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Abstract

In this paper, we analyze the reason behind the use of foreign ownership restrictions on inward Foreign

Direct Investment (FDI). We extend the results developed in [38] by changing the condition on share

distribution in the model. Due to this change, we are able to analyze the political economy aspect of this

restrictive policy, i.e., we can study the effect of the host government’s welfare preference on the optimal

foreign ownership restriction. Since the analytical solution to the optimal share restriction policy cannot

be specified in general, we use a numerical approach based on collocation to approximate the solution

to the problem. Within this framework, under certain conditions, it turns out that the rent extraction-

efficiency trade-off is sharper the less the host government favors the local firm. We show that not only

economic factors but also political factors play an important role in the determination of the foreign

ownership restrictions.

Keywords: Ownership, Multinationals, Asymmetric Information, Regulation, Singular Boundary Value

Problems in ODEs, Collocation Methods.

JEL classification: F23, L24, D82, P16, C63.

1 Introduction

Over the past few years, globalization has been one of the most intensely debated topics in international

economics. The term ‘globalization’ is used to point out the growing economic interdependence between

countries worldwide, through increasing volume and variety of cross border transactions in goods and ser-

vices, free international capital flows, and more rapid and widespread diffusion of technology. Cross border

transactions can take various forms such as International Trade, Foreign Direct Investment and Capital

Market Flows. Our attention will be particularly focused on Foreign Direct Investment.

In recent years, there has been a worldwide surge in FDI flows. The tremendous increase in FDI is un-

doubtedly related to the globalization of the world economy. Over the past two decades, global flows of

foreign direct investment have been recognized as a vital force in fostering economic growth. One interest-

ing observation is the positive correlation between the level of inward FDI and economic performance, see

[11]. On the one hand, FDI has the much desired potential to create jobs, transfer technology (including
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management skills), enhance export capacity and raise productivity, but on the other hand, some experts

claim that the increased importance of FDI flows has eroded the ability of governments to make policies

that restrict the activities of Multinational Firms (MNFs). Furthermore, complaints on abuses of monopoly

power by MNFs are commonly mentioned. Nonetheless, most researchers seem to agree that the benefits of

FDI exceed involved costs and disadvantages, cf. [49].

Many of the most important host countries have attracted large amounts of FDI while maintaining policy

regimes at odds with MNFs’ preferences, see [55]. Even though there is considerable evidence that most

countries have followed a more positive stance towards FDI recently, restrictive policies are still in effect,

cf. [30] and [31] for different types of restrictions. Most of the newly industrialized countries in Asia remain

restrictive towards FDI. However, this has not prevented them from the high rates of FDI inflows. In Thai-

land, for example, the Alien Business Law of 1972, which was in effect until 1999, required every registered

business to have a majority Thai ownership, see [28]. In 1999, a new act, entitled The Foreign Business Act,

B.E. 2542, was passed. Even though the new act has liberalized some areas, it appears to be even more

restrictive in others, see [22]. It is interesting to note that Thailand stands out as a successful country to

attract export-oriented (efficiency-seeking) FDI, which is accepted as more sensitive to national FDI policy

regime, cf. [34].

As many economists emphasize, FDI can only be explained and understood in the context of highly imper-

fect markets, see [26] and [13]. Most studies support the conclusion that the multinational firms are more

productive than the local ones, cf. [37]. In addition, in case of the United States and Canada, respective

literature includes [29] and [24]. For developing countries, this conclusion is supported by [10], [52], [45] and

[33]. Moreover, productivity is often said to be increasingly firm specific, cf. [14]. This efficiency advantage

explains MNFs’ increased market power. To counter the monopoly power of the global firms, host countries

have resorted to various measures of performance requirements, such as export-share requirement and do-

mestic ownership requirement. In this work, we examine the motivation for the common use of the latter one.

The principal characteristic of FDI is the control over operations exercised by the investing entity over the

investor entity. Ownership of equity enables firms to exercise control over operations. According to the

property rights theory ([32], [36], [35]), changing the ownership structure of a firm, might create inefficien-

cies which can decrease the overall profitability of a project.1 If so, why do host countries still use ownership

restrictions when other policy tools are available? The reason we propose is that FDI projects generate sur-

pluses and information advantages of MNFs prevent host governments from capturing rents through direct

taxation. Host governments’ objectives in retaining rents may seem at odds with subsidies that are often

offered to MNFs in the form of tax holidays and infrastructure provision. However, as many publications on

time inconsistency problems in FDI policies have shown, these subsidies mainly pay for the sunk investments

whose quasi-rents are subject to subsequent capture by host governments, see [53], [25] and [51].

In this paper, we extend the results from [38], where foreign ownership restrictions are analyzed.2 Restrictions

on foreign ownership typically take the form of limiting the maximum ownership shares that non-residents

can possess while investing in host countries, see [38] for a comprehensive literature review. Here, we change

the condition on share distribution in such a way that ownership shares are distributed on the basis of the

net profit rather than gross profit. Therefore, if a joint venture is considered, the partners do not pay their

taxes individually, rather, the JV firm pays a single tax. The advantage of our new model compared to

the one studied in [38] is that now optimal ownership restrictions depend on the particular form of the

1In [42], it is shown that ownership concentration is associated with superior performance: Concentrated foreign ownership

improves economic performance, whereas domestic private ownership does not.
2We use the terms ‘domestic ownership requirement’ and ‘foreign ownership restriction’ interchangably.
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host government’s welfare function. Therefore, the level of foreign ownership restrictions indicates the host

government’s welfare preference. Under this new specification, except for a case study identical to the one

discussed in [38], we cannot provide an analytical solution to the problem. Nevertheless, from the analytical

considerations we can derive an initial value problem for an ordinary differential equation (ODE) of second

order. As a consequence, we can solve the problem numerically.

In our model, by combining moral hazard with adverse selection, we try to justify the claim that it is optimal

to use foreign ownership restrictions. We assume that an advantageous investment opportunity is present in

the host country. There is a pool of local firms and a single Multinational Firm that are willing to undertake

the project. We further assume that the MNF is more productive and thus, can create more surplus than

the local firms. The surplus the MNF can create consists of two parts. The first part depends on output

and can be publicly observable. The second part is assumed to be independent of the output, like brand

name effect, experience, etc., and cannot be publicly observable. It consists of two elements: Firm-specific

advantage of the MNF and the MNF’s effort. Hence, in order to benefit from its firm-specific advantage,

the MNF needs to incur a costly unobservable effort. The host government intends to maximize its welfare

which consists of the weighted average of its tax revenue and any possible local firm’s profit. The weight

given to the local firm’s profit in the welfare reflects how much the government favors the local firm. The

key feature of the model is the asymmetry of information between the host government and the MNF. The

host government can observe neither the effort level nor the firm-specific advantage of the MNF. Likewise,

it cannot observe the resulting surplus. On the other hand, if there is a joint venture partner, this partner

can see this surplus amount, since it can observe the money flow into the firm, but it cannot observe the

components of this surplus.3 Given these circumstances, we show that the host government can alleviate its

information constraints by forcing a joint venture.4 Accordingly, the host government designs a mechanism

that induces truth telling. We know from [48] and [17] that without loss of generality, we can restrict our-

selves to such a truth-telling mechanism. For each report of the firm-specific advantage by the MNF, the

host government assigns a maximum level of ownership the MNF can have, and the lump-sum tax/subsidy

to the MNF and its joint venture partner, Local Firm (LF). In this mechanism, the game is played between

the host government and the MNF. The LF plays a watchdog role and (indirectly) guarantees that the MNF

does not lie in its report. This mechanism gives rise to truth telling since any possible collusion between the

LF and the MNF is not sustainable.

