,1],

‖DG−1(t)d(t)‖∞ =O(hs), (58)

‖QG−1(t)d(t)‖∞ =O(hs), (59)

which also imply2

‖d(t)‖∞ = ‖G(t)G−1(t)d(t)‖∞ ≤C‖G−1(t)d(t)‖∞

≤C‖D−DG−1(t)d(t)‖∞ +C‖QG−1(t)d(t)‖∞ = O(hs)
(60)

with C = ‖G(t)‖∞.

The limits of (56) and (57) for t ↓ 0 are given by3

lim t ↓0 DG−1(t)d(t) = De′(0)− lim t ↓0
DM(t)De(t)−DM(0)De(0)

t −0
(61)

= De′(0)− d
dt

(
DM(t)De(t)

)∣∣
t=0 = (In×n −DM(0))De′(0)

due to De(0) = 0, and
lim t ↓0 QG−1(t)d(t) = 0 (62)

due to e(0) = 0 and by virtue of the smooth extension property (16).

The pointwise defect in the algebraic component satisfies

QG−1(ti k)d(ti k) = 0, for all i = 0, . . . ,N−1, k = 0, . . . ,s. (63)

(For k > 0 this follows simply from the collocation identities d(ti k) = 0. For i > 0 and k = 0 it is true due to ti0 = ti−1,s; this is the
point in the proof where assumption cs = 1 is essential. For i = k = 0, t00 = 0, (63) is nothing but (62).)

• Difference scheme for the differential component of the deviation δi j := εi j − e(ti j)

We express the difference quotients of De and its estimate Dε in terms of quadratures (with the coefficients from (34),(35)). Integra-
tion of De′(t) using (56) gives4

Dei j −Dei, j−1

hi j
=

1
hi j

∫ ti j

ti, j−1

De′(t)dt =
s

∑
k=0

α jkDe′(ti k)+O(hs+1)

=
s

∑
k=0

α jk

( 1
ti k

DM(ti k)De(ti k)+DG−1(ti k)d(ti k)
)
+O(hs+1).

(64)

Furthermore, substituting (34) into (52) gives

Dε i j −Dε i, j−1

hi j
=

1
ti j

DM(ti j)Dεi j +DG−1(ti j)
s

∑
k=0

α jk d(ti k). (65)

2 ‖d(t)‖∞ = O(hs) also follows directly from (39).
3 The analogous relation as in (61) also holds true for G−1(t)d(t).
4 The quadrature formula (34),(35) is of degree s and, since we are approximating an integral mean, an error estimate of the form C hs+1 holds, where C

depends on the (s+1)-th derivative of the integrand, i.e., on De(s+2) = Dp(s+2)−Dx(s+2)
∗ =−Dx(s+2)

∗ since p is of degree s.
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Subtracting (64) from (65) we obtain, after simple rearrangement making use of ∑s
k=0α jk = 1, a system of difference equations of

backward Euler type (analogous to (52),(65)), for the deviation Dδi j = Dεi j −De(ti j):

Dδ i j −Dδ i, j−1

hi j
− 1

ti j
DM(ti j)Dδi j

=
s

∑
k=0

α jk

( 1
ti j

DM(ti j)De(ti j)− 1
ti k

DM(ti k)De(ti k)
)
+

+
s

∑
k=0

α jk
(
DG−1(ti j)−DG−1(ti k)

)
d(ti k)+O(hs+1),

(66)

or equivalently, with d(ti k) = 0 for k > 0,

Dδ i j −Dδ i, j−1

hi j
− 1

ti j
DM(ti j)Dδi j

=
s

∑
k=0

α jk

( 1
ti j

DM(ti j)De(ti j)− 1
ti k

DM(ti k)De(ti k)
)
+

+α j 0
(
DG−1(ti j)−DG−1(ti0)

)
d(ti0)+O(hs+1).

(67)

The denotation in (64)–(67) is somewhat informal. Namely, the nontrivial evaluations occurring for i,k = 0,0 (i.e., at the singular
point t = t00 = 0) have to be understood in the sense of lim t ↓0 . . ., and these limits must be well defined and have to be studied. This
is done in the next step of the proof.