The mathematical model arising from the above theory and whose solution we attempt to approximate, has

the form of a nonlinear implicit scalar ordinary differential equation of second order which can be rewritten

in a form of an implicit system of two differential equations (ODEs) of first order. In this case two boundary

conditions need to be specified for the uniqueness of the solution. Here, the additional difficulty is that

the linearized system whose solution we solve for during the Newton iteration, exhibits a singularity at the

origin. Such singular systems are typically given in the following form:

bδz′(b) = M(b)z(b) + bδg(b), b ∈ (0, 1], (1a)

R0z(0) + R1z(1) = ρ, (1b)

z ∈ C[0, 1], (1c)

where δ ≥ 1, z is an n-dimensional real function, M is a smooth n×n matrix, R0, R1 are constant p×n ma-

trices, and g is a smooth n-dimensional function. For δ = 1 the problem is called singular with a singularity

of the first kind, for δ > 1 it is essentially singular (singularity of the second kind). For the singular problem

3This information structure is not crucial for our results. See section 4 in [38] for an alternative assumption.
4Imposing a joint venture is similar to ownership restrictions requiring the MNF to offer a minimum profit share to a domestic

partner.
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with a continuous solution z ∈ C[0, 1], boundary conditions have to show a certain structure which depends

on the eigenvalues of the matrix M(0), see [20]. In general, p < n holds and condition (1c) is equivalent to

n − p additional linearly independent conditions z(0) must satisfy. These boundary conditions, augmented

by (1b), are necessary and sufficient for the solution z ∈ C[0, 1] to be isolated and the problem (1) to be

well-posed.

During the recent years a lot of effort has been put into the numerical analysis and code development for

singular boundary value problems. The objective was to provide a sound theoretical basis and the imple-

mentation of an open domain Matlab code for the numerical solution of BVPs with a singularity of the first

kind, δ = 1. To compute the numerical solution of (1), we use collocation at an even5 number of collocation

points spaced in the interior of a collocation interval. Our decision to use collocation was motivated by its

advantageous convergence properties for (1). The convergence order is at least equal to the stage order of the

method, while in the presence of a singularity other high order methods show order reductions and become

inefficient cf. [5], [20] and [43]. The above convergence results mean that a collocation scheme with s inner

collocation points constitutes a high order basic solver – global error of the numerical solution decreases as

O(hs) uniformly in b when h tends to zero – robust with respect to the singularity of the first kind. Here,

we denote by h the maximal stepsize in a (nonequidistant) grid.

In order to solve the ODE systems efficiently the meshes have to be adapted to the solution behavior. For

singular problems, we aim at meshes which are not affected by the steep direction field, staying coarse also

close to the singularity when the solution is smooth in that region. To design a mesh adaptation procedure,

we need an efficient asymptotically correct a posteriori estimate for the error of the numerical solution. We

propose to control the global error, because in the context of singular problems we observed that the values

of the residual (a local error measure) are as a rule orders of magnitude larger than the global error. Thus,

it often turns out that grids generated via the equidistribution of the residual are too fine and generate so-

lutions whose global errors are dramatically smaller than the prescribed tolerance, which is inefficient. Our

global error estimate was introduced in [4] and is based on the defect correction principle. We could show

that for a collocation method of order O(hs), the error of the estimate (the difference between the exact

global error and its estimate) is of order O(hs+1), see [5] and [43]. This asymptotically correct error estimate

yields a reliable basis for an efficient mesh selection procedure. Our grid adaptation procedure results in grids

which adequately reflect the solution behavior. Experimental evidence showing that our procedure works effi-

ciently and dependably for singular problems can be found in [6], and a theoretical justification is given in [7].

Finally, the above algorithm has been implemented and provided as an open domain Matlab code for

fully implicit nonlinear problems with an error estimation routine and a grid selection strategy. This code,

sbvp 1.0 for Matlab 6.0, has been published in 2002, see

http://www.mathworks.com/matlabcentral/fileexchange > Mathematics >
Differential Equations > SBVP1.0 Package.

Comprehensive information on the program and its performance can be found in [3] and [6].

The code sbvp 1.0 was very well received by the scientific community and is broadly used in many areas

of applications. However, sbvp 1.0, in its original version, was designed to solve only first order systems in

explicit form, so that many important applications which we knew about, as the one which is the subject

of this paper, were not in scope of the code. This was a strong motivation to implement a test version of

a new Matlab code bvpsuite addressing these additional requirements, cf. [40]. This code is designed to

5The even number of points is motivated by the technical details of the error estimation procedure.
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solve implicit systems of ODEs which may have variable order from zero to four,

F (z(4)(b), z(3)(b), z′′(b), z′(b), z(b), b) = 0, b ∈ [0, 1],

R(z(3)(0), z′′(0), z′(3)(1), z′′(1), z′(1), z(1)) = 0.

In particular, algebraic constraints are also admitted. Moreover the code can cope with unknown parameters

in a way that it is not necessary to introduce artificial differential equations for such parameters. Clearly, in

this case additional boundary conditions have to be specified. This can be done not only at the boundary

but also within the integration interval. The code can be applied to systems with both types of singularity

and features appropriate routines for error estimation and grid adaptation, cf. [5] and [7]. The basic solver

routine is still collocation at s inner collocation points, the error estimate is now based on the more robust

mesh halving, and the equidistribution of the global error is the basis for the grid adaptation routine.

Another important feature is that parameter-dependent problems are now in scope of the code since it

has been augmented by an adaptive path-following strategy. The strategy is based on pseudo-arclength

parametrization for the solution of parameter-dependent BVPs. We have formulated criteria which ensure

successful application of this method for the computation of solution branches with turning points, for prob-

lems with singularities. In the present paper we were able to demonstrate that bvpsuite can be applied to

solve problems of practical relevance exhibiting a singularity of the first kind.

The paper is organized as follows. In Section 2, we describe the main analytical properties of the model.

The details of the numerical approach are specified in Section 3. In Section 4, we summarize and interpret

the results. Finally, we give proofs of standard results in full detail.

2 Model Setting and Analytical Results

Model description relies heavily on the discussion from [38]. We consider a host country having an advantage

for the production of a particular good. Either an MNF or LF can take advantage of this profitable invest-

ment opportunity. There is a pool of competitive local firms in the host country. The MNF has an advantage

over these firms so that it can create a higher surplus than any other local firm. Hence, ceteris paribus, it is

more efficient for the MNF to undertake the project. The surplus that the MNF can create has two parts:

The first part, denoted by πMNF , depends on output and hence is publicly observable and the second part

depends on intangible assets such as experience, brand name, etc., and thus is publicly unobservable. The

latter is a function of the MNF’s firm-specific advantage b. To benefit from it, the MNF must exert an effort

e ∈ {0}∪R+. Consequently, the realized unobservable profit takes the form of e∗ b. The effort cost is convex

and has the form e2/2. The firm-specific advantage b is assumed to be a random variable with the support

[b, b], where 0 ≤ b < b, with distribution function F (b) and density function f(b). On the other hand, the

total surplus that any local firm can generate is equal to πLF < πMNF .6

The MNF has two ways to enter the host market: It can either enter as a fully-owned firm or it can form a

joint venture (JV) with one of the domestic firms. It is assumed that local firms do not have any bargaining

power and play no role in determining ownership shares in a possible JV.7 It is also assumed that from the

MNF’s perspective, there is no advantage in having a local JV partner.8 Therefore, as long as there is no

6We assume that due to its easy access to world markets, the MNF can access inputs at a lower cost than the local firms

thus can create more surplus in the observable portion of the profit.
7It follows directly from an assumption that local partners are drawn from a supply of homogeneous and competitive firms.
8The underlying assumption here is that having a local JV partner does not increase the total surplus. Alternatively, rather

than assuming π
LF

< π
MNF , one may assume that a possible JV can create more surplus. Then all the results follow.

5



outside intervention, the MNF chooses to form a fully-owned firm.

At the time of entering the domestic market, the MNF observes the actual realization of b. This information

is private and cannot be observed by the government of the host country. In case of a JV, the local JV

partner can observe the realized surplus e ∗ b, but not the individual values of e or b. Hence, the effort level

is observable by neither the host government nor any possible local JV partner. On the other hand, once the

surplus is realized, it is assumed that the local firm can claim (without charges) its government determined

share by appealing to a court.9

The host government intends to maximize its welfare which consists of the weighted average of its tax revenue

and any possible profit made by the local firm. For simplicity, we assume that the resulting product is sold

to a third country in order to ignore consumer effects and keep the analysis well focused.10 Therefore, we

consider export-oriented (efficiency-seeking) FDI.

There are two policy tools the host government can use to regulate the MNF: Lump-sum tax/subsidy and

domestic ownership requirement. Focusing on linear incentive contracts is justified by their robustness to

uncertainty, cf. [46]. If the host government decides to use ownership requirement, it picks the local partner

for the JV randomly.11 In contrast to [38], we assume that if there exists a joint venture, then the partners

do not pay different taxes – a single tax is paid by the firm as a whole. It will turn out that this slight

change in the problem setting creates quite a difficulty in the analytical solution.

Assumption 1. πi > 0, where i = {MNF, LF}.

Assumption 2. Local firms are liquidity constrained.

The first condition ensures that the project is profitable. The second condition simply means that due to

imperfect capital markets, local firms cannot borrow from outside, and are thus constrained by their current

payoffs.

The timing of the game can be summarized in the following way:

1. The MNF learns the actual value of the firm-specific advantage b.

2. The host government designs a mechanism that prescribes a lump-sum tax/subsidy and ownership

restriction for the MNF’s each report of b.

3. The MNF decides whether to enter the market or not. If it decides not to enter, the game ends here.

Otherwise, the game continues.

4. The MNF announces its b to the host government and its ownership share and tax/subsidy are deter-

mined by the mechanism from step 2.

5. The MNF chooses its effort level.

6. Production is carried out and respective payoffs are realized.

9Introducing a small cost for appealing to court would not change any of the results other than shifting rents from the host

government to the MNF in the amount of this cost.
10We can easily incorporate consumer effects into the analysis, see section 4 in [38]. This will not change our results.
11It would be possible to analyze the game between the local firms and the host government for the selection of the JV

partner. However, this question is beyond the scope of the paper.
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2.1 Optimal Mechanism

In this model, a mechanism that induces truthful revelation is considered. An optimal mechanism is repre-

sented by the following four tuple:

M ≡ {α(b), T LF (b), T JV (b), γ(b)},

where α(b) ∈ [0, 1] is the probability that the host government allows the MNF to take part in the production

process, T LF (b) is the payment to be made to the host government by the LF as a function of the reported

value of b when the MNF is not allowed to operate in the host market, T JV (b) is the payment to be made to

the host government by the JV as a function of the reported value of b when the MNF is allowed to operate

in the host market. Finally, γ(b) ∈ [0, 1] represents the maximum ownership that the MNF can have if it is

allowed to operate.

Given a mechanism M , let us denote by ΠMNF (̂b, b) the profit made by the MNF of type b if it reports type

b̂. Clearly,

ΠMNF (̂b, b) = α(̂b)γ (̂b)
(
πMNF + eb − T JV (̂b)

)
− α(̂b)

e2

2
. (2)

Note that in the above profit function, the MNF’s realized effort cost cannot be observed by other agents.

Therefore, the only incentive for the MNF to incur effort is the ownership shares. The optimal effort level,

given the ownership shares, can be found by

max
e

α(̂b)γ (̂b)
(
πMNF + eb − T JV (̂b)

)
− α(̂b) e2

2 ⇒ e = γ (̂b)b.

Thus, one can rewrite equation (2) as

ΠMNF (̂b, b) = α(̂b)γ (̂b)
(
πMNF + γ(̂b)b2 − T JV (̂b)

)
− α(̂b)

(
γ (̂b)b

)2

2
. (3)

The requirement of truthful reporting, incentive compatibility, means

ΠMNF (b, b) > ΠMNF (̂b, b) (4)

for all b, b̂ ∈ [b, b]. Likewise, we conclude ΠMNF (b, b) > 0 for all b, by imposing the condition of the individual

rationality.

Since the local firm’s net profit is known after the host government has obtained the truthful report of b

from the MNF, it can be written in the form

ΠLF (b) = (1 − α(b))
(
πLF − T LF (b)

)
+

α(b)(1 − γ(b))
(
πMNF + γ(b)b2 − T JV (b)

)
. (5)

The expected welfare of the government from the truthful mechanism is given by

W =

b∫

b

(
φ1E(T ) + φ2Π

LF (b)
)
dF (b), (6)

where E(T ) = (1−α(b))T LF (b)+α(b)T JV (b), ΠLF (b) is the local firm’s net profit, after tax, φ1 is the weight

given to the tax revenue and φ2 is the weight given to the local firm’s net profit in the welfare function. Here,

we set φ1 ≥ φ2. This assumption implies that the host government values a dollar from a tax revenue at

7



least as high as a dollar in the hands of a local firm. We now introduce φ := φ2

φ1

≤ 1, and with this notation

we can rewrite (6),

W =

b∫

b

(
E(T ) + φΠLF (b)

)
dF (b). (7)

In order to characterize the optimal mechanism, we make additional assumptions.