• Estimation of the right hand side of (67)

Here our aim is to identify the right hand side of (67) as an object of the type

1
ti j

DM(0)O(hs+1)+
1
ti j

O(hs+1)+O(hs+1) (68)

uniformly for i = 0, . . . ,N−1, j = 1, . . . ,s. To this end we separately estimate the contributions to the right hand side of (67).

– First we consider the terms under the sum on the right hand side of (67), depending on De(t). For i > 0, ti j > ti0 > 0 we can
argue in a similar way as in [5, (5.14)]: With τ = ti j +σ(ti k − ti j) and writing M(t) in the form M(t) = M(0)+ M̄1(t) · t, where
M̄1(t) is assumed to be appropriately smooth, we obtain 5

1
ti j

DM(ti j)De(ti j)− 1
ti k

DM(ti k)De(ti k) (69)

=
∫ 1

0

d
dt

( 1
t

DM(t)De(t)
)∣∣

t=τ dσ · (ti j − ti k)

=
∫ 1

0

(
− 1

τ2 DM(0)De(τ)+
1
τ

DM(0)De′(τ)+
d
dt

(
M̄1(t)De(t)

))∣∣
t=τ dσ · (ti j − ti k)

=
1
ti j

DM(0)O(hs+1)+O(hs+1),

as desired. Here we have used the a priori estimates (45) and the fact that 1
τ ≤ C

ti j
.

For the special case t00 = 0 (i = k = 0) we make use of existence of the limit lim t ↓0
1
t DM(t)De(t) = DM(0)De′(0) (cf. (61)).

For t = t0 j, j = 1, . . . ,s, this also yields the form (68),

1
t0 j

DM(t0 j)De(t0 j)− lim t ↓0
1
t

DM(t)De(t) (70)

=
( 1

t0 j
DM(0)+DM̄1(t0 j)

)(
De(0)+ t0 jDē1(t0 j)

)
− 1

t0 j
t0 jDM(0)De′(0)︸ ︷︷ ︸

=O(hs+1)

=
1

t0 j
DM(0)O(hs+1)+

1
t0 j

O(hs+1)+O(hs+1)

by virtue of (45) and with De(0) = 0, t0 j = O(h).

5 Here and also in (70), M̄1(t) and ē1(t) denote the Taylor remainders of first order after expanding M(t) and e(t) about t = 0.
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– Concerning the second term on the right hand side of (67), depending on d(t), we also first consider the case i > 0, ti j > ti0 > 0.
We have

(
DG−1(ti j)−DG−1(ti0)

)
d(ti0) = D

(
G−1(τi + c j hi)−G−1(τi)

)
d(τi) (71)

= DHi j G−1(τi)d(τi),

with Hi j := G−1(τi + c j hi)G(τi)− Im×m uniformly bounded by assumption (17), and where

G−1(τi)d(τi) = (D−D+Q)G−1(τi)d(τi) = D−DG−1(τi)d(τi)

= D−(DG−1(τi)d(τi)−DG−1(τi + c j hi)d(τi + c j hi)
) (72)

holds due to (63) and d(τi + c j hi) = 0. Relations (71) and (72) result in

G−1(τi)d(τi) = DHi j D−(DG−1(τi)d(τi)−DG−1(τi + c j hi)d(τi + c j hi)
)
. (73)

Using representation (56) we can estimate the right hand side of (72) in a similar way as in (69) above.

For the special case t00 = 0 (i = k = 0) we again make use of existence of the limit (61), which implies

lim t ↓0 tDG−1(t)d(0) = lim t ↓0 tDG−1(t)d(t) = 0. (74)

Together with Taylor expansion of tDG−1(t) about t = 0 this gives

tDG−1(t)d(0) =
(
R1(0) t +R2(0)

t2

2
+O(t3)

)
d(0), t ↓ 0, (75)

where R1(t) := d
dt (tDG−1(t)), R2(t) := d2

dt2 (tDG−1(t)), yielding
(
DG−1(t0 j)− lim t ↓0 DG−1(t)

)
d(0)

=
(
R2(0)

t0 j

2
+O(t0 j

2)
)
d(0) = O(hs+1).