Assumption 3. For the distribution function F (b),

(1 − F (b))/f(b)

is decreasing as a function of b.

Examples of distributions verifying the monotone hazard rate conditions include the uniform, the exponential,

the normal, the extreme value, the logistic and the Laplace distributions. A more complete list is provided

in [8]. A sufficient condition for the above assumption to hold is that the function log f(b) is concave on [b, b].

Assumption 4. If the MNF does not pay the government determined share to the local JV partner, the

LF can appeal to a court. In the court, the LF can prove the true value of e ∗ b and consequently, receive its

true share from the project.

It is further assumed that the JV partners cannot form a sustainable collusion. In a sustainable collusion, the

local firm has to guarantee that it will not appeal to a court when the project is completed. By disregarding

collusion, we implicitly assume that it is not possible to design a binding contract that prevents the local

firm to appeal to a court.12

Lemma 1 A mechanism M is incentive compatible iff

dΠMNF (b)

db
= α(b)γ(b)2b (8)

almost everywhere, with ΠMNF (b) = max
b̂∈[b,b]

ΠMNF (̂b, b) and the function α(b)γ(b)2 is non-decreasing.

Proof. See Appendix.

Assumption 5. πMNF − πLF > 0 is big enough such that α(b) = 1, ∀b.13

Lemma 2 In any feasible mechanism, the welfare function of the host government is given by

W =

b∫

b


πMNF +

(
1 + φ(1 − γ(b))

2
γ(b)b2

)
− 1 − φ(1 − γ(b))

γ(b)




b∫

b

γ2(̃b)̃bdb̃





 dF (b). (9)

Proof. See Appendix.

Note that since α(b) ≡ 1 by assumption 5, the monotonicity condition from Lemma 1 implies that γ(b) has

to be non-decreasing.

12See section 5.2 in [38] for the case of collusion.
13This is a restrictive but a necessary assumption to solve the model numerically. It means that the host government would

always allow the MNF to operate in the host market.
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2.2 Case φ = 1

Let us first consider the simple case φ = 1.

Proposition 3 Let φ = 1 and let Assumptions 1 – 5 hold. Then the optimal mechanism is specified by the

following values:

T LF (b) = T LF = πLF ,

T JV (b) = πMNF +
γ(b)b2

2
− 1

α(b)γ(b)

b∫

b

α(̃b)γ (̃b)2b̃db̃,

γ(b) =
b

2
(

1−F (b)
f(b)

)
+ b

.

Proof: See Appendix.

There are few comments that should be made concerning the optimal mechanism specified above.14 The

mechanism design problem arises only between the MNF and the host government. The LF plays only a

watchdog role. Furthermore, the rent given to the MNF for truthful revelation is proportional to its share

in the JV. That means, when the host government chooses the MNF’s ownership share, it faces a trade-off:

Higher share means greater efficiency but also higher information rents for the MNF. Given this trade-off,

we can see that the share of the MNF is higher, the higher is the firm-specific advantage. Also, the tax that

is collected from the JV firm increases as the firm-specific advantage increases. It is interesting to note that

the host government gives information rent to the LF even though it plays the game with the MNF only.

This is due to the set-up of the model. When the MNF is allowed in the host market, only a single tax

can be collected from the JV firm. In other words, the host government cannot tax the MNF and the LF

separately.15 (In [38], separate taxation is allowed.)

2.3 Case φ < 1

For φ = 1 we were able to derive the analytical solution for the optimal mechanism. When φ < 1, the

coefficient of the last term in (9) is a function of γ and we cannot use integration by parts. Therefore, we

have to approximate the solution of the model numerically. From now on we assume a particular distribution

function for the firm-specific advantage of the MNF.

Assumption 6. b ∼ Uniform (0, 1). Hence, F (b) = b and f(b) = 1.

Now, given Assumption 6, equation (9) becomes

W = πMNF +

1∫

0



(

γ(b)b2

2

)
(1 + φ(1 − γ(b))) −

(
1 − φ(1 − γ(b))

γ(b)

) b∫

0

γ2(̃b)̃bdb̃


 db. (10)

With the following change of variables

z(b) =

b∫

0

γ2(b̃)b̃db̃, (11)

14See [38] for a more detailed analysis of the optimal mechanism.
15The taxation of joint ventures is a delicate issue and different countries can follow different rules. However, in general, if

the firm is considered as a contractual joint venture, then each partner pays his/her own income tax, whereas, if it is considered

as a corporate joint venture, the firm as a whole pays income tax to the government. In this paper, we have a corporate joint

venture in mind.
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it follows immediately that

z′(b) = γ2(b)b,

γ(b) =

√
z′(b)√

b
.

Now we have

W = πMNF +

1∫

0




(
b3/2

√
z′(b)

2

)(
1 + φ

(
1 −

√
z′(b)√

b

))
−




1 − φ

(
1 −

√
z′(b)
√

b

)

√
z′(b)
√

b


 z(b)


 db

=: πMNF +

1∫

0

W̃ (b, z(b), z′(b))db.

In order to obtain the optimal γ we again use calculus of variations and maximize W with respect to z. The

Euler-Lagrange equation,

∂W̃

∂z
− d

db

(
∂W̃

∂z′

)
= 0,

yields

−(1 − φ)

√
b√

z′(b)
− φ − d

db

(
(1 + φ)b3/2

4
√

z′(b)
− φb

2
+

(1 − φ)
√

bz(b)

2(z′(b))3/2

)
= 0.

Rearranging terms in the last equation results in an implicit nonlinear ordinary differential equation of second

order exhibiting singular coefficients at b = 0,

z′′(b)(6(1− φ)z(b) + (1 + φ)bz′(b))− (15− 9φ)(z′(b))2 − 2(1 − φ)z(b)z′(b)

b
− 4φz′(b)5/2

√
b

= 0, b ∈ (0, 1]. (12)

For the numerical solution we now need to specify two initial/boundary conditions. From the practical point

of view, it would be natural to use two initial conditions, z(0) = 0 and z′(0) = 0, which follow directly from

the definition of z. Unfortunately, these conditions are not posed correctly to specify a well-posed initial

value problem and therefore, any standard numerical procedure will not be able to successfully integrate the

problem.

The idea now is to find out if the singularity in (12) is of the first or of the second type, and then use the

framework for singular ODEs to specify correct initial/boundary conditions resulting in a well-posed problem

which can be solved numerically, see [20], [56] and [57]. It will turn out that the above ODE is singular

with the singularity of the first kind and that we necessarily need to specify a homogenous initial condition

z(0) = 0 and a terminal condition which may have the form R(z(1), z′(1)) = 0. Unfortunately, from the

available model data it is not possible to specify R, so we are left to try different options. Nevertheless, the nu-

merical results will show that solution behavior does not depend on the choice of the terminal condition, and

consequently, numerical experiments will provide enough meaningful information on the optimal mechanism.

In order to investigate the structure of (12) we have to study the linearized problem. Consider the nonlinear

boundary value problem

f(z′′(b), z′(b), z(b), b) = 0, b ∈ (0, 1], (13a)

R(z′(0), z′(1), z(0), z(1)) = 0, (13b)

10



where z ∈ R
n, and f ∈ R

n and R ∈ R
2n are given functions defined on proper domains. Let us assume that

a solution of (13), z ∈ C1[0, 1], exists. Then, the problem (13) is well-posed and the solution z is isolated

when the following linearized problem with homogeneous data has only the trivial solution v(b) ≡ 0:

∂f(z′′(b), z′(b), z(b), b)

∂z′′(b)
v′′(b) +

∂f(z′′(b), z′(b), z(b), b)

∂z′(b)
v′(b) +

∂f(z′′(b), z′(b), z(b), b)

∂z(b)
v(b) = 0, b ∈ (0, 1],(14a)

∂R(z′(0), z′(1), z(0), z(1))

∂z′(0)
v′(0) +

∂R(z′(0), z′(1), z(0), z(1))

∂z′(1)
v′(1) +

∂R(z′(0), z′(1), z(0), z(1))

∂z(0)
v(0) +

∂R(z′(0), z′(1), z(0), z(1))

∂z(1)
v(1) = 0. (14b)

In our case (14a) becomes

(6(1 − φ)z(b) + (1 + φ)bz′(b))v′′(b) + 6z′′(b)(1 − φ)v(b) + z′′(b)(1 + φ)bv′(b) − 2(15 − 9φ)z′(b)v′(b) −
2(1 − φ)z(b)

b
v′(b) − 2(1 − φ)z′(b)

b
v(b) − 20φz′(b)3/2

2
√

b
v′(b) = 0, b ∈ (0, 1].

Now, we collect the terms of the same order and obtain

(6(1 − φ)z(b) + (1 + φ)bz′(b))v′′(b) +
(

z′′(b)(1 + φ)b − (30 − 18φ)z′(b) − 2(1 − φ)z(b)

b
− 10φz′(b)3/2

√
b

)
v′(b) +

(
6z′′(b)(1 − φ) − 2(1 − φ)z′(b)

b

)
v(b) = 0, b ∈ (0, 1]. (15)

We assume that z ∈ C4[0, 1] and use Taylor expansion for z(b) around b = 0 to obtain z(b) = z(0)+ bz′(0)+

O(b2) = 1
2b2z′′(ξ(b)), where ξ ∈ (0, b). Since only the local behavior at the singular point b = 0 is crucial for

the structure of boundary conditions, we assume from now on that b ≈ ξ ≈ 0. Therefore,

z(b) =
1

2
b2z′′(ξ), z′(b) ≈ bz′′(ξ), z′′(b) ≈ z′′(ξ). (16)

After substituting (16) into (15) we have

v′′(b) − a1

b
v′(b) − a0

b2
v(b) = 0, b ∈ (0, 1],

where

a1 =
5(3 − 2φ + φ

√
z′′(ξ))

2 − φ
, a0 = −2(1 − φ)

2 − φ
.

Finally, we use the Euler transformation u(b) := (v(b), bv′(b))T to derive the related first order system with

a singularity of the first kind, cf. (1a),

u′(b) =
1

b
M(b)u(b), b ∈ (0, 1],

where

M =

(
0 1

a0 1 + a1

)
=




0 1

− 2(1−φ)
2−φ 1 +

5
(
3−2φ+φ

√
z′′(ξ)

)

2−φ


 .

According to the theory, see [20], [56], we now need to find the eigenvalues of M(0) which will provide correct
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boundary conditions necessary and sufficient for the boundary value problem to become well-posed. From

|M − λI| =

∣∣∣∣∣∣

−λ 1

− 2(1−φ)
2−φ 1 +

5
(
3−2φ+φ

√
z′′(ξ)

)

2−φ − λ

∣∣∣∣∣∣
=

λ2 − λ


1 +

5
(
3 − 2φ + φ

√
z′′(ξ)

)

2 − φ


+

2(1 − φ)

2 − φ
= 0

we find

λ1,2 =
1

2
+

5
(
3 − 2φ + φ

√
z′′(ξ)

)

2(2 − φ)
±

√√√√√

1

2
+

5
(
3 − 2φ + φ

√
z′′(ξ)

)

2(2 − φ)




2

− 2(1 − φ)

2 − φ

or equivalently,

λ1,2 =
1

2
+

5
(
3 − 2φ + φ

√
z′′(ξ)

)

2(2 − φ)
±

√
353 − 384φ + 140φ2 + 190φ

√
z′′(ξ) − 120φ2

√
z′′(ξ) + 25φ2z′′(ξ)

4(2 − φ)2
.

Proposition 4 Let z′′(ξ) ≥ 0. Then λ1,2 ∈ R and λ1 > 0, λ2 < 0.

Proof: See Appendix.

Due to the above result, since λ2 < 0, one of the boundary conditions needs to be posed at b = 0 and has

the form z(0) = 0, cf. (1c) and the related remarks on pages 3 and 5. Because λ1 > 0 the related second

boundary condition has to be specified at b = 1, see (1b). Consequently, the problem would be not well-posed

with both boundary conditions given at the left endpoint of the interval of integration.

Unfortunately, we cannot impose a condition on the right boundary following as a natural implication

from the model data. Nevertheless, numerical experiments still provide valuable information on how the

solution behaves for different hypothetic values of z′(1).

3 Numerical Results

We have seen in the previous section that we need to solve a boundary value problem with a singularity of

the first kind for a second order ODE of the form,

F (z′′(b), z′(b), z(b), b) = 0, t ∈ (0, 1],

z(0) = 0, z′(1) = ζ.

We assume that the analytical solution z is appropriately smooth and attempt to solve this problem numer-

ically using the collocation method implemented in our Matlab code bvpsuite. This code is a new version

of the general purpose Matlab code sbvp, cf. [6] and [40], which has already been successfully applied to

a variety of problems, see for example [4], [12], [40], and [41]. Collocation is a widely used and well-studied

standard solution method for two-point boundary value problems, see for example [1] and the references

therein. It also proved robust in case of singular boundary value problems.