(76)

• Estimation of the deviation δi j

With the estimate (68) for the right hand side of the difference scheme (67) at hand, its solution can be estimated via a stability
argument for the backward Euler scheme, cf., e.g., the proof of [4, Theorem 5.1]. The argument in this proof is based on [4,
Theorem 4.2] which is applicable to (67) due to the estimates for its right hand side indicated in the previous step of the proof. In
this way we end up with

‖Dδi j‖∞ = O(hs+1). (77)

Finally, to estimate the algebraic component Qδi j, we subtract (44) from (52), which results in

Qδi j =
1
ti j

QM(ti j)Dδi j +QG−1(ti j)d̄i j. (78)

For the term describing the influence of the algebraic defect component in (78) we now obtain the uniform estimate

QG−1(ti j)d̄i j =
s

∑
k=0

α jk QG−1(ti j)d(ti k) (79)

=
s

∑
k=0

α jk
(
QG−1(ti j)−QG−1(ti k)

)
d(ti k)+

s

∑
k=0

α jkQG−1(ti k)d(ti k)

= α j 0
(
QG−1(ti j)−QG−1(ti k)

)
d(ti0)+α j 0 QG−1(ti k)d(ti0),

where the first term on the right hand side can be estimated in the same way as above for the differential component, and the second
one vanishes due to (63).

Together with (16) and (77) this shows

‖Qδi j‖∞ = O(hs+1), and ‖δi j‖∞ ≤ ‖D−Dδi j‖∞ +‖Qδi j‖∞ = O(hs+1), (80)

which completes the proof of (38). ut
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7 Numerical examples

For a more detailed discussion of the analytical properties of the following examples, see [19].

7.1 Singular DAE system of dimension 2. Unbounded canonical projector

We consider the initial value problem with x(0) = (0,−1)T for

 t

1


x′(t)+


1 0

0 cos t


x(t) =


t(2sin t + t cos t)

−e2t


, (81)

with inherent ODE
x′1(t)+

1
t

x1(t) = 2sin t + t cos t. (82)

This is even a ‘more difficult’ example which is not strictly covered by our theoretical investigations, since the canonical projector

Qcan(t) =

 0 0
− 1

t cos t 1


 is unbounded near t = 0 (entailing the limit (62) to be nonzero). However, the initial value problem is well

posed (cf. [19]).

We use collocation at equidistant points with s = 4 on N = 2,4,8,16,32 intervals. In Table 1, columns ‘e’ and ‘δ = ε − e’, the
maximum of |ei j|∞ and |δi j|∞ = |εi j − ei j|∞ over all grid points is displayed.

Table 1 Error and deviation of estimate for Example 7.1

N e orde δ = ε − e ordδ

4 2.886 e-06 9.495 e-07
8 2.103 e-07 3.8 3.249 e-08 4.9

16 1.407 e-08 3.9 1.057 e-09 4.9
32 9.072 e-10 4.0 3.336 e-11 5.0

The asymptotical order δ = ε − e = O(hs+1) is clearly observed also in this case.

7.2 Semi-explicit singular DAE system of dimension 4. Bounded canonical projector

Next we consider a semi-explicit initial value problem (with appropriate initial conditions) of the type (for more details see [19])

t x′1(t)+B11x1(t)+B12x2(t) = g1(t),

B21x1(t)+B22x2(t) = g2(t),
(83)

where Bi j ∈ R2×2, gk ∈C[0,1], and B22 is invertible. The inherent ODE system takes the form

x′1(t)−
M
t

x1(t) = f (t), M(t) = B12B−1
22 B21 −B11. (84)

The eigenvalues of M are λ1 = 0 and λ2 =−2. We apply the same collocation method as for Example 7.1. In Table 2, columns ‘e’ and
‘δ = ε − e’, the maximum of |ei j|∞ and |δi j|∞ = |εi j − ei j|∞ over all grid points is displayed.

Table 2 Error and deviation of estimate for Example 7.2

N e orde δ = ε − e ordδ

4 3.059 e-05 7.578 e-06
8 2.543 e-06 3.6 2.335 e-07 5.0

16 1.796 e-07 3.8 7.429 e-09 5.0
32 1.189 e-08 3.9 2.408 e-10 5.0
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A On the interrelation between collocation and Runge-Kutta methods

For ODEs, collocation methods are a special case of implicit Runge-Kutta (IRK) methods, cf. e.g. [13]. Here we explicate the analogous interrelation for the
DAE case.