The code is designed to solve systems of differential equations whose order may vary between four and zero,

which means that algebraic constrains which do not involve derivatives are also admitted. Moreover, the

problem can be given in a fully implicit form,

12



F (z(4)(b), z(3)(b), z′′(b), z′(b), z(b), b) = 0, b ∈ [0, 1], (17a)

R(z(3)(0), z′′(0), z′(0), z(0), z(3)(1), z′′(1), z′(1), z(1)) = 0. (17b)

The program can also cope with free parameters, λ1, λ2, . . . , λk, which will be computed along with the

numerical approximation for z,

F (z(4)(b), z(3)(b), z′′(b), z′(b), z(b), b, λ1, λ2, . . . , λk) = 0, b ∈ [0, 1], (18a)

Raug(z
(3)(0), z′′(0), z′(0), z(0), z(3)(1), z′′(1), z′(1), z(1)) = 0. (18b)

provided that the boundary conditions Raug include k additional requirements to be satisfied by z.

The numerical approximation defined by collocation is computed as follows: On a mesh,

∆ := {bi : i = 0, . . . , N}, 0 = b0 < b1 · · · < bN = 1,

we approximate the analytical solution by a piecewise defined collocating function

p(b) := pi(b), b ∈ [bi, bi+1], i = 0, . . . , N − 1,

where pi are polynomials of maximal degree s − 1 + q, 0 ≤ q ≤ 4. In order to determine coefficients in the

ansatz for p, we require that p ∈ Cq−1[0, 1] if the order of the underlying differential equation is q, each pi

solves the system (17a) at s collocation points

{βi,j = βi + ρj(βi+1 − βi), i = 0, . . . , N − 1, j = 1, . . . , s}, 0 < ρ1 < · · · < ρs < 1,

and p0 and pN satisfy the associated boundary conditions (17b). Classical theory, cf. [1], predicts that for

appropriately smooth solution z the convergence order for the global error of the method is at least O(hs),

where h is the maximal stepsize, h := maxi(bi+1 − bi). More precisely, ‖p − z‖∞ = O(hs) holds, uniformly

in b. Analogous results hold for the first and second order singular ODEs with a singularity of the first

kind, cf. [19], [43], [58]. For certain choices of the collocation points the so-called superconvergence order can

be observed. In case of Gaussian points this means that the approximation is exceptionally precise at the

meshpoints bi, ‖p(bi) − z(bi)‖∞ = O(h2s).

To make the computations more efficient, we additionally use an adaptive mesh selection strategy based on

a posteriori estimate for the global error of the collocation solution. We use a classical error estimate based

on mesh halving. In this approach, we compute the collocation solution p∆(b) on a mesh ∆. Subsequently,

we choose a second mesh ∆2 where in every interval [bi, bi+1] of ∆ we insert two subintervals of equal length.

On this new mesh, we compute the numerical solution using the same collocation scheme to obtain the

collocating function p∆2
(b). Using these two quantities, we define

E(b) :=
2s

1 − 2s
(p∆2

(b) − p∆(b)) (19)

as an error estimate for the approximation p∆(b). Assume that the global error δ(b) := p∆(b) − z(b) of the

collocation solution can be expressed in terms of the principal error function ẽ(b),

δ(b) = ẽ(b)(bi+1 − bi)
s + O((bi+1 − bi)

s+1), b ∈ [bi, bi+1], (20)

where ẽ(b) is independent of ∆. Then obviously the quantity E(b) satisfies E(b)−δ(b) = O(hs+1) and the error

estimate is asymptotically correct. Our mesh adaptation is based on the equidistribution of the global error
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Figure 1: Solution of problem (21) for φ = 1 and ζ = 1: values of analytical solution

shown as crosses, numerical solution drawn as solid line.

of the numerical solution. Thus, we define a monitor function Θ(b) := s

√
E(b)/h(b), where h(b) := (bi+1− bi)

for b ∈ [bi, bi+1]. Now, the mesh selection strategy aims at the equidistribution of

∫ b̃i+1

b̃i

Θ(b) db

on the mesh consisting of points b̃i to be determined accordingly, where at the same time measures are

taken to ensure that the variation of the stepsizes is restricted and tolerance requirements are satisfied with

small computational effort. Details of the mesh selection algorithm and a proof of the fact that our strategy

implies that the global error of the numerical solution is asymptotically equidistributed are given in [7].

We are now considering the following boundary value problem:

(6(1 − φ)z(b) + (1 + φ)bz′(b))z′′(b) − (15 − 9φ)(z′(b))2 − 2(1 − φ)z(b)z′(b)

b
− 4φz′(b)5/2

√
b

= 0, b ∈ (0, 1],(21a)

z(0) = 0, z′(1) = ζ, (21b)

where ζ ≥ 0. Here, ζ are hypothetic values for the solution’s first derivative at the right boundary, respec-

tively. This way we can investigate the behavior of the solution for different values of ζ and φ. Numerical

computations show that the global behavior of the solution does not depend heavily on these two parameters,

showing a strictly monotonous increase as a function of b. This is in a good agreement with the theoretical

results.

We first consider the case φ = 1. Here, we know that γ(1) = 1 and therefore z′(1) = 1 follows. Moreover,

with Assumption 5 and φ = 1, the maximum ownership shares is given by γ(b) = b
2−b and we can use (11) to

determine the exact solution z(b). We solve problem (21) numerically with ζ = 1 and compare the numerical

values with the corresponding values of the exact solution, cf. Figure 1. All numerical calculations have

been carried our with tolerance parameters for the absolute and relative errors set to 10−3. The numerical

solution shows a good agreement with the analytical solution.
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Figure 2: Solutions of problem (21) for varying ζ = 1, 0.8, 0.6, 0.4, 0.2. Each graph

shows four curves related to φ = 0.8 (top), 0.6, 0.4, 0.2 (bottom).

We now consider problem (21) and vary the value of ζ and φ. Figure 2 shows the numerical solutions for

this problem, respectively. Naturally, the solutions vary but all graphs show in principle, the same solution

behavior. All functions are strictly monotonously growing as a function of b with growing derivatives, observed

as steeper slopes towards the right end of the interval. Finally, Figure (3) shows the results for γ(b) for the

boundary value problem 21.

4 Conclusions

From the above analysis and numerical experiments we may draw the following conclusions:

1. As in [38], the higher is the MNF’s firm-specific advantage, the lower is the foreign ownership re-

striction. The idea is that for low values of firm-specific advantage, the cost of restricting the MNF’s

ownership share (efficiency effect) is not high. Thus, rent extraction motive is stronger. However, as

the project’s prospective rent (implied by firm-specific advantage of the MNF) increases, the cost of

restricting the MNF’s ownership also increases. Therefore, the host government assigns more shares

to the MNF.