For a linear DAE system (1), the following version of a Runge-Kutta method is described and analyzed in [14] (see also [15] for the nonlinear case): Assume
that

A = (a j k, j,k = 1, . . . ,s) (85)

is the coefficient matrix in the Butcher array for a given s-stage IRK scheme, with internal nodes c = (c1, . . . ,cs) and weights b = (b1, . . . ,bs). As in [14] we
assume that the method is stiffly accurate, i.e. cs = 1 (as in (19)), ask ≡ bk and A invertible, with

A −1 =: ˆA = (â j k, j,k = 1, . . . ,s) . (86)

For τi+1 = τi +hi, let ti j := τi + c jhi as in Sect. 3. As usual we denote AAAi j := AAA(ti j), etc. For notational convenience, let h := hi, c0 := 0 and ti0 := τi. In [14], an
IRK step for (1) relating xxxi+1 to xxxi is defined via internal approximations stages XXX i j satisfying the linear system

AAAi j UUU ′
i j +BBBi jXXX i j = gggi j, j = 1, . . . ,s, (87)

for the unknowns XXX i j, j = 1, . . . ,s. Here, UUU ′
i j is the shortcut

UUU ′
i j :=

1
h

s

∑
k=1

â j k(DDDi kXXX i k −DDDi0XXX i0), j = 1, . . . ,s. (88)

Together with XXX i0 = xxxi and with cs = 1, this defines xxxi+1 := XXX is.
Now we additionally assume that the given IRK scheme is equivalent to a collocation scheme in the conventional ODE sense, and we shall demonstrate in

which way (87), (88) can be interpreted as a collocation scheme applied to the given DAE. To this end, we observe that (88) can be written as

h(A ⊗ III) ·




UUU ′
i1
...

UUU ′
is




=




DDDi1XXX i1 −DDDi0XXX i0

...
DDDisXXX is −DDDi0XXX i0



, (89)

or equivalently,

DDDi jXXX i j = DDDi0XXX i0 +h
s

∑
k=1

a j kUUU ′
i k, j = 1, . . . ,s, (90)

which has a structure similar to a conventional IRK system.
For IRK schemes of collocation type, the coefficients a j k satisfy the simplifying assumption C(s) (cf. [13]),

s

∑
k=1

a j k c`−1
k =

c`j
`
, j, `= 1, . . . ,s, (91)

which implies

h
s

∑
k=1

a j k q(ti k) =

ti j∫

ti0

q(t)dt, j = 1, . . . ,s, (92)

for any polynomial q(t) of degree ≤ s−1. Now, let pppi(t) and qqqi(t) denote the unique polynomials of degree ≤ s interpolating the XXX i j and DDDi jXXX i j , respectively,
i.e.,

pppi(ti j) = XXX i j, qqqi(ti j) = DDDi jXXX i j, j = 0, . . . ,s. (93)

Then, due to (92) the following identities hold for j = 1, . . . ,s:

DDDi jXXX i j = qqqi(ti j) = qqqi(ti0)+

ti j∫

ti0

qqq′i(t)dt = qqqi(ti0)+h
s

∑
j=1

a j k qqq′i(ti k) = DDDi0XXX i0 +h
s

∑
k=1

a j k qqq′i(ti k), (94)

or equivalently,

h(A ⊗ III) ·




qqq′i(ti1)
...

qqq′i(tis)




=




DDDi1XXX i1 −DDDi0XXX i0

...
DDDisXXX is −DDDi0XXX i0



. (95)

Since A has been assumed to be invertible, (89) and (95) have unique, identical solutions, i.e.,

qqq′i(ti j) =UUU ′
i j, j = 1, . . . ,s. (96)

Now, (93) and (96) imply that solving the IRK system (87),(88) is equivalent to determining polynomials pppi and qqqi of degree ≤ s which satisfy pppi(τi) = xxxi,
qqqi(τi) = DDD(τi)xxxi, and

AAA(ti j)qqq′(ti j)+BBB(ti j)ppp(ti j) = ggg(ti j), (97)

qqq(ti j)−DDD(ti j)ppp(ti j) = 000, (98)

for j = 1, . . . ,s, which is exactly (23). Starting from (97) we can also reverse the above argumentation, ending up with the IRK formulation (87),(88).
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	titelseite18-10.pdf
	preprint