2. Unlike [38], we can see the effect of the host government’s welfare choice over the optimal ownership

restriction policy. Accordingly, the more the host government favors the local firm (the higher is the φ),

the more lenient the host government is towards the MNF. (Since in the numerical solution, we cannot

change φ and ζ at the same time, this result is obtained under the assumed condition on the right

boundary, namely on z′(1).) The reasoning is as follows: Under the specified model with a single tax on

the whole JV, the government has to give information rent not only to the MNF but also to the LF. It

is more willing to do so as the local firm’s weight is higher in the host government’s welfare. Since the

information rent is a decreasing (increasing) function of the foreign ownership restrictions (maximum
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Figure 3: Solutions of problem (21) (right). Each graph shows four curves related to

φ = 0.8 (top), 0.6, 0.4, 0.2 (bottom).

ownership shares the MNF can have), for a given firm-specific advantage, the host government assigns

more shares to the MNF, increases the efficiency of the project, in effect, increasing the LF’s profit.

As the weight given to the LF in the welfare decreases, the host government is more interested in rent

extraction than efficiency, thus assigns lower shares to the MNF for the same firm-specific advantage.

We cannot see this relationship in [38] since no information rent is given to the LF due to separate

taxation of JV partners.

3. The tax collected from the JV increases as the firm-specific advantage increases. The higher is the

firm-specific advantage, the more shares are given the MNF and higher surplus is established. There-

fore, the tax collected is also larger.

FDI has been recognized as one of the main driving factors shaping international economic relations between

countries in the era of globalization characterized by rapid technological changes. The last decade has seen

a pronounced increase in cross-border corporate ownership, as reflected in the rise in FDI. While the world

inward stock of FDI rose only marginally as a share of GDP between 1980 and 1990, it has more than

doubled in the last decade to 22% of world GDP in 2002, see [50].

Given the importance of FDI, countries praise its merits and look for different ways to attract FDI. One way

to do so is designing appropriate FDI policy framework. However, this does not mean that host countries

would follow policies that surrender power to multinational companies. Today, many countries still manage

to attract large amounts of FDI while maintaining policy regimes that are not in the best interest of the

multinational firms. For that reason, caution should be in place when evaluating the effects of increased FDI

flows on host country policies.
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In this paper, under asymmetric information, we show that it is optimal for the host government to use foreign

ownership restrictions. This restriction helps the host government to alleviate its information disadvantage

and hence it is welfare-improving. We use a slightly different model than in [38] so that we restrict the host

government in designing policy, i.e., it is not possible to collect tax from each JV partner separately. Under

this specification, except for a simple case, it is not possible to derive an analytical solution. However, using

a numerical approach, we are able to show that it is still optimal to employ foreign ownership restrictions

and that the ownership restriction is lower, the higher the firm-specific advantage is. Furthermore, optimal

ownership restriction for a given firm-specific advantage of the MNF is sensitive to the particular weight

given to the local firm’s profit in the host government’s welfare function. This is an important improvement

over the model in [38], since new specification enables us to refer to political factors, reflected via the weight

given to the LF’s profit, in determination of the ownership restrictions.

5 Appendix

Lemma 1 A mechanism M is incentive compatible iff

dΠMNF (b)

db
= α(b)γ(b)2b (22)

almost everywhere, with ΠMNF (b) = max
b̂∈[b,b]

ΠMNF (̂b, b) and the function α(b)γ(b)2 is non-decreasing.

Proof. Let the mechanism M be incentive compatible, cf. (4). Let us assume type b to choose an announce-

ment b̂ to maximize ΠMNF (̂b, b). If ΠMNF (̂b, b) is differentiable at (b, b) then two conditions need to be

satisfied: From (4) the first derivative has to vanish,

∂ΠMNF (̂b, b)

∂b̂

∣∣∣∣
b̂=b

= 0, (23)

and the second derivative needs to be non-positive,

∂2ΠMNF (̂b, b)

∂b̂2

∣∣∣∣̂
b=b

≤ 0. (24)

Let ΠMNF (b) := max
b̂∈[b,b]

ΠMNF (̂b, b) = ΠMNF (b, b). Then the total derivative of ΠMNF (b) reads:

dΠMNF (b)

db
=

∂ΠMNF (̂b, b)

∂b̂

∣∣∣∣̂
b=b

+
∂ΠMNF (̂b, b)

∂b

∣∣∣∣̂
b=b

=
∂ΠMNF (̂b, b)

∂b

∣∣∣∣̂
b=b

= α(b)γ(b)2b, (25)

due to (23) and (3). Integrating (25), we obtain

ΠMNF (b) = ΠMNF (b) +

b∫

b

α(̃b)γ (̃b)2b̃db̃. (26)

After differentiating (23), possibly except at a finite number of points, we have

∂2ΠMNF (̂b, b)

∂b̂2

∣∣∣∣
b̂=b

+
∂2ΠMNF (̂b, b)

∂b̂∂b

∣∣∣∣̂
b=b

= 0. (27)

Using (24) and (27), we conclude

∂2ΠMNF (̂b, b)

∂b̂∂b

∣∣∣∣̂
b=b

> 0 (28)

17



and therefore α(b)γ(b)2 is non-decreasing in b ∈ [b, b].

We now show that (22) and the monotonicity of α(b)γ(b)2 are sufficient for global incentive compatibility on

[b, b]. Suppose type b reports that its type is b̂. Then, using (3) and (26), its profit is given by:

ΠMNF (̂b, b) = ΠMNF (̂b) +
α(̂b)γ (̂b)2(b2 − b̂2)

2

= ΠMNF (b) −
b∫

b̂

α(̃b)γ(̃b)2b̃db̃ +
α(̂b)γ (̂b)2(b2 − b̂2)

2

= ΠMNF (b) +

b∫

b̂

(α(̂b)γ (̂b)2 − α(̃b)γ (̃b)2 )̃bdb̃.

If b > b̂, then the integrand is non-positive (since b̂ < b̃) by (28), and so ΠMNF (̂b, b) ≤ ΠMNF (b). If b < b̂,

then the integrand is non-negative but the integral is non-positive (since the direction of integration is now

backwards), and therefore, ΠMNF (̂b, b) ≤ ΠMNF (b) still holds. 2

Lemma 2 In any feasible mechanism, the welfare function of the host government is given by

W =

b∫

b


πMNF +

(
1 + φ(1 − γ(b))

2
γ(b)b2

)
− 1 − φ(1 − γ(b))

γ(b)




b∫

b

γ2(̃b)̃bdb̃





 dF (b). (29)

Proof. Let φ = φ2

φ1

≤ 1. Then, using (7), the host government’s welfare can be written as

W =

b∫

b

(
(1 − α(b))T LF (b) + α(b)T (b)

)
dF (b)

+ φ

b∫

b

((1 − α(b))(πLF − T LF (b))

+ α(b)(1 − γ(b))(πMNF + γ(b)b2 − T JV (b)))dF (b). (30)

Note that when the MNF is not allowed to operate, there is nothing unknown about the profit of the LF.

Since it is assumed that φ1 ≥ φ2, given assumption 2, the host government will collect all of the LF’s profit

as a tax revenue if LF operates by itself. Also, if φ1 = φ2, the host government is indifferent between its tax

revenue and the LF’s profit. As a convention, we assume that the host government collects all of the LF’s

profit in this case. This assumption will not affect any further result. Thus, we have

T LF (b) = T LF = πLF . (31)

In addition, from the definition of ΠMNF (b) in (3) we conclude

α(b)γ(b)T JV (b) = α(b)γ(b)(πMNF + γ(b)b2) − α(b)
(γ(b)b)2

2
− ΠMNF (b).
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We now substitute (26) into the above equation and obtain

T JV (b) = (πMNF + γ(b)b2) − γ(b)b2

2

− 1

α(b)γ(b)




b∫

b

α(̃b)γ (̃b)2b̃db̃ + ΠMNF (b)


 . (32)

Substitution of (31) and (32) into (30) yields

W =

b∫

b

(
(1 − α(b))πLF + α(b)πMNF

)
dF (b) +

b∫

b

α(b)

(
1 + φ(1 − γ(b))

2
γ(b)b2

)
− 1 − φ(1 − γ(b))

γ(b)

b∫

b

α(̃b)γ2(̃b)̃bdb̃ dF (b) −

ΠMNF (b)

b∫

b

1 − φ(1 − γ(b))

γ(b)
dF (b).

The last term is negative since the integrand is positive; φ ≤ 1 and 0 ≤ γ(b) ≤ 1, hence 1 − φ(1 − γ(b)) > 0.

Thus, it is optimal to set ΠMNF (b) = 0. As a result we have,

W =

b∫

b

[
(1 − α(b))πLF + α(b)πMNF

]
dF (b) +

b∫

b

α(b)

(
1 + φ(1 − γ(b))

2
γ(b)b2

)
− 1 − φ(1 − γ(b))

γ(b)




b∫

b

α(̃b)γ2(̃b)̃bdb̃


 dF (b). (33)

Given assumption 5, α(b) = 1 ∀b, the final form for the welfare of the host government reads, cf. (33):

W =

b∫

b


πMNF +

(
1 + φ(1 − γ(b))

2
γ(b)b2

)
− 1 − φ(1 − γ(b))

γ(b)




b∫

b

γ2 (̃b)̃bdb̃





 dF (b)

which completes the proof. 2

Proposition 3. Let φ = 1 and let Assumptions 1 – 5 hold. Then the optimal mechanism is specified by the

following values:

T LF (b) = T LF = πLF ,

T JV (b) = πMNF +
γ(b)b2

2
− 1

α(b)γ(b)

b∫

b

α(̃b)γ (̃b)2b̃db̃,

γ(b) =
b

2
(

1−F (b)
f(b)

)
+ b

.
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Proof: Note that the value for T LF (b) have been already determined in the proof of Lemma 2. One can

easily obtain T JV (b) from (32) and (36). Therefore, it only remains to show that the expression for γ(b) is

correct.

When φ = 1, equation (29) becomes

W =

b∫

b


πMNF +

(
2 − γ(b)

2
γ(b)b2

)
−




b∫

b

γ2(̃b)̃bdb̃





 dF (b). (34)

We now integrate last term in (34) by parts,

b∫

b




b∫

b

γ2(̃b)̃bdb̃


 dF (b) =

b∫

b

γ2(̃b)̃bdb̃ F (b)︸︷︷︸
=1

−
b∫

b

F (̃b)γ2 (̃b)̃bdb̃

=

b∫

b

γ2(b)b(1 − F (b))db,

and substitute back into (34),

W =

b∫

b

(
πMNF +

2 − γ(b)

2
γ(b)b2 − 1 − F (b)

f(b)
γ2(b)b

)
f(b)db. =:

b∫

b

W̃ (b, γ(b))db. (35)

We now maximize W with respect to γ using calculus of variations. Since W̃ does not depend on γ′(b) the

Euler-Lagrange equation reads:

∂W̃

∂γ
= 0 ⇒

(
b2 − γ(b)b2 − 1 − F (b)

f(b)
2γ(b)b

)
f(b) = 0

which results in

γ(b) =
b

2
(

1−F (b)
f(b)

)
+ b

. (36)

Note that the second derivative of W with respect to γ is non-positive, and therefore, at γ given in (36), W

assumes its maximum. 2

Proposition 4 Let z′′(ξ) ≥ 0. Then λ1,2 ∈ R and λ1 > 0, λ2 < 0.

Proof: It follows from (16) that z′′(ξ) ≥ 0 holds. Let

λ1 := X + Y, λ2 := X − Y,

where

X :=
1

2
+

5(3 − 2φ + φ
√

z′′(ξ))

2(2 − φ)
,

and

Y :=

√√√√√√
353 − 384φ + 140φ2 + 190φ

√
z′′(ξ) − 120φ2

√
z′′(ξ) + 25φ2z′′(ξ)

4(2 − φ)2︸ ︷︷ ︸
=:Ỹ

.
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We first show that Ỹ > 0, which means that Y ∈ R. Obviously, the denominator of Ỹ is positive since

φ ∈ [0, 1). Thus, it remains to show that

353 − 384φ + 140φ2 + 190φ
√

z′′(ξ) − 120φ2
√

z′′(ξ) + 25φ2z′′(ξ) ≥ 0.

We split the above expression into

Ỹ1 := 190φ
√

z′′(ξ) − 120φ2
√

z′′(ξ),

and

Ỹ2 := 353 − 384φ + 140φ2 + 25φ2z′′(ξ).

Clearly, Ỹ1 ≥ 0 since φ ∈ [0, 1). For φ ≤ 0.5, it follows immediately that Ỹ2 > 0. For φ ∈ (0.5, 1) we note that

354 − 384φ > −31 and 140φ2 > 35 and therefore again Ỹ2 > 0. Consequently, Y ∈ R is positive. Moreover,

X > 0. It is now sufficient to show that X < Y to conclude that λ1 > 0 and λ2 < 0. We first write X in a

form corresponding to the representation of Y ,

X =

√
289 − 374φ + 121φ2 + 170φ

√
z′′(ξ) − 110φ2

√
z′′(ξ) + 25φ2z′′(ξ)

4(2 − φ)2
.

Now we only have to compare the numerators of X and Y and show that

353 − 384φ + 140φ2 + 190φ
√

z′′(ξ) − 120φ2
√

z′′(ξ) + 25φ2z′′(ξ) >

289 − 374φ + 121φ2 + 170φ
√

z′′(ξ) − 110φ2
√

z′′(ξ) + 25φ2z′′(ξ),

which is equivalent to

64 − 10φ + 19φ2 + 20φ
√

z′′(ξ) − 10φ2
√

z′′(ξ) > 0.

Again, due to φ ∈ [0, 1) the last inequality holds and this completes the proof. 2
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